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Preface 


This is the first extensive textbook on conformal field theory, one of the most active 
areas of research in theoretical physics over the last decade. Although a number 
of review articles and lecture notes have been published on the subject, the need 
for a comprehensive text featuring background material, in-depth discussion, and 
exercises has not been satisfied. The authors hope that this work will efficiently 
fill this gap. 

Conformal field theory has found applications in string theory, statistical 
physics, condensed matter physics, and has been an inspiration for developments 
in pure mathematics as well. Consequently, a reasonable text on the subject must 
be adapted to a wide spectrum of readers, mostly graduate students and researchers 
in the above-mentioned areas. Background chapters on quantum field theory, sta- 
tistical mechanics, Lie algebras and affine Lie algebras have been included to 
provide help to those readers unfamiliar with some of these subjects (a knowledge 
of quantum mechanics is assumed). This textbook may be used profitably in many 
graduate courses dealing with special topics of quantum field theory or statistical 
physics, string theory, and mathematical physics. It may also be an instrument of 
choice for self-teaching. At the end of each chapter several exercises have been 
added, some with hints and/or answers. The reader is encouraged to try many of 
them, since passive learning can rapidly become inefficient. 

It is impossible to encompass the whole of conformal field theory in a pedagog- 
ical manner within a single volume. Therefore, this book is intentionally limited in 
scope. It contains some necessary background material, a description of the funda- 
mental formalism of conformal field theory, minimal models, modular invariance, 
finite geometries, Wess-Zumino- Witten models, and the coset construction of con- 
formal field theories. Chapter | provides a general introduction to the subject and a 
more detailed description of the role played by each chapter. In building the list of 
references listed at the end of this volume, the authors have tried to be as complete 
as possible and hope to have given appropriate credit to all. 

The authors intend to complete this work with a second volume, that would deal 
with the following subjects: Superconformal field theory (N = 1, 2), parafermionic 


Vili Preface 


models, W-algebras, critical integrable lattice models, perturbed conformal field 
theories, applications to condensed matter physics, and two-dimensional quantum 


gravity. 
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PART A 


INTRODUCTION 


CHAPTER 1 


Introduction 


A vast similitude interlocks all, 
All distances of space however wide, 
All distances of time. . . 
— Walt Whitman 


The esthetic appeal of symmetry has been a guide—sometimes a tyrannic 
one—for philosophers of nature since the dawn of science. Ancient Greeks, in 
their belief that celestial bodies followed perfectly circular orbits, demonstrated 
an attachment to the circle as the most symmetric curve of all. In elaborating more 
complex systems involving scores of epicycles and eccentrics, they gave up the 
idea that celestial orbits should be explicitly symmetric, but invented unknowingly 
the concept of “hidden symmetry”, for the circle remained the building block of 
their cosmology. Modern science, with Kepler, Galileo, and Newton, gave sym- 
metry a deeper realm: that of the physical “laws.” Circles gave way to ellipses and 
more complicated trajectories; the richness and variety of Nature became, in the 
Heavens like on Earth, compatible with symmetric laws, even without the exterior 
appearance of symmetry. 

Twentieth-century physics has witnessed the triumph of symmetry and its pre- 
cise formulation in theoretical language. The work of Lie and Cartan (among 
others) paved the way for the general application of symmetries in microscopic 
physics within quantum mechanics. Wigner, probably the most important figure in 
the application of group theory to physics, fitted the possible elementary particles 
into representations of the Lorentz and Poincaré groups. The principles of special 
and general relativity—the seeds of the other great revolution of twentieth-century 
physics—were also motivated by the appeal of symmetry. Modern theories of ele- 
mentary particles (the so-called standard model) rest on the principle of local gauge 
symmetry. Our understanding of phase transitions and critical phenomena draws 
a great deal on the concept of broken symmetry. In particular, broken gauge sym- 
metries are central to our understanding of weak interactions, superconductivity, 
and cosmology. 
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This book is about conformal symmetry in two-dimensional field theories. Con- 
formal field theory plays a central role in the description of second- or higher-order 
phase transitions in two-dimensional systems, and in string theory, the (so far spec- 
ulative) attempt at unifying all forces of Nature. To the practical man, this may seem 
a narrow field of application for a book of this size. However, two-dimensional 
conformal field theories are perfect examples of systems in which the symmetries 
are so powerful as to allow an exact solution of the problem. This feature, as well as 
the great variety of mathematical concepts needed in their solution and definition, 
have made conformal field theories one of the most active domains of research in 
mathematical physics. 

In the context of a physical system with local interactions such as those studied 
in this work, conformal invariance is an immediate extension of scale invariance, 
a symmetry under dilations of space. This important fact was first pointed out by 
Polyakov [295]. Conformal transformations are nothing but dilations by a scaling 
factor that is a function of position (local dilations). It is entirely natural that a 
local theory (i.e., without action at a distance) that is symmetric under rigid (or 
global) dilations should also be symmetric under local dilations. 

Even after being augmented to conformal invariance, the symmetry remains 
finite, in the sense that a finite number of parameters are needed to specify a con- 
formal transformation in d spatial dimensions (specifically, }(d + 1)(d + 2)). The 
consequence of this finiteness is that conformal invariance can say relatively little 
about the form of correlations, in fact just slightly more than rotation or scale 
invariance. The exception is in two dimensions, where the above formula gives 
only the number of parameters specifying conformal transformations that are ev- 
erywhere well-defined, whereas there is an infinite variety of local transformations 
(the conformal mappings of the complex plane) that, although not everywhere reg- 
ular, are still equivalent to local dilations. The number of parameters specifying 
such local conformal transformations in two dimensions is infinite, because any 
locally analytic function provides a bona fide conformal mapping. This richness of 
conformal symmetry in two dimensions is the reason for the success of conformal 
invariance in the study of two-dimensional critical systems. 

Scale invariance is by no means an exact symmetry of Nature, since our descrip- 
tion of physical phenomena involves a number of characteristic length scales that 
indicate the typical distances over which the “action is taking place.” These length 
scales are not invariant under dilations, and the latter result in a modification of 
the physical parameters of the system. The important exception occurs, of course, 
when these characteristic length scales are either zero or infinite. Let us illustrate 
this with some examples. 


CRITICAL PHENOMENA 


Consider first an infinite lattice of atoms in interaction, such as in a solid. Among 
the various forces involving ions and electrons, which are the source of so many in- 
teresting collective phenomena, consider for definiteness the magnetic (exchange) 
interaction that couples the spins of adjacent atoms. A very simplified version of 
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this interaction is embodied in the /sing model, in which the spins o;, at site 7 take 
only two definite values (+1 and —1) and the magnetic energy of the system is a 
sum over pairs of adjacent atoms: 


E =) 199; 
(ij) 
An obvious characteristic length scale of this system is the lattice spacing a be- 
tween adjacent atoms. Another, more important length scale is the so-called corre- 


lation length &, defined as the typical distance over which the spins are statistically 
correlated. More precisely, we write 


li ~j| 

g 
where (- - -) denotes a thermal average at a temperature T and where |i —j| >> 1 is 
the distance between the positions i and j. Since observable magnetic properties 
are derived from such correlations, they are quite affected by the value of £, which 
is a function of temperature. 

For a generic value of the temperature, there is no symmetry of the model under 
scale transformations, because of the two length scales a and &. However, there 
are special circumstances, dictated by external parameters such as temperature, 
under which & grows without bounds.! Such values of the parameters of the model 
are called critical points, and the behaviors of systems at or near these critical 
points constitute what is called critical phenomena. When studying correlations 
over distances large compared to the lattice spacing, yet small compared to the 
correlation length, these two length scales lose their relevance, and scale invariance 
emerges. 

The physical picture of a critical system one must keep in mind is that of an 
assembly of regions of (+) spins (called droplets), within which smaller droplets 
of (—) spins are included, and yet smaller droplets of (++) spins are included within 
those, and so on.” This droplet structure is self-similar—in the sense that it has 
the same general appearance after zooming in or out a few times—as long as the 
droplet size @ satisfiesa <<< &. 

The Ising model is just one among an infinite variety of models that can provide 
an approximate description of complex systems with local interactions. One of the 
key ideas in our understanding of critical phenomena is that of universality: despite 
this continuous variety of models that possess critical points, their behaviors at (or 
near) the critical point belong to a discrete set of universality classes, corresponding 
to different realizations of scale invariance. One of the goals of conformal field 


(0;9;) a (o;)(0;) XD — 


1 {In real physical systems, the correlation length typically never grows beyond ~ 10° lattice spacings, 
because of the presence of impurities, defects, and inhomogeneities. But 10° is sufficiently close to 
infinity for scale invariance to have striking experimental consequences. 

2 This is wonderfully illustrated by a computer simulation of the two-dimensional Ising model in the 
introductory paper by Zuber [370]. 


6 1. Introduction 


theory—so far only partially achieved—is a classification of all universality classes 
of two-dimensional critical systems. 


CRITICAL QUANTUM SYSTEMS 


For a special class of critical phenomena, the critical temperature vanishes or is 
small compared to other relevant energy scales. A quantum description of the 
system is then indispensable. Essentially, the statistical fluctuations giving rise to 
correlations are not thermal, but mainly quantum-mechanical in origin. An example 
of such a system is the so-called Heisenberg spin-4 chain, which represents an 
infinite chain of magnetic atoms, each carrying a spin one-half operator S; and 
interacting with its immediate neighbors via the Heisenberg Hamiltonian: 


i S;-S; 
(i) 

One of the main characteristics of this model (in one spatial dimension) is the 
infinite correlation length, which means that the quantum correlations (S;S;) de- 
cay with distance according to a power law, not exponentially. This property is 
intimately related to the existence of gapless excitations in the system, namely, a 
continuum of excited states arbitrarily close in energy to the ground state. In any 
field theory (or any model involving an infinite number of degrees of freedom) 
the presence of gapless excitations is a signal of scale invariance, since the energy 
gap A between the ground state and the first excited state—the rest mass of the 
excitation—constitutes a characteristic length scale via the associated Compton 
wavelength A = fi/(vA) (v being the characteristic velocity of the system, equal 
to the speed of light in relativistic field theories). 

The mathematical formalism used in the description of quantum systems, 
and field theories in particular, bears a striking resemblance to the formalism 
of statistical mechanics describing finite-temperature critical phenomena. This 
similitude between the statistical and field-theoretical formalisms allows for a 
common treatment of both classes of phenomena. However, the field theory de- 
scribing a statistical system (like the Ising model) lives in one spatial dimen- 
sion less than the statistical system itself, since time constitutes an extra di- 
mension inherently incorporated in the quantum description of the field the- 
ory. Critica] quantum phenomena on which the methods of two-dimensional 
conformal field theory can be applied are thus one-dimensional, like the spin 
chain described above. Another example of a one-dimensional quantum sys- 
tem with scale invariance is constituted by the electrons moving on the edge 
of a microscopic layer of a semiconductor submitted to a large magnetic field 
of the appropriate strength. This is an aspect of the so-called fractional quan- 
tum Hall effect. It may also happen that a quantum system be only formally 
one-dimensional, after some simplifying treatment of its mathematical descrip- 
tion. This is the case of the magnetic impurity problem (or Kondo prob- 
lem), which has been successfully studied with the methods of conformal field 
theory. 
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DEEP INELASTIC SCATTERING 


Another, very different area in which scale invariance has emerged? is the scatter- 
ing of high-energy electrons from protons. Put very simply, scattering experiments 
failed to detect a characteristic length scale when probing the proton deeply with 
inelastically scattered electrons. This supported the idea that the proton is a com- 
posite object made of point-like constituents, the quarks.* This is quite reminiscent 
of Rutherford’s study of the scattering of alpha particles off gold atoms, which re- 
vealed the absence of a length scale in the atom over five orders of magnitude, 
between the Bohr radius and the size of the nucleus. 

Let us be more precise. Consider an electron (or any other lepton) of energy 
E scattered inelastically from a proton at an angle 0, with an energy E’ < E. The 
quantity of experimental interest is the inclusive, inelastic cross-section, which 
gives the ratio of scattered flux to incident flux per unit solid angle and unit energy 
of the scattered particles: 


da es a 
dQ’dE' ~~ 4E2 sin*(6/2) 


where @ is the fine structure constant and W, , are structure functions encap- 
sulating the dynamics of the proton’s interior. These structure functions depend 
on the kinematical parameters of the collision: the four-momentum q transferred 
from the lepton to the proton and the energy loss (E — E’) = v/m (m is the 
lepton’s mass). However, it turns out that the dimensionless quantities 27W, and 
vW,/m depend only on the dimensionless ratio x = 2v/(—q’), if q? is negative 
enough (corresponding to large transferred spatial momentum). In other words, 
in this deep-inelastic range, the internal dynamics of the proton does not provide 
its own length scale @ that could justify a separate dependence of the structure 
functions on the dimensionless variables €*v and £7q?. In the context of quantum 
chromodynamics (QCD, the modern theory of strong interactions), this reflects the 
asymptotic freedom of the theory, namely, the quasi-free character of the quarks 
when probed at very small length scales. 

Of course, the quark-gluon system underlying the scaling phenomena of deep 
inelastic scattering is thoroughly quantum-mechanical, just like systems under- 
going quantum-critical phenomena. However, scale invariance manifests itself at 
short distances in QCD, whereas it emerges at long distances in quantum systems 
like the Heisenberg spin chain. 


[2W, sin?(6/2) + W, cos?(6/2)] 


STRING THEORY 


Whether statistical or quantum-mechanical, the physical systems enjoying scale 
invariance mentioned above were all in the same class, in the sense that they are 


3 It is interesting to note that scaling emerged as an important concept in the theory of critical 
phenomena and in high-energy physics at about the same time (the late 1960s) and over such widely 
different length scales! It was also at this time that a very fruitful interplay between high-energy theory 
and statistical mechanics started to develop, resting on the renormalization group theory. 

4 Although quarks had been hypothesized earlier from flavor symmetry considerations, prudent 
physicists initially called these constituents partons. 
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made of an infinite number of degrees of freedom (atoms, spins, etc.) fluctuating in 
space or space-time and characterized by a divergent correlation length or, equiv- 
alently, by power-law correlations. However, conformal invariance has appeared 
in other areas of theoretical physics. H. Weyl proposed in 1918 a generalization 
of general coordinate invariance (general relativity) in which local scale transfor- 
mations would also be possible, in the hope of unifying electromagnetism and 
gravitation within the same formalism.* Since then, the hope of formulating a gen- 
eralization of general relativity that would include the other known fundamenial 
interactions has motivated an immense theoretical effort. Notable attempts in this 
direction come under the name of Kaluza-Klein theories and supergravity. In par- 
ticular, theories of conformal supergravity are constructed to be invariant under 
conformal transformations of space-time. 

Efforts toward unifying all forces of Nature in a single, comprehensive theory 
have culminated in what is known as string theory, in which two-dimensional 
scale invariance appears naturally. String theory originates from the malaise af- 
flicting relativistic field theories in the 1960s, at a time when no consistent field 
theory could describe strong and weak interactions. An alternative to field theory, 
consisting of a set of prescriptions for scattering amplitudes between hadrons, was 
developed under the name of dual models. Curiously, the construction of dual mod- 
els could follow from the assumption that mesons were in fact microscopic strings, 
or extended one-dimensional objects. The discovery of deep inelastic scattering 
and the subsequent development of QCD caused the demise of dual models, but 
some of their interesting features, such as finiteness in perturbation theory, inspired 
their transposition to the realm of quantum gravity, albeit at length scales much 
smaller (the Planck scale, 10-*> m). The great wave of activity in string theory 
occurred in the 1980s, after it was realized that consistent, finite first-quantized 
theories unifying gravitation and other interactions could be formulated. 

We do not provide, in this work, an introduction to string theory; this can be 
found elsewhere (see the notes at the end of this introduction). Let us simply 
mention here some basic concepts. The time evolution of a one-dimensional ex- 
tended object (i.e., a string) sweeps a two-dimensional manifold within space-time, 
which is called the world-sheet of the string. In a given classical configuration of 
the string, each point on this world-sheet corresponds to a point in space-time. The 
first-quantized formulation of string theory involves fields (representing the physi- 
cal shape of the string) that reside on the world-sheet. From the point of view of field 
theory, this constitutes a two-dimensional system, endowed with reparametriza- 
tion invariance on the world-sheet, meaning that the precise coordinate system 
used on the world-sheet has no physical consequence. This is particularly clear in 
Polyakov’s formulation of string theory, and revives Weyl’s idea of invariance un- 
der general coordinate transformations (this time on the world-sheet), augmented 
by local dilations. This reparametrization invariance is tantamount to conformal 
invariance. Conformal invariance of the world-sheet theory is essential for prevent- 


> In Weyl’s theory [353], the local dilations were called gauge transformations, a terminology that 
was recycled later for describing local group transformations. 
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ing the appearance of ghosts (states leading to negative probabilities in quantum 
mechanics). The various string models that have been elaborated basically differ 
in the specific content of this conformally invariant two-dimensional field theory 
(including boundary conditions). A classification of conformally invariant theories 
in two dimensions gives a perspective on the variety of consistent first-quantized 
string theories that can be constructed. 


MODERN BREAKTHROUGHS 


The modern study of conformal invariance in two dimensions was initiated by 
Belavin, Polyakov, and Zamolodchikov, in their fundamental 1984 paper [36]. 
These authors combined the representation theory of the Virasoro algebra— 
developed shortly before by Kac and by Feigin and Fuchs—with the idea of an 
algebra of local operators and showed how to construct completely solvable con- 
formal theories: the so-called minimal models. An intense activity at the border of 
mathematical physics and statistical mechanics followed this initial envoi and the 
minimal models were identified with various two-dimensional statistical systems 
at their critical point. More solvable models were found by including additional 
symmetries or extensions of conformal symmetry in the construction of conformal 
theories. 

A striking feature of the work of Belavin, Polyakov, and Zamolodchikov—and 
of previous work of Polyakov and other members of the Russian school—regarding 
conformal theories is the minor role played (if at all) by the Lagrangian or Hamil- 
tonian formalism. Rather, the dynamical principle invoked in these studies is the 
associativity of the operator algebra, also known as the bootstrap hypothesis. This 
approach originates from the difficulty of describing strong interactions with quan- 
tum field theory. Instead of trying to solve the problem piecemeal with perturbative 
(or even nonperturbative) methods based on a local action, some physicists pro- 
posed a program designed to solve the whole problem at once—that is, to calculate 
all the correlations between all the fields—based only on criteria of self-consistency 
and symmetry.® The key ingredient of this approach is the assumption that the prod- 
uct of local quantum operators can always be expressed as a linear combination 
of well-defined local operators. Schematically, 


(x) (y) = >) Ci — yo) (1.1) 
k 


where Ce — y) is a c-number function, not an operator. This is the operator 
product expansion, initially put forward by Wilson. This expansion constitutes 
an algebra—that is, a set of multiplication rules—for local fields. The dynamical 
principle of the bootstrap approach is the associativity of this algebra. In practice, a 


6 Put in an intuitive way, the strong interactions were thought to be mediated by a series of particles 
(the mesons), whose existence could in tum be inferred from a knowledge of the strong interaction. 
The term bootstrap is borrowed from the baron of Miinchausen, who made a similar-minded attempt 
at flying by pulling on his boot laces. A better analogy is found in the theory of communications, with 
Marshall McLuhan’s famous phrase: “the medium is the message.” 
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successful application of the bootstrap approach is hopeless, unless the number of 
local fields is finite. This is precisely the case in minimal conformal field theories. 

By a fortunate coincidence, important progress in string theory was realized in 
the same year (1984) by Green and Schwarz [186] (see also [187]). In the years 
that followed, the development of conformal field theory and of string theory often 
went hand-in-hand. In particular, string scattering amplitudes were expressed in 
terms of correlation functions of a conformal field theory defined on the plane 
(tree amplitudes), on the torus (one-loop amplitudes), or on some higher-genus 
Riemann surface. Consistency requirements on the torus (modular invariance) 
turned out to be as fruitful in analyzing critical statistical models (e.g., the Potts 
model) as in constructing consistent string models in four space-time dimensions. 
The name of Cardy is associated with the early discovery of the importance of 
modular invariance in the context of critical statistical models. 

Following the pioneering work of Belavin, Polyakov, and Zamolodchikov, con- 
formal field theory has rapidly developed along many directions. The work of 
Zamolodchikov has strongly influenced many of these developments: conformal 
field theories with Lie algebra symmetry (with Knizhnik), theories with higher- 
spin fields—the W-algebras—or with fractional statistics—parafermions (with 
Fateev), vicinity of the critical point, etc. These developments, and their offspring, 
still constitute active fields of research today and make conformal field theory one 
of the most active areas of research in mathematical physics. 


Contents of this Volume 


This volume is divided into three parts of unequal lengths. Part A (Chapters 1 to 3) 
plays an introductory or preliminary role. Part B (Chapters 4 to 12) describes the 
core of conformal field theory and some of its immediate applications to classical 
statistical systems. Part C (Chapters 13 to 18) deals with conformal field theories 
with current algebras, essentially Wess-Zumino-Witten models. 

Chapters 2 and 3 are preliminary chapters that do not deal with conformal sym- 
metry, but provide a background essential to the comprehension of the remainder 
of the book. Readers with experience with quantum field theory and statistical 
mechanics will be able to start reading at Chapter 4. However, those readers might 
want to take a close look at Sections 2.4 and 2.5, dealing with continuous symme- 
tries and the energy-momentum tensor, in which some conventions are set on the 
definition of symmetry operations. Chapter 3 provides a general background on 
critical phenomena as a theater of application of conformal invariance. An intro- 
duction to the renormalization group is provided, which helps in understanding the 
context in which conformal field theory is useful. We hope that mathematicians 
and entry-level physicists will find these two chapters instructive. 

Part B starts with Chapter 4, which defines conformal transformations in arbi- 
trary dimension and derives the basic consequences of conformal invariance on 
classical and quantum field theories, including the form of correlation functions 
and the Ward identities. Chapter 5 adapts these results to two dimensions and in- 
troduces the technique of complex (holomorphic and antiholomorphic) variables 
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and components. The notion of operator product expansion is introduced and some 
free-field examples are worked out. Chapter 6 describes the “canonical” quanti- 
zation of two-dimensional conformal field theories, including radial quantization, 
the Virasoro algebra, mode expansions, and their application to free bosons and 
fermions. The important notions of operator algebra and conformal bootstrap are 
introduced at the end of this chapter. Chapters 5 and 6 thus initiate the core of the 
subject. 

Chapters 7 and 8 are devoted to minimal models, describing critical points of 
discrete two-dimensional statistical systems. Chapter 7 presents an overview of 
the subject and some examples, and Chapter 8, which is more technical, provides 
constructive proofs of many of the results presented in the previous chapter. Chap- 
ter 9 explains an alternate construction of minimal models, within the so-called 
Coulomb gas approach. This approach offers the simplest route to the calculation 
of four-point correlations. 

Chapter 10 is devoted to conformal field theories defined on a torus and issues 
of modular invariance. The torus geometry brings an additional input in the con- 
struction of conformal field theories because it forces a consistent fusion of their 
holomorphic and antiholomorphic components. 

Chapter 11 is a basic introduction to conformal field theories defined on finite 
geometries, in particular with boundaries. The two main issues are the influence 
of the size of the system on correlation functions and the interaction of the holo- 
morphic and antiholomorphic components of the theory through the boundary. An 
application of these concepts to critical percolation is presented at the end of this 
chapter. 

Chapter 12 is devoted entirely to the two-dimensional Ising mode] at its critical 
point. The goal is to calculate multipoint correlation functions of the various op- 
erators (energy and spin) in different schemes (bosonization and fermionization). 
Ample space is given to an extension of the techniques of previous chapters to the 
torus geometry in the particular case of the Ising model. 

Part C of the book launches the analysis of conformal field theories with addi- 
tional symmetries. New symmetries imply the existence of new conserved currents, 
apart from the energy-momentum tensor, the generator of the conformal algebra. 
The complete set of conserved currents span an extended conformal algebra. Part C 
is concerned with the most important class of extended conformal theories, those 
for which the additional currents generate an affine Lie algebra, the physicist’s 
“current algebras.” 

Affine Lie algebras are introduced in Chapter 14. This is preceded by a detailed 
introduction to the theory of simple Lie algebras in Chapter 13. These two chapters 
are conceptually self-contained, and no background on the theory of Lie algebras 
is required. Chapters 13 and 14 may be safely skipped by readers familiar with 
these subjects. In order to facilitate this omission, we have presented our notation 
in an appendix at the end of each of these chapters. The few sections that are less 
standard are clearly identified in the introduction of each chapter. 

The conformal-field theoretical study of models with Lie algebra invariance, 
called Wess-Zumino-Witten (WZW) models, starts with Chapter 15. Unlike many 
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conformal field theories, these models may be defined in terms of an action func- 
tional, in addition to their algebraic formulation—heavily based on the theory of 
integrable representations of affine Lie algebra. A central concept is the Sugawara 
construction, which expresses the energy-momentum tensor in terms of the current 
algebra generators. An important part of our analysis of WZW models is devoted 
to their free-field representations. 

The following two chapters are somewhat more technical. Chapter 16 is almost 
completely devoted to the analysis of fusion rules, which, rou ghly speaking, specify 
which three-point functions are nonzero. Chapter 17 explores techniques ensuring 
the compatibility between the field content of a theory with Lie algebra symmetry 
and modular invariance. The full classification of such Lie-symmetric modular 
invariant partition functions is a key step in the classification of all conformal field 
theories and, accordingly, of all string vacua. We stress that these two chapters are 
not essential in understanding most of Chapter 18 which, in contradistinction, is 
more fundamental. 

Quotienting a WZW model, invariant under a Lie group G, by another WZW 
model, invariant with respect to a subgroup of G, produces what is called a coset. 
It is expected that any solvable conformal field theory can be described by some 
coset model. This makes the coset construction one of the very fundamental tools 
in conformal field theory. This is the subject of Chapter 18. 


READING GUIDE 


The size of this book might scare the reader willing to learn some aspects of 
conformal field theory without working through the 850 or so pages that follow. 
The figure on the next page illustrates (imperfectly) the logical flow of the book. We 
hope this short reading guide will propose useful paths through the book. A solid- 
line arrow indicates an essential logical dependence, meaning that the target chapter 
could not be well understood without the “mother” chapter. A dashed-line arrow 
indicates a weaker dependence, by which only parts of the target chapter necessitate 
previous reading. Of course, this diagram does no justice to the structure of each 
chapter. At the beginning of each chapter, a short introduction explains the purpose 
of the chapter and describes briefly its content. The chapters belonging to the central 
trunk of this diagram form the core of conformal field theory. Chapters located 
at the left of the diagram play an introductory role, physical or mathematical. 
Chapters located at the right of the diagram contain mostly applications of the 
formalism described in the core chapters, or provide additional information that is 
not essential for an understanding of the formalism of conformal field theory. 


Notes 


Introductory papers on conformal invariance for nonspecialists include that of 
Zuber [370] and Cardy [72]. Some texts already published in totality or partly to 
conformal field theory include those of Kaku [227], Christe and Henkel [76], and 
Ketov [235]. 
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Figure 1.1. Logical flow of the book. 
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References on critical phenomena appear at the end of Chapter 3. A pedagogical 
review of some applications of conformal invariance to quantum critical phenom- 
ena can be found in Ref. [2]. Deep inelastic scattering is discussed in most texts on 
particle physics and in many texts on quantum field theory, including Ref. [205], 
in which further references can be found. 

H. Weyl’s extension of general relativity to include local scale invariance ap- 
peared in [353]. Conformal supergravity is reviewed in Ref. [134]. String theory is 
a vast subject, but the monograph of M. Green, J. Schwarz and E. Witten [187] is 
fairly comprehensive. Kaku’s text on string theory [226] provides a more concise 
introduction to the subject. Polyakov’s formulation of string theory appeared in 
Refs.[297, 298]. 

The operator product expansion (or operator algebra) was put forth by K. Wil- 
son [356]. The bootstrap approach, based on operator algebra, was proposed by 
Polyakov [296]. The mathematical foundations of the algebraic representation of 
conformal invariance in two dimensions were found by Kac [213] and Feigin 
and Fuchs [127]. The work of Belavin, Polyakov, and Zamolodchikov appears in 
Ref. [36]. 


CHAPTER 2 


Quantum Field Theory 


This chapter provides a quick—and therefore incomplete—introduction to quan- 
tum field theory. Those among our readers who know little about it will find here the 
basic material allowing them to appreciate and understand the remaining chapters 
of this book. Section 2.1 explains the canonical quantization of free fields, bosons 
and fermions, starting from a discrete formulation. It is appropriate for readers 
without any previous knowledge of quantum field theory; some experience with 
quantum mechanics remains an essential condition, however. Section 2.2 reviews 
the path-integral formalism of quantum mechanics for a single degree of free- 
dom, and then for quantum fields, especially fermions. Section 2.3 introduces the 
central notion of a correlation function, both in the canonical and path-integral 
formalisms. The Wick rotation to imaginary time is performed, with the example 
of the free massive boson illustrating the exponential decay of correlations with 
distance. Section 2.4 explains the meaning of a symmetry transformation and the 
consequences of symmetries in classical and quantum field theories. This section 
deserves special attention—even from experienced readers—because the notion of 
a symmetry transformation and how it is implemented is fundamental to this work. 
Section 2.5 is devoted to the energy-momentum tensor, the conserved current as- 
sociated with translation invariance, which plays a central role as the generator of 
conformal transformations when suitably modified. 


§2.1. Quantum Fields 
2.1.1. The Free Boson 


The simplest system with an infinite number of degrees of freedom is a real scalar 
field g(x, t), a function of position and time. Its dynamics is specified by an action 
functional S[g], which explicitly depends on ¢ and its derivatives. For a generic 
action, the system is not soluble (by this we mean that the quantum stationary 
states cannot be written down). The simplest exception is the free scalar field, with 
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the following action: 


: re) 
Sig] = (i dxdt L(y, 9, V9) ~= = 
(2.1) 
L= 1 20° — (Vo)? —me?| 
2 Ic? 


L is the Lagrangian density (usually called Lagrangian by abuse of language) and 
m is the mass of the field (this terminology will be justified below). In a relativistic 
theory, the constant c stands for the speed of light, but in a different context (e.g., 
condensed matter physics) it stands for some characteristic velocity of the theory. 
We shall set c equal to 1, thus using the same units of measure for space and 
time. Our goal here is to solve this system within quantum mechanics, that is, 
to find the eigenstates of the associated Hamiltonian and provide some physical 
interpretation. 

In order to simplify the notation we shall restrict ourselves to one spatial di- 
mension. The conceptual difficulties associated with the continuum of degrees 
of freedom may be lifted by replacing space with a discrete lattice of points at 
positions x,, = an, where a is the lattice spacing and n is an integer. We shall 
assume that this one-dimensional lattice is finite in extent (with N sites) and that 
the variables defined on it obey periodic boundary conditions (y, = g). The 
above Lagrangian L = f dx CL is then replaced by the following expression: 


— 
lie {4 — 53 Cue — Pa)” = mg} (2.2) 


In the limita — 0 the action derived from (2.2) tends toward the continuum action 
(2.0): 

The classical dynamics of such a system may be described in the canonical for- 
malism, which first requires the introduction of the canonical momentum conjugate 
to the variable ¢,,: 


oL : 
Ty ae ao, = ag,, (2.3) 


The Hamiltonian function, or total energy, is then 
If ee 2 Quad 
H=- Ds at, — (Ors + CP) — ame, (2.4) 
22 eer a 


If the mass 2 is set to zero, the above Hamiltonian describes the collective os- 
cillations of atoms having their equilibrium positions on a regular lattice, with a 
potential energy varying as the square of the interatomic distance LCN ee 
The canonical quantization of such a system is done by replacing the classical 
variables gy, and their conjugate momenta 7,, by operators, and by imposing the 


§2.1. Quantum Fields 17 


following commutation relations at equal times: 


[Pr Find = 8m 


in a | — [y,,> Pinal =0 (t,, = i) (2.5) 


It is customary in quantum field theory to work in the Heisenberg picture, that is, 
to give operators a dependence upon time, while keeping the quantum states time- 
independent. Notice that we have set Planck’s constant equal to 1, which amounts 
to using the same units for momentum and inverse distance, and similarly for 
energy and frequency. 

The Hamiltonian (2.4) does not explicitly depend upon position: it is invariant 
under translations. This motivates the use of discrete Fourier transforms: 


” 1 N-1 wae 
i = Te 228 BEN 


= (2.6) 
ee yee 
: JN n=0 - 


where the index k takes integer values from 0 to N — 1, since @, , y = @. However, 
this range is arbitrary, the important point being to restrict summations over k to 
any range of N consecutive integers. Since g,, and 7,, are real, the Hermitian 
conjugates are 


Gj = O+ ty = Hy (2.7) 
The Fourier modes @, and 7, obey the following commutation rules: 


a , 1 N-1 Dies D ; 
[O72] = N » e il TEE Gia 


m,n=0 


- N-1 
ee —2nin(k—q)/N 
=— y e 
N& 
n=0 


(2.8) 


In terms of these modes, the Hamiltonian (2.4) becomes 


1 ie Sy LS i! +.ag,9} | m? + (2/a) 1-005 7) || (2.9) 
y 2 \a cor a N 


Since g, and 7, obey canonical commutation relations, this is exactly the Hamilto- 
nian for a system of uncoupled harmonic oscillators, with frequencies w, defined 
by 


2 2nk 
of =m +5 (1-008) (2.10) 
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The inverse lattice spacing here plays the role of the harmonic oscillator’s mass. 
Following the usual methods, we define raising and lowering operators 


; (2.10) 
apn 
obeying the commutation rules 
[a,,a}] = 8, (2.12) 
When expressed in terms of these operators, the Hamiltonian takes the form 
1 Nol 
a 5 Yd aja + a,a')ay, 
em (2.13) 
N-1 1 
iy 
— > (aja, + 5 t 
k=0 
The ground state |0) of the system is defined by the condition 
a,|0) = 0 Vk (2.14) 


and the complete set of energy eigenstates is obtained by applying on |0) all 
possible combinations of raising operators: 


Iki k»-*5k) = ep a... 0a, (0) (2.15) 


where the k; are not necessarily different (as written, these states are not necessarily 
normalized). The energy of such a state is 


E(k] = E,+ > o, (2.16) 


where E, is the ground state energy: 


1 Nz 
Ey = 5 yo (2.17) 
k=0 
When N is large and ma < 1, E, behaves like N/a. 
The time evolution of the operators a, is determined by the Heisenberg relation: 
whose solution is 
a,(t) = a,(0)e*™ (2.19) 
From this, (2.6) and (2.11) follows the time dependence of the field itself: 


9, (t) = 2 — [e iQmkniN—oxlg (0) 4g il2nknIN—ay!) a}(0)| (2.20) 
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The continuum limit is obtained by sending the lattice spacing a to zero, and the 
number N of sites to 00, while keeping the volume V = Na constant. The infrared 
limit is taken in sending V to 00, while keeping a constant. We now translate the 
relations found above in terms of continuous field operators. The continuum limits 
of the field and conjugate momentum are 


Pr 90) =n, > mQ)=68) = @@=na) 21) 


Sums over sites and Kronecker deltas become 


N-1 
ay / dx Sint > a(x — x’) (2.22) 
aS 
Therefore, the canonical commutation relations of the field with its conjugate 
momentum become 
[o(x), w(x’)] = id(x — x’) (2.23) 


The discrete Fourier index k is replaced by the physical momentum p = 2zk/V. 
Sums over Fourier modes and Kronecker deltas in mode indices become 


‘en dp Qn ; 
V » aa ‘/ a Skee > 7 oe =p) (2.24) 
We define the continuum annihilation operator and the associated frequency as 
a(p) = a,/V o(p) = /m? + p? (2.25) 
whose commutation relations are therefore 
[a(p),a*(p’)] = (27)5(p — p') (2.26) 


The field g(x) admits the following expansion in terms of the continuum creation 
and annihilation operators: 


peau / = fata me) pialiigetereene| @27) 


The simplest excited states, the so-called elementary excitations, are of the form 


a'(p)|0) with energy 
w(p) = /m? + p? (2.28) 


This dispersion relation (i.e., the functional relation between energy and momen- 
tum) is characteristic of relativistic particles. We thus interpret these elementary 
excitations as particles of mass m and momentum p. The states (2.15) physically 
represent a collection of independent particles. The momenta of these particles 
are conserved separately (they are “good quantum numbers”’). Since the energy 
of an assembly of particles is simply the sum of the energies of the individual 
particles, we say that these particles do not interact: they are free. Furthermore, 
the states (2.15) are symmetric under the interchange of momenta; this follows 
from the commutation rules (2.12). Therefore these particles are bosons, hence the 
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name free boson given to the field g with action (2.1). We say that these particles 
are the “quanta” of the field y. The ground state is also called the vacuum, since it 
contains no particles. The Hilbert space constructed from the action of all creation 
operators receives the special name of Fock space. 

The vacuum energy E, poses a slight conceptual problem. We have seen that 
E,) ~ Nila = Via2. This corresponds to a vacuum energy density of order 1/a’, 
wich diverges in the continuum limit. This is the first instance of a “divergence” 
encountered in quantum field theory (it is, of course, due to the infinite number 
of degrees of freedom present in the system). This vacuum energy problem is 
circumvented by defining the energy of a state with respect to the vacuum, which is 
most easily implemented by introducing a “normal ordering” of operators (denoted 
by surrounding colons) which, in a given monomial, puts the operators annihilating 
the vacuum to the right. For instance, 


:a(p)a'(p): = a'(p)a(p) (2.29) 


By definition the vacuum expectation value (0| : O: {0) of a normal-ordered 
operator vanishes. Since the ordering of classical quantities is immaterial, the 
canonical quantization procedure necessarily introduces ordering ambiguities in 
the definition of operators like the Hamiltonian. Some of these ambiguities may 
be lifted by requiring the vanishing of vacuum expectation values. 

The expansion (2.27) splits the free Bose field y into two parts: g* and gy” . The 
first one (the positive frequency part) contains only annihilation operators, whereas 
the second one (the negative frequency part) contains only creation operators. The 
positive frequency parts at different points commute, and likewise for the negative 
frequency parts, since the lack of commutativity comes solely from the relation 
(2.12). For instance, the normal-ordered product of g, = g(x,) with g, = g(x.) 
is 

P02! = P12 +4192 +9192 +9297 (2.30) 

Finally, we briefly comment on interacting fields. As soon as we depart from the 
simple form (2.1), for instance by adding a term suchas gg’, the system is no longer 
exactly soluble. If the coupling constant g is small, one may find approximate 
solutions using perturbation theory. By this we mean a calculation of the transition 
probability amplitude (S matrix) from a given initial state of free particles (with 
definite momenta) to another, final state of particles. The technique of Feynman 
diagrams is especially suited to this task. However, it is not the purpose of this 
introduction to explain standard perturbation theory, since it will not be used in the 
remainder of this book. The interested reader may consult one of the many texts 
on quantum field theory, which devote ample space to diagrammatic techniques. 

Divergences encountered when calculating the vacuum energy density of the 
free field, and attributed to the continuum of degrees of freedom, are still present 
for interacting fields, and are the cause of more severe difficulties. These problems 
have stopped the development of quantum field theory for almost twenty years, 
and were formally resolved with the introduction of renormalization. The inter- 
pretation given to this procedure has evolved over the decades. In recent years, 
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it has become customary to regard continuum field theories as approximations to 
more fundamental theories (a natural standpoint in condensed-matter applications 
of quantum field theory). This justifies the use of a cutoff: a lattice spacing, or some 
other kind of regularization that effectively suppresses the degrees of freedom as- 
sociated with very small distances. It is thus necessary, in order to make sense of 
a field theory, to know not only its action functional, but also some regularization 
procedure, and an approximate estimate of the cut-off. 


2.1.2. The Free Fermion 


The defining property of fermions is the antisymmetry of many-particle states 
under the exchange of any two particles. In the context of a free-field theory, 
and in terms of mode operators a(p) and a'(p), this property follows from 
anticommutation relations: 


{a(p),a"(q)} = (27)2,6(p — q) 
{a(p), a(q)} = {a'(p),a'(q)} = 0 


where {a, b} = ab+ba is the anticommutator. However, the canonical quantization 
of a field taking its values in the set of real or complex numbers can lead only to 
commutation relations, as opposed to anticommutation relations.! 

However, a classical description of Fermi fields can be given in terms of anti- 
commuting (or Grassmann) numbers. Appendix 2.B defines these entities, and the 
newcomer should read it through before proceeding. This description is especially 
suited for the extension to fermions of functional integrals (introduced in the next 
section), but it may also be used in the context of canonical quantization. 

We apply to Grassmann variables the same canonical formalism as for real or 
complex variables, except that their anticommuting properties forbid the existence 
in the Lagrangian of terms quadratic in derivatives. Specifically, let us consider a 
discrete set {w,} of real Grassmann variables with the Lagrangian 


(2.31) 


i : 
L= BV = Vip) (2.32) 


(repeated indices are summed over). The time derivative y, is still a Grassmann 
number: 


VV; as UV = (2.33) 


It follows that only the symmetric part of the matrix T;; is relevant. Indeed, its 
antisymmetric part couples to 


VV; — v¥; a VV; oF viv; (2.34) 


1 Viewed differently, a given fermionic mode cannot hold more than one particle and consequently 
a Fermi field cannot have a macroscopic value: its classical limit does not exist in terms of real or 
complex numbers. 
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which is a total derivative. The kinetic term of the Lagrangian (2.32) is real, as 
is easily seen by taking the complex conjugate. The Euler-Lagrange equations of 
motion are 


d i eee aV 
SS ee To. a 0 yi) 
dt S¥iT;} aii ss ay; ( ) 
or, in matrix notation, 
, av 
y= -i TW (2.36) 


These equations are recovered in the quantum case from the Heisenberg time 
evolution equation 7 = i[H, y] provided we use the following Hamiltonian and 
anticommutation rules: 


H= Vip) {y;, y;} == (7), (2:37) 
wherein 7, is now an operator. The proof of this statement is straightforward, and 


is left as an exercise. 
The closest analogue of (2.2) for a system of real Grassmann variables is 


1 N-1 ; 
L = xi Dd {abba t+ Yanai} (2.38) 
n=0 


Here a is the lattice spacing and we still assume periodic boundary conditions 
(Vn+tn = W,)- Notice that a term such as (¥,,,, — W,,)? would automatically 
vanish, being the square of a Grassmann number. The above Lagrangian is real, 
but is not invariant under the parity transformation y,, > w_,, (the potential V 
changes sign). The Hamiltonian and anticommutation rules are 


> N-1 1 
H= -5 > VnVn4i {V,) Vind = es (2.39) 
n=0 . 


Again, translation invariance motivates the use of Fourier transformed operators: 


b - [2 e72tikniN (k Z) 
k N = n € 


1 N-1 ‘ : (2.40) 
= b 2nikn/N 
ame To 


where b_, = Bie The mode operators b, obey the anticommutation relation 


(by, b!) = 4, (2.41) 
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The Hamiltonian H = V is then a sum over modes: 


f= 1 . 2nk 

H = -— w,bib @, = — sin —— 

) ye kK Pk LS sin N 
Tae (2.42) 

k>0 
where for simplicity we have assumed N to be odd, and 
1 Nave 
Ey = -5 > (2.43) 
k>0 


The time evolution of b, follows from the Heisenberg equation: 


The definition of the vacuum state for fermions is not exactly the same as for 
bosons. Since b} = b_,, the condition b,|0) = 0 for all k leads to a Fock space 
made of only one state. This problem did not arise for bosons since a} f~ a_, 
or, more simply, because the classical Hamiltonian was a real number. This is no 
longer true for fermions: H takes classically its values in a Grassmann algebra 
(see App. 2.B) in which no ordering is defined a priori. The question of which 
classical configuration has the lowest energy is not well defined. The definition 
of the theory must be supplemented with a consistent definition of the vacuum, 
which we choose to be 


b,|0) = 0 0<k<WN/2 (2.45) 


(we shall treat later the zero mode bys which does not enter the Hamiltonian). The 
energy eigenstates are then 


bj bj, ...bj,10) (0<k, < N/2) (2.46) 


with energy E = E, + >|; @, . These states are, of course, antisymmetric under 
interchange of particles and are interpreted as free fermions, each with energy 
@, = sin(27k/N)/a. In the continuum limit, this dispersion relation becomes 


Elo) <= p p = 2nki(Na) (2.47) 


These fermions are therefore massless. 
The continuum limit is taken by introducing the continuum field ¥(x) = ¥,, 
(x = na). The term y,, W,,,, becomes ay(x)d, w(x) and 


Sl 2.48 
L = 5 f awa, +av (2.48) 


Had we used instead the potential >, w,,, V,,, the sign in front of 4, would have 
been the opposite. As noticed above, both choices lead to a violation of parity. 
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That symmetry can be restored by considering two Fermi fields y, and y, with 
opposite signs of the potential: 


1 
L= 5 fu {,(9, +3,)¥, + ¥,(8, — a,)v} (2.49) 
Under a parity transformation the two fields are interchanged: 


W(x) > ¥,(-x) W(x) > w,(—x) (2.50) 


It is customary to write the above Lagrangian in terms of a two-component field 


w a (y,, Yr): 
i 
L= gt y ae (2.51) 


where WV’ is the transpose of VY and 


0 1 10 1 
Pa 0) Pale a (2.52) 


Since the zero mode b, does not enter the Hamiltonian, it commutes with H and 
therefore any two states |x) and bo| x) are degenerate, including the vacuum |0): 
The whole spectrum is two-fold degenerate. This is no longer true if we impose 
antiperiodic boundary conditions on the lattice fermions: 


Vian = —Vn (2.53) 
The mode expansion (2.40) still applies, provided the indices k take their values 
among the half-integers i 3, --+, The remaining part of the argument is identical, 


except that the zero mode by and the corresponding degeneracy no longer exist. 
The antiperiodic boundary conditions are called Neveu-Schwarz (NS) boundary 
conditions, whereas the periodic ones are called Ramond (R) boundary conditions. 


Another remark is in order, concerning the so-called fermion doubling problem. 
The energy @, of a single fermion is minimum when k ~ 1 or k ~ N/2. When 
taking the continuum limit, the second minimum of the dispersion relation disap- 
pears, and the corresponding excitations are no longer admitted in the spectrum. 
Viewed the opposite way, additional low-energy excitations appear at the upper 
limit of the momentum range when a continuous theory of fermions is put on a 
lattice. These new excitations have the appearance of a new species of fermions, 
hence the expression “fermion doubling.” In fact, there is a doubling of fermions 
for each dimension of space being discretized. 

We treat systems described by complex Grassmann variables y, and Vi; (i 
i,---,”) in a similar way. A generic Lagrangian is then 


L = iv,T,W, —-VW) (2.54) 
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where T is Hermitian: T' = T. The Hamiltonian is still H = V, and the relevant 
anticommutation relations are 


{¥;,¥} = tiv} =0 (vi) = (7), (2.55) 


VW; and yi being the quantum operators corresponding respectively to the classical 
variables y; and y;. The vacuum state can now be defined without problem by the 
condition 


y|0) =O Vi (2.56) 
and the Hilbert space V is spanned by the following states: 
wivi---vil0) keN (2.57) 


(the above states are not energy eigenstates, however). The dimension of the Hilbert 
space is 


n es 2 
al =2 (2.58) 
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The quantum description of a physical system may be done according to two 
equivalent methods, often complementary. The first one, older and better known, 
should be familiar to all our readers: canonical quantization. Classical quantities 
are replaced by operators acting on a vector space in which the states of the sys- 
tem reside. The second method, twenty years younger, is called path integration 
or functional integration. It has the advantage of being more intuitive, and of al- 
lowing formal manipulations, which, despite their lack of rigor, provide important 
results with the minimum of fuss. In practice, however, these advantages become 
apparent only for systems with an infinite number of degrees of freedom. In other 
cases, its interest is more or less academic and pedagogical. Another advantage of 
path integration resides in its formal analogy with statistical mechanics. This not 
only facilitates the formulation of quantum mechanics (or quantum field theory) 
at finite temperature, but also establishes a correspondence between many classi- 
cal statistical systems and quantum field theories. This analogy will be exploited 
throughout many of the following chapters. 


2.2.1. System with One Degree of Freedom 


In this section we shall “derive” the path-integral method from the canonical quan- 
tization of a simple system: that of a point particle of mass m moving in an external 
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potential V(x). The Hamiltonian of this system is time-independent: 


H = K+V(&) ; = —— : ix,pl =i 259) 


The hat (*) distinguishes the quantum operator from the corresponding classical 
quantity. To represent the dynamics we introduce an evolution operator U(t), which 
brings a state |y) at time f, to the time ty + ¢: 


U(t) = ett (2.60) 


First, we calculate the matrix elements of U/(ét) in the basis {\x)} of position 
eigenstates, where 6¢ is an infinitesimal time interval. Calculations are done to first 
order in dt: 


(x| eo K+V)6t Ix’) = (x| 7 iKt 9—iVet e0((st)’) Ix’) 


x 


i = (le ip) pie x’) 

IT 

_ fap jo eae >|] 
= [2 exp {~iar| Pome + V(x’) 


[-m ei — x) ; 
=| ee exp {is 5m 72 Vix | (2.61) 


In the first step we have used the approximate relation 


ef(AtB) = eB Ol’) 
In the second step we have neglected the terms of order (5t)? and inserted a 
completeness relation 


dp 7 
[Zev 


where |p) is an eigenstate of momentum, with (x|p) = e'?*. In the last step, we 
completed the square and performed a Gaussian integration, which is strictly valid 
only when the time interval dt has a small, negative imaginary part. This assumption 
will be implicit in what follows. The quantity in brackets on the last line of (2.61) 
is nothing but the infinitesimal action S(x’, x; 5t) corresponding to the passage of 
the system from x’ to x in a time dt. One may therefore write, to first order, 


(x|U(6t)|x’) = expiS(x’, x; dt) (2.62) 


m 
2n1i85t 

Second, we consider (x,|U(@)|x;), which is the probability amplitude for the 
system, initially at a well-defined position x;, to evolve in a finite time ¢ toward the 
position x. This amplitude is called propagator and may be obtained by dividing 
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the interval of time t in N subintervals t/N and inserting completeness relations: 


m N/2 Nez 
(x, |U(t)|x;) = a J ie, (xp|UC/N)|xy_1) 
j= 


x (Xy_ |UCIN)|xy_») >> (x, |U(t/N)|x;) 


The error made in using Eg. (2.62) for each factor is of order 1/N 2 and the total 
error is of order 1/N. Therefore, in the large N limit one may write 


mN N22 p Nz! 
(x,|U@|x;) = vim | | {Tes expiS[x] 


where S[x] is the action associated with the discrete trajectory x; = ON 
(we take me = x; and x, = x;). If we define the following “functional integration 


measure” 
; N-1} [nN 


we may then write our fundamental result as follows: 


(x,t) 


(x|UMlx;) = / "(dx) expiSia) (2.64) 


(x;,0) 


where the action is, of course, given by 
1 
Six} = / dt (mi? — V(x)) (2.65) 


The interpretation of Eq. (2.64) is the following. Each possible trajectory going 
from x; to x, in a time ¢ contributes to the amplitude (x-|U(t) |x;) with a weight 
equal to the exponential of i times its action. Within the set of possible trajectories, 
most are highly irregular, but they contribute little overall, since the kinetic term 
smi? drives up their action, and their contributions tend to cancel each other 
because of the oscillating exponential. The trajectories contributing most are those 
around which the phase of the exponential varies the least, that is, those with 
stationary action: the classical trajectories. In order to sharpen this remark, we 
restore the factors of, which have been suppressed so far. Planck’s constant has 
the dimensions of action, and we simply have to replace every occurrence of the 
action S by Sh. The classical limit is then valid when the action of the classical 
trajectory is much larger than/i: this is the correspondence principle. Otherwise, 
fluctuations about the classical trajectory are not sufficiently suppressed and a full 
quantum treatment is necessary (i.e., an exact use of Eq. (2.64)). 

The propagator may also be used to express the probability amplitude for a state 
|yw;) to evolve, after a time t, toward another state |y,). Indeed, 


(Wl; —t)1¥,) = / dx,dxy WilaWila;ixp|U(ty — tle) (2.66) 
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where w;(x) = (x|¥;) is the wave function associated with |y;), and similarly for 
V(x) = (alYy). 

The amplitude (2.64) can be used as a starting point for all of quantum me- 
chanics. It is fully equivalent to the Schrédinger equation (in the sense that it 
incorporates the dynamics of the system) and allows for the calculation of the 
same quantities, although in a different manner. We have derived it for a time- 
independent Hamiltonian, but only in order to keep the notation as simple as pos- 
sible. The result is identical for a time-dependent Hamiltonian, and the derivation 
is almost identical, since it is. the infinitesimal propagator (2.62) that matters. 


2.2.2. Path Integration for Quantum Fields 


The path-integral quantization of a bosonic field is not conceptually more difficult 
than that of a point particle. The integration measure may be defined by dividing 
time and space into infinitesimal intervals and integrating over each field variable 
y(x,t) at every point. Contrary to canonical quantization, path-integral quanti- 
zation does not pick time as a special dimension at the outset. This contributes 
greatly to the apparent simplicity and beauty of the method. In particular, if a field 
theory is Lorentz invariant classically, this invariance is manifestly maintained by 
path-integral quantization. We may then write, without further ado, the probability 
amplitude for the transition between configurations g;(x, t;) and y;(x, t,) as 


(go, (x, t)lp;(x, t.)) = [ido t)] eiSl¢) 


When dealing with fermions, we need to recast the demonstration of the preced- 
ing subsection into the language of Grassmann variables. For the sake of argument, 
let us consider the generic Lagrangian (2.54) involving complex Grassmann vari- 
ables. The Hilbert space V is generated by the states (2.57) with complex coeffi- 
cients. In order to formulate path integrals for fermions, we need eigenstates of the 
operators y;, in analogy with the eigenstates |x) of position in ordinary quantum 
mechanics. This is impossible within V since it is a vector space over C, whereas 
we need Grassmann eigenvalues. We must therefore work in an extended space 
VY @ A (A is the Grassmann algebra) in which the coefficients can be Grassmann 
numbers.” In this extended space, we introduce an overcomplete basis of states 
If) = [&,-+-,§,) defined by 


(2.67) 


|g) = e¥'78\0) (2.68) 


where &; is a complex Grassmann number. These are called coherent states and 
satisfy the following three important properties: 


WilS) = § 16) (2.69a) 


2 This is not so different from ordinary quantum mechanics, since the states |x) are not bona fide 
members of the physical Hilbert space, not being properly normalizable. 
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1 = (det) i dédé \t) exp(—E'T8)(€| (2.69b) 
(&|&’) = exp(—é'T¢’) (2.69c) 


Given any state |W), we define its wavefunction as W(E) = (E|W). The time 
evolution of the wavefunction is then given by 


WE, t) = (Ele |W) 
= (det T)! / dé'dé’ (\e~"™" |’) exp(—E"TE’)(é’ |W) (2.70) 


= | dede’ Ke,s,¢)¥e,0) 
where we have defined the propagator 


K(t, €, &) = (det T)“! (éle”"|é’), exp(-€* Te’) (2.71) 


which is the kernel of the evolution operator for wavefunctions. 

In evaluating (€|e~'”"|é’), we face the following difficulty: in the Hamiltonian 
H = V(w', w), the conjugate operators vi sit at the left of the y;. But this is not 
true of the exponential e~”’, Therefore we cannot use property (2.69a) to evaluate 
the propagator for arbitrary t. However, for ¢ infinitesimal, we may expand the 
exponential to first order in 5t and use (2.69a): 


(gle |e") = (&| (1 — i6eV(y", W)) [E’) 
= (1 — idtV(E, &’)) (E|é’) (2.72) 


we ep ttVEE') 8° 8 


In so doing we commit only an error of order (5t)”. Therefore, to first order in 5¢, 
the propagator may be written as 


K(6t, €, &) = (det T)“' exp [—&'7&' — &' TE’ — idtV(E, €)] 
+ 
= (det T)~' exp { (ca |-iS 5 5) Te’ =V(E, |} (2.73) 


= (det T)~' expiS(é, &; 6t) 


where, of course, S (E , €; 6t) is the infinitesimal action for a trajectory in the classical 
(Grassmann) configuration space going from é to & in a time dt. We used the 
property iv; TW = —ip;TW;. 

From this expression for the infinitesimal propagator, the finite time propagator 
follows exactly in the same way as for bosons. As the time slices dt and the lattice 
spacing go to zero, the path integration measure is written as 


(detT)"'] | dédé, — {déde] (2.74) 


30 2. Quantum Field Theory 


wherein the index i distinguishes between not only the different fermionic degrees 
of freedom, but also the different time slices. From now on we will use the same 
symbol for the Grassmann variables appearing in the functional integral and the 
fermionic operators ( > w). The transition amplitude between the classical field 
configurations y,(x, t;) and vi (, tr) is then written as 


6s t-)lv,(x,t;)) = / [dydy) eS) (2.75) 
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Quantum field theory traditionally deals with scattering amplitudes between var- 
ious asymptotic states (free particles). In practice these amplitudes are given by 
Green functions, or, by analogy with statistical mechanics, correlation functions.’ 


2.3.1. System with One Degree of Freedom 
For a point particle, the 1-point correlation function is defined as 
(x(t, )x(t,)---x(t,,)) = (OlT (&(t,)---X(E,,)) 10) (2.76) 


where |0) is the ground state (or vacuum) and J is the time ordering operator, 
which sorts the factors that follow in chronological order from night to left: 


T(x@,)---x@,,)) = xt) ---x@,) if t,>t,>--->4, (2.77) 


Correlation functions can be calculated by path integration as follows: 


f{dx}x(t,)---x(t,,) expiS,[x(t)] 
f{dxJexpiS, [x(t)] 


(x(t) )x(t,)---x(t,,)) = lim (2.78) 


where S, is the action obtained by replacing t by ¢(1 — ie) (complex time) and 
where the functional integral is taken with bounds at t + -too. 
To prove this, we notice that* 


R(t) = ef Rett (2.79) 
(x being taken at time t = 0). Therefore, 


(OjzeMe—ZeiH(o—-n) .., %|0) 


(x(t, )x(t,)---x(t,,)) = (Ole! G10) 


(2.80) 


3 To be more precise, the relationship between scattering amplitudes and Green functions is given 
by the so-called reduction formulas. 

4 Again we consider a time-independent Hamiltonian for simplicity, although the result is quite 
general. . . 
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The outermost exponentials have been converted into a denominator, since |0) is an 
eigenstate of H (the normalization (0|0) = 1 is assumed). Now, let |y;) and lr) 
be two arbitrary states with a component along the vacuum |0) (i.e., (Ol; -) #0) 
and let us consider a general ratio of the type 

(0/0, |0) 

(0|0,|0) 


where O, , are two generic operators. This ratio is equal to 


(lem) ©) eH te) lw.) 
i 


ees (Wyle HU) e-iTHO-ie) | y,.) (2.81) 
Indeed, if |72) is the energy eigenstate with energy E,,, we have 
e HO ~is) yy) = eTHO-H) i) nly.) 
~ : 
= Doe itEnO19) in) (nly) (2.82) 


n 
a en tot 1D) Oly) if e-0 , T; re 


Of course, this strictly holds only if the vacuum is nondegenerate and if there is an 
energy gap between the vacuum and the first excited state. The r.h.s. of Eq. (2.80) 
may now be written as 


(Wy je #AT;(1—-ie) $9 —iH(t1 —t2)(1 ie) a axe HANG is) iy) 


lim - 
Ty oo (Uy je tA (Ty + Tits —ty)(—ie) | W;) 


e—0 


(2.83) 


By inserting completeness relations at each x and replacing each evolution operator 
by a path integral, we obtain 


[taxon vpepuem) xte,)---xG,) HO (2.84) 


for the numerator (x; and X, are taken at t — Foo, respectively). Each occurrence 
of X initially at time t, has been replaced by the integration variable x; corresponding 
to time t;. Since the wavefunctions wy; , are arbitrary, one may choose w;(x;) = 
Wy (xp) = 1, which concludes the demonstration of Eq. (2.78). 

The time-ordering prescription may appear artificial within canonical quanti- 
zation, but it is necessary to ensure convergence of the vacuum expectation values, 
assuming that a ground state exists with energy bounded from below. Notice, how- 
ever, that this prescription is automatically satisfied (and hence completely natural) 
in the path-integral formalism. 


2.3.2. The Euclidian Formalism 


The ¢ prescription, that is, replacing ¢ by t(1 —ie), is crucial in the derivation of for- 
mula (2.78). It is customary in quantum field theory to “saturate” this prescription, 
that is, to define all correlation functions in imaginary time tf = —it (t € R) and 
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to integrate over time along the imaginary axis. The underlying assumption is, of 
course, that correlation functions may be analytically continued from imaginary 
time to real time. Since the space-time metric goes from the Minkowski to the 
Euclidian form when t > —it, we call this imaginary time method the Euclidian 
formalism. Formula (2.78) for the correlation functions then becomes (we redefine 
x(—it) as x(z)) 


fidx}x(t,)---x(z,,) exp —S-[x()] 


oa = 2,80 
(x(t, )x(t) ++ -x(t,,)) Vicente (2.85) 
where S, is the Euclidian action: 
iS, ix(z)) = Six(¢ > —i7)] (2.86) 


The Euclidian action is the integral over imaginary time of the Euclidian 
Lagrangian L;: 


Lz@(X)) = —L@(t = —i1)) (2.87) 


We define likewise a Euclidian Lagrangian density C.. For instance, the Euclidian 
action of a point particle of mass m is 


Eel = / dt {4 + v0} (2.88) 
2m 


The Euclidian Lagrangian is then equal to the real-time Hamiltonian in this case 
(this is not true for fermions), hence the perfect analogy with classical statistical 
mechanics (see the next chapter). The other advantage of the Euclidian formalism 
is that path integrals are then much better defined than in Minkowski space-time. 
The oscillatory behavior that suppressed the contribution of large action trajectories 
is replaced by a simple exponential damping. Indeed, a more rigorous approach 
to path integration consists in defining path integrals and correlation functions in 
Euclidian space, and obtaining physical quantities through analytic continuation. 

Important note: Unless otherwise indicated, we shall from now on work within 
the Euclidian formalism, and we shall drop the subscript E from the Euclidian 
action and replace t by f. 

Since the passage to Euclidian time affects the space-time metric, this is a good 
place to state our conventions in this respect. We denote by uy the diagonal metric 
tensor of flat d-dimensional space-time: 


cee es Eee er 
wy = | iag( ) — Qfigkowsks) (2.89) 


diag(1,1,---,1) (Euclidian) 


The notation 77_,,, is reserved for the metric tensor in a coordinate system that is not 
necessarily Cartesian. Boldface characters will denote points in Euclidian space- 
time (e.g., x, y, and so on). From here on the covariant notation will be used, with 
the summation convention for repeated (contracted) indices and the usual rules for 
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converting between covariant and contravariant indices. Thus, 


d 
7,,a"b” means - n,ya"b” (2.90) 
H,v=1 
and 
a, =7,,a” = na, Nive” = oy (2.91) 


2.3.3. The Generating Functional 


Correlation functions may be formally generated through the so-called generating 
functional: 


a / mies {Stoo - fat jcoxco} (2.92) 


where j(t) is an auxiliary “current” coupled linearly to the dynamical variable x. 
Formula (2.85) may be recast into 


Zizi liexp if dtj(t)x(2)) 


00 i (2.93) 
—Z 0 i dt,---dt, tts)» Ht Malt) ---xt,)) 
or, equivalently, 
Ri) 7 77 (2.94) 


5i(t,) — (t,) j=0 


This definition is easily extended to a quantum field ¢(x). The current is then a 
function j(x) of Euclidian space-time: 


Zij\ = Z[OMexp / dx j(x)p(x)) (2.95) 


If the field is fermionic, then the current] is a Grassmann number and care must be 
given to the ordering of the functional derivatives (2.94). By analogy with statistical 
mechanics, the generating functional at zero current Z[0] is called the partition 
Junction. 

2.3.4. Example: The Free Boson 


In two dimensions, the free boson has the following Euclidian action: 
1 
= ne / d’x {a,0"¢ + mg" (2.96) 


where g is some normalization parameter that we leave unspecified at the moment. 
We first calculate the two-point function, or propagator: 


K(x, y) = (p(&)¢)) CLT) 
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If we write the action as 
1 
S= 5 f Peay ooAe,y0l) (2.98) 


where A(x, y) = g6(x —y)(—d? + m2), the propagator is then K(x, y) = A~'(x,y), 
or 


g(—a2 + m?)K(x,y) = 5(x —y) (2.99) 


This follows from a continuous generalization of the results of App. 2.A on Gaus- 
sian integrals. This differential equation may also be derived from the quantum 
equivalent of the equations of motion, as done in Ex. (2.2). Because of rotation and 
translation invariance, the propagator K(x, y) should depend only on the distance 
r = |x —y| separating the two points, and we set K(x, y) = K(r). Integrating (2.99) 
over x within a disk D of radius r centered around y, we find 


le i @) 
1 =2ng dp p (2 = (oko) + m°K(p)) 
| iad (2.100) 
= 2ng {=rk'( +m? i! dp ois) 
0 


where K'(r) = dK/dr. The massless case (m = 0) can be solved immediately, the 
solution being, up to an additive constant, 


it 
K(r) = -——Inr (2.101) 
27g 
or, in other words, 
1 
(g&)g()) = - Tae (x —y)? (2.102) 
TE 


The massive case is solved by taking one more derivative with respect to r, 
which leads to the modified Bessel equation of order 0: 


1 
Ko a —m’K = 0 (2.103) 


On physical grounds we are interested in solutions that decay at infinity, and 
therefore 


1 
K(r) = — 
(r) ane) (2.104) 
where Ky is the modified Bessel function of order 0: 
2 COST) 
x)= dt 0 : 
K,(x) ik my (x > 0) (2.105) 


The constant factor 1/2mg may be checked by taking the limit r > 0. At large 


distances (i.e., when mr >> 1) the modified Bessel function decays exponentially 
and 


Ky) er” (2.106) 


§2.3. Correlation Functions 35 


This is also obvious from (2.103) when the second term is neglected. It is a generic 
feature of massive fields that correlation functions decay exponentially, with a 
characteristic length (the correlation length) equal to the inverse mass. 

From the elementary Gaussian integral (2.209), it is a simple matter to argue 
that the generating functional (2.95) for the free boson is equal to 


1 
Z(j] = Z[0] exp ; [ atxay iO K,10)| (2.107) 


2.3.5. Wick’s Theorem 


We have defined two special orderings on field operators: normal ordering, which 
places all annihilation operators on the right, and time ordering, which sorts op- 
erators in chronological order. The first guarantees the vanishing of the vacuum 
expectation value, and the second expresses correlation functions in terms of a 
vacuum expectation value. Wick’s theorem relates these two orderings in the case 
of free fields and will often be useful in subsequent chapters. 

Before stating the theorem, we must define the contraction of two operators 
within a normal order. Given the product : ¢, - - - ¢,,:, the contraction of ¢; with @; 
is simply the omission of these two operators from the normal order and their re- 
placement by the two-point function (¢,¢,). We denote the contraction by brackets 
and write 


|r| 
1D, P2 P39: = 7D, O3: (p24) (2.108) 


Now, the theorem itself: The time-ordered product is equal to the normal- 
ordered product, plus all possible ways of contracting pairs of fields within it. 
For instance, 


T (¢,¢26364) = Pi PrP3 Pq: + 0, bss94: ae by bobs: oF 
P P2304: + bd, bsbs: =r br bss: a 

— faa leet ati.) 
DP, PoO394: rey $29394: i :@, $2 P394: = 


[(Satsealanl 
1D, P9394: (2.109) 


The simplest application of Wick’s theorem is the following relation: 


T(G,b2) = :Ob2: + (b)b2) (2.110) 


This relation is rather obvious, since, for a Lagrangian quadratic in ¢ (a free field), 
the only difference between J(¢,,) and : ¢,¢, : comes from a rearrangement 
of the factors involving c-number commutators only. The difference can thus be 
evaluated by taking a vacuum expectation value, which leads directly to (2.110). 
The general form of Wick’s theorem can be proven by recursion. The proof will 
not be given here, but can be found in standard texts on quantum field theory. 
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Wick’s theorem also applies to free fermions, with the difference that a sign must 
be included in front of each term, according to the number of anticommutations 
required to bring the contracted fields next to each other. For instance, Eq. (2. 109) 
applied to Fermi fields y, , becomes 


T (vy v2W3¥4) = WY W3¥4: + Wy VW sa: a Wy WyWsWa: at 
Wi VoWaWai +3, by WsVe: on WW VaWa: ae 
ft fal Gaal zea 
Wy W2W3 V4 ty W254: $Y, 23a: — 
i el 
WV, Wo V3: (2.15 


§2.4. Symmetries and Conservation Laws 


One cannot overemphasize the importance of symmetries in physics. Indeed, this 
whole book is nothing but an analysis of the consequences of scale invariance for 
two-dimensional systems. In this section we give the precise meaning of symme- 
tries in the context of a generic field theory and derive Noether’s theorem, which 
states that to every continuous symmetry of a field theory corresponds a conserved 
current, and hence a conserved “charge.” 


2.4.1. Continuous Symmetry Transformations 


Consider a collection of fields, which we collectively denote by ®. The action 
functional will depend in general on © and its first derivatives: 


= / d’x L(®, 3) (2.112) 
In this section we study the effect, on the action functional, of a transformation 
affecting in general both the position and the fields: 
x—>x’ 
®(x) > 0'(x’) 


In these transformations the new position x’ is a function of x and the new field 6’ 
at x’ is expressed as a function of the old field ® at x: 


®'(x’) = F(®(x)) (2.114) 


This is an important point: the field ©, considered as a mapping from space-time 
to some target space M (® : R4 + M), is affected by the transformation (2.113) 
in two ways: first by the functional change ©’ = F(®), and second by the change 
of argument x — x’. This way of looking at symmetry transformations is often 
called “active”, in opposition to a “passive” point of view, in which the mapping 


(2.113) 
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oan 
Figure 2.1. Pictorial representation of an active transformation, here a rotation. The arrows 
stand for a vector field that undergoes an internal rotation identical to that of the coordinate. 


Notice that this particular transformation is simpler to understand from a passive point of 
view, in which the observer rotates in the opposite direction. 


x —» x’ is viewed simply as a coordinate transformation. The active point of view 
is illustrated in Fig. 2.1. 

The change of the action functional under the transformation (2.113) is obtained 
by substituting the new function ®’(x) for the function ®(x) (we note that the 
argument x is the same in both cases). In other words, the new action is 


si i d4x L(o'(x), 3. 0"(x)) 


fi il dix! £(o'(x’), 3,0'(e’)) 
(2.115) 
2 / dx’ L(F(@(x)), 3, F(@(x))) 


af 


In the second line, we have performed a change of integration variables x — x’ 
according to the transformation (2.113), which allows us to express &’(x’) in terms 
of (x) in the third line. In the last line, we express x’ in terms of x. 

We now consider some examples, starting with a rather trivial one: a translation, 
defined as 


= | L(F(@(x)), (ax"/ax"")3, F((x))) 


x =x+a 


(2.116) 
o’(x +a) = P(x) 


Here dx°/ax’* = 5? and F is trivial. It follows that S’ = S. The action is invariant 
under translations, unless it depends explicitly on position. 

Next, we consider a Lorentz transformation. In general it takes the following 
form: 


x/# = a a 


(2.117) 
'(Ax) = L, (x) 
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where A is a matrix satisfying 
Vena os = 1: (2.118) 


and where L, is another matrix, depending on A and acting on © if the latter has 
more than one component. The set of matrices A obeying the constraint (2.118) 
forms a group: the Lorentz group. The matrices L, form a representation of the 
Lorentz group. In Euclidian space-time, Lorentz transformations are simply ro- 
tations. The difference between Minkowski and Euclidian space-time lies in the 
metric 7),,,,, and does not affect the rest of the present discussion. In d-dimensional 
Minkowski space-time, the Lorentz group is isomorphic to SO(d — 1, 1), the group 
of pseudo-orthogonal rotations. In two-dimensional Euclidian space-time, in which 
will be set the action of the near totality of this book, the rotation group is SO(2), 
which is Abelian (commutative) and therefore admits only one-dimensional irre- 
ducible representations. The fields are then characterized by a (real) value of the 
planar spin. 

Because of the condition (2.118), the Jacobian |dx’/dx| is unity and the 
transformed action is 


S'= i d@x L(L,®, A“! - AL, ®)) (2.119) 


For a scalar field g the representation is trivial (L, = 1) and the action is invariant 
under Lorentz transformations (S’ = S) if the derivatives 3, appear in a Lorentz- 
invariant way. The most general Lorentz-invariant Lagrangian containing at most 
two derivatives is then 


L(y, 9, 9) = fly) + 8(¢)8,, 90" y (2.120) 
where f and g are arbitrary functions (these functions are not arbitrary if further 
conditions, like renormalizability, are imposed). 

Scale transformations will play a central part in this work. They are defined as 
x =e 
’(Axr) = A 4 @(x) 
where A is the dilation factor and where A is the scaling dimension of the field ®. 


Since the Jacobian of this transformation is |@x’/ax| = 47, the transformed action 
iS 


(2.121) 


Oe ii d“x LAA~*,A-'-4a o) (2.122) 


We consider in particular the action of a massless scalar field gy in space-time 
dimension d: 


Sig] = / d@x 3, gdp (2.123) 


We check that this action is scale invariant provided we make the choice 


1 
heel (2.124) 
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A power y” may be added to the Lagrangian while preserving the scale invariance 
of the action provided An = d, or n = 2d/(d — 2). The only possibilities for n 
even (ensuring stability) are a g° term ind = 3 anda gy‘ term ind = 4. 

Finally, various transformations may be defined that affect only the field © 
and not the coordinates. The simplest example is that of a complex field with 
an action invariant under global phase transformations ®’(x) = e’@(x). A more 
complicated example is that of a multi-component field ® transforming as }’(x) = 
R_,®(x) where R., belongs to some representation of a Lie group parametrized by 
the group coordinate w. 


2.4.2. Infinitesimal Transformations and Noether’s Theorem 


We now study the effect of infinitesimal transformations on the action. Such 
transformations may in general be written as 
é u 
x/# = x + w, — 
ba, 
SF (2at25) 
0'(x’) = O(x) + w, —() 
5), 
Here {w,,} is a set of infinitesimal parameters, which we shall keep to first order 
only. It is customary to define the generator G, of a symmetry transformation by 
the following expression for the infinitesimal transformation at a same point: 


§,0(x) = & (x) — &(x) = —iw,G, (x) (2.126) 


We may relate this definition to Eq. (2.125) by noting that, to first order in w,, 


Be) = O40) oe) 
Ye) 
a (2.127) 


; dx! - OF oe, 
= O(x’) — i ) ea ga 


The explicit expression for the generator is therefore 


bx! 8F 
eco) 62 (2.128) 
a bw, i bw, 


We consider here some examples. For an infinitesimal translation by a vector 
w! (the index a becomes here a space-time index) one has 6x“/dw" = 6) and 
5F/éw" — 0. Therefore the generator of translations is simply 


An infinitesimal Lorentz transformation has the form 


py AAP “wav 
me (2.130) 


= xt PH x? 
Sx +o," Xx 
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Substitution into the condition (2.118) yields the antisymmetry property w,,, = 
—qw,,. A general transformation has thus }d(d — 1) parameters. Using thiss an- 
pe see one may write the variation ail the coordinate under an infinitesimal 
Lorentz transformation as 


1 
pa? — ee) (2.131) 
60, 2 
Its effect on the generic field ® is 
i 
Fle) =L,o@ L,¥1- 7S” (2.132) 


where S°” is some Hermitian matrix obeying the Lorentz algebra. From (2.128), 
one therefore writes 


1 1 ite 
pio yb ® = 50,(x"d? — x79") + si, S”® (2.133) 


where L°” is the generator. The factor of } preceding w,, in the definitions of L°” 
and S°” compensates for the double counting of transformation parameters caused 
by the full contraction of indices. The generators of Lorentz transformations are 


thus 
L?” = i(x’a"” — xd") +S” (2.134) 


We now demonstrate Noether’s theorem, which states that to every continuous 
symmetry of the action one may associate a current that is classically conserved. 
Given such a symmetry, the action is invariant under the transformation (2.125) 
only if the transformation is rigid, that is, if the parameters w, are independent 
of position. However, an especially elegant way to derive Noether’s theorem is to 
suppose, as we will, that the infinitesimal transformation (2.125) is not rigid, with 
w, depending on the position. 

From the last of Eqs. (2.115), we may write the effect on the action of the 
infinitesimal transformation (2.125). To first order, the Jacobian matrix is 


il = 6) +9 (« —) (22155) 
ORE tN 
The determinant of this matrix may be calculated to first order from the formula 
det(1+E) + 1+ TrE (E small) (2.136) 
We obtain 
=| * 1+, (o 4 (2.137) 
ax tag 


The inverse Jacobian matrix may be obtained to first order simply by reversing the 
sign of the transformation parameter: 


ax” 5 ~ a, (ne ae 
ax'# ie isa, ( °. 8) 
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Le the help of these preliminary steps, the transformed action S’ may be written 


6. 12 
S = fas (+9, (« — -)) (2.139) 


6 (« +o on [5, - a,,(o,(8x*/5«,))]| (8, + a, [, (6F60,)))) 


The variation 5S = S’ — S of the action contains terms with no derivatives of w,. 
These sum up to zero if the action is symmetric under rigid transformations. Mien 
dS involves only the first derivatives of w,, obtained by expanding the Lagrangian. 
We write 


8S = - f axjz 80, (2.140) 
where 
ac aL 8F 
i! = a,@ — HL , 
ke | oe : | a(8,, ©) 5a, ma) 


The quantity j/' is called the current associated with the infinitesimal transformation 
(2.125). Integration by parts yields 


Se i} d?x a,j" w, (2.142) 


Now comes Noether’s theorem: if the field configuration obeys the classical equa- 
tions of motion, the action is stationary against any variation of the fields. In 
other words, 5S should vanish for any position-dependent parameters w, (x). This 
implies the conservation law 


aj¢ = 0 (2.143) 


In words, every continuous symmetry implies the existence of a current given by 
(2.141), which is classically conserved. 
The conserved charge associated with j" is 


0, = fees eis 


where j® is the time component of j4, and d¢~'x stands for the purely spatial 
integration measure.° Its time derivative indeed vanishes: 


(o) = pars apf? 
__ | dt aji (2.145) 


-| jido' 


5 In Euclidian space-time, the distinction between “time” and “space” is somewhat arbitrary. 
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where do’ is a surface element at spatial infinity (Latin indices are summed over 
the “spatial” dimensions only). Therefore Q, = 0, provided the current j’ vanishes 
sufficiently rapidly as x —> 00. 

The expression (2.141) for the conserved current is termed “canonical”, imply- 
ing that there are other admissible expressions. In fact we may freely add to it the 
divergence of an antisymmetric tensor without affecting its conservation: 


ioe! ; eRe Bee (2.146) 


Indeed, 0,,0,B7;” = 0 by antisymmetry. The definition of j¢ is therefore ambiguous 
to some extent. 

We stress here that Noether’s theorem is a classical result that says little about 
the quantum realization of the symmetries. We shall see that classical symmetries 
imply constraints on correlation functions (the Ward identities). However, it may 
happen that the path integration measure does not possess the symmetry of the 
action, in which case that symmetry is said to be anomalous. 


2.4.3. Transformation of the Correlation Functions 


Classically, the invariance of the action under a continuous symmetry implies the 
existence of a conserved current. At the quantum level, correlation functions are 
the main object of study, and a continuous symmetry leads to constraints relating 
different correlation functions. 

Consider again a theory involving a collection of fields ® with an action S[®] 
invariant under a transformation of the type (2.113). Consider then the general 
correlation function 


1 
(®(x,)--- ©@,)) = 5 iL [db](x,)--- (x, exp —S[] (2.147) 


where Z is the vacuum functional. The consequence of the symmetry of the action 
and of the invariance of the functional integration measure under the transformation 
(2.113) is the following identity: 


(D(x,)--- O@&,)) = (F(P@,))--- F((z,))) (2.148) 


where the mapping F describes the functional change of the field under 
the transformation, as in Eq. (2.114). The demonstration of this identity is 
straightforward: 


(O(x,)---@(¢/)) = 5 ? [do] O(x')--- (x! exp —S[O] 


1 t 7 , f ? / 
=5 i, [do'] ©(x!)-.-@/(x’ exp —S[0'] _— 
1 
=5 / [do] F(@(x,))--- F(@(x,)) exp —S[o] 


= (F(@(x,))--- F((,,))) 
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An explanation is in order. In going from the first to the second line of Eq. (2.149) 
we have justrenamed the dummy integration variable @ > ©’, without performing 
a real change of integration variables. In going from the second to the third line 
we have performed a change of functional integration variables, in which ©’(x’) 
is expressed in terms of (x). We know by hypothesis that the action is invariant 
under such a change, which should be carried through as in Eq. (2.115). We need 
the further hypothesis that the Jacobian of this change of variable is trivial (i.e., 
does not depend on the field ©). This is in fact the main obstacle to conformal 
invariance in a quantum symmetry: the action may well be scale invariant, but the 
measure is not because of the regularization procedure needed to define it properly. 


For instance, invariance under translation x’ = x +a has the following 
consequence on the correlation functions: 
(D(x, +a)--- B(x, +a)) = (O(x,)--- O(x,,)) (2.150) 


In words, only the relative positions of the fields are important in a correlator. 
Likewise, Lorentz invariance has the following effect on correlators of scalar fields: 


(D(AM xt) DCAM x) = (O(xH)--- @(xH)) (2.151) 


Finally, scale invariance implies the following relation for correlators of a 
collection of fields ¢, with scaling dimensions aN; (ery EQ. (2-121)): 


(b,x) ---@, Qe, )) = ATA! A749 (G(r, +b, (e,)) (2.152) 
We shall come back to these relations in Chap. 4. 


2.4.4. Ward Identities 


The consequence of a symmetry of the action and the measure on correlation 
functions may also be expressed via the so-called Ward identities, which we shall 
now demonstrate. An infinitesimal transformation may be written in terms of the 
generators as 


®'(x) = M(x) — iw, G, P(x) (20153) 


where w, is a collection of infinitesimal, constant parameters. Note that the posi- 
tions are the same on both sides of this expression. We make a change of functional 
integration variables in the correlation function (2.147), in the form of the above 
infinitesimal transformation with w, now a function of x. The action is not invariant 
under such a local transformation, its variation being given by (2.142). Denoting 
by X the collection ®(x,)--- (x,,) of fields in the correlation function and by 
6.,X its variation under the transformation, we can write 


DO = ; fide Ce ox)cxp — {sto + fu s,in0.(o)| (2.154) 


We again assume that the functional integration measure is invariant under the 
local transformation (i.e., [d®’] = [d®]). When expanded to first order in w, (x), 
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the above yields 
(6X) = fa a, Gh (x)X)@, (x) (2.155) 
The variation 5X is explicitly given by 
dX = —-i Ss (O(x,) -++G @(x;)--- P(x,,)) w,(x;) 
me ' (2.156) 
as J dx w,(e) S> {0(x,)---G,(,)-- O(x,,)} 6 — x) 
t=! 


Since (2.155) holds for any infinitesimal function w,(x), we may write the 
following local relation: 


@ . 
aque Va XH) POx)) --- O(x,,)) 
n (2.1357) 
= —i ) d(x — x, (@(x,)---G, O(,) --- OG,,)) 
i=) 


This is the Ward identity for the current 7“. Note that the form of the current may be 
modified from the canonical definition (2.141) without affecting the Ward identity, 
if one adds to j# a quantity that is divergenceless identically (i.e., without using 
the equations of motion), such as in Eq. (2.146). 

We integrate the Ward identity (2.157) over a region of space-time that includes 
all the points x;. On the left-hand side (1.h.s.), we obtain a surface integral 


[4s, Gi (x) @(x,)--- O(,,)) (2.158) 


which vanishes, since the hypersurface & may be sent to infinity without affecting 
the integral: indeed, the divergence 9, (j'X) vanishes away from the points x, and 
the correlator (j#(x)X) goes to zero sufficiently fast as x — oo, by hypothesis. 
For the right-hand side (r.h.s.) of Eq. (2.157), this implies 


n 
5, (P(x,)--- &(%,)) = iw, J (OG, O(x;)---(x,,)) =0 (2.159) 
i=l 
In other words, the variation of the correlator under an infinitesimal transformation 
vanishes. This is simply the infinitesimal version of Eq. (2.149) (see also the 
definition (2.126)). 


The Ward identity allows us to identify the conserved charge 


Q, = / ax PG) (2.160) 


as the generator of the symmetry transformation in the Hilbert space of quantum 
states. Let Y = O(x,)--- @(x,,) and suppose that the time t = x is different from 
all the times in Y. We integrate the Ward identity (2.157) in a very thin “pill box” 
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bounded by t_ <t, byt, >t, and by spatial infinity, which excludes all the other 
points x,,---,x,,. The integral of the I.h.s. of (2.157) is converted into a surface 
integral and yields 


(Q,(¢,)P@)¥) — (Q,(t_)®@, )¥) = -i(G, (x, )Y) (2.161) 


Remembering that a correlation function is the vacuum expectation value of a 
time-ordered product in the operator formalism, and assuming, for the sake of 
argument, that all other times e are greater than f, we write, in the limitt_ —> t = 


(0|(Q,, P@,)J¥ 10) = —i(0|G,, b(x, Y |0) (2.162) 
This being true for an arbitrary set of fields Y, we conclude that 
[Q,,®] = —iG,® (2.163) 


In other words, the conserved charge Q, is the generator of the infinitesimal sym- 
metry transformations in the operator formalism. Of course, these identities are 
obtained in the Euclidian formalism. An easy way to go back to Minkowski space- 
time is to replace the charge Q by —iQ, since it is the outcome of an integration 
of the time-like component of a vector. 
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Here we apply the general results of the previous section to the invariance of a 
theory with respect to translations and rotations (or Lorentz transformations). The 
conserved current associated with translation invariance is the energy-momentum 
tensor, whose components are the density and flux density of energy and mo- 
mentum. In Chapters 4 and 5, the consequences of conformal symmetry will be 
expressed in terms of the Ward identities associated with the energy-momentum 
tensor; this section more or less paves the way for later discussions. 

The infinitesimal translation x’* — x + e* induces the following variations 
in the coordinates and the fields (see Eq. (2.125)): 


pe 
dx eG (2.164) 
de” be” 


Consequently the corresponding canonical conserved current is 


a Se 
=v 


a a’ 2.165 
and the conservation law is 0,7” = 0. The conserved charge is the 
four-momentum 

ec i; Pine asd (2.166) 
In particular, the energy is 


P = fers 5o-¢| (2.167) 
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which is the usual definition of the Hamiltonian. As an operator, the conserved 
charge P,, has therefore the following effect in Euclidian time, according to 


Eq. (2.163): 
[P,,®] = —a,0 (2.168) 


In real time, this relation becomes Coa ©] = —10,®, which is the well-known 
commutator of an x-dependent operator with momentum in ordinary quantum 
mechanics. 


2.5.1. The Belinfante Tensor 


In general, the canonical energy-momentum tensor T“” is not symmetric. However, 
we have the freedom to modify this tensor by adding the divergence of a tensor 
Ber” antisymmetric in the first two indices: 


feat eee” , Paar (2.169) 


This addition does not affect the classical conservation law nor the Ward identity. 
Indeed, the variation of the action under a nonuniform translation with position- 
dependent parameter €(x) is still given by 


8S = — / des Ts <, (2.170) 


since 0,,T ee 0,72” identically. If we succeed in finding B’*” such that the new 
tensor 7," is symmetric, then the latter is called the Belinfante energy-momentum 
tensor. In order to accomplish this, we consider the conserved currents associated 
with Lorentz transformations. 

From (2.131) and (2.132), the variations of the coordinates and fields under an 
infinitesimal Lorentz transformation are 


bx? 5F a 
= =(n!x” —nfP’x") = -i-S'’® (2.171) 
bw, 2 5e,,, ,) 


and the associated canonical conserved current is 


1. a£ 
AYP _ THYyP _ THPyy 4 2G 
a ’ o* FRESE) 


We look for B°“” such that this current may be expressed as 


S’’® (2.172) 


jee = Pilati Thx” (2.173) 


This relation ensures that 7," = T,,", as is easily seen by applying the conservation 
laws ,,j"*? = Oand 3,73" = 0. However, this implies only that 75” is symmetric 
classically (i.e., for field configurations obeying the equations of motions). 

An explicit expression for B*“” can be found by inspection: 


Ae le © al aL 


js Sb + ——_S#h + —_—_ sue 
4 | a(0,,%) H(9,) * 30,6) a 
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We check that this expression is indeed antisymmetric in the first two indices, since 
S#” = —S"". In order to show that the above has the right form, we calculate its 
antisymmetric part in (pv): 

Nomen) 


Beery — Bere — 7 


S”’® (2.175) 


On the other hand, the antisymmetric part of T°” in a classical configuration is 
obtained by applying the conservation laws to Eq. (2.172): 


py vw __!. al vp 
= i 59, | aaas° o| (2.176) 
We see that the antisymmetric part of T?" + 0, BY” vanishes, that is, T;,’ is indeed 
symmetric in a classical configuration. Note that the form given in Eq. (2.174) 
for B“°” is not unique; further modifications of the energy-momentum tensor are 
possible. 

We can illustrate this with an example. Consider the following Lagrangian for 
a massive vector field A ” (in Euclidian space-time): 


L= iPr, gt sme AA, (2.177) 
wherein F,,, = 0,A, — 0,A,. The canonical energy-momentum tensor is 
1) Sl Vs | a (2.178) 
and it is not symmetric. We now calculate T;" as defined in Eq. (2.169), with 
BS = Eee (2.179) 
We end up with 
fe Pen aA” (2.180) 


This tensor is classically symmetric, as may be seen from the following: we define 
the identically symmetric tensor 


ms 1 1 
wv __ pay AV Fra Fy +m? AeA = AA, | 
ng a 2 (2.181) 
=i One m’A")A” 
The two tensors 1 and T;" coincide for classical configurations, since the 
equations of motion are 
0,F —m’AY = 0 (2.182) 


It is T4" which is written down in standard texts, whereas it is T Which a priori 
appears in the Ward identity: 


a, (T5°X) = — } 7 (x — x))(PG,)--- 8 OC) OC,)) (2.183) 
J 
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If we wish to use a symmetric tensor in the Ward identity, we must replace ne ” by 
Te ’ therein, but this modifies the Ward identity. However, as we shall see presently, 
the modification to the Ward identity coming from this substitution has no effect 
and may be ignored in general. 

Indeed, the Ward identity in terms of 7” is 


a,(T5'X) =— ) d(x — x, )(@(x,)--- a" (z;)--- O(,,)) 
i (2.184) 

— 0, ((0, F(x) — m7 A" (x)JA"(x)X) 
We wish to show that the last term is of no consequence. For this we need to use 


the following relation, written here in Euclidian time, which is a consequence of 
the equations of motion on correlation functions (see Ex. 2.2): 


bY 5S 
=s 7 aa — 


Here, Y is a product of local fields. We apply this relation to our system, with 

Y =A,(y)X (X is again a product of local fields) and ®(x) > A yi). We find 
— Sag = —9 F(x) + m7A"#(x) (2.186) 
6A, (x) : : 


Therefore, 


(at es 4,0)) +86 ~9)5,,,() 


5A, (x) (2.187) 


= ((—0, F(x) + m?A"(x))A"(y)X) 


We take the limit x — y and ignore the delta function 5(x — y), which is automat- 
ically subtracted if normal order is used for the product [0,F° — m7?A#]A". We 
find 


(ogee an 


5X 
el ( 5A, Ge) he) (2.188) 


This last expression will vanish for all x except at the isolated pointsx,, the positions 
of the fields appearing in the product X. For instance, if X = A p(x,)A,(x,), then 


bX 
(a (x) A) ws 8, 5(x — x, )(A,(x,)A, (x) 


(2.189) 
oF 54 d(x = x,)(A (x, )A,(x)) 


In general, the additional contribution to the Ward identity will have the following 
form: 


0, ((8.F (x) — m°AM(x)IA"(e)X) = 8, D> 6 — xf" (@,,-+-,%,) (2.190) 
i 
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The reason such an addition is of no consequence is that the Ward identity, like 
any other expression involving delta functions, has a precise meaning only after 
integration through some arbitrary volume. The added term is a total divergence 
containing delta functions and can thus be converted into a surface integral, which 
receives no contribution from the delta functions. 

In summary, provided the theory has rotation symmetry, we may define a new 
energy-momentum tensor T;,’, which is conserved, classically symmetric, and 
plays the same role in Ward identities as 7”. In fact, one may use the equations of 
motion to bring T4” into another form (noted 74” above) which is now identically 
symmetric, still conserved, and still plays the same role as T#” in the Ward identity, 
except for terms that may be ignored. Consequently, we shall no longer distinguish 
between T;,” and le B (as far as Ward identities are concerned) in the remainder of 
this work. 


2.5.2. Alternate Definition of the Energy-Momentum Tensor 


We now consider a general infinitesimal transformation of the coordinates x* —> 
x/# = x" + e#(x). This can be considered as a translation with an x-dependent 
parameter €“(x). According to (2.142) the induced change in the action is 


dS = fae TACGne. 
\ (2.191) 
id v 
= 5 fe Cae Aa (0,€, + d,€,,) 


where we have assumed that 7“” is identically symmetric.® If the diffeomor- 
phism x’ = x + € is considered as an infinitesimal change of coordinates, the 
corresponding change in the metric tensor g,,,, is (to first order in €) 


: ax® ax? 
Baw = ayrn avo 
= (8% — 8," (5) — 8,€ a5 
= Bay — (4,€, + d,€,,) 


(2.192) 


This prompts for an alternate definition of the energy-momentum tensor, as the 
functional derivative of the action with respect to the metric, evaluated in flat space: 


| | 


= -3 [aire 8, (2.193) 


al 


© Asexplained in the previous section, extra terms may appear in the above equations, but these terms 
vanish for classical configurations and are of no consequence on the Ward identities. We consequently 


ignore them. 
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For instance, on a general manifold, the action for a free scalar field ¢ is 


s= [dx vec 


1 (2.194) 
=5 [ate VE {e"”a,, 98,9 + m?| 


where g = detg_,, and the factor ,/g is required for the invariance of the space-time 
integration measure. Using the identities 


detA=e™™4 and dgt” = —g*4gh"dg, 5 (2.195) 


we find 


1 v 
tye = 5 ve8" 58 yy (2.196) 
and the definition (2.193) yields 
TY = —ge"£ + gap (2.197) 


which coincides with the canonical definition (2.165). The advantage of the new 
definition (2.193) is that the energy-momentum tensor is identically symmetric. 
However, obtaining an explicit expression for T“” from (2.193) requires more 
involved calculations than going through the canonical definition, or its Belinfante 
generalization. 

If a tetrad ef, is used instead of a metric (see App. 2.C) then the energy- 
momentum tensor is endowed with a Lorentz index and an Einstein index: Since 
Suv = e7.e), we easily find that 


= e%e4, 
éS = — i d‘x e T"Se4 (2.198) 


where e = dete/.. 

In the quantum theory, the alternate definition (2.193) of the energy-momentum 
tensor takes the following meaning. Let ® represent the set of dynamical fields of 
the theory, and g the metric. On a general manifold the action is a functional S[®, g) 
of both quantities. The vacuum functional Z[g] and the functional integration 
measure [d®] , both depend on the metric: 


Z{(g] fia, exp —S[®, g] 


exp —W{g] 


(2.199) 


lf 
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where we have defined the connected functional W[g]. Under an infinitesimal 
variation 4g of the metric, the vacuum functional is modified: 


Zig + 6g] = one exp —S[®, ¢ + dg] 
1 
= i [do), { es il d4x Va, 7" | exp —S[®,g] (2.200) 


1 
= Ziel + 5210) f dx Je, ,(7") 


In the second equation, we have assumed that the energy-momentum tensor takes 
care of the variation of the action and of the integration measure, if any. This 
is the essential difference between the classical and quantum definitions of the 
energy-momentum tensor. The variation of the connected functional W[g] is then 


- _ 6Z{[g) ~ vl d p 
6W[g] = Ziel = 5/4 x /gég,,,(T" ) (2.201) 
or, in functional notation, 
2 6W{g] 
Ihe = ——__—_ 2.202 
Ex) Yi 8e,,,(x) ( ) 


Again, if a tetrad is used instead of a metric, the above quantum definition becomes 


5W[e] = -5 / d"x ebe% (T*) (2.203) 


Appendix 2.A. Gaussian Integrals 
In this appendix we consider integrals of the type 


I(A,b) = foe exp | —5x'Ax +x (2.204) 


where A is ann x m symmetric matrix whose eigenvalues have positive real parts, 
and where x and b are n-dimensional column vectors (the transpose of an object 
x is written x‘). We first evaluate the integral when b = 0. Since A is symmetric, 
it can be diagonalized by an orthogonal matrix: A = O'DO where D is diagonal 
with entries D; and where OO = 1. By the change of variables y = Ox, for which 
the Jacobian is unity, the integral becomes 


1 
fev EXP) 5 Spot 


(2n)" | 
= devAv= det D = 1D: 
| det A I] ‘ 


I(A,0) 


(2.205) 
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If b £ 0, one simply has to complete the square of the exponent: 
— atx + bix = 5b'A'b Ke A™BYAG =A) 2.206) 


and the change of variables x > x —A7'b brings this case back to the above form, 
except for a prefactor: 


detA 
We turn now to the evaluation of moments of order 7m: 
ff dex x,,x;,-+-%;,, EXP (—3%'AX) 


I(A,b) = ear : exp (5H'42) (2.207) 


ee) a OTT WL 
m f dx exp (—4x'Ax) 


These are the discrete analog of the correlation functions. To this end we introduce 


the generating function 
1 
fax exp (- 3x Ax + bx) 


(x;,x (2.208) 


Z(b) 


; (2.209) 
= Z(0)exp (joa) 
It then immediately follows that 
1 a ) 
Be ee 2 ee eA a) 2.210 
Wikis Sia) = FO), Be! ) (2.210) 


For instance, the second-order moment (or “propagator’”’) is 
(x;x;) = (A); (2971) 
It is straightforward to verify that the three-point moment (x;x,x,) vanishes. 
This follows from the reflection symmetry x; > —x, of the exponential at b = 0. 


The four-point moment, along with all moments with an even number of points, 
can be expressed in terms of the two-point moment. Specifically, 


(XXpX4X4) = (Xj Xy)(X5Xq) + (XX) (XX q) + (XX 4) (XpX3) (2212) 


This follows directly from (2.210). In general, the 2n-point function is given 
by a sum over all ways of pairing the points, each pair being then replaced by 
the corresponding two-point moment. This constitutes a weak version of Wick’s 
theorem (2.109). 


Appendix 2.B. Grassmann Variables 


We recall that an algebra is a vector space endowed with a product. A Grassmann 
algebra is a vector space constructed from a set of n generators 0, on which an 
antisymmetric product is defined: 
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A generic element of a Grassmann algebra is therefore a first- -degree polynomial 
in the generators 6,, namely 


fe.) = y 3 Gee. 8, «<6, (2.214) 


k=0 1, 


where the complex coefficients Ge i, are defined only if all their indices are 
different, and where a standard ordering i is defined on these indices. The dimension 
of the Grassmann algebra is then the number of distinct monomials that can be 
constructed from the 6,, namely 2”. For instance, generic elements of a Grassmann 
algebra with n = 1 and n = 2 are respectively 


(n=1)  f0)=c,+c¢,0 


(2.215) 
(n = 2) f(O,,0,) = Cy +,0, +¢,0, “1Cyl as 


Any other term that we might add to these expressions is either redundant or zero 
because of the anticommutation properties. 

The generators of a Grassmann algebra are often called Grassmann vari- 
ables. Correspondingly, elements of the algebra, since they are polynomials in 
the generators, are called “functions” of Grassmann variables. 

We define a differentiation on the Grassmann algebra in the obvious way, that 
is, by treating the generators 0, like normal variables, except for their anticom- 
muting properties. Consequently we must adopt a convention: The variable of 
differentiation must be brought to the left of every expression before taking the 
derivative: 


a d6;, — 2.216 
f > 136, (2.216) 
For the function f(@,,0,) defined above, we have 
of 
30, = Cy — C129, (2.217) 


Since functions of Grassmann variables are at most linear in each variable, the 
differential operator 3/9, is nilpotent, that is, (0/06;)* = 0. In fact, these operators, 
together with the variables 6, themselves, form a Clifford algebra: 


a9 ,97 4 
00; 00; 30, 00, (2.218) 
a. a 
iT ed ij 


Integration over Grassmann variables is defined to be identical to differentiation: 


[490-8 ny = pf 5) (2.219) 
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This definition may seem strange, but it should be kept in mind that we are defining 
definite integrals. Therefore the result of the integration does not depend on the 
integration variable any more, and its derivative vanishes. Conversely, the definite 
integral of a derivative vanishes if there are no boundary terms. Consequently, a 
natural definition of definite integration should have the properties 


0 0 
= i do, f0) = J ab, 5 10) = 0 (2.220) 


which are satisfied by the definition (2.219) by virtue of the nilpotency of the 
derivative. The integral over several Grassmann variables of a generic function 
always yields the highest term of the expansion: 


/ do, ---d0, f(@) = Ch... (2.221) 


Under a change of integration variables 6, — 6%, the integration measure 
dé, ---d6,, changes according to 


El ey ee oa do, ...d6, (2.222) 


This is the opposite of ordinary integration, wherein the Jacobian occurs with 
the opposite power, and follows directly from the identification of integrals with 
derivatives. 

Finally, we evaluate Gaussian integrals of Grassmann variables. We first 
consider the integral 


I= [+ ---d6, exp — 50149 (2.223) 


where 6 is the column vector of the 6,, &” is its transpose and A is an antisymmetric 
matrix (otherwise only its antisymmetric part contributes) of even dimension n. 
The series expansion of the exponential contains a finite number of terms (no 
summation over repeated indices here): 


I as [ +, aa do, I] exp —6;A;,6; 


i<j 


= |, ---d0, |] (1 = 0,A,9)) 


i<j 


(2.224) 


Each factor commutes with the other, and thus we are free to order them according 
to increasing 1. If we expand the product, the terms that survive the integration are 
those that contain each variable exactly once, and consequently contain 1/2 matrix 
elements A,;. Therefore, the result of the integration is 


f= ye E(D)A p24 papa *** Apon—1)p(n) (2.225) 
PESn 
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(e(p) is the signature of the permutation p) with the constraints 
p(1) < p(2), p(3) < p(4), p(5) < p(6), --- 
p(t) < p(3) < p(S) < p(7) <--- 


The expression (2.225) is known as the Pfaffian of the matrix A and denoted Pf(A). 
The Pfaffian is defined for antisymmetric matrices of even dimension. It can be 
shown without difficulty (see Ex. 12.12) that 


Pf(A)* = detA 0227) 


(2.226) 


The integral with a source 
1 
(6) = [ ---d0, exp ~ 5 HA8 +o (2.228) 


is done the same way as for the ordinary Gaussian integral. We proceed to a shift 
of integration variables: 6’ = 6 — A~'b, and, the Jacobian being unity, the result is 


I(b) = 1(0) exp 5biA'b (2.229) 


The details of the calculation are slightly different from the ordinary Gaussian 
integral since b, anticommutes with 6;, but this is compensated by the antisymmetry 
of A. The moment (6;6;) is given by (notice the order of the derivatives) 


at), 


(6,8;) —_ 
: ab; ab; (2.230) 


I(0)~ 


= (4); 


Wick’s theorem is also valid here, except that the two-point moments occur with 
the appropriate sign obtained by bringing together the members of the pair [cf. 


Eq. (2.111)]. 


We now turn to the integral 
lige | dd exp —0M6 (2.231) 
where M is ann x n matrix and where d6d6 stands for 
dodo = Il do.dé, (2.232) 


7! 


The variables 0, and 6. may be thought of as conjugate to each other, although this 
is not necessary. Again, by expanding the exponential, 


L, = / dodo T] (1 -4,M,6,) 
i 


2233 
= YS €() MyyayMop2) °’ Myp(n) 
PESn 


= det M 
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Overall, we obtain results that are similar to those obtained for ordinary 
Gaussian integrals, except that the determinant occurs with the opposite power. 


Appendix 2.C. Tetrads 


This appendix offers a quick introduction to the concept of a tetrad, which is 
necessary in order to define spinor fields on a general curved manifold. In the 
usual formalism of Christoffel symbols, only the action for integer-spin fields can 
be written down in a covariant manner. 

At each point of a manifold, coordinate differentials dx" span a local vector 
space (the cotangent space). Under a change of coordinate system x — x’, the 
differentials transform as follows: 

ax’ 

Gti 

oils ax” 
The only requirement imposed on the Jacobian matrix dx’“/dx” is invertibility: It 
should be an element of the group GL(d) of invertible d-dimensional matrices. 
We therefore say that an action with general covariance is endowed with a local 
GL(d) symmetry. However, local fields have been defined according to their trans- 
formation properties in Euclidian (or Minkowski) space, where the corresponding 
symmetry group is SO(d) (resp. SO(d — 1, 1)). In order to carry over the Lorentz 
group formalism to a general manifold in a general coordinate system, we in- 
troduce at each point a local orthogonal frame of basis vectors for the cotangent 
space: 


dx” (2.234) 


et = etd" a=1,---,d (2.235) 


where the frame vectors e* form a tetrad, or vierbein. These names are four- 
dimension specific, but will be used here in a general setting, rather than the 
imaginative “zweibein” and “vielbein” (Cartan’s terminology of “repéres mobiles” 
may also be used). A natural choice for the tetrad is determined by the conditions 


4 2. = eee: (2.236) 


which express the orthogonality of the tetrad. The lower (Greek) index of er, 1s 
called an Einstein index, while the upper (Latin) index is called a Lorentz index. 

In order to compare vectors belonging to different (but nearby) cotangent spaces, 
we need to introduce a prescription for parallel transport, specified by the so-called 
spin connection of? : 


a eT | 
ee 8 S14 


V4 > V4 — wtPdxt'y? : (2.237) 
where dx“ is the amount of transport. The covariant derivative is defined as 
(D,,V)* = 3,V4 + wv? (2.238) 


and results from the comparison of a vector at x with a vector parallel-transported 
from x + dx. Since parallel transport changes only the direction of a vector and not 
its length, the spin-connection is antisymmetric in its Lorentz indices: ws = —wPa : 
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The tetrad ef, may be used to convert between Lorentz and Einstein indices: 
Ve = eV". The Christoffel symbols I’), are used to specify the parallel transport 
in a tetrad-free language: 


VY > ve —1 dy” (2.239) 


Since by definition the tetrad e“, is invariant under parallel transport, we have the 
relation 


Dee, = dyes Hae” (2.240) 


The curvature of a manifold manifests itself when a vector is parallel-transported 
around a closed path. Around an infinitesimal “square” loop of sides dx and dy, 
the difference between the initial vector V* and the transported vector V is 


V4 — V4 = -[D,,,D,}?V"'dx"'dy” 


(2.241) 
— Rabyyb 
= Ri,V°dx"dy” 
More explicitly, the curvature tensor Reb is 
RY = 3,00? — a0 + ww? — ww (2.242) 


This tensor is related to the usual Riemann tensor R” ,,,, by contraction with eee”. 

The connection is determined by the metric g_,,,, together with the torsion-free 
condition '’, = [°’,. The latter condition is natural if we define the manifold as 
embedded in a higher-dimensional Euclidian space, as a hypersurface X(x). Then, 
the metric is given by 


Euy = 9,X%-9,X (2.243) 
and the Christoffel symbols are easily derived to be 
le 0-x.00, X 
1 (2.244) 
= 58 Bon a OE iy a OL) 


On a two-dimensional manifold, the spin-connection can be expressed in terms 
of a single-covariant vector w,,: 


wo? = Mw (2.245) 
while the curvature tensor is 
R® = (3,0, — 9,0,) 
Bae <R 


where R is the scalar curvature. 


(2.246) 
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Exercises 


2.1 Expansion in eigenfunctions 
Consider a generalization of the Lagrangian (2.1): 


i. 
L= 5 +909) 


in which D is some Hermitian linear differential operator. For instance, D = a — m? for 
the free scalar field. A possible generalization could be D = V2 — V(x) (ind dimensions), 
in which case there is no translation invariance. In general, the above Lagrangian is not 
Lorentz invariant. The eigenfunctions of D are denoted u,,(x), and form by assumption a 
discrete spectrum, with eigenvalues —w7. We have the relations 


fax US Um = Onn 


Show that the quantum field may be expanded as 


g(x) = >> “| = (antin(x) + alu*(x)) 


where the a,, are annihilation operators, obeying the standard commutation relations. Show 
also that the Hamiltonian may be written as 


1 
H =) on(ajan + 5) 


2.2 Equations of motion for correlation functions 
Consider a generic action S[¢] involving some quantum field ¢, and the correlation function 


= 1 iS[¢] 
w= J [dg X e 


where X stands for an expression involving ¢. By performing an infinitesimal change of 
functional integration variables ¢ > ¢ + 5, demonstrate the following relation: 


(is) =~] 


Then take X = @(y) and the Lagrangian (2.1), and show that the two-point function 
(P(y)P(x)) satisfies the equation 


i (= = + m’) (Hy) $(x)) = 5x —y) 


2.3 Demonstrate Eq. (2.37), ie., that the equations of motion following from (2.32) 
are recovered in the Heisenberg equations of motion, provided the Hamiltonian and the 
commutation rules be as in (2.37). One may start with a simple quartic potential. 


2.4 Prove the properties (2.69) of fermionic coherent states. For the second one (2.69b), it 
is useful to diagonalize the matrix T (T = UDU~') and to work with the rotated variables 
and operators Uz and Uw. 
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2.5 From the expression (2.229) for the Gaussian Grassmann integral with a source, show 
how to recover the following special case of Wick’s theorem: 


(0;0;0.91) = (8;8;){961) — (8:64) (8,1) + (6:61) (86x) 


2.6 Demonstrate explicitly the relation (2.233). 


Notes 


There are many good texts on quantum field theory. However, most of this chapter does 
not follow any particular text. Some sections, in particular the treatment of the dynamics of 
Grassmann variables, are inspired by a graduate course given in 1986 at Comell University 
by H. Kawai [233]. Among modern texts emphasizing the functional formulation of quantum 
field theory are those of Brown [60], Collins [79], Ramond [303], Weinberg [351] and 
Zinn-Justin [369]. More classic texts, such as Bjorken and Drell [48] and Itzykson and 
Zuber [205], are still very useful. 

The method of path integrals was invented by R. Feynman [130]. Grassmann variables 
were applied to the functional description of fermions by F.A. Berezin [40]. The Belin- 
fante energy-momentum tensor is discussed by Callan, Coleman, and Jackiw [62] and 
Jackiw [208]. 


CHAPTER 3 


Statistical Mechanics 


Most applications of conformal invariance pertain to statistical systems at criti- 
cality. A brief introduction to statistical mechanics is therefore required for those 
readers unfamiliar with the subject. The emphasis is put on the concepts under- 
lying the hypothesis of conformal invariance in critical systems. Some parallels 
are to be drawn with the previous chapter, since quantum field theory and statis- 
tical mechanics walk hand in hand in the modern theory of critical phenomena. 
Section 3.1 reviews the notion of statistical ensemble of states and describes some 
basic models defined on the lattice or in the continuum. Section 3.2 explains the 
basic features of critical phenomena and how the scaling hypothesis provides a 
unified understanding of phenomena at or near the critical point. Section 3.3 justi- 
fies the scaling hypothesis with the idea of real-space renormalization. Section 3.4 
applies the concepts of the renormalization group to continuum models and gives 
deeper meaning to the notion of scale invariance for Euclidian field theories. Fi- 
nally, Sect. 3.5 briefly explains the transfer matrix method, a discrete analogue in 
statistical mechanics of the operator formalism of quantum theory. 


§3.1. The Boltzmann Distribution 


Statistical mechanics describes complex physical systems (i.e., systems made of 
a large number of atoms in interaction) whose exact states cannot be specified 
because of this complexity. Instead, macroscopic properties alone may be speci- 
fied, and the role of the theory is to infer these properties from the microscopic 
Hamiltonian. Thus, statistical mechanics distinguishes microscopic states (or mi- 
crostates) from macroscopic states (or macrostates). A microstate is specified by 
the quantum numbers of all the particles in the system or, classically, by the ex- 
act configuration (positions and momenta) of all the particles. It characterizes the 
system from a dynamical point of view in the sense that its future state is fixed by 
its present state through deterministic laws. A macrostate is specified by a finite 
number of macroscopic parameters, which characterize the system from the point 
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of view of observation, such as pressure, temperature, magnetization, and so on. 
To a given macrostate corresponds a large number of microstates, each leading to 
the same macroscopic properties. Having no more information about an isolated 
system than that given by the macroscopic parameters, we assume that all the mi- 
crostates associated with the observed macrostate have equal probabilities to be 
the actual state of the system. 

The basic idea behind the statistical study of a complex system is that any 
physical property—like the energy, the magnetization, and so on—may be regarded 
as a Statistical average, calculated over a suitable ensemble of microstates. Of 
course, at any instant, the system is in a specific (but unknown) microstate. The 
replacement of this microstate by a statistical ensemble needs some justification. 
It has long been customary to justify this replacement by invoking the so-called 
ergodic hypothesis, which states that the time average of a quantity over the time 
evolution of a specific microstate is equal to the average of the same quantity, 
at fixed time, over some statistical ensemble of microstates. If one accepts this 
hypothesis, then the use of a statistical ensemble is justified provided the time 
necessary for an efficient sweep of the ensemble by any of its microstates is short 
enough compared with the time of measurement of the physical quantity of interest. 
This is far from obvious. A better justification for the use of statistical ensembles 
follows from dividing the system into a very large number of mesoscopic parts, 
each of them large enough to display the complex properties of the whole system. 
At any instant, each of these mesoscopic subsystems is characterized by its own 
microstate, but the properties of the whole system are obtained by averaging over 
all subsystems. Thus, the ensemble averaging amounts more to a spatial averaging 
than to a time averaging. 

Which ensemble of states is most appropriate for averaging depends on how 
isolated the system is. If it is completely isolated, with no exchange of energy or 
particles with its surroundings, the relevant ensemble of microstates is made of all 
states on a given energy “shell”, occurring with equal probabilities. It is called the 
microcanonical ensemble. 

If, on the other hand, a system S is in thermal contact with its surroundings 
and hence is free to exchange energy with it, then all microstates of S do not 
have equal probabilities. However, all microstates of the “universe” (S plus its 
surroundings) have equal probabilities. This, in turn, provides us with a distribution 
of probabilities for the microstates of S: The probability that a specific microstate 
of S be the actual state of the system depends only on its energy and is given by 
the Boltzmann distribution: 

: 3.1) 
P, = 5 exp BE; B=5 (3. 
where T is the absolute temperature! and Z is the normalization of the distribution, 
called the partition function: 


! This definition of temperature includes the unit-dependent Boltzmann constant kg. Thus T has the 
dimension of energy. 
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The ensemble of microstates defined by the Boltzmann distribution is the canonical 
ensemble. 

The partition function (3.2) is of central importance in statistical mechanics 
since macroscopic quantities are generically related to derivatives of Z. For in- 
stance, the average energy within the canonical ensemble is obtained by lowering 
a factor of E; in the sum of Boltzmann weights through differentiation with respect 


to B: 
__ 10 (3.3) 


where we have introduced the free energy: 
F=-TinZ (3.4) 


Similarly, the heat capacity C at constant volume is 


aU oF 
a Gr), = Tr? Se) 
The specific heat is defined as the heat capacity per unit volume. Thus, the partition 
function is the generating function of all the thermodynamic functions of interest. 
In practice, statistical mechanics studies systems composed of a large quantity 
of N identical components (atoms, molecules). The properties of each individual 
atom (e.g., energy, spin, etc.) fluctuate according to the Boltzmann distribution, 
but the physical quantities of interest are summed over all N components of the 
system. Because of the law of large numbers, their fluctuations vary as 1//N 
and are completely negligible when WN is large. The limit N — oo is called the 
thermodynamic limit since then the variance of the macroscopic properties vanishes 
and their values cease to be random variables, becoming instead exact variables to 
be treated in the formalism of thermodynamics. 


3.1.1. Classical Statistical Models 


In practice the number of systems for which the partition function can be calculated, 
even in an approximate way, is very small. Confronted with the extreme complexity 
of most realistic systems one relies on simplified models to investigate finite- 
temperature properties. Some of these models are defined in terms of discrete, 
classical variables, which live on a lattice of sites. The best-known and simplest of 
these discrete models is the /sing model. It consists of a discrete lattice of spins o,, 
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each taking the value —1 or 1. Unless otherwise indicated, a square lattice is used 
and i stands for a lattice site. For a lattice with N sites the number of different spin 
configurations [o] is 2, and the energy of a given configuration is 


Efo] = -J)° a0, — ha; (3.6) 
(i) I 

where the notation (7j) indicates that the summation is taken over pairs of nearest- 
neighbor lattice sites. The first term in the energy represents the interaction of 
neighboring spins through a ferromagnetic (J > 0) or antiferromagnetic (J < 0) 
coupling. The second term represents the interaction with an external magnetic 
field h. We shall not try to explain how such a simple model can arise from the 
microscopic quantum theory of magnetism but will be content in considering it 
for its own sake. We will assume that J > 0, although the case J < 0 is strictly 
equivalent at zero field ( = 0). In zero field, the lowest energy configuration is 
doubly degenerate: The spins can be either all up (+1) or all down (—1). If the 
field h is nonzero, the lowest energy configuration will have all spins aligned with 
h (i.e., of the same sign as 2). 

The first thermodynamic quantity of interest is the magnetization M, the mean 
value of a single spin. By translation invariance, this is the same for all spins, and 
we can write: 


M= (0;) (any 7) 


i 
= a5 py Ds, exp —BE[o] (3.7) 


Yee 
~ Nah 
where the notation (...) denotes an ensemble average. Also of interest is the 
magnetic susceptibility, which indicates how the magnetization responds to a very 
small external field: 
aM 
alles 


=ae ZL (> “| exp -pei} G8) 


{o] i 


wer (Oe es (ro1.)"} 


tot. = Li Oj: The susceptibility is therefore proportional to the variance of 
the total spin, and measures its fluctuations. 
The susceptibility is also related to the pair correlation function r(i): 


ré-j= (0;6;) (5) 


where a, 


Because of translation invariance, the correlator can depend only on the differ- 
ence of lattice sites. Moreover, for large distances |t — j|, the lattice structure 1s 
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less relevant, some rotation symmetry is restored and the correlators depend only 
on the distance |i — j|. The connected correlation function 


PG —7) = (6,0;), = (0;9;) — (@;)(0}) (3.10) 


is a measure of the mutual statistical dependence of the spins o; and ,, in terms 
of which the susceptibility may be rewritten as 


(=) (3.11) 
i=0 


We therefore expect the susceptibility to be a measure of the statistical coherence 
of the system, increasing with the statistical dependence of all the spins. 

The Boltzmann distribution is ,of course, invariant under a constant shift of the 
energy. This allows us to write the Hamiltonian of the Ising model in a slightly 
different way. Indeed, since 0,0; = 26,, ,, — 1, the configuration energy is, up toa 
constant, 


E[o] = -27 ) 8,4, —h )_%; (3.12) 

(tj) i 
This form lends itself to an immediate generalization of the Ising model, the so- 
called q-state Potts model, in which the spin o; takes q different integer values: 
o, = 1,2,---,q. To each possible value of o we associate a unit vector d(o) in 
q—1 dimensional space such that }~? d(a) = 0.d(o) plays the role of the magnetic 
dipole moment associated with the spin value o. The configuration energy in an 
external field is 


Elo] = -a )°5,,,,, —h- )_d(o;) (3.13) 
(ij) i 

Other generalizations of the Ising model are possible, wherein for instance the 

spins are regarded as “flavors” of atoms interacting with their nearest neighbors 

with coupling constants depending on which flavors are paired (Ashkin-Teller 

models) and so on. 

In Ising-type models, the variables (spins) reside on the sites of the lattice 
whereas the interaction energy resides on the links between nearest-neighbor pairs. 
In systems such as the eight-vertex model the opposite is true: The variables are 
arrows living on the links, each taking one of two possible directions along the 
link. The interaction energy resides on the sites and its value depends on how the 
four arrows come together at that point, with the constraint that the number of 
arrows coming into (and out of) a site must be even. 

Other statistical models involve continuous degrees of freedom rather than 
discrete ones. For instance, a more realistic treatment of classical ferromagnetism 
is obtained by assuming the local spin to be a unit vector , with the configuration 
energy 


E[n] =J)on,-n,— hen; (3.14) 


(i) i 
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where h is some external magnetic field. This is the classical Heisenberg model, 
or the classical O(n) model if the vector n is taken to have n components. 

When discussing critical properties (in the next section) it is often more con- 
venient to replace the lattice by a continuum, in which case the use of continuous 
degrees of freedom is mandatory. The above Hamiltonian is then equivalent to 


E[n] = fats {Ja,n - an —h-n} (3.15) 


wherein; and h; are replaced by n(x) and h(x). The gradient term is the equivalent 
of the nearest-neighbor interaction of the discrete case. 

Because the constraint n?(x) = 1 at every position is difficult to implement 
in practical calculations, we may consider the simpler alternative in which it is 
replaced by the single constraint 


5 fax n? = 1 (3.16) 


where V is the volume of the system. One then obtains the spherical model, 
which differs from the O(1) model by the constraint imposed. Another way to 
approximate the constraint n*(x) = 1 is to make it energetically unfavorable for 
n?(x) to be different from 1. This may be done with the help of a quartic potential 
V(|n|) having a minimum at |n| = 1. After rescaling the field n, the energy 
functional may be taken as 


E[n} = ih dix { ayn -an — Sun? + cu(n??} (3.17) 


The position of the minimum of energy as a function of |m| depends on the relative 
values of z and w. If m has a single component ¢, this is termed the g* model. The 
sign of the y* term (positive or negative) determines whether the ground state value 
of y vanishes or not. The case u = 0 is exactly solvable, and is called the Gaussian 
model since the partition function reduces to a product of Gaussian integrals. The 
associated configuration energy is 


Ely] = i) dx Gwe? + 5u¢) (3.18) 


All of these models were extensively studied and are discussed in great detail in 
most texts devoted to critical phenomena. 

For models defined on the continuum, the analogy between statistical mechanics 
and quantum field theory is manifest. The partition function of the g* model is a 
sum over the possible configurations of the field ¢ (i.e., a functional integral): 


Le ‘f [dy] exp —BE[¢] 


1 1 1 
= | [dy] exp{— | d4x | ~(Vo) + =r¢* + —u¢g* | 

BS Z 4 
Here we have rescaled the field y by ./B and the g* coupling u by V/B, so that 
the inverse temperature does not explicitly appear. The partition function of a 


(3.19) 
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d-dimensional statistical model is thus entirely analogous to the generating func- 
tional of a quantum field in d space-time dimensions in the Euclidian formalism. 
Changing the temperature then amounts to scaling the field g and modifying the 
g* coupling. 


3.1.2. Quantum Statistics 


The statistical models described in the preceding subsection are all classical: All 
physical quantities have a definite value within each microstate of the statistical 
ensemble. In guantum statistical mechanics, we must deal with quantum indeter- 
minacy as well as with thermal fluctuations. In that context, we define the density 
operator 


p =exp—fH (3.20) 


where H is the Hamiltonian of the system. The partition function may be expressed 
as a sum over the eigenstates of H: 


Z= ea — Trp (3.21) 


The statistical average of an operator A is then 
(A) = }°(nle Ain) = Tr (pA) (3.22) 


The resemblance between the density operator e~*” and the evolution operator 
et allows for the representation of the density operator as a functional integral. 
This introduces the Lagrangian formalism into statistical mechanics. Explicitly, 
consider the kernel of the density operator for a single degree of freedom: 


o(x>,x;) = (x, leP" |x;) (3.23) 


The path integral is adapted to this kernel by substituting t — —it (the Wick 
rotation), where t is a real variable going from 0 to f. The action S[x(t)] then 
becomes the Euclidian action iS,[x(t)]. The kernel of the density operator p 
becomes then 

(xy,B) 

P(x,,x;) = i i [dx] exp —S,[x] (3.24) 
Xi, 


The partition function may be expressed as 


a fa px,x) = fies exp —S, [x] (3.25) 


This time, the integration limits are no longer specified: all “trajectories” such 
that x(0) = x() contribute. Here the “time” t is merely an auxiliary variable 
introduced to take advantage of the analogy with path integrals. The expectation 
value of an operator A is 


1 ; 
A)=5 ip dx (x|pAlx) 
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1 

=z | axdy elo tare) 
1 (y,B) 

= z | dxdy | [dx] (y|Alx) exp —S, [x] 

(x,0) 

1 VB) 

=< [ avay | f [dx] A(x)3(x — y) exp =o 


1 
=5 / [dx] A(x(0)) exp —S-[x] (3.26) 
where we have supposed that A is a function of x only, so that 


(y|A|x) = A(x) d(x — y) (3.27) 


Hence, the expectation value of A is calculated as in the path-integral method. 
Note, however, that the operator A is evaluated at rt = 0. 

The generalization to a system with a continuum of degrees of freedom and to 
multipoint correlation functions is straightforward. The key point here is that the 
partition function of a quantum system in the path integral formalism is obtained 
from the ordinary path integral by a Wick rotation and by restricting the Euclidian 
time to a finite domain of extent 6. At zero temperature this domain is infinite in 
extent and we recover the usual generating functional in Euclidian time. At finite 
temperatures, the quantum partition function of ad-dimensional system resembles 
that of a (d + 1)-dimensional classical system defined on a strip of width £. 
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3.2.1. Generalities 


Phase transitions are arguably the most interesting feature of statistical systems. 
They are characterized by a sudden and qualitative change in the macroscopic prop- 
erties of the system as the temperature (or some other control parameter) is varied. 
We distinguish first-order transitions from continuous transitions. First-order tran- 
sitions are characterized by a finite jump in the energy U (the latent heat) at the 
transition temperature. This means that the system must absorb or deliver a finite 
amount of energy before leaving the transition temperature. Liquid-gas transitions 
and other structural transitions are generally of this type. On the other hand, con- 
tinuous phase transitions do not involve any latent heat, nor any abrupt change in 
the average value of microscopic variables, such as the magnetization. However, 
the derivatives of such quantities, such as the specific heat or the susceptibility, are 
discontinuous or display some singular behavior at continuous phase transitions. 

Strictly speaking, phase transitions exist only in the thermodynamic limit. The 
reason is clear: In systems such as the Ising model in zero field, where the energy 
of any configuration is an integer multiple of a fundamental energy scale e, the 
partition function for a finite number of lattice sites is a polynomial inz = exp — fe. 
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For instance, in the Ising model, one can choose ¢ = —J, and the configuration 
of highest energy has E = 2Ne. Each configuration contributes a power of z to 
the partition function, with unit coefficient. Therefore Z is a polynomial of degree 
2N in z, whose roots lie away from the positive real axis, and occur as complex 
conjugated pairs. Singularities of the free energy or of its derivatives can occur 
only at those roots, which all lie outside of the physical domain of interest as long 
as N is finite. As N — oo, the number of these roots becomes infinite, and they 
tend to form various arcs, some of them touching the real positive axis. It is at these 
locations on the positive real axis that the behavior of thermodynamic quantities 
becomes singular in the thermodynamic limit. 

Continuous phase transitions will be of central interest to us because of their 
relation to conformal invariance. The two-dimensional Ising model, of which the 
exact solution is known, exhibits such a transition. Let us describe this transition 
before commenting on the general case: The critical temperature 7. is related to 
the coupling J by 


sinh(2J/T,) = 1 (3.28) 


Above T,, the magnetization at zero field (or spontaneous magnetization) vanishes, 
whereas below T. it takes a nonzero value, tending toward 1 at T = 0 and toward 
0 as T — T. according to the power law 


M~(T, —T)® (3.29) 


The system is then in its ferromagnetic phase. The two directions of spontaneous 
magnetization (up and down) are energetically equivalent, and which one is actu- 
ally realized depends on how the external field was brought to zero. Although 
the magnetization is continuous at T,, its derivative with respect to the magnetic 
field—the susceptibility y—diverges as T + T., according to 
0M 

enh © Aa a (3.30) 
Away from T,, the correlations (i) decay exponentially with distance, with 
a temperature-dependent characteristic length € called the correlation length, 
expressed here in units of the lattice spacing: 


(S;S;), ~ exp —|t — j\/E(T) i —jit (3.31) 
As T approaches its critical value, the correlation length increases toward infinity, 
like the inverse power of T — T-: 

1 

iT 
As we shall see, this divergence of the correlation length is the most fundamental 
characteristic of continuous phase transitions. Such transitions are termed critical 
phenomena and occur at so-called critical points of the phase diagram. 


The importance of the correlation length in the behavior of thermodynamic 
quantities near the critical point is intuitively clear. Near a critical point, a spin 


Die (3.32) 
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system such as the Ising model is an aggregate of domains (or droplets) of different 
magnetizations. At first thought, the typical size of such droplets should be &, 
roughly the maximum scale over which the spins should be correlated. But in fact, 
droplets of all sizes up to the correlation length must be present, and droplets within 
droplets, etc. Otherwise the connected correlation functions ..(7) would have a 
peak near m ~ & but would be small below that scale, which is not true: This can 
be seen from the observed divergence of the susceptibility x as T > T, and the 
expression (3.11) for x. In other words, the spins fluctuate over all length scales 
between the lattice spacing and &. The free energy F will receive contributions from 
the domain walls separating spin droplets, integrated from the lattice spacing up 
to &, and it is plausible that its singular behavior (or, rather, that of its derivatives) 
be governed by the “upper integration bound”, which is é. 

At T. or sufficiently close to it, the correlation length exceeds the physical 
dimension L of the system (we suppose, for the sake of argument, that the system 
lives in a square box of side L). At this point the free energy no longer depends 
on the correlation length but is limited by the box volume.’ The pair correlation 
function does not have enough room to decay exponentially within the box, and 
its spatial dependence is algebraic (d is the dimension of space): 


1 


(3.33) 
The behavior of thermodynamic functions near or at the critical point is charac- 
terized by critical exponents defining power laws as T > T,. The most common 
exponents are defined in Table 3.1. 


Table 3.1. Definitions of the most common 
critical exponents and their exact value within 
the two-dimensional Ising model. Here d is the 
dimension of space. 


Exponent Definition Ising Value 
a C «(T-T,)"* 0 
B M «(T,-T) 1/8 
Y x «x(T-T,)” 7/4 
5 M «h"® 15 
v —E «(T-T,) 1 
7 T(n)x jn|2-4- 1/4 


2 In real systems, the correlation length is limited not by the physical size of the sample, but by the 
presence of sample inhomogeneities. It rarely goes beyond a thousand lattice sites, even in very pure 
samples. 
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We conclude this section by a remark on the relevance of classical statistical 
mechanics in a quantum world. Classical statistical mechanics is an approximation 
to quantum statistical mechanics, valid in the context of critical phenomena when 
the statistical coherence length & exceeds the characteristic de Broglie wavelength 
of the system. For a system with a characteristic velocity v (e.g., the speed of 
light, the Fermi velocity or the speed of some other excitation), the de Broglie 
wavelength at temperature T is 1, = wi/k,T « . Classical statistics takes over 
at large enough temperatures, or close to a finite-temperature critical point, where 
the classical correlation length € exceeds A,. This justifies the extensive use of 
classical models in a realistic study of critical phenomena. The exception to this 
rule occurs when T. = 0, which happens in a large class of low-dimensional 
systems. 


3.2.2. Scaling 


The critical exponents of Table 3.1 can be related to each other by use of the scaling 
hypothesis, which stipulates that the free energy density (or the free energy per 
site, in the discrete case) near the critical point is a homogeneous function of its 
parameters, the external field h, and the reduced temperature t = T/T. — 1. In 
other words, there should be exponents a and b such that 


fatt, 2h) = aflt,h) (3.34) 


This hypothesis will be justified below, but for now let us derive its consequences 
on critical exponents. 

First, the homogeneity relation (3.34) implies that the function t~ /7f is invariant 
under the scalings t —> A“t and h — °h. Therefore it must depend only on the 
scale-invariant variable y = h/t’, and the free energy density may be expressed 
as 


fit,h) = t"g(y) y =hit?? (3.35) 
where g is some function. The spontaneous magnetization near criticality is then 
= of (1-b)/a 

= — ane, = t g (0) (3.36) 
One more derivative yields the magnetic susceptibility: 
vf 
pee — 7(1-2b)la gn 
x= |, = me") (3.37) 
Similarly, the specific heat (heat capacity per unit volume) is 
af 1 
C= =—T_ ae l/a-—2_47 
aT? |n-0 T. rf -2 (0) (3.38) 


Finally, in the limit ¢ — 0, the behavior of M as a function of h is M ~ h!, 
which implies the asymptotic behavior g(y) ~ y! as y > oo, and imposes the 
constraint 1 — b — b/5 = 0, if the limit tf — 0 is to be finite and nonzero. We 
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have therefore obtained a set of four constraints on some of the critical exponents 
introduced in Table 3.1: 


a=2- Illa 

B=(-—b)la 

ee ann (3.39) 
6 = b/(1 —b) 


We now justify the scaling hypothesis, and at the same time express a and b in 
terms of the remaining exponents v and n, both pertaining to the pair correlation 
function. Following Kadanoff, we focus our attention on the Ising model on a 
hypercubic lattice, with the Hamiltonian 


H=-J)°0,0,-h)-o; (3.40) 


(i) i 


We now reduce the number of degrees of freedom of the system by grouping spins 
into blocks of side r (in units of lattice spacings), as indicated in Fig. 3.1. If d is 
the dimension of space there are 7? elementary spins within a block and the sum 
of spins therein can take values ranging from —r/ to r“. Accordingly, we define a 
block spin variable X, as 


1 
zr, = ay (3.41) 
iel 
where the sum is taken over the sites 1 within the block J and where R is some 
normalization factor introduced so that 2, can effectively take the values +1. For 
instance, R would be equal to 7“ if the spins within the block were always perfectly 
aligned (since this is not true, R will be lower than that). 


® @ 9 e ae 

i l eo & e 

ad ° e > @ ° . 

l @ e ] e ] ee ee 

® . ® C e . ° . 

| (Sn) = oes! 

Figure 3.1. Block spins: an illustration of how four spins may be combined into a single 
site variable. 


We will assume that the cooperative phenomena observed near the critical point 
can be accounted for equally well by a description in terms of block spins with a 
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nearest-block Hamiltonian of the same form as the original Ising Hamiltonian, 
H'=-J')°%,5,-h')_ =, (3.42) 
(J) i 
but with different parameters J’ and h’. This is plausible since near criticality the 
correlation length & is much larger than the block side r. The correlation length of 


the blocks (the number of blocks over which the block spins are correlated) is, of 


course, &/r, which means that the effective reduced temperature ¢’ is different from 


the original reduced temperature by a factor r!’”: 


t=r't (3.43) 


The two Hamiltonians H and H’ should involve the same interaction energy with 
an external field, and therefore 


h) oo; =i, 9 3 
i 7 
=h'R" Yoo; 


which implies h’ = Rh. Since our grouping procedure should in no way affect 
the total free energy of the system, the free energy per block should be r@ times 
the original free energy per site, and should moreover have the same functional 
dependence because H and H’ have the same form: 


fit’,h’) =r flt,h) or 
fit,h) = r-“ftr'"'t, Rh) 


It remains to find R as a function of r in order to recover the scaling hypothesis 
(3.34). This is done by looking at the pair correlation function at criticality: The 
block-spin correlation function is then 


Mm) = (Z,%,) — (Z,){Z,) 
=k? {(o;0;) a (o;)(o;) 
iel jes 
= R~? 4 T(r) 
R-2 yd 
= imal 
R-2 yit2—n 
= |n|¢-2+0 


(3.44) 


(3.45) 


(3.46) 


which implies 
R= y(d+2—n)/2 so that hh’ = pld+2—-n)i2p (3.47) 


Looking back at the scaling hypothesis (3.34) and letting r = 2, we conclude 
that 


a=1/(vd) and b= (d+2-—n)/(2d) (3.48) 
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The critical exponents a through 5 can thus be expressed in terms of 7 and v: 
a=2-—r1d 


1 
B= {vd —2+n) 


y = o(2 —n) 
S=(d+2—nd—2+4n) 


We have succeeded in expressing all six critical exponents in terms of two of them 
(n and v) pertaining more directly to the correlation functions. Of course, these 
relations can be written with a different set of “independent exponents.” Table 3.2 
gives the four scaling relations in their original form, with their accepted names. 


(3.49) 


Table 3.2. Summary of the scaling laws. 


Rushbrooke’s law a+2B+y=2 


Widom’s law y = B(6— 1) 
Fisher’s law y = (2—n) 
Josephson’s law vWd=2-a 


3.2.3. Broken Symmetry 


Phase transitions are generally associated with broken symmetries. By broken 
symmetry, we mean a symmetry of the configuration energy (or the action, in the 
quantum case) that is no longer reflected in the macrostate of the statistical system 
(or the ground state of the quantum system). For instance, the configuration energy 
of the two-dimensional Ising model at zero field is invariant with respect to the 
reversal of spins 0, > —oa;. We Say that this symmetry is broken if quantities that 
are not invariant under this symmetry operation have a nonvanishing expectation 
value. The magnetization (o;) is nonzero in the low temperature phase of the Ising 
model in the limit of zero external field, and the spin reversal symmetry is then 
broken. The simplest quantity that is not invariant under the symmetry considered 
and has a nonzero expectation value, such as the magnetization here, is called an 
order parameter. The phase with broken symmetry is often called the ordered 
phase. On the other hand, the high-temperature phase, in which the symmetry in 
unbroken, is often called the symmetric phase. We notice that in field theories, 
the analogue of temperature, after a rescaling of the fields, is some nonlinear 
coupling constant. Phase transitions in this case occur as a function of coupling; 
the interpretation is different, but the underlying physics is identical. 

The spin-reversal symmetry of the Ising model has a discrete character. On 
the other hand, the O(”) model (3.15) is endowed with a continuous symme- 
try: Its configuration energy is invariant under a rotation of its order parameter 


74 3. Statistical Mechanics 


n by a uniform O(n) matrix. The average (m) would be nonzero in the ordered 
phase, except that a slow, continuous change of (m) throughout the system would 
cost very little energy. The consequence of this is the impossibility to break a 
continuous symmetry in a classical statistical system in one or two dimensions: 
this is the Mermin-Wagner-Coleman theorem. Simply put, long-wavelength ther- 
mal fluctuations of the order parameter take too much place in the phase space 
of low-dimensional systems (infrared divergence), and these fluctuations always 
succeed in destroying the order. The implications of this theorem to quantum sta- 
tistical systems follow from the analogy between a quantum system in d spatial 
dimensions and a classical system in d + 1 dimensions, where the extra (imag- 
inary time) dimension is limited in extent by the inverse temperature 6. At any 
nonzero temperature, a certain class of fluctuations of the continuous order pa- 
rameter occurs on a length scale greater than vf (v is the characteristic velocity), 
and these long-wavelength fluctuations are thus governed by classical statisti- 
cal mechanics. The Mermin-Wagner-Coleman theorem then implies that no con- 
tinuous symmetry can be broken in two dimensions except at zero temperature. 
In a one-dimensional quantum system, such breaking is impossible even at zero 
temperature. 

We point out that the Mermin-Wagner-Coleman theorem does not forbid all 
transitions implying a continuous order parameter. Such transitions are possible, 
provided they do not imply an expectation value of the order parameter. The best- 
known example is the Kosterlitz-Thouless transition in the O(2) model defined 
on a plane (the two-dimensional XY model). In this model, the local order pa- 
rameter is a planar, fixed-length vector n, and topological defects (vortices) play 
an important role. These vortices are bound in pairs below some critical temper- 
ature and are deconfined above that temperature. In both phases the average (n) 
vanishes. 
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The scaling hypothesis of Sect. 3.2.2 has been motivated by the introduction of 
block spins with an effective Hamiltonian having the same form as the original 
Hamiltonian, albeit with different values of the couplings (this last step has not 
been demonstrated, but seems plausible; in fact it is only approximately valid). 
This procedure is called block-spin renormalization or real-space renormalization 
and defines a map between an original Hamiltonian H and a new scaled Hamilto- 
nian H’. This map and its iterations form what we call the renormalization group, 
the most powerful tool at our disposal in the analysis of critical phenomena. In 
this section we present a survey of the basic concepts, along with a more detailed 
calculation within the Ising model on a triangular lattice. An exhaustive presenta- 
tion of the renormalization group lies outside the scope of this review chapter and 
may be found in many good texts. 
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3.3.1. Generalities 


We consider a general d-dimensional lattice model with N spins o; and Hamiltonian 


(1) (2) 
HG, {s],N) =Jo+J, 00; +4, > 9;0, +5; 0,0, +--- (3.50) 

t (ij) (ij) 
J represents the collection of couplings J,,J °°: and the symbol ee means a 
summation over nearest neighbors, while ae means a summation over next-to- 
nearest neighbors, etc. Other couplings can possibly be included, with three-spin 
couplings and so on. We then define block spins ©,, along with a set of indepen- 
dent variables collectively denoted by &, and describing the remaining degrees of 
freedom within each block. The Hamiltonian can in principle be rewritten in terms 

of these variables, and the partition function is 


Z(J,N) = }° exp—H(J, (21, (E1,.N) (3.51) 
[Z][E] 
The inverse temperature 6 has been absorbed in the couplings J,. Each block is of 
size r in units of the lattice spacing, and the number of blocks is therefore Nr~@. 
The block Hamiltonian H’(J’, [X=], Nr~“) is obtained by tracing over the internal 
variables &: 


exp—H'(J’, [2], Nr“) = ) Vexp-H,[2],(6],N) 3.52) 
[5} 
We have assumed that H’ has the same functional form as H, and this fixes the 
value of the effective coupling J’. This assumption is only approximately valid, but 
the closer we are to the critical point, the better this approximation is. Its validity 
can also be improved with the inclusion of a more complete set of couplings in the 
theory. The partition function is then 


ZEN) exp (V,[5), Nr“) 


[=] (3.53) 
= Nr =) 
The free energy per site is therefore mapped as 
f(D) =r-“fF) (3.54) 


The map J — J’ from the original set of couplings to the set of effective block 
couplings generates the renormalization group.’ We write 


J—=1)) (355) 


Iterations of this map generate a sequence of points in the space of couplings, which 
we call a renormalization group (RG) trajectory. Since the correlation length is 


3 In fact, some information is lost during the process of tracing over the internal variables o. Thus 
the map J — J’ is not reversible and the renormalization group is only a semi-group. 
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reduced by a factor r at each step, a typical renormalization-group trajectory tends 
to take the system away from criticality. Because the correlation length is infinite 
at the critical point, it takes an infinite number of iterations to leave that point. 
In general, a system is critical not only at a given point in coupling space but 
on a whole “hypersurface”, which we call the critical surface, or sometimes the 
critical line. Under renormalization-group flow, a point on the critical surface 
stays on the critical surface. A point J, on the critical surface that is stationary 
under renormalization-group flow is called a fixed point of the renormalization 


group: 
“ea WAR) (3.56) 


In general, the map (3.55) is nonlinear and its exact analysis is difficult. What is 
most important, however, is its behavior near a fixed point, which can be obtained 
by linearizing the renormalization-group map around J... This is done by defining 
the difference 5J = J — J, and expanding T to first order in a multivariable Taylor 
series. The resulting truncation is a linear map of the differences J: 


sy = Adj A (3.57) 


The matrix A may be diagonalized, with eigenvalues A; and eigenvectors u;. These 
eigenvectors form a basis of coupling space, that is, 


f= =) te (3.58) 


with the ¢,’s playing the role of “proper couplings.” In terms of these, the 
renormalization-group linearized action is diagonal: 
‘bins (3.59) 
= ri t; . 
The exponents y; are precisely the scaling exponents* a and b (times d) of 
Eq. (3.34), since the singular part of the free energy density transforms like 


Kite) Se ee (3.60) 


Therefore all critical exponents can be obtained from the eigenvalues of the lin- 
earized renormalization-group transformation at the fixed point. To find these 
eigenvalues is the prime objective of renormalization-group calculations. 

The character of a fixed point is determined by whether the eigenvalues A, are 
greater or smaller than 1, or equivalently whether the exponents y, are positive or 
negative. A fixed point with positive and negative exponents is called hyperbolic be- 
cause of the shape of renormalization-group trajectories near J.. A two-parameter 
example is illustrated in Fig. 3.2. The critical surface (which is a line on the figure) 


4 The reduced temperature may undergo a sign change, since J; « 1/T, but this does not affect the 
critical exponents. 
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is the set of points in coupling space whose renormalization-group trajectories end 
up at the fixed point: 


Jim T") = J, (3.61) 


The critical surface near J. is a vector space spanned by the eigenvectors u; such 
that A; < 1. Off the critical surface, the system is taken away from it by the 
renormalization-group flow. 


Jo 


Ji 


Figure 3.2. Schematic renormalization-group flow around a generic hyperbolic fixed point. 


A parameter ¢; associated with a positive scaling exponent (A; > 1) is called 
relevant, since it grows under renormalization-group flow (i.e., when the system 
is scaled away from criticality). If, on the contrary, y; < 0 (A; < 1), t; is said to be 
irrelevant, whereas if y; = 0 (A; = 1) it is marginal. Marginal operators do not 
scale with a power law behavior near a critical point, but rather logarithmically; 
the linear approximation around the fixed point J. is then invalid. 

The existence of critical surfaces and fixed points is thought to explain the uni- 
versality of critical exponents (i.e., that many different systems are characterized 
by the same critical exponents). In other words, statistical systems seem to fit into 
universality classes whose members share the same critical behavior. This can be 
understood if different systems live on submanifolds of one large coupling space, 
and if these submanifolds intersect the same critical surface. At criticality, all of 
these systems will be (presumably) driven toward the same fixed point, with the 
same scaling exponents. 


3.3.2. The Ising Model on a Triangular Lattice 


In order to illustrate some of the previous statements we will perform an ex- 
plicit real-space renormalization-group calculation for the Ising model living on a 
triangular lattice. 
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The block structure is indicated on Fig. 3.3. The Ising Hamiltonian is written 
as 
(1) 
H(k,h) = -k } 9,0; - ORR (3.62) 
(i) 
Each lattice site has 6 nearest neighbors. A block J is made of three spins, which 
we call o/, a4 and o4 . We define the block spin £, as 


D, = sgn(oj +0} +05) (3.63) 


In other words, £, adopts the sign of the majority. The three spins within a block 
lead to 2? = 8 different states, which makes four different states for the internal 
variable &, and two for the block spin Z,. The four states are chosen to be 


E, : (+, a —) , (+, cae +) ’ (-, i +) ’ (+, +; +) (3.64) 
and the actual state of the spins o; is obtained by multiplying by £, = +1. 


Figure 3.3. Block spins on the triangular lattice. 


We decompose the Hamiltonian into the sum of a “free” part H, containing 
only the interaction within blocks, plus an “interaction” part V containing the 
interaction between blocks and with the external field: 


H, =k 2 Dae 


(ij) 
(jel) 


V=-k> > a, = bape: 


Ud) i iel 


ielyel 


(3.65) 


We also define the following expectation values in which only the variables internal 
to a block are summed: 


(F[S]) = Z;' )> FE, €lexp —Hy((E], (6) (3.66) 
(§) 


Z, =) exp—H,((Z1, (1) (3.67) 
[§} 
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According to (3.53), the block Hamiltonian H(k’, h’) is defined by 
exp —H(k’,h’) = Z,(e") (3.68) 


The “free” partition function Z, is easily calculated, since different blocks do not 
interact within H): 


_ 7N/3 
Z,=Zo 
where Z, is the sum over states within a given block: 


Z= > “exp {k(n} 2h + Thos + El al)} 
91 (3.69) 
= 3e-* + 2% 


This last step follows from Eq. (3.64), wherein three states have energy k and one 
state has energy —3k. 
The expectation value (e”) can be expressed as a cumulant expansion: 


(e’) = exp {cv 5 5((V2) —(V)?)+-- } (3.70) 


At this point we will make the approximation of keeping only the first term of 
this expansion. This amounts to neglecting the fluctuations of the interaction term 
within each block. The expectation value (V) is relatively easy to calculate. We 
start with the block-block interaction V,,. There are two elementary links between 
a pair of nearest-neighbor blocks and, as shown in Fig. 3.4, the interaction V,, is 


Viy = —k D3 (E} + E)) (3.71) 
Since the expectation value within different blocks factorizes, we have 
(V7) = —2k(=4) (x4) (3.72) 


where ( y! ) is the same for all 1 = 1, 2,3. The expectation value ae) is readily 
calculated: 


(5) = Zo! D> Ds exp—k(2]D) + 2455 + B5E}) 
51 (3.73) 
aa(e* ez, 
where we have used the definition (3.63) for the block spin £,. Consequently, the 
mean interaction term between blocks is 


ork 4 e-k 
(V,;) = —2k ue a > Fo 2 (3.74) 


Since the average interaction with the external field involves only the expectation 
value (4), we find 


es 3k 4 ok 
eed ee ae ) a, - (Ste jars (3.75) 


(1J) 
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To first order in the cumulant expansion, the block-spin Hamiltonian is therefore 
Hk Wia3 iZa V) (3.76) 


The first term is independent of ©, and may be ignored (except if one is interested 
in the value of the free energy F). We therefore end up with the following map 
between the block-spin couplings and the original ones: 


2 
3k —k 
ki = 2k (ste) 
e3k + 3e-* 


(3.77) 
? e* + ek 


2 2 
<| > << 

a - 
i 1 


Figure 3.4. Interaction between block spins in the nearest-neighbor Ising model on the 
triangular lattice. 


The renormalization-group (RG) flow associated with the above map is illus- 
trated schematically in Fig. 3.5. There are 9 fixed points on this diagram, corre- 
sponding to the possible combinations of h = 0, —co, co andk = 0,k_, 00, where 
Kk, is determined by the equation 


1 erke + en ke 1 
_ (tes => k, = inl +2V2)~0.336 (3.78) 


The fixed point (k,h) = (k,,0) is unstable in both directions and corresponds to 
a continuous phase transition. Near this point, the RG flow admits the following 


linearization: 
oe \ fez 0 6k 
iy) - ( 0 aca as (ue) 


with the eigenvalues A, = 1.62 and A, = 2.12. Since the scale factor for the 
triangular matrix is r = /3, the free energy density scales as 


f(k,h) = r-4f(r°8k, r!37h) (3.80) 


The critical exponents can be calculated from (3.39) and from the scaling laws of 
Table 3.2. We list them here, together with the exponents obtained in the exact 
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solution of the same model: 
a B y Pr) v n 


RG: =—0:27 0.72 0.84 2.17 1.138 1.26 
exact: 0 4 i 15 1 i 


Notice that the simplest RG calculation described here is not very successful at 
predicting the exponent 7. The difference between its predictions and the exact 
exponents is attributed to the approximation made in neglecting hi gher-order terms 
in the cumulant expansion. If these terms were considered, more couplings would 
have to be included in order for the effective block Hamiltonian to have the same 
form as the original Hamiltonian, but a better agreement with the exact result would 
be found. 


(0,00) gos (00,00) 
| = a 

(0,0) = (00,0) 
(0,-00) yr oe 


Figure 3.5. Schematic renormalization-group flow for the Ising model on a triangular lattice. 
The k and h axes have been contracted to display the points at infinity. The completely 
unstable fixed point (k,.,0) corresponds to the continuous phase transition, whereas the 
other fixed points are associated with phases (with or without an external field). 


The other fixed points in Fig. 3.5 do not have the interpretation of phase tran- 
sitions governed by temperature. Recall that the physical inverse temperature 
B = 1/T is included in the definitions of the coupling k and of the field h. The 
“physical” field is rather h = Th. Thus, the fixed point (k, h) = (0, 0) corresponds 
to infinite temperature and small field / and describes a disordered phase. This 
point is unstable when an “infinite” field / is turned on and a nonzero magnetiza- 
tion then appears, in one direction or the other. These ordered states are described 
by the points (0,00). At the other extreme, the fixed point (k,h) = (00,0) 
corresponds to zero temperature and describes an ordered phase in the absence 
of a field. It is unstable against an infinitesimal field /, which drives the system 
into a state of nonzero magnetization, described by the points (oo, +00). In gen- 
eral, stable fixed points describe stable phases of the system. This interpretation 
is natural since the correlation length decreases along the RG trajectory and the 
statistical mechanics of the system becomes simpler, since more and more degrees 
of freedom have been eliminated. The unstable fixed points located between the 
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basins of attraction of stable fixed points are, on the contrary, associated with phase 
transitions governed by temperature (e.g., (k, 2) = (k,, 0)) or by other parameters 
(e.g., (k,h) = (0,0)). 


§3.4. The Renormalization Group: Continuum 
Models 


Block-spin—or real-space—renormalization is an intuitive procedure designed for 
lattice models. If we want to apply renormalization ideas to continuum models, be 
it in the context of statistical mechanics or that of quantum field theory, a different 
procedure is needed, namely momentum-space renormalization. In what follows, 
the term action functional is used instead of energy functional, as it should be in 
statistical mechanics, since we have quantum field theory in mind and will refer 
to scale transformations as defined in Chap. 2. 


3.4.1. Introduction 


For the sake of introduction, we consider a statistical model defined in terms of a 
single scalar field g(x) in d-dimensional space (boldface letters denote vectors). 
The field g(x) may be Fourier decomposed as follows: 

d4k 
(2x4 
The action functional S[g] may be expressed in terms of the Fourier components 
~(k). For instance, the action for the g* theory in Eq. (3.19) becomes 


Sly; 7,4] = / (dk) 5 (WHR +7) 


A= i (dk) 5(k) e** (dk) = (3.81) 


+ 41 f (dk, Cdk) (dks) Ok, — ky — ks) Ck, JOU) 
(3.82) 
In general, we write the action as S[g; u;], where u; stands for the collection of 
parameters multiplying the various terms of the Lagrangian density. 

Naturally, the continuum theory is defined only through some regularization 
procedure, which we take here as a cutoff A, meaning that the integration is 
restricted to the region of momentum space such that all arguments k of 9(k) 
hie within the cutoff: |k| < A. The Fourier decomposition (3.81) amounts to a 
unitary transformation of the degrees of freedom, as could easily be seen in a 
discrete version of the Fourier transform for a finite lattice of points. Therefore, 
the functional integration measure may be formally written as 


[dy], = Le [] dem (3.83) 


IkKI<A 


since no Jacobian arises from the change of integration variables g(x) > ¢(k). 
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The first step of the renormalization procedure® consists in integrating out the 
Fourier components g(k) such that A/s < |k| < A (the so-called fast modes), 
where s is some dilation factor (s > 1). The number of degrees of freedom is 
then effectively reduced, with a new cutoff equal to A/s. The remaining degrees 
of freedom (the slow modes) are governed by a modified action S'[g; u;): 


exp —S'[y; u,] = | [] 4¢@ exp -Sty; u,] (3.84) 
Als<\k|<A 
As long as we are interested in correlation functions of slow modes only, the 
effective action S’ is entirely equivalent to the original action S which includes 
fast modes. 
The second step of the renormalization procedure is a scale transformation on 
the slow-mode action, as defined in Eq. (2.121): 


k—>k’=sk or x—>x =xls (3.85) 


Here the scaling factor A is 1/s. In general such a transformation also affects the 
field: 


p(x) > g'(xls) =s*g(x) or (sk) =s*“G(k) (3.86) 


The exponent A is the scaling dimension of the field ¢ and is related to the exponent 
n: A = n/2. Such a transformation of the field affects the functional integration 
measure only through a multiplication factor. After this rescaling, the modified 
action S’ can be rightfully compared with the initial action S, because they now 
have the same cutoff A, that is, the same set of degrees of freedom (this was not 
true before rescaling). As said above, the two actions S and S’ are equivalent as far 
as the slow modes are concerned: they describe the same long-distance properties. 
However, the parameters u; defining these two action functionals are different in 
general: S’[g] = S[g; .° We thus generate a curve u,(s) in parameter space (s is 
the rescaling factor), and each point on this curve defines an action functional with 
the same long-distance properties. The outcome of the renormalization procedure 
can be expressed in a set of coupled flow equations in parameter space: 
du; 


where f; is commonly referred to as the beta function associated with the parameter 
u,. Like before, a fixed point uj of the renormalization group is a point in parameter 
space that is unaffected by the renormalization procedure. In other words, it is 
characterized by a vanishing beta function: 


Blut) = 0 (3.88) 


5 This procedure is known as the Wilson-Kadanoff renormalization scheme. 

6 This equation supposes that the scaling dimension A has been chosen appropriately; otherwise, 
the two actions are not equal, but differ by a multiplicative constant. Also, the number of parameters 
needed for the new action to be of the same form as the old action is in principle infinite. In practice, 
however, one keeps only a finite subset of parameters: relevant and marginal ones. Irrelevant parameters 
(in the RG sense) rapidly decrease under RG flow. 
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To summarize, arenormalization-group transformation amounts to a scale trans- 
formation applied both to the action and to the integration measure (i.e., the Fourier 
modes that would be scaled beyond the cutoff A are integrated out). A fixed point 
of the renormalization-group transformation thus defines a theory that has scale 
invariance at the quantum level. 


THE GAUSSIAN MODEL 


The simplest example of a continuum model for which the renormalization pro- 
cedure can be carried out exactly is the free boson, or Gaussian model, obtained 
from Eq. (3.82) by setting u = 0: 


Sier)= if (ak) 55° (HEMI +r) (3.89) 


In this model the fast and slow modes are decoupled, since different values of the 
wavevector do not mix in the action. Therefore, integrating the fast modes produces 
only an irrelevant multiplicative constant in front of the partition function. The 
effective slow-mode action is then 


Sel = i (dk) 5 (WN +1) 
— 5-4 | (dk’) 1 G(—K'ls)@(k’Is)(k2/s? +7) (3.90) 
i 2 


= ac 1 a(R) (RK? ocr) 
IN Z 


We immediately see that S’, in terms of y’, has the same form as S[g], provided 
r= O0and A = sd — 1. This we knew already from Eq. (2.124). In this particular 
case, the scale transformation on the path-integral measure brings nothing new and 
the scaling properties all follow from the action alone. Thus, the massless (r = 0) 
Gaussian model is a fixed point of the renormalization group—in fact, the simplest 
of all fixed points from the present point of view. 


3.4.2. Dimensional Analysis 


We consider a field ¢ (not necessarily a scalar field) governed by an action func- 
tional S[@] and let us assume that there exists a fixed-point action Sold] (not 
necessarily Gaussian) at some point in parameter space, which we take, for con- 
venience, as the origin. In the vicinity of this fixed point, the generic action S[] 
may be expressed as 


S16] = Sol] + ou, / ds O.(z) (3.91) 


where the O;,(x)’s are some local operators, expressible in terms of the field 
@. The couplings u; must be small if we are close to the fixed point. Un- 
der a renormalization-group (scale) transformation, the field @ transforms like 
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¢'(x) = s*¢(sx) and only So{@] is invariant. The other terms are modified through 
their couplings: 


S16] = Sy{01+ Yui) [ de 0,@) (3.92) 


In principle, the series on the r.h.s. may be infinite, and the transformed couplings 
u; may depend on s in a complicated way, because of the functional integration of 
the fast modes. We assume, however, that the couplings u,; are so small that they 
have a negligible effect on the fast mode integration. In this approximation, the 
new couplings u’ may be obtained simply from the behavior of the operators O, 
under a scale transformation, which follows from the expression of O; in terms of 


@: 
OG) sO (sx) 


us, / dx O(n) = u,s%-4 / dx O,(x) a 


Therefore 
u’ = u,st-4i (3.94) 


In other words, in this zeroth-order approximation, the dimensions of couplings 
are obtained from the scaling dimension A of ¢ by applying dimensional analysis. 

Adopting the terminology of the previous section, a coupling is said to be 
relevant if A; < d: It will grow as the fast modes are integrated. An irrelevant 
coupling is such that A; > d, and will shrink as the fast modes are integrated. At 
last, a marginal coupling will stay the same, or rather vary logarithmically near 
the fixed point.’ 

For instance, we now look at some operators within the Gaussian model. The 
first operator that comes to mind is the mass term O, = 19°, with coupling r. With 
Gaussian scaling (i.e., A = }d—1) we find that A, —d = —2, andhencer’ = s?r. 
This, of course, was already known from Eq. (3.90). Thus, the mass term is relevant 
at the Gaussian fixed point, in all dimensions. This is a trivial statement since we 
know from Chap. 2 that the mass is the inverse correlation length (4 ~ &~') and 
that € decreases under scaling (’ = &/s). The quartic coupling of the g* theory 
is associated with the operator O, = y*, with A, — d = d — 4. Thus the quartic 
coupling u is relevant in dimensions smaller than four, irrelevant in d > 4, and 
marginal in d = 4 (still at zeroth order). At this order, it looks as if any (positive) 
value of uw yields a fixed point ind = 4. 


7 Jt is important to keep in mind that the scaling dimensions of operators, or the relevance or irrele- 
vance of couplings, depends not only on the form of these operators in terms of ¢, but also on the fixed 
point considered. 
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3.4.3. Beyond Dimensional Analysis: The g* Theory 


To go beyond dimensional analysis, we generally use perturbation theory: We 
expands the exponential exp —S in powers of the perturbing coupling. The problem 
is then reduced to the calculation of Gaussian correlators, which can be done using 
Wick’s theorem. Since we will make little use of perturbation theory in this work, 
this method is not reviewed in these introductory chapters; again we refer the reader 
to the standard texts on quantum field theory. Here we simply cite known results. 

To first order in u and r, perturbation theory leads to the following 
renormalization-group transformation of the couplings: 


mee! _ dad 
r =s*(r + ub(1 —s?~)) (3.95) 


with 
b=K,AT7Q2d—4) 3, = Ky = (4n)??T(d/2)/2 (3.96) 
In matrix form this becomes 
r\_ (s? b(s2 —s*4) r 
(;,) 7 ( 0 s*4 u om 


We recall that the proper couplings t; of Eq. (3.58) are obtained by diagonalizing 
this matrix. The eigenvalues and eigenvectors are 


A=s? u, = (1,0) 


(3.98) 
ees Chee u, = (-5, 1) 
Since by definition (r,u) = t,u, +¢,u,, we have the proper couplings 
t=rt+bu t,=u (3.99) 


At this order, there is a critical line ind > 4 specified by the equation t, = 0, or 
r = —bu. Ind = 4, it still looks as if any value of t, = u constitutes a fixed point. 

However, this picture breaks down once we take into account higher orders of 
u in the perturbation expansion. At second order, we find that 


1 
r=s? [r+ a (Gara 65) = rins) | 


(3.100) 
2 
u’ = s*4 E _ eu ins| 


1672 


The quartic coupling then receives logarithmic corrections in d = 4. This RG 
mapping is better expressed by the corresponding beta functions: 


dr bey lee ” uA2 
dins — l6x2 1672 (3.101) 
du : 
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This shows the emergence of a new (non-Gaussian) fixed point at r, u 4 0, whose 
location is readily found from the above beta functions: 


, 16x7 a=4 
u* = rs Gee r= area (3.102) 


It is a straightforward exercise to linearize the flow (3.101) around this new fixed 
point and to find the critical exponents. For reasons that will not be explained 
here, the critical exponents of the y* theory (and of other Gaussian-like models) 
are calculated in the form of a series in powers of ¢ = 4 — d (the so-called 
€-expansion). Each additional order in perturbation theory leads to the correct 
evaluation of a new term of this expansion. To order ¢”, the exponents of the v4 
theory are calculated to be 


1 1 
er O(é”) n= 0+ O(c?) (3.103) 
The g* model in d = 4 clearly illustrates that scale invariance of the action (here 
on the line r = 0) does not guarantee scale invariance at the quantum level (i.e., 
a renormalization-group fixed point). This breakdown of dimensional analysis is 
due to interactions. 


§3.5. The Transfer Matrix 


A powerful way to solve the Ising model and other related statistical models is 
the transfer matrix method, which is the analogue in statistical mechanics of the 
operator formalism in quantum field theory. In this section we will describe this 
formalism and indicate how it can lead to an analogy between quantum field 
theories and statistical systems near criticality. 
Again, we turn to the Ising model on a square lattice with m rows and n columns. 
A spin is here indexed by two integers® for the row number and column number, 
respectively, and we will impose periodic boundary conditions 
Gj j4n = Uj Ciimji = CF (3.104) 


thereby defining the lattice on a torus. Let us denote by yz, the configuration of 
spins on the i-th row: 


Bh; = {0511 Oj29° °° Fin) (3.105) 


There are 2” such configurations. The row configuration jz; has an energy of its 
own: 


n 
Ell =o oe (3.106) 
k=1 


8 The two indices will be separated by a comma only when necessary to avoid confusion. 
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as well as an interaction energy with the neighboring rows: 
n 
Elu;, ml =) nF (3.107) 
k=1 


We next define a formal vector space V of row configurations spanned by the |), 
for which we introduce a “bra-ket” notation in analogy with quantum mechanics. 
On this space, we define the action of the transfer matrix T by its matrix elements: 


1 1 F 
(uIT |’) = exp —B(Elu, w'} + 5Elu) + 5Elu')) (3.108) 
In terms of the operator 7, the partition function has the following simple form: 


Z= D> (uylT log) (Mal Teg) «+ HIT 1) 
Liste (3.109) 
= ie 


The transfer matrix defined in (3.108) is manifestly symmetric, and therefore diag- 
onalizable. The partition function may be expressed in terms of the 2” eigenvalues 
A, of T: 


Za (3.110) 


The thermodynamic limit is obtained when m,n — oo. In this limit, the free 
energy can be extracted by keeping only the largest eigenvalue of 7, assuming, for 
the sake of argument, that it is nondegenerate. Indeed, the free energy per site f is 
given by 


1 


mn—->oo 


1 
=) lim mn ln Ao + In(1 + (A,/A,g)” +---)} (3.111) 


mn-—->oo 


InA 
= lim 9 
n>oo Hn 


since A,/Ag < 1. The calculation of more complicated thermodynamic quantities 
requires the knowledge of more eigenvalues. 

In order to express correlation functions in terms of the transfer matrix, we 
introduce a spin operator G, acting on V and giving the value of the spin on the 
i-th column when acting on basis vector |,2): 


Glu) = o;\n) (3.112) 


§3.5. The Transfer Matrix 89 


Then 


1 A 
(FiiFi4r4) = Z. De (oy IP ag) >= (16,7 14;,4)--- 
bu 


let flin 
(Mi NOT Mise) o> May IT |) (3.113) 
» Tr (ree: 6; sie 6) 
a TrT™ 


This should be reminiscent of the passage from the operator formalism to the path 
integral formalism in Euclidian quantum field theory. The transfer matrix here 
plays the role of the evolution operator U(a) over a “distance of time” equal to the 
lattice spacing a. In other words, one can define a Hamiltonian operator H as 


T = exp—aH (3.114) 


The eigenstates of T are the analogue of the energy eigenstates of quantum 
mechanics, the eigenvalues E, of H (the energy levels) being expressed as 


E, = —<in A, (3.115) 


Ls 


in terms of the eigenvalues of T. Therefore, the free energy density f/a” is propor- 
tional to the vacuum energy per site, or the vacuum energy density in field theoretic 
language: 
1a 
fla? = lim —° (3.116) 
noo na 


The magnetization (o;,) in the thermodynamic limit is 


(a4) =elimeTe ie \ostets 7”) 


m—>0oo 


: —ma(E}—Ep) a 
jim e 2 (016, |2) (3.117) 


Il 


= (0/6, |0) 


where we have inserted a complete set of T eigenstates, which reduces to {0) (O| in 
the limit 72 > 00 because of the exponential factor. The statistical average of the 
spin is therefore given by the “vacuum expectation value” of the corresponding 
operator S. This applies to any local quantity and its operator. 

Likewise, the pair correlation function can be expressed in the thermodynamic 
limit: 

(Sie) Sl Tr ees, T'S) 
i m—>co 


= lim eu See ld) (Zle7"4"'S, |0) (3.118) 
1 


= (S11)? + I(O1S,|1)|? exp —ra(E, — Ey) + --- 
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The connected correlation function in the long distance limit (r > 1) is therefore 
(S115,471) ~ MOIS, |1)/? exp —ra(E, — Ep) (3.119) 


The energy gap E, — E, is the mass m of the field quantum: It is the energy of 
a particle at rest. The relation between the correlation length and the mass of the 
associated Euclidian quantum field theory is therefore 

&= a (3.120) 

ma 

Near a critical point the correlation length grows without bounds and correspond- 
ingly the mass goes to zero (for fixed a). In other words, the largest eigenvalues 
of the transfer matrix coalesce at the critical point. 

To summarize, we have shown how a lattice model can be described in an 
operator formalism, which makes clear the very close analogy with Euclidian 
quantum field theories. The free energy density is then the vacuum energy density, 
the pair correlation function is the field’s propagator, and the correlation length 
is proportional to the inverse mass. A system at the critical point is therefore 
equivalent to a massless field theory, provided the lattice spacing a is not exactly 
zero. 


Exercises 


3.1 The binomial distribution 
Consider a set of N particles moving almost freely in a box of volume V, with occasional 
collisions among themselves. The probability that a given particle be within the left half of 
the box at any moment is 3 . If we neglect the volume of the particles, i.e., if the density of the 
gas is not too large, then the fact that a particle is in the left half of the box is independent 
of the situation of other particles, and the number n of particles in the left half obeys a 
binomial probability distribution: 

N! o-N 
ni(N —n)! 
a) Compute the expectation value of the binomial distribution, namely the quantity (n) = 
pee -oP(n), which represents the average number of particles in the left half of the box. 


P(n) = 


1/2 
b) Compute the standard deviation An = ((n 4 n)) 


c) By expanding the probability P(7) around the mean value (1), find the thermodynamic 
limit of the distribution P(). 
Result: Writing n = % + e, and using Stirling’s formula 


1 
Inx! = (x+-— 5)Inx — —*+ 5 In2x + O(1/x) 


N 2 Zyn2 
P ts) ~ | —2(2N—1)e2/N 
( 2 =) nN z 


for large x, we find that 
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Hence, in terms of the scaling variable x = 2e/./N, the thermodynamic distribution 
becomes the Gaussian distribution 


P@) = ae" 


3.2 The one-dimensional Ising model 
We consider the one-dimensional Ising model, with energy (3.6). We introduce the scaled 
variables K = —J/kgT and H = h/kpT. 


a) Show that the partition function on a chain of N sitesi = 1, .., N, with periodic boundary 
conditions N + 1 = 1, can be expressed as the trace 


Zn(K,H) = > exp [kDa +a ysl 


sj=t1 (i) i 
SN+1=51 


Tr (TUK, HY’) 


where 7(K, H) is the 2 x 2 transfer matrix of the model. Show that T(K, H) is 
eXtH 6-K 
T(B, H) = ( OK gk-H ) 
in the basis (+1, —1) for s. 
b) Compute the thermodynamic free energy 


f(K, H) = lim —(/N)InZy(K,H) 


Hint: (Zy)'/" is dominated by the largest eigenvalue of the transfer matrix 7, namely 


Amax = eX cosh(H) + /e-2* + e?K sinh(H) 


c) Compute the magnetization M = —df/dK. Show in particular that the magnetization 
is linear for h small (M ~ he?*). Deduce that the magnetic susceptibility diverges at 
zero temperature. Show that there is no phase transition at finite temperature for the one- 
dimensional Ising model. 


d) Compute the spin-spin correlation in the thermodynamic limit. 
3.3 Free energy of the one-dimensional Potts model 


In the g-state Potts model, the spin variable s; takes q possible values, in the set {0, 1, ...,q — 
1}. The energy of a configuration reads 


E(s),...» Sn) = FY 8s, 
(tj) 


and we use the scaled variable K = J/kgT. 


a) Write the transfer matrix T of the one-dimensional model with periodic boundary 
conditions in terms of the g x q matrix J, with all entries equal to 1. 
Result: T = (e* — 1)I+J. 


b) Compute the thermodynamic free energy of the one-dimensional q-state Potts model. 
Hint: Note that J? = gJ, and use this fact to compute Tr(7). 
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3.4 Transfer matrix for the two-dimensional Ising model 
The two-dimensional Ising model with spins s;; sitting at the vertices (i,j) of a square lattice 
of size N x L in zero magnetic field has the energy 


Els) = JI > sie 
(iA D) 
where the sum extends over all the bonds of the lattice. We use the scaled variable K = 
JikpT. 
Write the row-to-row transfer matrix for this model, namely the 2” x 2° matrix 7, (K), such 
that the partition function Zy,, with periodic boundary conditions reads 


Zy(K) = Tr(T.(K)") 


3.5 Numerical diagonalization of transfer matrices 


a) Given a symmetric indecomposable r x r matrix T, show that it has a unique maximal 
eigenvalue Amax- Let Vmax denote the corresponding (normalized) eigenvector. 


b) We define the sequence of vectors vo,v),V2,--- where Vo is arbitrary and the other 
members of the sequence are defined by recursion: v,4; = Tv,,/|Tv,| (x| denotes the 
Euclidian norm of x). Show that if the scalar product Vo - Vmax does not vanish, then the 
sequence v,, converges exponentially fast to Vmax. 

Hint: Decompose vo in the orthonormal diagonalization basis of T. 


c) Using the above, write a computer program to extract the largest eigenvalue of a symmetric 
matrix 7. 


d) Application: Evaluate numerically the thermodynamic free energy of the two- 
dimensional Ising model on an infinite strip of width L, at the known critical value of 
the coupling K = K, = —(1/2)1n (./2 — 1). (Use Ex. 3.4 above for the definition of the 
relevant transfer matrix.) Plot the results for various widths L. Fit the results with the ansatz 


514 ] 
fi = Lfo = ee t Ap) 


and evaluate the constants fy and c. The quantity c is the central charge of the corresponding 
conformal field theory. Its exact value for the two-dimensional Ising model is c = 1/2. 


Notes 


There are many excellent texts on statistical mechanics; we cannot list them all here. The 
very thorough and pedagogical text by Diu and collaborators [106] deserves special men- 
tion. Texts by Ma [261], Huang [194] and Pathria [292] are widely used. Among texts 
emphasizing critical phenomena are those of Amit [13], Binney et al. [47], Le Bellac [253], 
Ma [260] and Parisi [287]. 

Some discrete statistical models are described and solved using transfer matrix tech- 
niques in Baxter’s text [31]. The scaling hypothesis for the free energy was introduced 
by Widom [355]. The idea of introducing block spins to calculate critical exponents is 
due to Kadanoff [222]. Applications of the renormalization group to critical phenomena 
were initiated by Wilson and are described in Ref. [357]. The real-space renormalization 
group treatment of the Ising model on a triangular lattice was done by Niemeijer and van 


Leeuwen [282]. The emergence of conformal invariance at critical points was shown by 
Polyakov [295]. 


PART B 


FUNDAMENTALS 


CHAPTER 4 


Global Conformal 
Invariance 


This relatively short chapter provides a general introduction to conformal symme- 
try in arbitrary dimension. Conformal transformations are introduced“in Sect. 4.1, 
with their generators and commutation relations. The conformal group in dimen- 
sion d is identified with the noncompact group SO(d + 1, 1). In Sect. 4.2 we study 
the action of a conformal transformation on fields, at the classical level. The notion 
of a quasi-primary field is defined. We relate scale invariance, conformal invari- 
ance, and the tracelessness of the energy momentum tensor. In Sect. 4.3 we look at 
the consequences of conformal invariance at the quantum level on the structure of 
correlation functions. The form of the two- and three-point functions is given, and 
the Ward identities implied by conformal invariance are derived. Aspects of con- 
formal invariance that are specific to two dimensions, including local (not globally 
defined) conformal transformations, are studied in the next chapter. However, the 
proof that the trace J“, vanishes for a two-dimensional theory with translation, 
rotation, and dilation invariance is given at the end of the present chapter. 


§4.1. The Conformal Group 


We denote by g,,,, the metric tensor in a space-time of dimension d. By definition, 
a conformal transformation of the coordinates is an invertible mapping x —> x’, 
which leaves the metric tensor invariant up to a scale: 


By) = A)g,,@) (4.1) 


In other words, a conformal transformation is locally equivalent to a (pseudo) 
rotation and a dilation. The set of conformal transformations manifestly forms 
a group, and it obviously has the Poincaré group as a subgroup, since the latter 
corresponds to the special case A(x) = 1. The epithet conformal derives from the 
property that the transformation does not affect the angle between two arbitrary 
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curves crossing each other at some point, despite a local dilation: the conformal 
group preserves angles. (This is of some importance in cartography applied to 
navigation, since the relative size of nations is then less important than aiming in 
the right direction!) 

We investigate the consequences of the definition (4.1) on an infinitesimal trans- 
formationx" — x/4 = x“+«"(x). The metric, at first order in e, changes as follows 


(cr. Eq: (2.192)): 


Cia” Cae are 0,€,,) (4.2) 

The requirement that the transformation be conformal implies that! 
d,€, + 0,€, = C3 a (4.3) 

The factor f(x) is determined by taking the trace on both sides: 
2 

fle) = 58,¢° (4.4) 
For simplicity, we assume that the conformal transformation is an infinitesi- 
mal deformation of the standard Cartesian metric g,, = 7,,, where 7, = 
diag(1,1,..., 1). (If the reader insists on living in Minkowski space, the treatment 


is identical, except for the explicit form of 7,,,.) By applying an extra derivative 
d,, on Eq. (4.3), permuting the indices and taking a linear combination, we arrive 
at 


28,9,€. = Mpdf + p9,F — Ny2S (4.5) 
Upon contracting with n”’, this becomes 
20’, = (2-d)a,f (4.6) 
Applying 9, on this expression and d? on Eq. (4.3), we find 
(2—d)d,a,f =n, OF (4.7) 
Finally, contracting with n“’, we end up with 
(d —1)a’°f =0 (4.8) 


From Eqs. (4.3)-(4.8), we can derive the explicit form of conformal transforma- 
tions in d dimensions. 

First, if d = 1, the above equations do not impose any constraint on the function 
f, and therefore any smooth transformation is conformal in one dimension. This 
is a trivial statement, since the notion of angle then does not exist. The cased = 2 
will be studied in detail later. For the moment, we concentrate on the case d > 3. 
Equations (4.8) and (4.7) imply that 3,,,f = 0 (i.e., that the function f is at most 
linear in the coordinates): 


fix) =A+B ey (A,B , constant) (4.9) 


' The summation convention on repeated indices is used unless explicitly stated. 


§4.1. The Conformal Group 97 


If we substitute this expression into Eq. (4.5), we see that Og05 0 sr is constant, which 
means that €,, is at most quadratic in the coordinates. We therefore write the general 
expression 


waa oe eee poe cC.,=C (4.10) 


Since the constraints (4.3)-(4.5) hold for all x, we may treat each power of the 
coordinate separately. It follows that the constant term a,, is free of constraints. 
This term amounts to an infinitesimal translation. Substitution of the linear term 
into (4.3) yields 


2 
Ds APU a D, Nv (4.11) 
which implies that b uv 1S the sum of an antisymmetric part and a pure trace: 
b,, = an, +m, i= iM, (4.12) 


The pure trace represents an infinitesimal scale transformation, whereas the anti- 
symmetric part is an infinitesimal rigid rotation. Substitution of the quadratic term 
of (4.10) into Eq. (4.5) yields 

co (4.13) 


Cup = NypPv + Nv, — Mo, where b= 


p 
and the corresponding infinitesimal transformation is 
x/* = x4 4 2(x - b)x4 — bXx? (4.14) 


which bears the name of special conformal transformation (SCT). 
The finite transformations corresponding to the above are the following: 


(translation) x'# = x" +a" 
(dilation) x* =a x? 
(rigid rotation) Bolt) fate (4.15) 
Ca, x= tee 
~~ 1 —2b-x + b2x? 


The first three of the above “exponentiations” are fairly familiar, whereas the last 
one is not. We shall not demonstrate its validity here, but it is trivial to verify that its 
infinitesimal version is indeed (4.14), and straightforward to show that it is indeed 
conformal, with a scale factor A(x) given by 


A(x) = (1 — 2b-x + b’x’)? (4.16) 
The SCT can also be expressed as 
a xe 
ee bt (4.17) 


Manifestly, the SCT is nothing but a translation, preceded and followed by an 
inversion x4 —> x"/x?. 
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We recall the definition (2.126) of the generator of an infinitesimal transforma- 
tion. If we suppose for the moment that the fields are unaffected by the transfor- 
mation (i.e., F(®) = ©), the generators of the conformal group are easily seen to 
be 


(translation) Py 0, 
(dilation) D-= ne Pees 
(rotation) Lay = i(x,,0, —x,9 y 
(SCT) K,, = —i(2x,x"d, —x°8,) 


These generators obey the following commutation rules, which in fact define the 
conformal algebra: 
[D,P,,)=iP,, 
[D,K,] = —iK,, 
[K,,P,] = 2D — a) 
[KE Ain 7,8) 
[Pp Lv) al i(n,P, 7_ Noh ii) 
Ly Lol a iN Lg a Nolvp a Nu phve = Mic? 


(4.19) 


In order to put the above commutation rules into a simpler form, we define the 
following generators: 


1 
= J_,,=-@, -—K,,) 
et c= = 1p 2 B i (4.20) 
-10 ~ Joy = a? ac) 
where J,,, = —J,, anda,b € {—1,0,1,...,d}. These new generators obey the 
SO(d + 1, 1) commutation relations: 
Fab Jcal = tna be + MrcJad — NacIba — MreJac) (4.21) 


where the diagonal metric 7,,, is diag(—1,1,1,..., 1) if space-time is Euclidian 
(otherwise an additional component, say 7,,, is negative). This shows the isomor- 
phism between the conformal group in d dimensions and the group SO(d + 1, 1), 
with s(d + 2)(d + 1) parameters. Notice that the Poincaré group together with 
dilations forms a subgroup of the full conformal group. This means that a theory 
invariant under translations, rotations, and dilations is not necessarily invariant 
under special conformal transformations. Conditions under which it should be 
invariant are studied in the next section. 

We end this section by constructing conformal invariants, that is, functions '(x;) 
of N.points x; that are left unchanged under all types of conformal transformations. 
Translation and rotation invariance imply that T can depend only on the distances 
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Ix; —x,| between pairs of distinct points. Scale invariance implies that only ratios 
of such distances, such as 


Ix; — x; 
|x, — x,| 


will appear in I’. Finally, under a special conformal transformation, the distance 
separating two points x; and x; becomes 


x; — x;| 
(1 — 2b - x; + b2x?)12(] = Op “x; + Bex)? 


be — xf] = 


(4.22) 
It is therefore impossible to construct an invariant I with only 2 or 3 points. The 
simplest possibilities are the following functions of four points: 
Le, — alee — x, jx, —x,||x, —x 
1 2 3 4 1 2 3 4l (4.23) 
|x; —x3||r. — x, jx. —X3||x, —x,| 
Such expressions are called anharmonic ratios or cross-ratios. With N distinct 
points, N(N — 3)/2 independent anharmonic ratios may be constructed. 


§4.2. Conformal Invariance in Classical Field 
Theory 


A field theory has conformal symmetry at the classical level if its action is invariant 
under conformal transformations. As a first step in the description of such theo- 
ries we define the effect of conformal transformations on classical fields. We then 
show how, in certain theories, conformal invariance is a consequence of scale and 
Poincaré invariance. Again, it is important to realize that conformal invariance at 
the quantum level generally does not follow from conformal invariance at the clas- 
sical level. A quantum field theory does not make sense without a regularization 
prescription that introduces a scale in the theory. This scale breaks the confor- 
mal symmetry, except at particular values of the parameters, which constitute a 
renormalization-group fixed point. 


4.2.1. Representations of the Conformal Group in d 
Dimensions 


We first show how classical fields are affected by conformal transformations. Given 
an infinitesimal conformal transformation parametrized by w,, we seek a matrix 
representation 7, such that a multicomponent field ®(x) transforms as 


(x) = - iw,T, P(x) (4.24) 


The generator T, g must be added to the space-time part given in (4.18) to obtain the 
full generator of the symmetry, as in Eq. (2.128). In order to find out the allowed 
form of these generators, we shall use the same trick, which may be used for 
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the smaller Poincaré algebra: We start by studying the subgroup of the Poincaré 
group that leaves the point x = 0 invariant, that is, the Lorentz group. We then 
introduce a matrix representation S ,,, to define the action of infinitesimal Lorentz 
transformations on the field (0): 


L,,,&(0) = S,,,®(0) (4.25) 


S,,, is the spin operator associated with the field ®. Next, by use of the commutation 
relations of the Poincaré group, we translate the generator L, , to a nonzero value 
of x: 


ele, gis me Px, (4.26) 


The above translation is explicitly calculated by use of the Hausdorff formula (A 
and B are two operators): 


e4Be4 =B+[B,A]+ 5 ((B,A1,A) ae lllB,A1,A1, A) ee. (4.27) 


This allows us to write the action of the generators: 
P,®(x) = —18,, P(x) 


Ly P(x) = i(%,,0, — x, 9, P(x) + S,, PC) (4.28) 


We proceed in the same way for the full conformal group. The subgroup that 
leaves the origin x = 0 invariant is generated by rotations, dilations, and special 
conformal transformations. If we remove the translation generators from the alge- 
bra (4.19), we obtain something identical to the Poincaré algebra augmented by 
dilations, because of the similar roles played by P,, and K,,. We then denote by 


Sigs A, and x, the respective values of the generators L,,, D, and K,, at x = 0. 
These must form a matrix representation of the reduced algebra 
(A, Ss a—0 
[A,«,] = —1Kk, 
[k,,K,] =0 (4.29) 


[K,S) = ny Ky — NK) 
[Shiv Spo] = 1 Syi. a Niu Yet Nig Sip) 


The commutations (4.19) then allow us to translate the generators, using the 
Hausdorff formula (4.27): 


iP ds 
ee De = Dew 2 


nfs nah (4.30) 
e* *K,e tx?Py — je ae 2x"Lay + 2x, (x"Py) ~xP, 
from which we arrive finally at the following extra transformation rules: 
D(x) = (—ix’d, + A)®(x) 
(4.31) 


K, 0) = {«, +2x,A —x'S,,, — 2ix,x", + ix%9, | ©) 
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If we demand that the field ®(x) belong to an irreducible representation of 
the Lorentz group, then, by Schur’s lemma, any matrix that commutes with all 
the generators S,, must be a multiple of the identity. Consequently, the matrix 


Aisa multiple of the identity and the algebra (4.29) forces all the matrices k,, to 


vanish. A is then simply a number, manifestly equal to —1A, where A is the scaling 
dimension of the field ®, as defined in Eq. (2.121). That the eigenvalue of A is not 
real simply reflects the non-Hermiticity of the generator A (i.e., representations of 
the dilation group on classical fields are not unitary). 

In principle, we can derive from the above the change in ® under a finite 
conformal transformation. However, we shall give the result only for spinless 
fields (S_,, = 0). Under a conformal transformation x — x’, a spinless field (x) 
transforms as 
—Ald 


ox) + Hw) =|F | oa) (4.32 


where |ax’/Ax| is the Jacobian of the conformal transformation of the coordinates, 
related to the scale factor A(x) of Eq. (4.1) by 


J 


= A(x)~?? (4.33) 


ax 


A field transforming like the above is called “quasi-primary.” 


4.2.2. The Energy-Momentum Tensor 


Under an arbitrary transformation of the coordinates x“ — x” + e*, the action 
changes as follows: 


6S = fas Deane, 
(4.34) 
=5 / d’x T""(3,€, + 9,€,) 


where T“” is the energy-momentum tensor, assumed to be symmetric.” This 
is valid even if the equations of motion are not satisfied (ef. Equ(2s1911)).-The 
definition (4.3) of an infinitesimal conformal transformation implies that the 
corresponding variation of the action is 
1 f aa 
a yu p : 

asa of dix, 3, (4.35) 
The tracelessness of the energy-momentum tensor then implies the invariance of 
the action under conformal transformations. The converse is not true, since 0 ne 
is not an arbitrary function. 


2 We have seen that in theories with rotation (or Lorentz) invariance, the energy-momentum tensor 
can be made symmetric, i.e., can be put in the Belinfante form. 
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Under certain conditions, the energy-momentum tensor of a theory with scale 
invariance can be made traceless, much in the same way as it can be made sym- 
metric in a theory with rotation invariance. If this is possible, then it follows from 
the above that full conformal invariance is a consequence of scale invariance and 
Poincaré invariance. 

We first consider a generic field theory with scale invariance in dimensiond > 2. 
The conserved current associated with the infinitesimal dilation 


x*=(O+a)x" F(%) = (1 —a@A)® (4.36) 
is, according to (2.141), 
aL al 
= —Lx* + —_x'9 © + — = AD 
Ip = ER" + 5 gy* ®t 35) 
(4.37) 
= +: ae A® 
OK) 


where T#” is the canonical energy-momentum tensor (2.165). Since by hypothesis 
this current is conserved, we have 


al 
a,j = TH, +A, (x3 5°) — 
mn 5, 


= (J 
We now define the virial of the field ®: 


we 


59°6) (n'?A +iS*?) © (4.39) 


where S“° is the spin operator of the field ®. We also assume that the virial is the 
divergence of another tensor 0%“: 


V4 = 3.0% (4.40) 


This last condition is obeyed in a large class of physical theories. Then we define 


ot” = 1(o"” 4.0%) 
2 v v, 
Krew _ Ss {nots - tok? lan nek? i gto,’ (4.41) 
1 
ae eae te ozs nn? )o% 


and we consider the following modified energy-momentum tensor: 
1 
ale tae + tee (4.42) 


The first two terms of the above expression constitute the Belinfante tensor (see 
Eq. (2.174)). The last term is an addition that will make T#” traceless. Because 
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of the symmetry properties of X**“”, this additional term does not spoil the 
conservation law: 


Cs) i dalle (4.43) 


Indeed, the addition would not be conserved if X*““” had a part completely sym- 
metric in the first three indices, but this is not the case. This new term does not spoil 
the symmetry of the Belinfante tensor either, since the part of X*#” antisymmetric 
in 1, vis 
X*ePHv = Xievun = 2 o% ( AL ApVv _ WAV. pu 
G@—Dd=-1 tet — 1") 


and it vanishes upon contraction with 3,3 >: Finally, the trace of the new term is 


1 
—9,9,X**"# —9 9 a? 
7 a Ns (4.44) 
=, Ve 
Since 
1 6L 
9B — _i9 Hp 
or mate — 9 Se (a5 ) 
it follows from (4.38) and (4.39) that 
TY = a,j (4.45) 


and therefore scale invariance implies that the modified energy-momentum ten- 
sor (4.42) is traceless, provided, of course, that the virial satisfies condition (4.40). 
This relation also means that the dilation current may be generally written as 


jp = TH x” (4.46) 


This argument holds only in dimensions greater than two, since X“? is defined 
only for d > 2. However, the result still holds in dimension two. This is easily 
seen in particular cases. For instance, we know from Eq. (2.124) that the scaling 
dimension of the free scalar field vanishes if d = 2. Therefore, it follows from 
Eq. (4.38) that the canonical (or Belinfante) energy-momentum tensor is already 
traceless, and no modification thereof is necessary. The same is true of the free 
fermion action. We know of no general proof that the energy-momentum tensor 
of a two-dimensional field theory with scale invariance can be made traceless. 
However, we shall hold it to be true. To corroborate this hypothesis, we shall show 
in the next section, in a quantum context, that the vacuum expectation value of 
Cre Ps vanishes in dimension two if conformal invariance is present. 
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§4.3. Conformal Invariance in Quantum Field 
Theory 


4.3.1. Correlation Functions 


In this section we examine the consequences of conformal invariance on two- and 
three-point correlation functions of quasi-primary fields. Consider the two-point 
function 


1 
(p, (x, )b2(x,)) = Z free $, (x, )b, (x2) exp —S[®] (4.47) 


where @, and ¢, are quasi-primary fields (not necessarily distinct). @ denotes the 
set of all functionally independent fields in the theory (to which @, and ¢, may 
belong), and S[®] is the action, which we assume to be conformally invariant. 

We should remark here on an important detail that sometimes leaves newcomers 
puzzled. When one speaks of a field in conformal field theory, it does not necessarily 
mean that this field figures independently in the functional integral measure. For 
instance, a single boson ¢, its derivative 0,,¢, and a composite quantity such as 
the energy-momentum tensor are all called fields, since they are local quantities, 
with a coordinate dependence. However, only some fields (such as the boson @ 
in this example) are integrated over in the functional integral. The richness of 
conformal invariance in two dimensions allows us to define theories based solely 
on the symmetry properties of the correlation functions, without reference (except 
in a few cases) to an action or a functional integral. The question “How many 
continuous, independent degrees of freedom are there?” is often an obscure one in 
this context, whereas the question “How many basic local operators are there that 
transform among themselves under conformal transformations?” is more relevant. 

The assumed conformal invariance of the action and of the functional inte- 
gration measure leads to the following transformation of the correlation function, 
according to Eq. (2.148) (we consider spinless fields for simplicity): 


A2/d 


(p(x), (x})) (4.48) 


X=2X? 


A,/d ax’ 
x=N) ox 


(p; (x, )¢>(x,)) = | a 


If we specialize to a scale transformation x — Ax we obtain 
(1 (by (XQ) = AF (Ax, (2) (4.49) 
Rotation and translation invariance require that 
(6, (%,)b(%,)) = fle, — x21) (4.50) 
where f(x) = 14'+42f(,x) by virtue of (4.49). In other words, 


(b,(,),(x,)) = "3 Ci (4.51) 


Ire =x, (err: 
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where C,,, is a constant coefficient. It remains to use the invariance under special 
conformal transformations. We recall that, for such a transformation, 
ax’ 1 

ax| (1 —2b-x + b2x?)4 


Given the transformation (4.22) for the distance |x, — x,|, the covariance of the 
correlation function (4.51) implies 


(4.52) 


(A, +A2)/2 
with 
y; = (1 — 2b - x; + b*x?) (4.54) 
This constraint is identically satisfied only if A, = A,. In other words, two 


quasi-primary fields are correlated only if they have the same scaling dimension: 


_ 2 if A, = A, 
(f(x, )y(x5)) = 4 bey — ¥2 174! (4.55) 
0 if A, #A, 


Comparison with Table 3.1 shows that the exponent 7 is 
n=2A+2-d (4.56) 


A similar analysis may be performed on three-point functions. Covariance under 
rotations, translations, and dilations forces a generic three-point function to have 
the following form: 


ans 
(P, (Xp, (+2), (x3) = x4, x, x6, (4.57) 
where x,; = |x; — x;| and with a,b,c such that 
a+b+c=A,+A,+A, (4.58) 


Actually, a sum (over a, b,c) of such terms is also acceptable, as long as the above 
equality is satisfied. Under special conformal transformations Eq. (4.57) becomes 


a (y, 29 ih 023 ¥3 ides 67 ¥3 ie 
A b 
Voy X42 X33 X43 


For this expression to be of the same form as Eq. (4.57), all the factors involving 
the transformation parameter b“ must disappear, which leads to the following set 
of constraints: 


atc=2A, at+b=2A, b+c=2A, (4.59) 
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The solution to these constraints is unique: 


Therefore, the correlator of three quasi-primary fields is made of a single term of 
the form (4.57), namely 


‘e 
(9, (x, )bz(x,)3(x3)) = SEFRRI; Geers, =A ESOS (4.61) 
12 X23 X13 


At this point the reader might feel encouraged by our success at calculating 
correlation functions (up to multiplicative constants, which only reflects a freedom 
in normalization for our fields). However, this impressive performance stops at 
three-point functions. Indeed, with four points (or more), it is possible to construct 
conformal invariants, the anharmonic ratios (4.23). The n-point function may have 
an arbitrary dependence (i.e., not fixed by conformal invariance) on these ratios. 
For instance, the four-point function may take the following form: 


4 
Be espe NE 
= 4.62 
iP) ona@aleg) ees as I] —_ 


i<j 


where we have defined A = )~*_, A,. 


4.3.2. Ward Identities 


We shall now write the Ward identities implied by conformal invariance, accord- 
ing to the general identity (2.157). The Ward identity associated with translation 
invariance appears in Eq. (2.183) and we reproduce it here: 


a, (74 X) = — ou 5(x — “as (X) (4.63) 


This identity holds even after a modification of the energy-momentum tensor, as 
in Eq. (4. es Recall that X stands for a product of 1 local fields, at coordinates 2 
t=; 

We oats now the Ward identity associated with Lorentz (or rotation) in- 
variance. Once the energy-momentum has been made symmetric, the associated 
current j”"? has the form given in Eq. (2.172): 


[Oa eee tale (4.64) 
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The generator of Lorentz transformations is given by Eq. (2.134). Consequently, 
the Ward identity is 


OUR x0 TEx) X i= De d(x — x,)| Gar — x? a?)(X) — iS7? x)| (4.65) 


where S’” is the spin generator appropriate for the i-th field of the set X. The deriva- 
tive on the |.h.s. of the above equation may act either on the energy-momentum 
tensor or on the coordinates. Using the first Ward identity (4.63), we reduce the 
above to 


((T°” — T’?)X) = -i © (x — x;)S}?(X) (4.66) 


which is the Ward identity associated with Lorentz (rotation) invariance. It states 
that the energy-momentum tensor is symmetric within correlation functions, except 
at the position of the other fields of the correlator. 

Finally, we consider the Ward identity associated with scale invariance. We 
shall assume that the dilation current j, may be written as in Eq. (4.46), which 
supposes that the energy-momentum tensor has been suitably modified (if needed) 
to be traceless. So far we have not shown how this can be done generally in 
two dimensions, although we hold that it can be done. In the next chapter we 
shall provide an alternate derivation of the Ward identity, which circumvents this 
problem. Since the generator of dilations is D = —1x"0, —1A for a field of scaling 
dimension A, the Ward identity is 


0 (ieee x) = — eC —x;) {x 


- (X) +A; x| (4.67) 
ax; 


Here again the derivative 0, may acton 7“ , and on the coordinate. Using Eq. (4.63), 
this identity reduces to 


WE) es Se —¥JA(X (4.68) 


Eqs. (4.63), (4.66), and (4.68) are the three Ward identities associated with 
conformal invariance. 


4.3.3. Tracelessness of T,,, in Two Dimensions 


In this section we show that the vacuum expectation value of the trace of the energy- 
momentum tensor (or of its square) vanishes in two-dimensions if the theory has 
scale, rotation, and translation invariance. This implies that this trace is identically 
zero in the quantum theory and that conformal invariance follows from scale, 
rotation, and translation invariance in dimension two. 

We consider the two-point function of the energy-momentum tensor (called the 
Schwinger function): 


(x) = (T,,(«)T,,(0)) (4.69) 


S,, vpo 
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Since by assumption the theory is translation and rotation invariant, T,,,, is con- 
served and symmetric (or can be made symmetric). The symmetry of T,,,, implies 
that 


S =S (4.70) 


Siiver wie = Siimen pop 


Translation invariance implies that 
S jupo(®) = (T,,,(0)T,(—*)) 


= (T,,(—x)T,,,(0)) (4.71) 
= Spouv\—*) 
If the theory is invariant under parity, we conclude that 
Sy vp) = S poy v) (4.72) 


Finally, scale invariance implies that 7, transforms covariantly under scale 
transformations, with scaling dimension 2 since it is a density. This means that 


Spe AX) = A*S,, op) (4.73) 


LLvpa 
All these constraints restrict the most general form that S_,, can take: 


Supt) = YA Bo? + AE yp Bs + Buoy)? 
(4.74) 
+A, (€.% Xo +E XXX + Agee, XX, 
(cf. Ex. 4.9). The constants A, to A, are not all arbitrary. Indeed, the conservation 


law oT. = O obviously extends to the Schwinger function. Taking the derivative, 
we find 


Sy vpo(X) = —(x7)"*) 3(A, + 2A5)x,x,%, + (44, + 345) 5%, 


Vaan 


(4.75) 
+ (4A, ~ A;)(g,,x, + £.0x,} 


This vanishes everywhere only if each combination of coefficients in parentheses 
vanishes. This leaves only one arbitrary constant: 
A, =3A A,=—A A, =—4A A, = 8A (4.76) 
Upon inserting these values into Eq. (4.74), we find 
A 
S ualt) = (x2)4 {388 a EupSv0 a Snot 


(4.77) 
= Aves 32 + ge) + ar, x.4,4,| 


It is then straightforward to show that the trace 
7 oe aE " (x)T7(0)) (4.78) 
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vanishes everywhere. In particular (7 70) = = 0, which implies that the operator 
Te has zero expectation value and wer0 standard deviation in the ground state. 
In ae the general result is the Ward identity (4.68), which states that 7“ yu) 
vanishes within correlation functions, except when x coincides with the position 
of another field present in the correlator. 


Exercises 


4.1 Check Eqs. (4.3) and (4.5) explicitly. 

4.2 Demonstrate that the metric scale factor produced by a special conformal transformation 
is given by Eq. (4.16). 

4.3 Check Eq. (4.22) explicitly. 

4.4 

a) Show that the expression (4.62) for the four-point function is conformally covariant. 

b) Show that there are only two independent cross-ratios of the form (4.23) that can be built 
out of four points, except in dimension two, where the two cross-ratios are related. 


4.5 Scale invariance in momentum space 
In momentum space, a correlation function of a set X of n fields ¢;(x;) is represented by its 
Fourier transform I'y (ky, -+- ,&,): 

dk, AKy—-1 


(b:1(41) +++ bn(Xn)) = (nyt ae (ny 


where —k,, = k; +---+,_, is fixed by momentum conservation (translation invariance). 


Ty (ky ,o08 ke iat han) (4.79) 


a) Show that scale invariance imposes the following constraint on ly: 

Py, *- hn) Sse Oy (sk, ++ Skin) (4.80) 
where A, is the scaling dimension of the field ¢;. 
b) Show that the two-point function I’(k) of a scale-invariant theory is of the form 


1 
WS ee (4.81) 


where 7 is the critical exponent defined in Table 3.1 and k = |k|. 


c) In dimension two, show that the two-point function in coordinate space must accordingly 
be 


G(r) = i : see) (4.82) 
1 


where r = |x; —X2|,k = |k|, Jo is the zeroth-order Bessel function and L~' is a low- 
momentum (infrared) cutoff. Explain how this is compatible with the form (4.55). 


4.6 Consider the Lagrangian of a free fermion in dimension two: 
i= ; Wy ya, ¥ 


Obtain the precise form of the spin generator S,,, that would ensure Lorentz invariance. 
Then, write down the canonical energy-momentum tensor, the Belinfante modification to 
the latter, and the dilation current. 
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4.7 Traceless energy-momentum tensor 

a) Write down a modification of the energy-momentum tensor for the massless scalar field 
that is traceless ind > 2. 

b) Repeat the exercise for the massless g* theory ind = 4. 


4.8 Liouville field theory 
Consider the Liouville field theory ind = 2, with Lagrangian density 


1 Lae 
Etna e 


Write down the canonical energy-momentum tensor and add a term that makes it traceless 
without affecting the conservation laws. 


4.9 The Schwinger function 

Eq. (4.74) gives the most general form of the Schwinger function compatible with trans- 
lation, rotation, and scale invariance, as well as parity, in dimension two. The requirement 
of invariance under parity transformations is not essential in order to prove the traceless- 
ness S“,,”,(x) = 0, but simplifies the discussion. However, nothing in the form (4.74) is 
specific to two dimensions. The specificity comes from the possible introduction of the 
antisymmetric tensor in dimensions higher than two. 


a) Show that a possible addition to (4.74) in two dimensions, compatible with all the 
symmetries, is 


Asl€pc€vp ate €p€ a) 
and demonstrate that it reduces to a linear combination of the first two terms of (4.74). 
b) Show that an admissible generalization of this addition in three dimensions is 


As(€Epoa€vpp + Ey patson eee) 


Show that this addition is not equivalent to a combination of the other terms and that 
the imposition of the conservation law 8“S,,..,(x) = 0 does not lead to the tracelessness 
property S“,,”,(x) = 0 in three dimensions. 


Notes 


The conformal group was studied early on by mathematicians, in particular by Lie [256]. The 
invariance of Maxwell’s equation under the conformal group was noticed by Bateman [26] 
and Cunningham [85] at the beginning of the century. Even before, the tracelessness of the 
electrodynamic energy-momentum tensor had been noticed indirectly by Bartoli in 1876 
and by Boltzmann [50], who wrote down the relation P = Zé between the radiation pressure 
P and the energy density €. 

A detailed account of the applications of conformal invariance in four-dimensional 
quantum field theory and an extensive bibliography of early work on the subject are found 
in Todorov, Mintchev, and Petkova [335]. The representations of the conformal group acting 
on fields were studied by Mack and Salam [264] and Schroer and Swieca [324]. 

The form of the two-, three- and four-point functions in a conformally invariant the- 
ory was obtained by Polyakov [295]. The procedure followed to make the symmetric 
energy-momentum tensor traceless is borrowed from Ref. [312]. The proof that the energy- 
momentum tensor is traceless in dimension two if the theory has translation, rotation, and 
scale invariance is due to Liischer and Mack [259]. 


CHAPTER 5 


Conformal Invariance in 
Two Dimensions 


Conformal invariance takes a new meaning in two dimensions. As already appar- 
ent in Section 4.1, the case d = 2 requires special attention. Indeed, there exists 
in two dimensions an infinite variety of coordinate transformations that, although 
not everywhere well-defined, are locally conformal: they are holomorphic map- 
pings from the complex plane (or part of it) onto itself. Among this infinite set of 
mappings one must distinguish the 6-parameter global conformal group, made of 
one-to-one mappings of the complex plane into itself. The analysis of the previous 
chapter still holds when considering these transformations only. However, a local 
field theory should be sensitive to local symmetries, even if the related transforma- 
tions are not globally defined. It is Jocal conformal invariance that enables exact 
solutions of two-dimensional conformal field theories. 

Section 5.1 introduces the essential language of holomorphic and antiholomor- 
phic coordinates on the plane, used in the remaining chapters of this book. This 
section also clarifies the distinction between local and global transformations, in- 
troduces generators for local conformal transformations, defines the notion of a 
primary field, and translates the results of Sect. 4.3.1 on correlation functions 
in holomorphic language. Section 5.2 adapts the Ward identities of conformal 
invariance to complex coordinates and also provides an alternate derivation of 
the Ward identities, specific to two dimensions. Section 5.3 introduces the no- 
tion of a short-distance product of operators (operator product expansion) and 
applies this language to the Ward identities and to specific examples of free con- 
formal fields: the boson, the fermion, and ghost systems. Section 5.4 describes the 
transformation properties of the energy-momentum tensor itself and introduces 
the central charge c. Throughout this chapter, no mention is made of the oper- 
ator formalism (radial quantization and so on), which is introduced in the next 
chapter. 
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5.1.1. Conformal Mappings 


We consider the coordinates (z°,z!) on the plane. Under a change of coordinate 
system 7“ — w*(x) the contravariant metric tensor transforms as 


a, (= ) (Se (5.1) 


The condition (4.1) that defines a conformal transformation is g),,(w) (ord ie a) 


or, explicitly, 
aw?\? faw®\?— faw!\? (aw! \? 
(=a, if eS) . ic) i & oo 


aw® aw! aw? aw! 


ae ae + acl al ia 
These conditions are equivalent either to 
aw! — aw® aw? aw! 
3 eet ae = age oa 
or to 
aw! aw? aw? aw! 
i a ae ~ 


In Eq. (5.4) we recognize the Cauchy-Riemann equations for holomorphic 
functions, whereas Eq. (5.5) defines antiholomorphic functions. 

This motivates the use of complex coordinates z and Z, with the following 
translation rules: 


= 0 Ca | 1 , 
z=2) +iz = 5e+2) 
GET Ie 
1 | as 
a, = 5(8 — i3,) las” stead (5.6) 
; a = 9, +9, 
0; = 5 9 +id,) 0, = i(d, = d;) 


We shall sometimes write 0 = 0, and a= 0, when there is no ambiguity about the 
differentiation variable. In terms of the conmiones z and Z, the metric tensor is 


One o 2 
- 2 HY 


where the index jz takes the values z and Z, in that order. This metric tensor allows 
us to transform a covariant holomorphic index into a contravariant antiholomorphic 
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index and vice versa. The antisymmetric tensor € uv in holomorphic form is! 


0 4 ey 
a 2 py 
i (“1 :) ° = S| od) 


In this language, the holomorphic Cauchy-Riemann equations become simply 
d,w(z,Z) = 0 (5.9) 

whose solution is any holomorphic mapping (no Z dependence): 
zZ—> w(z) (5.10) 


It is a well-known result that any analytic mapping of the complex plane onto itself 
is conformal (i.e., preserves angles). This is made plainly obvious by considering 


the differential 
d 
dw = (=) dz (5.11) 


The derivative dw/dz contains a dilation factor |dw/dz|, along with a phase 
Arg (dw/dz), which embodies a rotation. The conformal “group” in two dimen- 
sions is therefore the set of all analytic maps, wherein the group multiplication is 
the composition of maps. This set is infinite-dimensional, since an infinite number 
of parameters (the coefficients of a Laurent series) is needed to specify all func- 
tions analytic in some neighborhood. It is precisely this infinite dimensionality 
that allows so much to be known about conformally invariant field theories in two 
dimensions. 

The first question that comes to mind regards the status of the variables z and 
z, that is, whether they should be considered as independent. The proper approach 
is to extend the range of the Cartesian coordinates 2° and z! to the complex plane. 
Then Eq. (5.6) is a mere change of independent variables, and Z is not the complex 
conjugate of z, but rather a distinct complex coordinate. It should be kept in mind, 
however, that the physical space is the two-dimensional submanifold (called the 
real surface) defined by z* = Z. 


5.1.2. Global Conformal Transformations 


All that we have inferred from Eq. (5.4) ff. is purely local, that is, we have not 
imposed the condition that conformal transformations be defined everywhere and 
be invertible. Strictly speaking, in order to form a group, the mappings must be 
invertible, and must map the whole plane into itself (more precisely the Riemann 
sphere, i.e., the complex plane plus the point at infinity). We must therefore distin- 
guish global conformal transformations, which satisfy these requirements, from 
local conformal transformations, which are not everywhere well-defined. The set 


' Usually, €,, is taken as a pseudotensor, always given by its Cartesian components (0 or 1), but 
multiplied by the Jacobian of the coordinate transformation. Here we choose to include this Jacobian 
in the definition of Ey. 
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of global conformal transformations form what we call the special conformal 
group. It turns out that the complete set of such mappings is 


with ad—bc=1 (5.12) 


where a, b,c, and d are complex numbers. These mappings are called projective 
transformations, and to each of them we can associate the matrix 


a b 
a=(¢ 4 (643) 


We easily verify that the composition of two maps f, o f, corresponds to the 
matrix multiplication A,A,. Therefore, what we call the global conformal group 
in two dimensions is isomorphic to the group of complex invertible 2 x 2 matrices 
with unit determinant, or SL(2,C). It is known that SL(2, C) is isomorphic to 
the Lorentz group in four dimensions, that is, to SO(3, 1). Therefore, as far as 
the conformal group proper is concerned, we have learned nothing new since 
the previous chapter: the global conformal group is the 6-parameter (3 complex) 
pseudo-orthogonal group SO(3, 1). 

It is interesting to show explicitly why the transformations (5.12) are the only 
globally defined invertible holomorphic mappings. Consider such a mapping, say 
f(z). It is clear that f should not have any branch point or any essential singularity. 
Indeed, around a branch point the map is not uniquely defined, whereas in any 
(however small) neighborhood of an essential singularity the function f sweeps 
the entire complex plane, and is therefore not invertible. Consequently, the only 
singularities deemed acceptable are poles, and the function f can be written as a 
ratio of polynomials (without common zeros): 

P(z) 
f(z) O@ (5.14) 
If P(z) has several distinct zeros, then the inverse image of zero is not uniquely 
defined and f is not invertible. If, moreover, P(z) has a multiple zero Z,) of order 
n > 1, then the image of a small neighborhood of z, is wrapped n times around 0, 
and therefore f is not invertible. Thus P(z) can be only a linear function: P(z) = 
az + b. The same argument applies for Q(z) when looking at the behavior of f(z) 
near the point at infinity. We therefore arrive at the form (5.12) with the proviso that 
the determinant ad — bc be nonzero in order for the mapping to be invertible. Since 
an overall scaling of all coefficients a,b, c,d does not change f , the conventional 
normalization ad — bc = 1 has been adopted. 


5.1.3. Conformal Generators 


As is typical in physics, the local properties are more immediately useful than 
the global properties, and the local conformal group (the set of all, not necessarily 
invertible, holomorphic mappings) is of great importance. We now find the algebra 
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of its generators. Any holomorphic infinitesimal transformation may be expressed 
as 


z=z+€(z) €(z) = ase (5.15) 


where, by hypothesis, the infinitesimal mapping admits a Laurent expansion around 
z = 0. The effect of such a mapping (and of its antiholomorphic counterpart) on 
a spinless and dimensionless field $(z, Z) living on the plane is 


¢'(2',2') = 6(z,2) 


= O22) — 2962.2) -aeWoe,z) © 
or 
56 = —e(z)db — E(Z) dG 
=~ {c,,0,(Z,2) +é,6,0(z,2)} Crp 
where we have introduced the generators 
£,, = —27tte, f= a, (5.18) 
These generators obey the following commutation relations: 
[e,7enl = (1 — m) bn 
en — ree, (5.19) 


[eel =0 


Thus the conformal algebra is the direct sum of two isomorphic algebras, each 
with very simple commutation relations. The algebra (5.19) is sometimes called 
the Witt algebra. 

Each of these two infinite-dimensional algebras contains a finite subalgebra 
generated by ¢_,, 9, and @,. This is the subalgebra associated with the global 
conformal group. Indeed, from the definition (5.18) it is manifest that @_, = 
—d, generates translations on the complex plane, that £) = —zd, generates scale 
transformations and rotations, and that 2, = —278, generates special conformal 
transformations. The generators that preserve the real surface Z),z, € IR are the 
linear combinations 


é,+4£, and i(é, —2,) (5.20) 


In particular, 2, +£, generates dilations on the real surface, and i(£, — o) generates 
rotations. 


5.1.4. Primary Fields 


In two dimensions the definition of quasi-primary fields applies also to fields with 
spin. Indeed, given a field with scaling dimension A and planar spin s, we define 
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the holomorphic conformal dimension h and its antiholomorphic counterpart has? 


1 ~ 1 
ad = aio il 
h= 5(A +s) h 5 (4 s) (5.21) 


Under a conformal map z > w(z), Z — w(Z), a quasi-primary field transforms 


as 
-h ees 
¢'(w,w) = (S) (=) $(z,Z) (5.22) 


This constitutes a generalization of Eq. (4.32). The above shows that a quasi- 
primary field of conformal dimensions (h, /) transforms like the component of a 
covariant tensor of rank # +h having h “z” indices and h “2” indices. 

If the map z — w is close to the —— is, if w = z+ €(z) and 
w = Z+ €(z) with € and € small (at least in some neighborhood)—the variation 
of quasi-primary fields is 


5,26 = $'(z,2Z) — $(z,2Z) 
= —(hdd,¢ + €3,¢) — (hod.é + 28,4) 


66 9? 


(5.23) 


In fact, a field whose variation under any local conformal transformation in two 
dimensions is given by (5.22) (or, equivalently, (5.23)) is called primary. All pri- 
mary fields are also quasi-primary, but the reverse is not true: A field may transform 
according to (5.22) under an element of the global conformal group SL(2, C), but 
for those conformal transformations only. As we shall see, an example of a quasi- 
primary field that is not primary is the energy-momentum tensor. A field which is 
not primary is generally called secondary. For instance, the derivative of a primary 
field of conformal dimension h # 0 is secondary. 


5.1.5. Correlation Functions 


Expressed in terms of holomorphic and antiholomorphic coordinates, the rela- 
tion (2.149) for conformal transformations of n primary fields ¢, with conformal 
dimensions h, and h, becomes 


(o,(w,,W,)...%,(w,,,W,,)) = 
" (dw) (av) : ; (5.24) 
G9 a 9 


This relation fixes the form of two- and three-point functions. The novelty here is 
the possibility of nonzero spin, incorporated in the difference h; — h,. The relations 
(4.55) and (4.61) are still valid in two dimensions. Let us express them in terms of 


2 One often uses the terminology left and right, instead of holomorphic and antiholomorphic, in that 
order. 
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complex coordinates, taking spin into account when imposing rotation invariance. 
The distance x;; is equal to (z,,2;,)' and Eq. (4.55) becomes 


. sey ee 
(DIZ i 2) Pa\e5 5) = 0 if | mabe ‘ (5.25) 


h, =h, =h 

The two-point function vanishes if the conformal dimensions of the two fields 

are different. The additional condition on the conformal dimensions comes from 

rotation invariance: the sum of the spins within a correlator should be zero. 
Equation (4.61) for the three-point function becomes 


1 
(G(X )b2(x2)63(x5)) = Ci; ce ye Ss a eee 


212 293 
1 (5.26) 


(z, —z,)**(Z, —Z,)* 


x 


gin tha—hs zhzths— hy Zisthi ~hy 
Again, the sum of the spins of the holomorphic part cancels that of the 
antiholomorphic part, thus ensuring rotation invariance. 

The forms (5.25) and (5.26) of the simple correlators raises the question of 
multivaluedness and locality. Indeed, the two-point function (5.25) will have a 
branch cut at z; = Z,,Z, = Z, if the spin s of the two fields is not an integer 
or a half-integer. This is an aspect of the spin-statistics theorem. However, in two 
dimensions it is possible to bypass this theorem. The price to pay is the introduction 
of fields, called parafermions, which have a mutual long-ranged interaction. These 
fields will not be studied in this volume. 

As before, global conformal invariance does not fix the precise form of the four- 
point function and beyond, because of the existence of anharmonic ratios. However, 
in two dimensions the number of independent anharmonic ratios is reduced, since 
the four points of the ratio are forced to lie in the same plane, which leads to an 
additional linear relation between them. Indeed, we have 


Zine Z 142 212% 
Se | 7 es —=—* (5.27) 
Z13224 213224 =} 214223 


The four-point function may then depend on 7 and 7 in an arbitrary way—provided 
the result is real. The general expression (4.62) translates into 


(Gy (041). -- alta) Bae ia (5.28) 


i<j 


where h = )~*_, h; and h= a h,. This form for the four-point function may 
also be understood as follows. Given three distinct points Z, to Z;, it is always 
possible to find a global conformal transformation that maps these three points 
to three other points fixed in advance, for instance 0, 1, and the point at infinity. 
Indeed, the transformations (5.12) involve three independent complex parameters. 
Consider the anharmonic ratio n above. If we use a global conformal map to send 
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z, to 1, z, to 00, and Z, to 0, then 7 = —z, and a generic four-point function will 
depend on this last point. 

The expression (5.28) may, of course, take different forms, since the product 
multiplying f(n, 7) may be modified by insertions of anharmonic ratios. Take, for 
instance, the four-point function of a single field ¢ of conformal dimension Wah. 
Eq. (5.28) becomes 


(P(x,)--. 0% 4)) = fn, ){ ee ee a, x c.c.} (5.29) 


(c.c. stands for “complex conjugate”). This may also be expressed as 


f(n, n) | nrni3 Cae) x C.C. ( ~ ) 
or as follows: 
th 2432 ze 
7 t=a)P" (| x co (5.31) 
f(r, 7) fo n 7, ce 


§5.2. Ward Identities 
5.2.1. Holomorphic Form of the Ward Identities 


In Chap. 4 we have derived a set of Ward identities associated with translation, 
rotation, and scale invariance: Eqs. (4.63), (4.66), and (4.68), respectively. In so 
doing, we used the canonical definition of the energy-momentum tensor, with 
suitable modifications needed to make it symmetric and traceless.* Recall that the 
tracelessness of the energy-momentum tensor implies the conformal invariance of 
the action. Let us assemble these three Ward identities:* 


ra] as Fi] 
apn (F" yO)X) = — » 5(x — “Dap (X) 


€,y(T""(x)X) = —i )  s;8(x — x;)(X) (5.32) 
i 


(T#(x)X) = — 9) 8x — x,)A,(X) 
i 


Here X stands for a string of n primary fields ®(x, )- - - (x,,). In the second equa- 


tion we have used the specific two-dimensional form S;€,,, of the spin generators 


Sie where €,,,, is the antisymmetric tensor and s; is the spin of the field ¢,. 


3 We have not shown in general that the energy-momentum tensor of a two-dimensional scale- 
invariant theory can always be made traceless, but we know no example of the contrary. 

4 Ward identities, whether in Cartesian or holomorphic form, are valid only in the sense of 
distributions, that is, when integrated against suitable test functions. 
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We wish to rewrite these identities in terms of complex coordinates (cf. Eq. (5.6)) 
and complex components. We use expressions (5.7) and (5.8) for the metric tensor 
and the antisymmetric tensor, respectively. For the delta functions we use the 
identity 

1 1 eel 
d(x) = —d,- = —d,- 
(e) = 73,7 = Tay (5.33) 
This identity is justified as follows. We consider a vector F“ whose divergence is 
integrated within a region M of the complex plane bounded by the contour aM. 
Gauss’s theorem may be applied: 


if dxor a Jae (5.34) 


where dé, is an outward-directed differential of circumference, orthogonal to 
the boundary 0M of the domain of integration. It is more convenient to use a 
counterclockwise differential ds”, parallel to the contour 0M: dé, =€, aS In 
terms of complex coordinates, the above surface integral is nothing but a contour 
integral, where the (anti)holomorphic component of ds? is dz (dZ): 


[trap = fi (dee F +deegF} 


1 (5.35) 

7 if {dz F? + dz F*} 
2 Jam 

Here the contour 9M circles counterclockwise. If F* (F%) is holomorphic (anti- 

holomorphic), then Cauchy’s theorem may be applied; otherwise the contour 0M 

must stay fixed. We consider then a holomorphic function f(z) and check the cor- 

rectness of the first representation in Eq. (5.33) by integrating it against f(z) within 

a neighborhood M of the origin: 


/ Ee fia) if dx flz)a,- 
M TIM 


Zz 


m Ju a (5.36) 
! ate) 


7 2m1 aM Zz 
= f(0) 


In the second equation we have used the assumption that f(z) is analytic within 
M, in the third equation we used the form (5.35) of Gauss’s theorem with F% = 
f(z)/nz and F? = 0, and in the last equation we used Cauchy’s theorem. A similar 
proof may be applied to the second representation in Eq. (5.33), this time with an 
antiholomorphic function f(Z). Of course, one may in principle use either one of 
the two representations in Eq. (5.33), but the first one will be useful if the integrand 
is holomorphic and vice versa. 
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The Ward identities are then explicitly written as 
n 1 , 
278, (T;,X) + 228; (T,X) = — 2 2, Oe (X) 
a 1 
2n8,(T;,X) + 2n8,{T,,X) = — ye Fe, a, (X) 
2(T,,X) + 2(T;,X) = — >> 8x — x,)A;(X) 
=) 


UT) +2 X= — ew 
f=) 
(5.37) 


The 1 points x; are now described by the 21 complex coordinates (w,,w;), on 
which the set of primary fields X generally depends. If we add and subtract the 
last two equations of the above, we find 


. 1 
n(T;,X) = ae h;(X) 


(5.38) 
2n(T,,X) = sas a, aw HX) 


where we have chosen the representation (5.33) appropriate to each case and 
used the definition (5.21) of the holomorphic and antiholomorphic conformal 
dimensions. Inserting these relations into the first two equations of (5.37), we 
find 


ae h; 
a {ream 3 | Pe (X) + rei =0 


i= t 


a (5.39) 
= 8 - 1 h; 
a, | (T(z,Z)X) — > i m,* AX) + ==, (X) 
rl aa (2 —w,) 
where we have introduced a renormalized energy-momentum tensor 
T = 25, Wg De (5.40) 


Thus the expressions between braces in (5.39) are respectively holomorphic and 
antiholomorphic: we may write 


: 1 h; 
(T(z)X) = e+ Gat OO} + ree (5.41) 


where “reg.” stands for a. holomorphic function of z, regular at z = w;. There is a 
similar expression for the antiholomorphic counterpart. 
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5.2.2. The Conformal Ward Identity 


It is possible to bring the three Ward identities (5.32) into a single relation as 
follows. Given an arbitrary conformal coordinate variation €"(x), we can write 


1 1 
a,(€,7"") = €,8, 7%" + A at Oye Th” +: Ce jeer” 


i 1 (5.42) 
=€,0 7 + 5 8,€7 yt + 5 ogee yy T™ 
where the relations 
1 1 
5 ue = d,€,,) = 5 86 uy 
(5.43) 


1 1 
5 (Oe, — 9,¢,) = 5 One pe py 
have been used. We note that 59 o€” is the local scale factor f(x) of Eq. (4.3) and 


56°F a € g is a local rotation angle. Integrating both sides of (5.42), the three Ward 
identities (5.32) derived in Sect. 4.3.2 may be encapsulated into 


8.(X) = th Bx a, (T!(x)e,(x)X) (5.44) 


where 5.{X) is the variation of X under a local conformal transformation. Here 
the integral is taken over a domain M containing the positions of all the fields in 
the string X. 

Since the integrand is the divergence of a vector field F“, Gauss’s theorem may 
be used. Applying (5.35) to F¥ = (T#*(x)e,(x)X), one finds 


baix) = >i ih {—dz(T“e;X) + dz(T%e,X)} (5.45) 


We have defined « = €@ and € = e*, respectively holomorphic and antiholomor- 
phic. Note that (7,X) and (7,,X) do not contribute to the contour integrals, since 
the contours do not exactly go through the positions contained in X, and since 
these expressions vanish outside these points, according to Eq. (4.68).> Finally, 
substituting the definition (5.40), we obtain the so-called conformal Ward identity:® 


] = 
§,4X) = 55 f dz e(e\TOX) + 5 f d2€@(T@X) | 5.46) 


Again, the counterclockwise contour C needs only to include all the positions 
(w,,w;) of the fields contained in X. The relative sign of the two terms on the 


5 Of course, Eq. (4.68) itself holds only for primary fields; however, this specific property is general: 
it only depends on the locality of the transformation properties of X. 

© Some readers may be puzzled by the sign appearing in front this equation, since many review papers 
on the subject have it differently. This sign reflects our conventions on what is the variation of a field 
under a symmetry transformation, stated in Eq. (2.114) and its infinitesimal version (2.125). 
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r.h.s. reflects the use of a counterclockwise integration contour for the antiholo- 
morphic variable Z or, said otherwise, that Cauchy’s theorem has been complex 
conjugated (and 271 — —2n771). 

In deriving the identity (5.46), we have used the property that the fields in the 
set X are primary, through the Ward identities (5.32). However, the validity of 
Eq. (5.46) extends beyond primary fields, and may be taken as a definition of the 
effect of conformal transformations on an arbitrary local field within a correlation 
function. Indeed, the r.h.s. of the identities (5.32) needs not have this precise form 
in order for Eq. (5.46) to follow. However, the variation 6® of the local field ® 
under a conformal transformation should be local, ensuring the presence of delta 
functions 5(x — x;) on the r.h.s. of Eq. (5.32). 

If the fields in X are primary, the integral in the conformal Ward identity (5.46) 
may be done by the method of residues: 


8. (X) =— = (<(w,)a,,, + de(w,)h;) (X) (5.47) 


We recover formula (5.23) for the variation of a primary field under an infinitesimal 
holomorphic conformal mapping: 


5.9 = —Edb —hode (5.48) 


It is interesting to apply the conformal Ward identity to global conformal trans- 
formations (the SL(2,C) mappings of Eq. (5.12)). According to the discussion 
surrounding Eq. (2.159), the variation 6. (X) must vanish for infinitesimal SL(2, C) 
mappings, since they constitute a true symmetry of the theory. Such infinitesimal 
mappings have the form 


(l+a@)z+ 
fe eee 
ywt+i-a 
where a, B, and y are infinitesimal. At first order, the coordinate variation €(z) is 
€(z) = B+ 2az — yz” (5.50) 


For a, B, and y arbitrary, this implies the following three relations on correlators 
of primary fields: 


(5.49) 


ae dy, (p,(w,) pac ¢,, (w,,)) = (1) 


1 


Lwid, +h;)(o,(w,)---¢,(w,,)) = 0 6.51) 
wiry, a 2w;h;)(o, (w,) sree ¢,, (w,,)) =0 


It is a simple matter to check that the two- and three-point functions (5.25) and 
(5.26) satisfy these constraints. In fact, it is possible to infer the forms (5.25) and 
(5.26) from the above relations. The relations (5.51) simply embody global confor- 
mal invariance. In the first of these relations we recognize the obvious consequence 
of translation invariance. 
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The Ward identity (5.46) sums up the consequences of local conformal sym- 
metry on correlation functions, and is the main result of this section. It should be 
mentioned that its application rests on the assumption that the energy-momentum 
tensor is regular, meaning that it is everywhere well-defined, In particular, 7(0) 
should be finite (in the sense of correlation functions). This implies that 7(z) should 
decay as z~*as z — oo. This may be seen as follows: Since the energy-momentum 
tensor is symmetric, traceless, and represents an energy density, it should have scal- 
ing dimension 2 and spin 2, leading to conformal dimensions h = h = 2. Under 
the global conformal transformation z > w = 1/2, it should transform as 


dw\~? 
—}) Ti2=2'T : 
Z) Te=<T) (5.52) 
Since the resulting tensor T’(1/z) is just as regular as T(z) the condition that T’(0) 
be finite implies that T(z) decay as z~* as z > 00. This may be argued differently: 
The trivial correlator (1) must be invariant under an infinitesimal special conformal 
transformation. In other words, 


T'(w) = ( 


1 
ole eae $ de €(z)(T(z)) =0 (5.53) 


This must be true for any contour circling the point at infinity. Since €(z) is quadratic 
in z for special conformal transformations, T(z) must behave as z~* near infinity 
if no residue is to be picked up around that point. 


5.2.3. Alternate Derivation of the Ward Identities 


This subsection provides an alternate derivation of the Ward identities (4.63), 
(4.66), and (4.68), based on the quantum definition of the energy-momentum ten- 
sor, given by Eqs. (2.202) or (2.203). The advantage of proceeding this way is 
to avoid the hypothesis that the canonical energy-momentum tensor can be made 
traceless in two dimensions. The following demonstration is not specific to two 
dimensions, except for scale invariance, where the aspects particular to two dimen- 
sions will be stressed. Accordingly, the formalism will be as general as possible, 
without holomorphic coordinates. The reader willing to accept the use of the Ward 
identity (4.68) in dimension two may skip this subsection, since nothing in the 
remainder of the text rests on it. 

We shall assume that the action may be expressed on a Riemannian manifold in 
terms of a collection ® of fields and of a tetrad e# (see App. 2.C for an introduction 
to tetrads): 


S= / axe L(%,D,?,e%,) (5.54) 
The use of tetrads is necessary if the derivation is to apply to theories involving 


spinor fields (e.g., Dirac fermions). Here e = det(e ) ensures that the measure 
e d’x is reparametrization invariant, and D ,, is the covariant derivative appropriate 
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to the field ®: it reduces to 0,, for a scalar field. For instance, the action for a simple 
scalar field ¢ is 


i J axe {e“a,¢ e'8 b — vig) (5.55) 


Recall that the greek (or Einstein) index of the tetrad is raised and lowered with 
the help of the metric tensor g,,,,, whereas the Latin (or Lorentz) index is moved 
with the help of the Minkowski tensor 77,;,- 

Translation invariance—that is, the absence of explicit dependence of the 
Lagrangian density upon the coordinate of the local field—is generalized into 
reparametrization invariance on a Riemannian manifold. The action and the func- 
tional integration measure should be independent of the coordinate system used. 
Under a reparametrization x — x’(x) the tetrad e? and the fields transform as 
follows: 

ax” 


fa a 


= ea 


vB BT Ayie 


e(x) > O’(x’) = Ox) 


(5.56) 


Covariant derivatives transform like tensors of rank 1, like any quantity with one 
Einstein index. In the tetrad formalism the local fields (x) do not carry Einstein 
indices, but they are affected by reparametrizations through their arguments and 
covariant derivatives. 

In order to derive the Ward identity associated with reparametrization invari- 
ance, we first consider a generic correlation function (X), in some background 
tetrad e (as before, we denote by X a product ¢,(x,)...¢,,(x,,) of various fields 
taken at different positions): 


Z,(X). = / [do], X e StI (5.57) 


where Z, is the vacuum functional. Implicit in this expression is the choice of 
a coordinate system. We then perform an infinitesimal reparametrization x’ = 
x + &(x). The variations of the tetrad and fields is then 


5@(x) = —E# a, P(x) 


; 4 (5.58) 
be = —0,2).5" — 0, 5Ne, 


The above variations reflect a change in the functional dependence of the fields 
on the coordinates. We then assume that the action and the measure are invariant 
under such variations: 


S[® + 80,e + de] 
{d® + di) 


S[®,e] 


[do], (5.59) 


e+éde 
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The effect of this infinitesimal reparametrization on the correlation function is 
Zo + OMe = / [db + dd), , .(X + dX)e~SlO+50.e+5e} 


2 / [do], (X + aX)e7SI21 (5.60) 
= Z,(X), + Z,(5X), 


In particular, by taking X = 1 we conclude that Z,,;, = Z,: the vacuum functional 
is reparametrization invariant. Therefore, we may write 


(X + 8X),45, = (X), + (8X), (5.61) 


On the other hand, a change of functional integration variables from ® + 5® to ® 
in the first of Eqs. (5.60) yields 


Le +te(X Us 8X) 04.56 = ftdo1,,.x eee 
= / [do],X e~Sl%-I { + / Prete, 7: (5.62) 
=ZAn), + 2, i} d?x e be" (THX) 


where we have used the quantum definition (2.203) of the energy-momentum 
tensor. Comparing Eqs. (5.61) and (5.62), we conclude that 


5X), = [ex ede (TEX). (5.63) 
Strictly speaking, this identity is true only when 4X and defi are obtained through an 
infinitesimal reparametrization (5.58). Since these variations involve d parameters 
ind dimensions, the number of Ward identities implied is d, corresponding to the 


conservation of energy and momentum. If we substitute the variations (5.58) into 
(5.63) and restrict ourselves to flat space with e/, = o7,, we obtain 


, rs) 
~ us CaO) 


[ feces (THX), =- | @xa, ee x) = [axe a,(T",X) 


(5.64) 


Since the function €"(x) is arbitrary, this allows us to write our first Ward identity: 
r) 
ae = 5(x — ae ie 7" (5.65) 


This indeed coincides with Eq. (4.63). 
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In order to obtain the second Ward identity associated with rotation (or Lorentz) 
invariance, we must perform on the fields and tetrad an infinitesimal local rotation: 


a —> eh one (x)e,,, 
7 (5.66) 
d; —> ?; — 5 OS; abi 


Here S, ,,, is the spin generator for the field @;, and cw? = —w?*. The use of tetrads 
(or of a metric tensor in arbitrary coordinates) has promoted rotation invariance to 
the status of a local symmetry. The action and the integration measure are invariant 
under such local rotations, and consequently Eq. (5.59) still holds, except that the 
variations de and 5@ are of the form above. The same argument applies and the 
identity (5.63) follows. If we substitute the explicit form of the variation, the flat 
space form of the tetrad, and if we use the arbitrariness of the antisymmetric 
function w*’, we obtain the following Ward identity: 


(T,,(2)X) — (T,X) = i D5 8 — x))S;,,.(¥) (5.67) 
i=] 


associated with rotation invariance. This, apart from the covariant indices, 
coincides with Eq. (4.66). 

Finally, we derive the Ward identity associated with scale invariance. We 
perform an infinitesimal, local scale transformation of the frames: 


Ce eeen (5.68) 
$; > 9; — €(x)A;¢; 

The scale factor A(x) of Eq. (4.1) is here equal to 1 + 2e(x), and, according to 
Eqs. (4.32) and (4.33), the variation of a quasi-primary field is indeed given by the 
above in terms of its scaling dimension A;. Since we are performing an arbitrary 
local scaling, only primary fields (as opposed to quasi-primary) will transform as 
above. It is here that we must distinguish the case of two dimensions from the 
others. In three or more dimensions an action cannot be invariant under a local 
scale transformation: The use of tetrads and covariant derivatives allows us to 
define actions invariant under local rotations of the frames, but not under local 
scalings. In contrast, the two-dimensional conformal group includes local scale 
transformations and we may proceed as before, and end up with the following 
Ward identity, the same as Eq. (4.68): 


(TH (x)X) = — D> 8x — x) A,(X) (5.69) 
1 
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§5.3. Free Fields and the Operator Product 
Expansion 


It is typical of correlation functions to have singularities when the positions of two 
or more fields coincide. This reflects the infinite fluctuations of a quantum field 
taken at a precise position. To be more precise, the average 


1 
by = = ‘| dx (x) (5.70) 


of a quantum field within a volume V has a variance (¢,, ¢,, ) which diverges as 
V — 0. The operator product expansion, or OPE, is the representation of a product 
of operators (at positions z and w, respectively) by a sum of terms, each being a 
single operator, well-defined as z — w, multiplied by a c-number function of 
Z — w possibly diverging as z — w, and which embodies the infinite fluctuations 
as the two positions tend toward each other. 

The holomorphic version (5.41) of the Ward identity gives the singular behavior 
of the correlator of the field T(z) with primary fields ¢;(w,,w;) as z approaches 
the points w;. The OPE of the energy-momentum tensor with primary fields is 
written simply by removing the brackets (...), it being understood that the OPE 
is meaningful only within correlation functions. For a single primary field @ of 
conformal dimensions h and h, we have 


a on Baw) 
(z —w)? zZ-w 
- (5.71) 


= 4 h = 1 2s 

T(Z)¢(w, w) ~ Goat) ap 7 gw, ™) 
Whenever appearing in OPEs, the symbol ~ will mean equality modulo expres- 
sions regular as w —> z. Of course, the OPE contains also an infinite number of 
regular terms which, for the energy-momentum tensor, cannot be obtained from 
the conformal Ward identity. In general, we would write the OPE of two fields 
A(z) and B(w) as 


{AB},,(w) 


572 
(z-—w)" oe 


N 
A@)Bw) = >> 


n=—oo 


where the composite fields {AB},,(w) are nonsingular at w = 2z. For instance, 
{To}, = 8, Pw). 

We stress that, so far, the quantities appearing in Eq. (5.71) are not operators but 
simply fields occurring within correlation functions. We shall now proceed with 
specific examples, in order to familiarize ourselves with basic techniques and with 
simple (but important) systems. 
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5.3.1. The Free Boson 


From the point of view of the canonical or path integral formalism, the simplest 
conformal field theory is that of a free massless boson , with the following action: 


S= 5 J dx 3,p"p (5.73) 


where g is some normalization parameter that we leave unspecified at the moment. 
The two-point function, or propagator, has been calculated in Section 2.3: 


(g(x) gp(y)) = 75 In(x — y)* + const. (5.74) 


In terms of complex coordinates, this is 


(9(z,Z)p(w, w)) = -a5 {in(z — w) + In(Z — w)} + const. (5.75) 


The holomorphic and antiholomorphic components can be separated by taking the 
derivatives 0,g and 0,9: 


1 1 
(3, e(z,2)3,, ow, w)) = -——_~——, 
Ang (z a eae 
(0;9(z, Z)8,,9(w, W)) = ae ae 


In the following we shall concentrate on the holomorphic field dp = 0,¢g. It is now 
clear that the OPE of this field with itself is 


1 1 


d9(z)dg(w) ~ ~ dag c= 


(3:77) 


This OPE reflects the bosonic character of the field: exchanging the two factors 
does not affect the correlator. 
The energy-momentum tensor associated with the free massless boson is 


1 
Ty = 808, 98,9 — 5 Nyv9,8"9) (5.78) 


Its quantum version (5.40) in complex coordinates is 
T(z) = —2ng :dgd¢: (5.79) 


Like all composite fields, the energy-momentum tensor has to be normal ordered, 
in order to ensure the vanishing of its vacuum expectation value. More explicitly, 
the exact meaning of the above expression is 


T(z) = —2ng lim (d9(z)dp(w) — (a9(z)ap(w))) (5.80) 
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The OPE of T(z) with dg may be calculated from Wick’s theorem: 
T(z)dg(w) = —27g :d9(z)ag(z): ap(w) 


~ —4rg : 09(z)d y(z) : ag(w) (5.81) 
dg(z) 
Ga w) 


By expanding dy(z) around w, we arrive at the OPE 


agp(w) Bow) 


TRON cae (Zw) 


(5.82) 


This shows that d¢ is a primary field with conformal dimension h = 1. This was 
expected, since ¢ has no spin and no scaling dimension; hence its derivative has 
scaling dimension 1. 

Wick’s theorem also allows us to calculate the OPE of the energy-momentum 
tensor with itself: 


T(z)T(w) = 417g : dy(z)ay(z):: dp(w)ag(w): 
1/2 4ng :d9(z)dg(w): 
i (Z—w) (z—w/)? (5.83) 
Se 2T(w) aT(w) 
(z—w)* (z—w)? (z-w) 


In the second equation the first term is the result of two double contractions, 
whereas the second term comes from four single contractions. We immediately 
see that the energy-momentum tensor is not strictly a primary field, because of the 
anomalous term }/(z — w)*, which does not appear in Eq. (5.71). 


5.3.2. The Free Fermion 
In two dimensions, the Euclidian action of a free Majorana fermion is 
1 
S= rs / Px vty yaw (5.84) 
where the Dirac matrices y satisfy the so-called Dirac algebra: 
yty’ +y°yt = 27” (5.85) 


If n“” = diag(1, 1), a representation thereof is’ 


01 Ler 
y=(‘ 4 és = a, (5.86) 


7 The factor of i in y! was not present in Sect. 2.1.2 since we were then working in Minkowski 
space-time. 
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and therefore 


Y°(yPap + ¥'3) = 2 (4 , oe 
°g 


Writing the two-component spinor as (w, y), the action becomes 
S=g J d*x (pay + way) (5.88) 


The classical equations of motion are dy = 0 and dw = 0, whose solutions are 
any holomorphic function y(z) and any antiholomorphic function w(Z). 

Our first task is to calculate the propagator (\Y;(x)W;(y)) (i,j = 1,2). This is 
done by expressing the action as 


1 
=} / Px dy ¥,(x)A,(x,9)V,(9) (5.89) 
where we have defined the kernel 


A, (x,y) = g(x —y)(y°y");; 8, (5.90) 


From previous knowledge of Gaussian integrals of Grassmann variables, the two- 
point function is then K;,(x,y) = ne or® 


gd(x — y)(y°y") ? KC, y) = (x —y)5;; (5.91) 


iene ancl 
In terms of complex coordinates, this becomes 
2 (¢ :) ( (WZ, ZW(w,w))  (W(z,Z)v(w, w)) ) 
0 A) \ WZ, w)) (oz, 2) vw, w)) 
a; : 0 (5.92) 


z Z sa w 

where we translated x —> (z,Z) and y — (w,w) and used the representations 
(5.33) for the delta function. The solution of the above matrix equation is easily 
read off: 


(v(z,2v(w,w)) = _ : 
mZ—-w 


Hz, 2Ww, w)) = ee (5.93) 


—w 


(Wz, Z)v(w,w)) =0 


8 This differential equation may also be derived from the equations of motion, as done in Ex. (2.2) 
for the boson. 
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These, after differentiation, imply 


= = 1 1 
(0, Wz, Z)Y(w, w)) = See Gay 
(0, v(z, z)0,, Ww, w)) Sr 
mg (z—w)3 


and so on. The OPE of the fermion with itself (holomorphic components) is then 


vevon) ~ 
JT, 


aa (5.95) 


Again, this OPE reflects the anticommuting character of the field: exchanging 
the two factors w(z) and y(w) produces a sign that is mirrored in the two-point 
function. 

Second, we wish to calculate the OPE of the energy-momentum tensor with 
w and with itself. The canonical energy-momentum tensor for the above action 
may be found from the general expression (2.165) even if we use holomorphic 
coordinates, with the indices » = 0, 1 standing for z and Z, respectively, provided 
we Start from the expression (5.88) for the action. We find 


(Ge aL _ 
TZ = 22 56 = 2gpay (5.96) 
aa® 
TZ = 2 a@ —2£L = —2gwdw 
da® 


We see that the energy-momentum tensor is not identically symmetric, since T% # 
0. However, 7% vanishes if we use the classical equations of motion. According 
to the discussion of Section 2.5.1, we need not worry and may keep the energy- 
momentum tensor in its present form. The standard holomorphic component is 
then 


T(z) = —2xf,, 


= —5nT? (5.97) 


= —mg :¥(z)dy(z): 


where, as before, we have used the normal-ordered product: 


Woy: (2) = lim (W(z)ay(w) — (W@)avOw))) Om) 
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Again, the OPE between T and the fermion wp is calculated using Wick’s theorem: 


T(z)W(w) = —ng :(z)dW(z): Ww) 
_ 1ayz) 1 W@) 
2z—-w 2(z—w) (5.99) 
~ 2vw)_ , aw) 
(z—w)? z—w 
In contracting w(z) with y(w) we have carried y(w) over dy(z), thus introducing 
a (—) sign by Pauli’s principle. We see from this OPE that the fermion ¥ has a 
conformal dimension h = i. 


The OPE of 7(z) with itself is calculated in the same way, with, however, a 
greater number of contractions: 


T(z)T(w) = 17g? :W(z)dY(z):: Ww)ayw): 
1/4 i‘ 2T(w) aT(w) (5.100) 
(z—w)* (z-—w)? (z-w) 
This OPE has the same form as Eq. (5.83) except for a numerical difference in the 
anomalous term. 


5.3.3. The Ghost System 


In string theory applications, there appears another simple system, with the 
following action: 


1 
S= 38 / Px bide (5.101) 


where the field b ee is a traceless symmetric tensor, and where both c“ and b uy are 
fermions (i.e., anticommuting fields). These fields are called ghosts because they 
are not fundamental dynamical fields, but rather represent a Jacobian arising from 
a change of variables in some functional integrals. More precisely, they are known 
as reparametrization ghosts. 

The equations of motion are 


oh, = 0 oe + 0" = 0 (5.102) 


In holomorphic form we write c = c* and € = c*. The only nonzero components 
of the traceless symmetric tensor Db ,,, are b = b,. and b = b,,. The equations of 
motion are then 


ab = 0 


- 5.103 
ab = 0 a ( ) 
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The propagator is calculated in the usual way, by writing the action as 


1 
S= ; i d’xd*y b,,(x)AL*(x, y)c*(y) 
; (5.104) 
Al’ (&,y) = 5880.58 — y) # 


where we must consider (jz, v) as a single composite index, symmetric under the 
exchange of jz and v. The factor of i in front of A“’(x, y) compensates the double 
counting of each pair (2, v) in the sum, which should be avoided since b“” is the 
same degree of freedom as b’*“. Again, the propagator is K = A~', satisfying? 


1 
v KB = 
38 va Ki, y) = 6(x —y)bug (5.105) 
or, in complex representation, 
1 1 
ga,KP = netz a wk (5.106) 
which implies 
eel 
= K* = — 5.107 
(b(z)c(w)) = KZ,(@,w) re (5.107) 
In OPE form, this is 
iota | 
b(z)e(w) ~ — (5.108) 
mg Z2—-Ww 
from which we immediately derive the following: 
1 1 
(c(z)b(w)) =  — 
mgz—w 
1 1 
= ——_ _____ 5.109 
(b(z)dc(w)) a (5.109) 
ab(a)e(w)) = ——— 
PAY) mg (z — w)? 
The canonical energy-momentum tensor for this system is 
1 
TH = 4 (o"a"c, — nb" a,c (5.110) 


Again this tensor is not identically symmetric, and should be put in the Belinfante 
form before proceeding: We add @ pos where 


Brey = —5a(brre _ bc?) (5.111) 


9 Again, this differential equation could also be obtained from the equations of motion, as in Ex. (2.2). 
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The antisymmetric part of T#” is 

1 1 " nes 

5 Te” = i) = qe" a’c, =) dc.) (5.112) 


and we easily verify, with the help of the classical equations of motion, that 
this is compensated exactly by the antisymmetric part of 0,B’"”. Therefore, the 
identically symmetric Belinfante tensor is, after using the equations of motion, 


1 a 
aes a A [ovra'e, +b”d"c, sii 0,b4*c% = nb a,c} (Sm3) 


This tensor is not only symmetric, but also identically traceless. 
The normal-ordered holomorphic component is obtained from the above by 
setting 4 = v = 1, that is, by considering T* = 47__: 


T(z) = mg :(20c b+ cab): (5.114) 
The OPE of the energy-momentum tensor with c is again calculated using Wick’s 
theorem: 
T(z)c(w) = mg :(28c b + cab): c(w) 


_ _e@ 7 9.¢@) 
(z —w) Z—w (5.115) 

c(w) d,,c(w) 

Gwe” 226 


Therefore c is a primary field with conformal dimension = —1. On the other 
hand, b is a primary field with conformal dimension h = 2: 
T(z)b(w) = mg :(2dc b + cab): b(w) 
b(z) a,b) 
Ga wy Zw. (5.116) 
b(w) 0,,b(w) 
(Z-w? z-—w 


We note that the anticommuting nature of b and c is crucial in order to obtain the 
above OPEs. The OPE of T with itself contains many more terms, which add up 
to the following: 


T(z)T(w) = mg? :(2dc(z)b(z) + e(z)8b(z)):: (28e(w)b(w) + c(w)ab(w)): 


cee 2T(w) aT(w) 
(z—w)* (z-—w)?  (z—w) 


©2177) 

Again, but for a different coefficient of the anomalous term, this OPE has the same 
form as (5.83). 

An alternate theory is obtained by modifying the action in such a way that 

the OPE of the fields c and b with themselves are not changed, but the energy- 
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momentum tensor is modified, by subtracting a total derivative : d(cb): as follows: 


T(z) = xg :dc b: (5.118) 
We shall call this new theory the simple ghost system. The OPE of T with the fields 
c, b, and with itself is, of course, modified: 


T(z)c(w) ~ “ 


Tibbw) ~ 2, 


b(w) ab(w) 


(Z—w)?  z-w 


(5.119) 


In this new theory, c is therefore a primary field of conformal dimension h = 0, 
and b is a primary field of conformal dimension h = 1. The OPE of T with itself 
iS 

4 2T(w) dT(w) 
ZQ-w)* (z-w)?  @-w) 
We still have the same form as above, albeit with a different coefficient in the 
anomalous term. 


T(z)T(w) ~ (5.120) 


§5.4. The Central Charge 


The specific models treated in the last section lead us naturally to the following 
general OPE of the energy-momentum tensor: 


Che 2T(w) aT(w) 

T(z)T(w) eo. Cae Gam (6:12) 
where the constant c—not to be confused with the ghost field described above— 
depends on the specific model under study: it is equal to | for the free boson, 5 for 
the free fermion, —26 for the reparametrization ghosts, and —2 for the simple ghost 
system. This model-dependent constant is called the central charge. Except for this 
anomalous term, the OPE (5.121) simply means that T is a quasi-primary field with 
conformal dimensionh = 2. Bose symmetry and scale invariance make const./(z— 
w)* the only sensible addition to the standard OPE (5.71). Moreover, we already 
know from symmetry considerations that the Schwinger function XZ COOL e (0)) 
takes the form (4.77). This is, of course, compatible with the OPE (5.121), and 
further confirms that the latter is the most general form the OPE of T with itself can 
take. Indeed, if we convert Eq. (4.77) to holomorphic coordinates using Eqs. (5.6), 
(5.7), and (5.40), we find 


(T(2)T(0)) = a FOTO) =~ 


ss (5.122) 
76, 
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All other components of the Schwinger function vanish. The constant A of 
Eq. (4.77) is proportional to the central charge: A = c/(47”). 

The central charge may not be determined from symmetry considerations: its 
value is determined by the short-distance behavior of the theory. For free fields, 
as seen in the previous section, it is determined by applying Wick’s theorem on 
the normal-ordered energy-momentum tensor. When two decoupled systems (e.g., 
two free fields) are put together, the energy-momentum tensor of the total system 
is simply the sum of the energy-momentum tensors associated with each part, 
and the associated central charge is simply the sum of the central charges of the 
parts. Thus, the central charge is somehow an extensive measure of the number of 
degrees of freedom of the system. 


5.4.1. Transformation of the Energy-Momentum Tensor 


The departure of the OPE (5.121) from the general form (5.71) means that the 
energy-momentum tensor does not exactly transform like a primary field of di- 
mension 2, contrary to what we expect classically. According to the conformal 
Ward identity (5.46) the variation of T under a local conformal transformation is 


§.Tw) =~ f dz e(z)T(2)Tw) 
(5.123) 


z se a3 <(w) — 2T(w) a,,<(w) — e(w) a, T(w) 


The “exponentiation” of this infinitesimal variation to a finite transformation z > 
w(z) is 


; dw\~ c 
Tw) = (=) [7 - a5 tw 2) (5.124) 


where we have introduced the Schwarzian derivative: 
(d>wide) 3 es c 
(dwidz) 2\ dwidz 


This induction is far from obvious and we shall be content in verifying it for 
infinitesimal transformations. For an infinitesimal map w(z) = z + €(z), the 
Schwarzian derivative becomes, at first order in €, 


(iz = 


(Sl25) 


em oy gece 
z+ez} = —*— —-- (+ ~ 3 
ose 2 (, + a ee a 


The infinitesimal version of Eq. (5.124) is therefore, at first order in €, 


T'(z + €) = T'(z) + €(z)8T(z) 


= (1 — 28e(z))(T(z) - aciiel2)) a 
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or 


6.1(z) = T’(z) — T(z) 
1 (5.128) 
= —75082€(2) — 28,€(2)T(z) — e(z)8, T(z) 
which indeed coincides with Eq. (5.123). 
To confirm the validity of the transformation law (5.124), we must verify the 
following group property: The result of two successive transformations Zw 


u should coincide with what is obtained from the single transformation from 
Z — u, that is 


A d =t Vy 
Gy) = (=) [Tw - Stuw)] 


d —2 d —2 
-($) ($2) [rey fal] — Fuow (5.129) 


=(#) [re - Stu] 


The last equality requires the following relation between the Schwarzian 
derivatives: 


?) 
{u; z} = {w; z}+ (=) {u; w} (5.130) 
“6 


It is a straightforward exercise to demonstrate that this condition is indeed satisfied. 
Moreover, if we set u = z, we find that 


dw\? 
{w; z}=— (=) {z; w} (5.131) 
dz 
and this relation allows us to rewrite the transformation law (5.124) as 
dw\~? Cc 
T'(w) = [| — T(z) + —{z; w} (5.132) 
dz 12 


It is equally straightforward to verify that the Schwarzian derivative of the global 
conformal map 


o az+b 


——— — be = 3.13 
an (ad — bc = 1) (5.133) 


w(z) 
vanishes. This needs to be so, for T(z) is a quasi-primary field. In fact, it can be 
shown that the Schwarzian derivative in (5.124) is the only possible addition to the 
tensor transformation law that satisfies the group property (5.130) and vanishes 
for global conformal transformations. 

Instead of providing a long and technical proof of this last statement, we shall 
derive Eq. (5.124) directly by means of the free boson representation. We write 
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the free boson energy-momentum tensor (5.80) as 


1 
T(z) = —2ng lim (aot + 5 dae = 59) at ) (5.134) 


4ngé* 


Consider the transformation z —> w(z). Since g has conformal dimension zero, 
dg transforms as 


a,o(z) = wow) (5.135) 


(here we denote the n-th derivative of w by w\”) in order to lighten the notation). 
Hence 7(z) transforms as 


1 1 . 1 1 
T(z) = —2ng lim {wre + dw Ce — 58)08,0(wle + 58))0,0' me ~ 58) 


1 
7 Ags? 


1 1 , ‘ 
= lim {wrG + 5 Ow — 58 — 2ng :9,,9'(w)a,, gw): 


1 1 
2(w(z + 36) — w(z — al 7 sal 


| wz + d8wOZ—18) I 


2 . 
= (w()) T'(w) + lim dole + 15) — we = 18)? ~ 


0 


(3) (2) \? 
= (w(@) Tw) + am At (5.136) 


12) w®  2\w® 


Since c = 1 for a free boson, we recover (5.124) after isolating T’(w). 


5.4.2. Physical Meaning of c 


The appearance of the central charge c, also known as the conformal anomaly, 
is related to a “soft” breaking of conformal symmetry by the introduction of a 
macroscopic scale into the system. In other words, c describes the way a specific 
system reacts to macroscopic length scales introduced, for instance, by boundary 
conditions. To make this statement more specific, we consider a generic conformal 
field theory living on the whole complex plane, and we map this theory on a cylinder 
of circumference L by way of the transformation 


L 
Z> w= — Inz (5.137) 
20 


Then, dw/dz = L/(2mz) and the Schwarzian derivative is 1/2z?. The energy- 


momentum tensor T.,, (w) on the cylinder is related to the corresponding tensor 
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T,, (z) on the plane by 


Oe 2n\? T sme 

mm) =(F) [Tz - =} (5.138) 
If we assume that the vacuum energy density (Ta) vanishes on the plane, then 
taking the expectation value of the above equation yields a nonzero vacuum energy 
density on the cylinder: 


(TW) = (5.139) 


The central charge is seen to be proportional to the Casimir energy, the change 
in the vacuum energy density brought about by the periodicity condition on the 
cylinder. The Casimir energy naturally goes to zero as the macroscopic scale L 
goes to infinity. 

This remark allows us to relate the central charge to the free energy per unit 
length of a statistical system defined on a cylinder. The free energy F, which 
coincides with the connected functional W, varies in the following way when the 
metric tensor is changed: 


1 
6F =—5 | dx /gsg,,(T"”) (5.140) 


In cylindrical geometry, we apply an infinitesimal scaling of the circumference: 
L > (1+¢)Lor6L = eL. This is realized by applying a coordinate transformation 
w® —> (1 + e)w®, where w® is the coordinate running across the cylinder (w = 
w® +iw!). According to Eq. (2.192), the infinitesimal variation of the coordinate is 


e* = ew 0 and the corresponding variation of the metric is 6g, = —2€6,,95,9- 
Since 
TC 
(T™) = (T,,) + (Tz) = —(Ux)T) = (5.141) 
the variation of the free energy is 
mean TEC (OL. 


This equation supposes that (T™) vanishes in the L — oo limit or, in other words, 
that (7, (z)) = 0. If, on the contrary, we suppose that there is a free energy f, per 
unit area in the L —> oo limit, then the above equation is replaced by 


x) 


re a 
ar = [ aw dw cae 
The integral over w® gives a trivial factor of L, and we can dispose of the integral 
over w! by defining a free energy F,, per unit length of the cylinder, in terms of 
which the variation is 


IEC 
= 5.142 
F, = (fy + a3) iL (5.142) 
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After integration, it follows immediately that 


papi a (5.143) 


This relation is important in the study of finite-size effects of statistical systems and 
numerical simulations; we shall come back to this in Chap. 11 (cf. also Ex. 3.5). 

The central charge also arises when a conformal field theory is defined on a 
curved two-dimensional manifold. The curvature introduces a macroscopic scale 
in the system, and the expectation value of the trace of the energy-momentum 
tensor, instead of vanishing, is proportional to both the curvature R and the central 
charge c: 


Cc 
(T*,()), = ag (5.144) 


This quantum breaking of scale invariance is called the trace anomaly. The proof 
of (5.144) is not simple, and is given in App. 5.A for the free boson, although the 
argument may be generalized to other systems. 


Appendix 5.A. The Trace Anomaly 


In this appendix we demonstrate Eq. (5.144) for the trace anomaly for a free boson. 
We consider the generating functional 


Z{g) = | [dg], e~Sivel 


= ele) 


(5.145) 


where S[¢, g] is the action of a free scalar field in a background metric a 


Sly, g] = i dx J/g g"” 9, y8,9 


(5.146) 
=- / d’x J/g Ag 
We have introduced the Laplacian operator A: 
1 
Ag = —=3, (/gg"’d, 5.147 
ee (Vee"”8,9) (5.147) 


Under a local scale transformation of the metric Buy > 1 + o(x))g_,,, the action 
varies according to - 


1 : 1 
6S[g, g] = zs i dx | 3 ii dx ate) T (5.148) 
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where o(x) is infinitesimal. Consequently, the variation of the connected vacuum 
functional W [g] is 


sWigl = —5 / dx ofx)(T#.(x)) (5.149) 


According to the Ward identities previously derived, this variation vanishes in flat 
space, since (T", (x)) = 0. This is no longer true on an arbitrary manifold. 

To see this, we define the functional measure [d¢] in a fashion more suited to an 
arbitrary metric. We proceed by analogy with integration on a general manifold of 
dimension d: the line element is then ds* = g,,,dx“dx”, and the volume element 


isdQe=*/g dx! ...dx4. If a coordinate system can be found such that g, = Naw 
then ./g = 1 and the integration measure simplifies accordingly. In the space 
of field configurations, the analog of the metric is defined in a reparametrization 
invariant way: 


(9,0) = / d’x Je giv, (5.150) 

and the line element is simply 
\I5g||? = (5g, 59) (5.151) 
In order to diagonalize this “functional metric”, we introduce a complete set of or- 
thonormal functions {¢,,} (i.e., such that (9,,,,9,,) = 6,,,) and express any general 


field configuration as y = )_,, c,,y,,- The line element thus reduces to 


IIsel|? = }_(8ec,)? (5.152) 


which allows us to define the functional integration measure as 


[dg] = | [ac, (5.153) 


Of all possible complete sets {y,,}, the most useful is the set of normalized 
eigenfunctions of the Laplacian, with eigenvalues —A,,: 


AQ, = —An Pn (5.154) 


The action of a configuration specified by the expansion coefficients c,, is then 
simply 


Sigel= > A,&, (5.155) 


which means that the modes g, decouple. However, all is not trivial since the 
eigenfunctions g,, and the eigenvalues 4, depend on the background metric g,,,. 
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The vacuum functional may be written as 


Zig] = J I] {dc,, e hci | 
n 
n An 
We must be cautious here, since the Laplacian always has a zero-mode gy, = 
const. with vanishing eigenvalue. Such a mode is a source of divergence in the 
vacuum functional. To fix this “infrared” problem, we “‘compactify” the field ¢: 
We assume that ¢ takes its values on a circle, such that the values g and y + a are 
equivalent. The circumference a can be chosen very large, and taken to infinity 
at the end of the calculation. Then the range of integration of c, is no longer the 
whole real axis, but the segment [0, aVA A], where A is the area of the manifold. This 
follows from the normalization condition (%, ~)) = Aye = 1 and the condition 
0 < CoG < a. The above expression for the vacuum functional is then replaced by 


(5.156) 


Zig)=aVAT] |= ae (5.157) 


n#0 
The connected functional W[g] is then 
1 | re 
W[g] = —Ina — = InA + = Tr’ In — (5.158) 
2 Z 2a 


where Tr’ indicates a trace taken over all nonzero modes. We then use the following 
representation of the logarithm: 


. © Gl an - 
InB=—lim Te *_ et) (5.159) 
in order to write 
1 1 
Wig)=—ma—Sma—STr'| [ a -e=)| (5.160) 


(we have scaled t + 2zt). From now on we keep ¢ finite and shall send it to zero 
at the end of the calculation. 

We now perform an infinitesimal local scale transformation. The variation of 
the metric is 6g, = og,,,» and that of the Laplacian is 5A = —oA. The variation 
of the second term of (5.160) is 


(5 In A) = -— =-~— va fo Jgo (5.161) 


and that of the trace in Eq. (5.160) is 


5 {[ at one'*| = 5 = Tr’ { dto% ef} = aoe") (5.162) 
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In the second equality, we used the property that all nonzero eigenvalues of A are 
negative, so that only the lower-bound of the integral over t contributes. Since 


1 . 1 1 
oT fe Pgo= ~ 5 Po» 0%) = 5 (Yo, eG) (S.163) 


we may combine the two variations into a single expression: 


1 
6W[g] = 3 Tr (ce®*) (5.164) 


This expression contains the contribution of the zero-mode, hence Tr’ has been 
replaced by Tr. 
To proceed, we introduce the heat kernel 


th 
Gay. t)i = Beebe (¢2 0) (5.165) 
0 (t < 0) 


Since the eigenvalues of A can be arbitrarily negative, the expression e!* has 
meaning only for ¢ > 0. In terms of this kernel, the variation of W[g] is 


dW[g] = -3 fe Jz o{x)G(x, x; €) (5.166) 


The crucial point here is the short-time behavior of the diagonal kernel, which can 
be shown to be 


1 1 
G(@,x;e) = yeas + 7a R) + O(e) (5.167) 


(this result is proven in the App. 5.B). It follows that 


dW[g] = _— pe BZ a(x) — im fe 2 o(x)R(x) (5.168) 


In the limit ¢ — 0, the first term seems problematic, being infinite. The origin of 
this divergence lies in the assumed finite size of the manifold and has nothing to do 
with curvature. To fix it, we add to the original action the following g-independent 
counterterm: 


S,gl=n / d*x /g (5.169) 


which is simply equal to 7A. Under a local scale transformation it undergoes the 
following variation: 


6S, lg] = / d*x /g o(x) (5.170) 


By suitably choosing jz to be equal to —1/8y, the variation of the counterterm 
action S, cancels the divergent term in (5.168). The second term in (5.168) cannot 
be eliminated in the same way. Indeed, if we add a second counterterm of the form 


S,{g] = i d’x ./g R(x) (5.171) 
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we find that it is proportional to the Euler characteristics x, a topological invariant 
that depends only on the number of handles of the manifold. Therefore, it is invari- 
ant under a local scale transformation, and cannot cancel the rest of the variation 
5W/[g]. Then, the equivalence of (5.149) and (5.168) implies that the trace of the 
energy-momentum tensor does not vanish, according to (5.144), with the value 
c = 1 appropriate for a free boson. 

In order to relate the trace anomaly to the central charge figuring in the 
OPE of the energy-momentum tensor or, equivalently, in the two-point func- 
tion (T,,,(x)T,, (y)), we proceed as follows. We use the “conformal gauge”, a 
coordinate system in which the metric tensor is diagonal: 


B= 8,6) (5.172) 


In two dimensions it is always possible to find such a system, at least locally. In 
terms of the field gy, the determinant J/g and the curvature are 


J/g =e" JER = #o (5.173) 


Since a local scale transformation amounts to a local variation of the field gy, the 
corresponding variation of the connected functional W[g] is 


dWIg] = —s | d’x 3’ by (5.174) 


where c is some constant, equal to unity in the case of a free boson, as argued 
above. This implies that 


Wlel = = / d*x (ay)? (5.175) 


up to terms independent of gy. In terms of the Green function K(x,y) of the 
Laplacian, this is 


Wig] = ar ik dx d’y # y(x)K(x,y)a*o(y) (5.176) 


This follows from the defining property 0?K(x,y) = 5(x — y) and integration by 
parts. The natural extension of the above to an arbitrary coordinate system 1S 


Wig) =~. J dxd’y J/e(x),/a(y) R@K(w,y)RO) (5.177) 


where K(x, y) now satisfies 


V(x) A, K(x, y) = d(x — y) (5.178) 


The above expression for W[g] can be used to calculate the two-point function of 
the energy-momentum tensor (the Schwinger function): 


ew 


T wT a) = 5 Bag) 
ev p 


(53179) 
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Without a detailed calculation, it is by now clear that the Schwinger function will 
be proportional to c, which confirms that the central charge and the coefficient of 
the trace anomaly are one and the same thing. 


Appendix 5.B. The Heat Kernel 


In this appendix we show that the heat kernel G(x, y; t) defined in (5.165) has the 
short-time behavior given in (5.167) for x = y. 
From the definition of the heat kernel, we see that it satisfies the equations 


a 1 
ag 29’ t)=A,G(x,y;t) A=—A,./go" 


u 
j ve (5.180) 
GG, y; 0) = —-5( — y) 
/é 
These two equations may be combined into 
1 
(8, — A,) G@,y;t) = ae — y)5(t) (5.181) 


The equivalence of this single equation with Eq. (5.180) may be seen by first 
considering the case t > 0, and then by integrating the above equation over t from 
—€ to €, where « is infinitesimal, remembering that G(x, y; t) = 0 if t < 0. The 
heat kernel is then the Green function for the diffusion equation: 


G(x,y;t) = (x,t| (3, — A) ly, 0) (5.182) 
We know the (normalized) solution to this equation in flat infinite space: 
1 (x —y)? 
De A fz — a 5.183 
Go(x, y, t) aa OP rE ( ) 


We now wish to find the small t behavior of G(x, x; t) on a general curved manifold. 
Physically, G(x,x; t) is the probability that a random walker will diffuse from x 
back tox in a time ¢. If t is small the diffusion cannot go very far, and we can restrict 
our attention to the immediate neighborhood of x. To this end we write y = x + dx 
and use a locally inertial frame at x, with ACD) = n,,, and 9,8,,,(%) = 0: 


1 
bn a, + 5 Cron 5x? 8x" (5.184) 


where the constants C,,,,, are symmetric under the interchanges » <> v and 


p < i. It is then a simple exercise to show that 


A(x) ~ 3,0 +.a""9,8, + b*, (5.185) 
wherein 
I 1 , 
a"? = —C#",,8x"bx* and bY = 5(C%,, —C eax (5.186) 
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The heat kernel then becomes 


G(x,y;t) = (x,t ly, 0) (5.187) 


A-—B 
where 


A=0,-0,0% 
me i (5.188) 
B=a""d,8, +b", 
A perturbative solution for G(x, y; t) is obtained by expanding 


] i (Reel Lieeilae sl 
— = 2 FSB eee 5.189 
A-B Avore AA on? 


To first order, this yields 
G(x,y; t) = (x, t|A7! ly, 0) + [araz (x, t|A7"\z, t)(z, t|BA | ly, 0) 


= Cae vie) +f de f az G,(x,z; t — t) (5.190) 
0 
2 


dz# az” 


x fa") + be) | Goro 


The range of the t integration follows from the vanishing of Go(x,y; t) fort < 0. 
One checks that the low ¢ behavior of the n-th order contribution in perturbation 
theory is t”~'. We are thus justified in keeping only the first-order contributions. 


Substitution of the explicit form (5.183) of Go(x, y; t) and (5.186) of a“" and b” 
yields 


EES) a te ee -C*,) +00 (5.191) 


On the other hand, it is straightforward to show that the scalar curvature is given 
by 
RG) = (Ces) (5.192) 


Therefore, the short-time behavior of the heat kernel on a curved manifold is given 
by 


1 
Gle.x:e) = 7+ wR) + Ole) (5.193) 


Even if this result is obtained in a specific local inertial frame, the relation of the 
curvature with the short-time heat kernel is coordinate independent. 
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Exercises 


5.1 The group SL(2,C) 


a) Write down the explicit SL(2,C) matrices corresponding to translations, rotations, 
dilations, and special conformal transformations. 


b) Given three points z), 22, and 23, find the explicit SL(2, C) transformation (5.12) that 
maps these three points respectively to 0, 1, and oo. 

We have seen in Chap. 4 that the global conformal group in Euclidian space is isomorphic to 
SO(d+1, 1). Ford = 2, this means that SL(2, C) should be isomorphic to the Lorentz group 
SO(3, 1) of Minkowski four-dimensional space-time. The Lorentz group is the set of linear 
transformations on a four-vector x“ that leaves the interval s? = (x°)? —(x!)* —(x?)? — (x3) 
invariant. To x“ we may associate a 2 x 2 matrix X = xo", where o!”? are the usual Pauli 
matrices and o° is the unit matrix. 


c) Show thats? = det X and that any transformation X —> S'XS leaves the interval invariant 
if S is a SL(2, C) matrix, and vice versa. Conclude on the isomorphism of SL(2, C) with 
the Lorentz group. What about the topology of these two groups? Hint: Changing the sign 
of the SL(2, C) matrix should have no consequence on the Lorentz transformation. 


5.2 Cluster property of the four-point function 

Consider the expression (5.28) for a generic four-point function. Show how a product of 
two-point functions is recovered when the four points are paired in such a way that the 
two points in each pair are much closer to each other than the distance between the pairs. 
You must assume that the scaling dimensions are positive (i.e., that the correlations do not 
increase with distance). 


5.3 Four-point function for the free boson 
Calculate the four-point function (dgdgdgdg) for the free boson using Wick’s theorem. 
Compare the result with the general expression (5.28). What is the function f(7, 7) ? 


5.4 Verify the details of the calculation of the OPE of the energy-momentum tensor with 
itself, in Eqs. (5.83), (5.100), (5.117), and (5.120). 


5.5 Free complex fermion 
Given two real fermions yy, and y, one may define a single complex fermion y and its 
Hermitian conjugate y' this way (with holomorphic and antiholomorphic modes): 


1 es een Oe 
= (hi +i = (hi +i) 
y a 2) v ya 177) 
] * ae 2 
t— —_(y, -i t= —(y, —iv) 
wv Wed v2) y ya Wo 
The real fermions y, and y are governed by the action and energy-momentum tensor of 
Sec .5.2. 
a) Show that the OPE of the complex fermion with itself is 


vi@wtw) ~ cont wav) ~ v(z)twGw)t ~ 0 (5.195) 


(5.194) 


b) Show that the energy-momentum tensor may be expressed as 
1 
T(z) = 5 (av"b — v'ay) (5.196) 


and that the conformal dimension of y is 3 and that the central charge isc = 1. 
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c) Show that the action describing the complex fermion system may be written as 
S[v] =2 if x vy yaw (5.197) 


where VW = (y, W') is a two-component field. 


5.6 Generalized ghost system 
The ghost system may be generalized to a pair of fields b(z) and G(z), either both 
anticommuting (€ = 1) or commuting (« = —1). Their OPE is defined to be 


E@bw)~ —— Bw) ~ —~— (5.198) 
and the associated energy-momentum tensor is defined as 
T(z) = (1 — A)(ab2)(z) — A(b)(E(2) (5.199) 
where A. is some constant. 
a) Show that the ghosts b(z) and ¢(z) have, respectively, dimensions 4 and 1 — 2 
b) Calculate the central charge of this system. Answer: 
c = —2e(6\7 — 6A + 1). (5.200) 
What is the range of c if A is real ? 


5.7 Calculate explicitly the transformation property of the energy-momentum tensor of a 
free fermion using the point-splitting method, as has been done for the free boson. Check 
that the Schwarzian derivative appears there also, with the correct value of the central charge. 


5.8 Express all components of the Schwinger function (4.77) in terms of holomorphic 
coordinates. What are the only nonzero (anti)holomorphic components of the Schwinger 
function? 

5.9 The Schwarzian derivative 

a) Demonstrate explicitly the group property (5.130) of the Schwarzian derivative. 

b) Show that the Schwarzian derivative of the SL(2, C) transformation (5.12) vanishes. 
5.10 Demonstrate in detail the expressions (5.185) and (5.186) for the Laplacian in a locally 
inertial frame near the origin. 

5.11 Heat kernel on a sphere 

The Laplacian operator on a sphere of radius r embedded in three-dimensional space is 


A = —L*/r’, where L is the angular momentum operator of quantum mechanics. 
a) Show that the heat kernel G(x, x; t) is given by 
Gle.xs = 5 oy Vinee (5.201) 


lm 


where x stands for the angular coordinates (0, ~). The spherical harmonics Y;,,,(6, y) are 
eigenfunctions of L? and L,: 


LY jm = UL + WY ign L,Yim = MY im (5.202) 
b) By setting x = 0 (the north pole 6 = 0) and using Euler’s summation formula, show 
explicitly that 
1 


: 
60,0 a (5.203) 
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This result agrees with Eq. (5.167), since the scalar curvature R of a sphere of radius r is 
Re 2r*. 


Notes 


The seminal work of Belavin, Polyakov, and Zamolodchikov [36] (henceforth referred to 
as BPZ; see also [35]) had an immense influence on the developments of two-dimensional 
conformal field theory. Some of these developments are described in many review articles 
and lecture notes. Of note are those of Alvarez-Gaumé, Sierra, and Gomez {12}, Cardy [68, 
69], Christe and Henkel [76], Ginsparg [177], Saint-Aubin [312], and Zamolodchikov and 
Zamolodchikov [367]. A large chapter of the two-volume set by Itzykson and Drouffe [203] 
is devoted to conformal invariance in two dimensions. Recent books [235, 227] cover a great 
variety of subjects. The collection of reprints assembled by Itzykson, Saleur, and Zuber [204] 
is a handy reference and contains an extensive bibliography (up to 1989). The two-volume 
set by Green, Schwarz, and Witten [187] on superstring theory also contains a generous 
bibliography in which early work on free-field theories can be found. 

The use of holomorphic and antiholomorphic coordinates in the context of string theory 
appears in Polyakov (297, 298] and in a lecture by Friedan [139]. The definition of a primary 
field appeared in BPZ [36]. The Ward identities were used extensively in BPZ, but the 
conformal Ward identity appears in the present form in Ref. [142]. The alternate derivation 
of the Ward identities on a Riemannian manifold follows the presentation of H. Kawai [233]. 
The operator product expansion was first introduced in field theory by Wilson [356] and 
Kadanoff [223]; it was used in string theory by Friedan [139] (see also [142]). 

Bosons, fermions, and ghosts in dimension two were studied in the context of string 
theory. Fermions were introduced in string theory by Ramond [302] and Neveu and 
Schwarz [281]. Reparametrization ghosts were introduced in string theory by Polyakov 
[297, 298]; the extension of bosons, fermons, and ghosts to superstrings was studied in 
Friedan, Martinec, and Shenker [142], in which a detailed discussion of the relation between 
string theory and conformal field theory can also be found. 

It was recognized in BPZ [36] that the central charge is a fundamental characteristic 
of a conformal field theory. Its deeper significance as a measure of the number of degrees 
of freedom in a theory is discussed by Zamolodchikov [363]. The behavior of the energy- 
momentum tensor under conformal transformation appeared in BPZ [36]; the argument 
given in this chapter for the free boson is due to Cardy [69]. The interpretation of the central 
charge as a Casimir energy is due to Affleck [1] and Bléte, Cardy, and Nightingale [49]. 
Our treatment of the trace anomaly follows H. Kawai [233], derived from the original work 
of Polyakov [297]. 


CHAPTER 6 


The Operator Formalism 


In the previous chapter, the consequences of conformal symmetry on two- 
dimensional field theories were embodied in constraints imposed on correlation 
functions known as the Ward identities. These Ward identities were most easily 
expressed in the form of an operator product expansion of the energy-momentum 
tensor with local fields. It was implicit, however, that operator product expansions 
were occurring within correlation functions and no use was made of any oper- 
ator formalism or Hilbert space: The correlation functions could in principle be 
obtained in the path integral formalism. 

Hilbert spaces and operators are nonetheless extremely useful in conformal 
field theory because of the power of algebraic and group-theoretical methods. The 
operator formalism of quantum mechanics implies a choice of reference frame, as 
it is not manifestly Lorentz invariant; this amounts to choosing a time axis in space- 
time. In a Euclidian theory, the time direction is somewhat arbitrary; in particular, 
it may be chosen as the radial direction from the origin. This is the object of radial 
quantization, described in Sect. 6.1. The use of complex coordinates then allows a 
representation of commutators in terms of contour integrals, making the operator 
product expansion a particularly useful computational tool. Section 6.2 expresses 
the conformal transformation of fields in terms of quantum generators, whose 
commutation relations define the Virasoro algebra. The general features of the 
Hilbert space and the notion of descendant states are also introduced. Section 6.3 
discusses at length the quantization of the free boson on the cylinder with various 
boundary conditions. Some notions introduced here (e.g., vertex operators) will be 
of great importance later. Section 6.4 gives a comparable treatment of free fermions. 
Section 6.5 describes a new definition of normal ordering for interacting conformal 
fields. Section 6.6 introduces the notion of descendant fields, conformal families 
and operator algebra, and is of special importance for a good understanding of the 
structure of conformal field theories. 
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§6.1. The Operator Formalism of Conformal Field 
Theory 


6.1.1. Radial Quantization 


The operator formalism distinguishes a time direction from a space direction. This 
is natural in Minkowski space-time, but somewhat arbitrary in Euclidian space- 
time. In the context of statistical mechanics, choosing time and space directions 
amounts to selecting a direction in the lattice (e.g., rows) that we call “space”, and 
defining a space of states spanned by all the possible spin configurations along that 
direction. The time direction is then orthogonal to space, and the transfer matrix 
makes the link between state spaces at different times. In the continuum limit the 
lattice spacing disappears and we are free to choose the space direction in more 
exotic ways, for instance along concentric circles centered at the origin. This choice 
of space and time leads to the so-called radial quantization of two-dimensional 
conformal field theories. 

In order to make this choice more natural from a Minkowski space point of view 
(in particular in the context of string theory), we may initially define our theory 
on an infinite space-time cylinder, with time ¢ going from —oo to +00 along the 
“flat” direction of the cylinder, and space being compactified with a coordinate x 
going from 0 to L, the points (0, t) and (L,¢) being identified. If we continue to 
Euclidian space, the cylinder is described by a single complex coordinate § = t+1x 
(or equivalently & = t — ix). We then “explode” the cylinder onto the complex 
plane (or rather, the Riemann sphere) via the mapping illustrated on Fig. 6.1. 


z = eel (6.1) 


The remote past (t — —oo) is situated at the origin z = 0, whereas the remote 
future (t + +00) lies on the point at infinity on the Riemann sphere. 


Figure 6.1. Mapping from the cylinder to the complex plane. 


We must also assume the existence of a vacuum state |0) upon which a Hilbert 
space is constructed by application of creation operators (or their likes). In free- 
field theories, the vacuum may be defined as the state annihilated by the positive 
frequency part of the field (see Sect. 2.1). For an interacting field @, we assume 
that the Hilbert space is the same as for a free field, except that the actual energy 
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eigenstates are different. We suppose then that the interaction is attenuated as 
t — oo and that the asymptotic field 


Gin & lim p(x,t) (6.2) 


is free. Within radial quantization, this asymptotic field reduces to a single operator, 


which, upon acting on |0), creates a single asymptotic “in” state: 


In) = lim, $(2,2)|0) 6.3) 


THE HERMITIAN PRODUCT 


On this Hilbert space we must also define a bilinear product, which we do indi- 
rectly by defining an asymptotic “‘out” state, together with the action of Hermitian 
conjugation on conformal fields. In Minkowski space, Hermitian conjugation does 
not affect the space-time coordinates. Things are different in Euclidian space, since 
the Euclidian time t = it must be reversed (t — —t) upon Hermitian conjugation 
if t is to be left unchanged. In radial quantization this corresponds to the mapping 
Zz — 1/2*. This (almost) justifies the following definition of Hermitian conjugation 
on the real surface Z = z*: 


[o(z, ZI = Z-%*2-*G(1/2, 1/2) (6.4) 


where by assumption @ is a quasi-primary field of dimensions h and h. The 
prefactors on the r.h.s. may be justified by demanding that the asymptotic “out” 
state 


(Pour! = IGin)*? (6.5) 


have a well-defined inner product with |¢,,). Following the definition (6.4) of 
Hermitian conjugation, this inner product is 


(Poulin) =, tim (O1b(z, 2)' bw, w)|0) 


Z,Z,W,w> 


= lim 2% OIG(1/Z, V/z)o(w, w)|0) (6.6) 


Z,2,w,w>0 


tim E £2" (O1B(E, £)6(0, 0)|0) 


According to the form (5.25) of conformally covariant two-point functions, the 
last expression is independent of &, and this justifies the prefactors appearing in 
Eq. (6.4): Had they been absent, the inner product (Dou !Pin) WOuld not have been 
well-defined as € — oo. Notice that the passage from a vacuum expectation value 
to a correlator in the last equation is correct since the operators are already time- 
ordered within radial quantization: The first one is associated with t > oo and the 
second one to f + —oo. 
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MODE EXPANSIONS 
A conformal field $(z, Z) of dimensions (h, h) may be mode expanded as follows: 


0,2) = SS Na 26, 


meZ neZ 


a sil : (6.7) 
Pn = a fac Me ee § dz Z"th) b(z, 2) 
A straightforward Hermitian conjugation on the real surface yields 
fay = > Te (6.8) 
meZ neZ 
while the definition (6.4) gives instead 
(2, Z)' = 2% e-* (1/2, 1/2) 
= Z-%hz-th > Ly peed 
meZ neZ (6.9) 
= a > ¢ z-m-hz-n-h 
—m,—n 
meZ neZ 


These two expressions for the Hermitian conjugate of the mode expansion are 
compatible provided 


a (6.10) 


This is the usual expression for the Hermitian conjugate of modes, and justifies 
the extra powers of h and h occurring in Eg. (6.7). If the “in” and “out” states are 
to be well-defined, the vacuum must obviously satisfy the condition 


Pn,n|\0) = 0 (m > —h,n > —-h) (6.11) 


In the following, we shall lighten the notation by dropping the dependence of 
fields upon the antiholomorphic coordinate. Thus, the mode expansions (6.7) will 
take the following simplified form: 


(2) = Doz "6, 
meZ 


1 m+h-1 a 
Pin = ray § dz fe, g(z) 


It must be kept in mind, however, that the antiholomorphic dependence is al- 
ways there. The decoupling between holomorphic and antiholomorphic degrees 
of freedom that pervades conformal theories makes it a simple task to restore the 
antiholomorphic dependence when needed. 


6.1.2. Radial Ordering and Operator Product Expansion 


Within radial quantization, the time ordering that appears in the definition 
of correlation functions becomes a radial ordering, explicitly defined by (cf. 
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Eq. (2.77)) 
© (z)®,(w) if lz) >|wl 


(6.13) 
©,(w)®,(z) if |z| < lw 


R® (z)®,(w) = 
If the two fields are fermions, a minus sign is added in front of the second ex- 
pression. Since all field operators within correlation functions must be radially 
ordered, so must be the I.h.s. of an OPE if it is to have an operator meaning. In 
particular, the OPEs written previously have an operator meaning only if |z| > |wI. 
We shall not write the radial ordering symbol R every time, but radial ordering 
will be implicit. 
We now relate OPEs to commutation relations. Let a(z) and b(z) be two 
holomorphic fields, and consider the integral 


f dzGean) (6.14) 


wherein the integration contour circles counterclockwise around w. This expres- 
sion has an operator meaning within correlation functions as long as it is radially 
ordered. Accordingly, we split the integration contour into two fixed-time cir- 
cles (see Fig. 6.2) going in opposite directions. Our integral is now seen to be a 
commutator: 


f ae ne f dza(z)b(w) — f dz bw)a(2) 
= [A,b(w)] 


where the operator A is the integral over space at fixed time (i.e., a contour integral) 
of the field a(z): 


(6.15) 


A= f a(z)dz (6.16) 


and where C, and C, are fixed-time contours (circles centered around the origin) of 
radii respectively equal to |w| + € and |w| — e, € being infinitesimal. Naturally, an 
operator relation cannot be obtained from considering a single correlation function. 
We must allow an arbitrary number of different fields to lie beside b(w) and a(z) 
within a generic correlator; the decomposition into two contours is valid as long as 
b(w) is the only other field having a singular OPE with a(z), which lies between 
the two circles C, and C,; this is the reason for taking the limit e — 0. The 
commutator obtained is then, in some sense, an equal time commutator. We note 
that if a and b are fermions, the commutator is replaced by an anticommutator. 
In practice, the integral (6.14) is evaluated by substituting the OPE of a(z) with 
b(w), of which only the term in 1/(z — w) contributes, by the theorem of residues. 

The commutator [A, B] of two operators, each the integral of a holomorphic 
field, is obtained by integrating Eq. (6.15) over w: 


men) = paw f dea) (6.17) 
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Figure 6.2. Subtraction of contours. 


where the integral over z is taken around w, and the integral over w around the 
origin, and where 


pe f ADE p= f b(2)dz (6.18) 


Formulas (6.15) and (6.17) are important: They relate OPEs to commutation re- 
lations, and allow us to translate into operator language the dynamical or symmetry 
statements contained in the OPE. 

We note that whenever a contour integral is written without a specified contour, 
it is understood that we integrate at fixed time (i.e., along a circle centered at the 
origin). Otherwise the relevant points surrounded by the contours are indicated 
below the integral sign. 
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6.2.1. Conformal Generators 


We apply Eqs. (6.15) and (6.17) to the conformal identity (5.46). We let €(z) be 
the holomorphic component of an infinitesimal conformal change of coordinates. 
We then define the conformal charge 


1 
or f dz €(z)T(z) (6.19) 
2m 
With the help of Eq. (6.15), the conformal Ward identity translates into 
5.o(w) = -[0,, 0(w)] (6.20) 


which means that the operator Q, is the generator of conformal transformations—in 
other words, the conformal charge, in the spirit of Eq. (2.163). 
We expand the energy-momentum tensor according to (6.7): 


TG) ae Lh ee = f dz z"*'T(z) 


2n1 
— é (6.21) 
Qe.  e, «OL, = Se f dzz 1) 


neZ 
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We also expand the infinitesimal conformal change €(z) as 


ee) =a 1G, (6.22) 


neZ 


Then expression (6.19) for the conformal charge becomes 


Q.= > éLn (6.23) 


neZ 


The mode operators L,, and Ee of the energy-momentum tensor are the generators 
of the local conformal ‘transformations on the Hilbert space, exactly like @,, and he 
of Eq. (5.18) are the generators of conformal mappings on the space of functions. 
Likewise, the generators of SL(2, C) in the Hilbert space are L_,, Ly, and L, (and 
their antiholomorphic counterparts). In particular, the operator L, + Ly) generates 
the dilations (z,Z) — A(z,Z), which are nothing but time translations in radial 
quantization. Thus, L, + | is proportional to the Hamiltonian of the system. 

The classical generators of the local conformal transformations obey the algebra 
(5.19). The quantum generators L,, obey an identical algebra, except for a central 
term: 


Cc 
(Lj, Lin) = (2 — ML yn + Tiina 
L,J=0 (6.24) 


c 
[L, Lml=n— M)Lnim + pn 5 ah 


where c is the central charge of the theory. This is the celebrated Virasoro algebra. 
It may be derived from the mode expansion (6.21), the OPE (5.121) and Eq. (6.17): 


Li a - c/2 
Ree he cas Paw w § dez a eee 
2T(w) aT(w) 
@—wy? * @ w) o | 


= 55 fa wml EG ner = 


+ 


2(n + 1)w"T(w) + wt! arww)} 


1 2 
= —en(n* — 1)8,40 + 2(n + IL 


12 m+n 
1 
-- —— § dw (n+m+2)w"*™*!T(w) 
2nt 0 
] ' 
= = 7ponln? — Doo tee, (6.25) 
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where, in the third equation, the last term has been integrated by parts. The last 
equation of (6.24) is demonstrated in exactly the same way, and the second equation 
of (6.24) follows from the trivial OPE T(z)T(w) ~ 0. 


6.2.2. The Hilbert Space 


The Hilbert space of a conformal field theory may have an intricate structure, 
which will be discussed in Chapter 7. For the moment we shall simply explain 
some general facts. 


The vacuum state |0) must be invariant under global conformal transformations. 
This means that it must be annihilated by L_,, Ly and L, and their antiholomorphic 
counterparts (this fixes the ground state energy to zero). This, in turn, can be 
recovered from the condition that 7(z)|0) and T(Z)|0) are well-defined as z, Z > 0, 
which implies 

ig\0) — 0 
L,\0) =0 
which includes as a subcondition the invariance of the vacuum |0) with respect to 


the global conformal group. It also implies the vanishing of the vacuum expectation 
value of the energy-momentum tensor: 


(0|7(z)|0) = (O|T(Z)|0) = 0 (6.27) 


Primary fields, when acting on the vacuum, create asymptotic states, eigenstates 
of the Hamiltonian. A simple demonstration follows from the OPE (5.71) between 
T(z) and a primary field ¢(z,Z) of dimensions (h,/), translated into operator 
language: 


Ly lw, w)) = 5 dz 2" Tew, w) 
a 3 f dz zn! k= w)  d¢(w,w) r re, (6.28) 
w C= Wwe 2 
= h(n + 1)w"¢(w,w)+w"tla¢(w,w) = (n= —-1) 
The antiholomorphic counterpart of this relation is 
L,,. o(w, w)] = h(n + Iw" p(w, w) + w"*g(w,w) (N= -1) (6.29) 
After applying these relations to the asymptotic state 


(n > —1) (6.26) 


\n, h) = ¢(0,0)|0) , (6.30) 
we conclude that 
L,|h,h) =h\h,h) L,\h,h) = h\h,h) (6.31) 
Thus |, h) is an eigenstate of the Hamiltonian. Likewise, we have 
LOG A ree (6.32) 


Eien — 0 
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Excited states above the asymptotic state th, h) may be obtained by applying 
ladder operators. Explicitly, if we expand the holomorphic field ¢(w) in modes 
according to (6.12), then we easily find the commutation rule 


[LOml = inh -1)—mldr+m (6.33) 
of which a special case is 
[Lo Onl = —moy, (6.34) 


(the antiholomorphic index, if included, would simply be a spectator). This means 
that the operators @,,, act as raising and lowering operators for the eigenstates of 
Ly: each application of ¢_,,, (77 > 0) increases the conformal dimension of the 
state by m. 

The generators L_,,, (m > 0) also increase the conformal dimension, by virtue 
of the Virasoro algebra (6.24): 


[Lo L_m] = ML_m (6.35) 


This means that excited states may be obtained by successive applications of these 
operators on the asymptotic state |h): 


L_,,L_,,°-*L_4,\h) (=k =--- =k (6.36) 


By convention the L_, appear in increasing order of the k;; a different ordering 
can always be brought into a linear combination of the well-ordered states (6.36) 
by applying the commutation rules (6.24) as necessary. The state (6.36) is an 
eigenstate of L, with eigenvalue 


h' =h+k, +k, +---+k, =h+N (6.37) 


The states (6.36) are called descendants of the asymptotic state |/) and the integer 
N is called the level of the descendant. The number of distinct, linearly independent 
states at level N is simply the number p(N) of partitions of the integer N. It is easy 
to convince oneself, through a Taylor expansion, that the generating function of 
the partition numbers is (cf. Ex. 6.4) 


1 fo. <] 


1 oe _ 
7 a Il =e Dd Peng (6.38) 


where ¢(q) is the Euler function. 

The relevance of descendant states lies in their conformal properties: The effect 
of a conformal transformation on a state is obtained by acting on it with a suitable 
function of the generators L,,,. The subset of the full Hilbert space generated by 
the asymptotic state |) and its descendants is closed under the action of the Vira- 
soro generators and thus forms a representation (more correctly, a module) of the 
Virasoro algebra. This subspace is called a Verma module in the mathematical lit- 
erature. Chap. 7 will develop these ideas further. We shall come back to descendant 
states in Sect. 6.6.1. 
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86.3. The Free Boson 


This section gives a detailed account of the canonical quantization of the free boson 
on the cylinder. The mode expansions are obtained, after imposing the appropriate 
boundary conditions. The mapping from the cylinder to the complex plane is used to 
define the conformal generators and, in particular, the vacuum energies. Free-field 
theories are of special importance not only because they can be solved explicitly, 
but also because they are the building blocks of more complicated models, or can 
be shown to be equivalent to interesting statistical models. This section and the 
following one will be applied extensively when discussing modular invariance, in 
Chap. 10. Note that we generally adopt the normalization g = 1/47, except when 
we keep the normalization arbitrary in order to make comparison with other work 
easier. 


6.3.1. Canonical Quantization on the Cylinder 


We let v(x,t) be a free Bose field defined on a cylinder of circumference L: 
g(x + L,t) = g(x,t). This field may be Fourier expanded as follows: 


Kany eo) 


1 (6.39) 
9,,(t) = L [acer ol, t) 
In terms of the Fourier coefficients ¢,,, the free field Lagrangian 
1 
38 / dx {(a,9)* — (3,¢)"} (6.40) 


becomes 


1 2nn\? 
5 PDs — Nie 6.41 
{00 ( L ) ot (6.41) 
The momentum conjugate to ¢,, is 
Ty, =BLO_» [Pn % in) = am (6.42) 


and the Hamiltonian is 


1 2 
Se 2 (6.43) 
H 2eL DL Lan +( mg) ?,P_n} 


We notice that gy’ = g_,,, and similarly 7) ere, OF course, this Hamiltonian 
represents a sum of decoupled harmonic oscillators, of frequencies w,, = 2n\n /L. 
The vanishing of one of the frequencies (n = 0) is of special importance, since It 1s 
a consequence of the absence of a mass term, which, with the boundary conditions 
chosen, is tantamount to conformal invariance. 
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The usual procedure is to define creation and annihilation operators ,, and Gi: 


1 
a4, = ———. 
"_/4zg\n! { 
such that [@,,,d,,,] = 0 and aya) = = 6,,n) this, of course, does not work for the 
zero-mode g,. Instead of these we shall use the following operators: 


| -iJ/na,  (n>0) a | -iJ/na_, (n>0) 
es Gs 


—na', (n<0) —n at (n < 0) 


2ng|n|y,, +i_,) (6.44) 


(6.45) 


and treat the zero mode ¢ separately. The associated commutation relations are 
[a,,, a) = 18,4m [4,,14,] =0 [a,,, a,,] =a No, +m (6.46) 


The Hamiltonian is then a as 


H = ——n ee — ze eae, +a_,a,,) (6.47) 
“el LD 
The commutation relations (6.46) lead to the relation 
20 
[H,a_,,]= 7 tm (6.48) 


which means that a_,, (7 > 0), when applied to an eigenstate of H of energy E, 
produces another eigenstate with energy E + 2mm/L. 
Since the Fourier modes are 


i 


= ——(a,-@a 6.49 
Py n oe a_,,) ( ) 
the mode expansion at t = 0 es be written as 
9x) = + re —(a,, — G_, ent (6.50) 
Jang Sen 


The time evolution of the operators ¢,a,,,and4@,, in the Heisenberg picture follows 
immediately from the above Hamiltonian: 


an (t) ae a, (jer ™ 
G,,(t) = &,(O)es ee 


In terms of constant operators, the mode expansion of the field at arbitrary time is 
then 


1 : : 
g(x, t) = G+ aL si asa —. =a _ (1, e2tin(x—O/L -_ a female (6.52) 


1 
Po(t) = Yo(0) + mee (6.51) 


If we go over to Euclidian space-time (i.e., replace t by —it) and use the conformal 
coordinates 


2n(t—ix/L 


z=e Z = ertrtix WL (6.53) 


§6.3. The Free Boson 161 
we finally obtain the expansion 


- 1 
9(Z,Z) = Y — ang”? 


7 + AZ") (6.54) 
/4ng Sgn 


We know that ¢ is not itself a primary field, but that its derivatives dy and dp 
are. We concentrate on the holomorphic field dy. From Eq. (6.54) the following 
expansion follows: 


@) — ee cares haere =—n—| 
tle) — oe Fas 2a (6.55) 


(the normalization g = 1/47 will usually be used in this work). This expansion 
coincides with the general conformal mode expansion (6.7). We may introduce 
two operators a, and a): 


= To 
a, =a, = 6.56 
0 0 Jang (6.56) 
which allow us to include the zero-mode term into the sum: 
1 
idg(z) = —— ) az"! 6.57 


The periodicity condition on the field ¢ is the source of the decoupling between 
holomorphic and antiholomorphic excitations. Thus, the operators a,, create or de- 
stroy “right-moving” excitations, whereas the a,, are associated with “left-moving” 
excitations. In string theory applications, these boundary conditions describe a 
closed string. The zero-mode gp is then the center-of-mass of the string (or, more 
precisely, one of the components thereof) and zz is the string’s total momentum. 


6.3.2. Vertex Operators 


Since the canonical scaling dimension of the boson ¢ vanishes, it is possible to 
construct an infinite variety of local fields related to y without introducing a scale, 
namely the so-called vertex operators: 


V_(z,Z) =:e°): (6.58) 


The normal ordering has the following meaning, in terms of the operators appearing 
in the mode expansion (6.54): 


Vez) = "exp ea + i aa SB —(a_,2" +4.,2] 
J4ng 4p 


(6.59) 


= Te a —(a,z" +342) 


n>0 


Within each exponential, the different operators commute. 
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We shall now demonstrate that these fields are primary, with holomorphic and 
antiholomorphic dimensions 


oe (6.60) 
h(a) = h(a) = = : 
We first calculate the OPE of dg with V,: 
oo Se 
ay(z)V,(w,w) = >> 


n=0 


fe a Se re oe (6.61) 


——ag(z) :o(w,w)": 
ios 


Next, we calculate the OPE of V, with the energy-momentum tensor: 


T(2)V,(w,w) = —2ng )> a :d9(z)dg(z):: p(w, Ww)”: 
n=0 . 


1 1 Ye ow. wy 
n=2 


~~ Bag (z — w)? n—2)! 
= n :d9(z)o(w, Ww)": 
z—-w n! 
a Viw,w)  a,V(w,w) 
81g (z—w)? zZ—w ae 


To the n-th term in the summation we have applied 2n single contractions and 
n(n—1) double contractions. We have replaced d¢(z) by dy(w) in the last equation 
since the difference between the two leads to a regular term. It is now clear by the 
form of this OPE that V, is primary, with the conformal weight given above. The 
OPE with T has exactly the same form. 

In order to calculate the OPE of products of vertex operators, we may use the 
following relation for a single harmonic oscillator: 


reAt 2142: = 1eAitAr, 9fAiA2) (6.63) 


where A; = @,a + B,a' is some linear combination of annihilation and creation 
operators (this relation is demonstrated in App. 6.A). Since a free field is simply 
an assembly of decoupled harmonic oscillators, the same relation holds if A, and 
A, are linear functions of a free field (see also Ex. 6.7). In particular, we may write 


1e20! ::e>t2. — :e%vitbor. eablvigr) (6.64) 
Applied to vertex operators, this relation yields 


V,(z,2)Vg(w, w) ~ |z — w/ahare Vas p(w, Ww) +--- (6.65) 
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However, we have seen previously that invariance under the global conformal 
group forces the fields within a nonzero two-point function to have the same 
conformal dimension. Furthermore, the requirement that the correlation function 
(V,(z,2)V,(w, w)) does not grow with distance imposes the constraint af < 0, 
which leaves a = —f as the only possibility (g¢ = 1/41): 


V,(z,Z)V_,(w,W) ~ |z — wl” +--- (6.66) 


In general, the correlator of a string of vertex operators V, vanishes unless the 
sum of the charges vanishes: }°; a; = 0; this will be demonswenedii in Chap. 9, in 
which vertex operators will be further studied. From now on, the normal ordering 
of the vertex operator will not be explicitly written but will always be implicit. 


6.3.3. The Fock Space 


The independence of the Hamiltonian (6.47) on g, implies that the eigenvalue of 
MT, is a “good” quantum number, which may label different sets of eigenstates of 
H. Since 1, commutes with all the a, and a, , these operators cannot change the 
value of To and the Fock space is built upon a one-parameter family of vacua |q), 

where a is the continuous eigenvalue of ay = 7/,/47g. As mentioned above, 

the conformal modes a,, and @,, are annihilation operators for n > 0 and creation 
operators for n < 0 (this is also in accordance with the general expansion (6.7) 
and the definition of the conformal vacuum): 


a,|a) =a,la)=0 (n>0) with apla) = ala) = ala) (6.67) 
As we know, the holomorphic energy-momentum tensor is given by 
T(z) = —2ng : d9(z)ag(z): 
1 6.68 
= pe gn-m-2 Qa: ( ) 


nmeZ 
which implies (for g “lead 
=5> ay,—m4m (n F 0) 


2 nek 


i= tana a, + 5a 


n>0 


(6.69) 


and similarly for antiholomorphic modes. The Hamiltonian (6.47) may then be 
written as 


2 Z 
H = + Ly + Ly) (6.70) 


This confirms the role of L, + Ly as a Hamiltonian, modulo some multiplicative 
factor. The mode operators a,,, play a role vis-a-vis Ly similar to L,,,, because of 
the commutation [L,,@_,,,] = 74@_,,. This does not mean that a,,, is equivalent to 
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L,,> but rather that its effect on the conformal dimension (the eigenvalue of Ly) is 
the same as that of L,,,. 

From expression (6.69) we see that the vacuum |) has conformal dimension 
Sa? (we'set g = 1/47). The elements of the Fock space are, of course, obtained 
by acting on |) with the creation operators 4 _,, and a_,, (n > 0): 


yp Art 


a.a™,...a1a™---|a) (n,m; 2 0) (6.71) 


These states are eigenstates of Ly with conformal dimensions 
1 2 * an 1 2 . 
h= 50° + in, a es Dim; (6.72) 
j j 


Each vacuum |) may be obtained from the “absolute” vacuum |0) by ap- 
plication of the vertex operator V,(z,Z) = ei@22)| We now show explicitly 
that 


la) = V,(0)|0) (6.73) 


We shall proceed by showing that V,(0)|0) is an eigenstate of 77, with eigenvalue 
a, and that a,,|a) = 0 for n > 0. For this we need the Hausdorff formula 


[B,e*] = e*[B, A] (6.74) 


where [B, A] is assumed to be a constant. If we set B = m) and A = iag(z,Z), we 
find 


[t, V,] = eV, (6.75) 
This relation, applied at z = 0 to the invariant vacuum 0), gives 
Ty V,,(0)|0) = aV,(0)|0) (6.76) 


which is one of the desired elements. The other is obtained by setting B = a,,; it 
follows that 


[a,,, V,(z,Z)] = —az"V,(z,Z) (6.77) 


At z = 0, this relation yields a,,V.,|0) = 0 when applied on |0). A similar relation 
holds for a,, (n > 0). 


6.3.4. Twisted Boundary Conditions 


A variant of the free-boson theory may be obtained by assuming antiperiodic 
boundary conditions on the cylinder: g(x + L,t) = —¢g(x,t). This is compatible 
with the Lagrangian (6.40) since the latter is quadratic in g. This twisted boundary 
condition will be fully exploited in Chap. 10, when we discuss modular invariance 
and the orbifold. For the moment, we shall simply be interested in the effect it 
has on the vacuum energy density. Of course, this boundary condition implies that 
the field g is double-valued on the cylinder. Once the cylinder is mapped onto the 
plane, this amounts to defining the theory on a pair of Riemann sheets. 
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The mode expansion (6.54) may be retained, except that the zero-mode now 
disappears, and the summation index n must take half-integral values. This modi- 
fication naturally incorporates the antiperiodicity of y, without affecting the com- 
mutation relations {a,,,a,,,] = 16,,,,,,. We define the operator G that takes g into 
—y: GgG~! = ~g. This operator anticommutes with ¢, and with all the mode 
operators a,,; in fact it brings the system from one Riemann sheet to the other. Since 
G? = 1, its eigenvalues are +1; since it commutes with the Hamiltonian, every 
state has a definite value of G, and the two states |y) and G|w) are degenerate. 
In particular, the ground state is doubly degenerate, and we must distinguish the 
vacua |0,) and |0_), eigenstates of G with eigenvalues +1 and —1 respectively. 

We now proceed to calculate the two-point function with the help of the mode 
expansion. In fact, we also consider the periodic case and verify that the result 

1 
NOOR) Bil) — eae (6.78) 
obtained by path integral methods, may be recovered by operator methods. From 
the mode expansion, we find (|z} > |w|) 


1 
(@)ae(w)) = YP = (aya,)z "wo (6.79) 
mn#0 
But (a,,d,,.) = 6,4, ifn > 0, and 0 otherwise. It follows that 
1 w\" 
ian = 6.80 
(o(z)ag(w)) = — » ( : ) (6.80) 


So far we have not specified the periodicity or antiperiodicity of the field. In 
the periodic case, the summation index n takes positive integral values, and the 
correlator becomes 


1 wiz 1 
(g(z)dg(w)) = = 


(6.81) 
l1—-wiz Z-w 
If we differentiate with respect to z, we recover the two-point function written 
above. 

In the antiperiodic case, the summation index starts at n = 5 and takes half- 
integral values thereafter. The vacuum expectation value is taken in one of the two 


ground states (or a combination thereof) and 


1 /w 1 
w@aew)) = it 
wV z1l—wiz (6.82) 
= We l 
~Vwz-w 
Applying 0, yields 
/ J wi: 
One = ee (6.83) 


2 (z-—w) 
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This expression has branch cuts at z = 0,00, and w = 0,00; the antiperiodic 
boundary condition on g as z circles around the origin is incorporated in the 
square roots. The periodic and antiperiodic two-point functions coincide in the 
limit z > w, meaning that the short distance behavior of the theory is independent 
of the boundary conditions. 

The vacuum energy density may be obtained from the following normal ordering 
prescription 


(T@) = 5 lim (Gaze + €)dg(z)) + =) (6.84) 


from which it follows that (7(z)) = 0 in the periodic case, on the plane. The same 
calculation applied to Eq. (6.83) gives 


1 
(FZ) = T6z2 (6.85) 


Since Ly is the coefficient of 1/z” in the mode expansion of the energy-momentum 
tensor, this nonzero expectation value implies a constant term in the expression 
for Ly in terms of modes, in the antiperiodic case: 


1 
i aa 7 (6.86) 


n>0 


On the cylinder, the vacuum expectation value of the energy-momentum tensor 
must be shifted by a constant, according to Eq. (5.138): 


1 f2n\4 
== (F) (periodic) 
(Toy1.) = eee (6.87) 


These vacuum expectation values may be used to fix the constants added to the 
Hamiltonian when expressed in terms of the mode operators on the cylinder. If we 
write 


2 2 
i = (Codey + (Lo) cy.) (6.88) 
then 


1 nes 
(Lo) cyt aa a a_,a,, — 24 (periodic) 
>0 
: (6.89) 
(Loon, =) 4_n@, + — >  (antiperiodic) 
n>0 48 
This difference between antiperiodic and periodic boundary conditions in the vac- 
uum energies will also appear when considering fermions, although in the opposite 
manner, as we shall discover. 
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6.3.5. Compactified Boson 


The invariance of the free-boson Lagrangian (6.40) with respect to translations 
gy —> y+const. means that it is possible, without modifying too much the dynamics 
of the field, to restrict the domain of variation of g to a circle of radius R. In 
other words, we may identify g with g + 27R, thereby giving ¢ the character of 
an angular variable. This brings the following two modifications to our previous 
analysis: First, the center-of-mass momentum 7, can no longer take an arbitrary 
value: it must be an integer multiple of 1/R, otherwise the vertex operator V, is no 
longer well-defined. Second, we may adopt the more general boundary condition 


g(x + L,t) = g(x,t) + 27mR (6.90) 


under which the field g winds m times as one circles once around the cylinder (m 
is the winding number of the field configuration). These two considerations lead 
naturally to the following modified mode expansion (cf. Eq. (6.52)): 


ere n rises HE 
Q\X,T) = Po gRL ii 


i 1 Qnik(x—D/L = 2ik(x+t)/L 
+ ——_— = (a e —a_yé ) 
J 4g BD as : 


If we express this expansion in terms of the complex coordinates z and Z, we find 


(6.91) 


l 
g(Z,Z) = Po =i (nlangR + sm) Inz + ——= J yj pe* 


‘in (6.92) 
—i|n/4rgR — sm) ing > 1a, a-* 
( Ta 
The holomorphic derivative 7g then has the aii 
iay(z) = (n/4ngR + = wm) += oe (6.93) 
VANE 1.20 


The expression (6.69) for L, and that of its antiholomorphic counterpart 
specialize to 


= + 27, e +-— : mk) 
=o Ann B 4ngR 2 
(6.94) 


n 1 : 
— =) mes + 2ng (sR = sm) 


n>0 


Once exploded onto the plane, the winding configurations (m # 0) are vortices 
centered at the origin. This is strongly reminiscent of the classical XY spin model, 
in which similar configurations arise. It is then possible to define an operator 
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creating such a configuration of vorticity 7 with momentum value n. Such an 
operator has conformal dimension 


1 2 
Poy, = 278 (<3 te sm) (6.95) 


We shall come back to this matter in Chap. 10. At this point it suffices to say that 
the vacua (the highest weight states), now labeled |n, 1m), have conformal weight 
h,, ». and are annihilated by all the a,,.. 


§6.4. The Free Fermion 


In this section we proceed to an analysis similar to what was done in the preceding 
section, but this time for free fermions. 


6.4.1. Canonical Quantization on a Cylinder 


The free fermion has the action 
1 
S= Be | d’x wry yay (6.96) 


This system was studied in Sect. 2.1.2 and Sect. 5.3.2. The holomorphic and 
antiholomorphic fields are the two components of the spinor V = (7, y). We have 
found in Sect. 5.3.2 that the OPE between yw and itself is 


V(z)yw) ~ aa (6.97) 
He 


wherein the normalization g = 1/27 was chosen. This result was, of course, 
obtained on the plane, with the tacit assumption that the field w was single-valued. 
We also found that the holomorphic energy-momentum tensor is 


Tle) = —5 :W2)ov(2): (6.98) 


and that the central charge of this system is c = 7. the fermion field y having 
conformal dimension h = 3. 

We work on a cylinder of circumference L, and write down the mode expansion 
of the fermion in terms of creation and annihilation operators, as was done in 
Sect. 2.1.2. With our choice of normalization, the mode expansion at a fixed time 


(t = 0) takes the form 


2n Qmikx/L 
W(x) = y = 2 b,e (6.99) 
wherein the operators b, obey the anticommutation relations 


{by,0,} = 8k49,0 (6.100) 
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We must distinguish between two types of boundary conditions: 


W(x+2nL)= w(x) Ramond (R) 


W(x + 2nL) = —w(x) Neveu-Schwarz (NS) (Oy 


In the periodic case (R) the mode index k takes integer values, whereas in the 
antiperiodic case (NS) it takes half-integer values (k € Z+ 5). Of course, the 
action is periodic whatever boundary condition we choose (R or NS). We are in 
the R (resp. NS) sector when the boundary conditions are of the Ramond (resp. 
Neveu-Schwarz) type. 

In the limit where the lattice spacing a goes to zero, the Hamiltonian of 
Sect. 2.1.2 reads 


2r|k| 


H= >> o,b_,b, +E, Wy, = ri 


k>0 


(6.102) 


where E, is some constant having the meaning of a vacuum energy. There is a 
similar Hantiltenian for the antiholomorphic component 7, and one must consider 
the sum of these two Hamiltonians in the complete theory. The time evolution of 
the mode operators in the Heisenberg picture is 


bh) =b, Oe" (6.103) 


The mode expansion of the time-dependent field y may then be written as 


Wx, = = Decne (6.104) 
k 


where we have introduced the complex coordinate w = (1 —ix), t being the usual 
Euclidian time. 

In the R sector there exists a zero mode by which does not enter the Hamiltonian 
and leads to a degeneracy of the vacuum: If we define a vacuum |0) annihilated by 
all the b, with k > 0, then the state b,|0) is degenerate to |0), and is annihilated 
by the same by. Because of the anticommutation relations (6.100), the zero-mode 


operator obeys the relation bj = 5. 


6.4.2. Mapping onto the Plane 


The cylinder is mapped onto the plane by introducing the coordinate z = e?"”". 


Since the field y has conformal dimension , it is affected by this mapping, in 


contrast with the free boson: according to Fa. (5. 22) we have 


d 1/2 
Vey. (w) — at Vox: (2) = (z) Vou. (z) 


2 
= Yn) 


(6.105) 
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On the plane the field has thus the following mode expansion: 
Vie. 0,2? (6.106) 
k 


In the Ramond sector, this coincides with the general mode expansion (6.7). The 
factor ./z picked up in the transformation has interchanged the meanings of the 
two types of boundary conditions when z is taken around the origin: The NS 
condition now corresponds to a periodic field (k € Z + +) and the R condition to 
an antiperiodic field (k € Z): 


y(e?"z) = —Y(z) Ramond (R) 
v(e?"z)= vz) Neveu-Schwarz (NS) 
The field y is double-valued on the plane under Ramond conditions. This has 
consequences on the two-point function, which will be different from the NS two- 


point function. We first calculate the two-point function in the NS sector from the 
mode expansion: 


(6.107) 


(W@W) = SO zw! (b,b,) 
k,qeéZ+1/2 
= = zk Vay k-V2 


keZ+1/2, k>0 
(6.108) 


This agrees with the OPE (6.97) and with the general relation (5.25). However, in 
the Ramond sector, the result is different: 


((z)¥(w)) = p> Zr ay INE iayb 
qQez 

1 = —k-1/2 —1/2 

ze ge 

i jaw * 2 


ee fs een Arr 
=F [3+ D(“) | 
a ee 
2./2w Z—w 
_ lvdw + Vwi 


2 Z—w 


(6.109) 


This result coincides with the previous one in the limit w — z. The two-point 
function picks up a sign when z or w is taken around the origin. Strictly speaking 
this correlator must be defined using Riemann sheets for the variables z and w. 
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From the above expression for the two-point function, we may easily show that 
the energy-momentum tensor has a nonzero vacuum expectation value on the plane, 
contrary to the NS case. We need to use the same normal-ordering prescription as 
for the boson: 


(T(z)) = 5 tim (-1we + e)d(z)) + z) (6.110) 


which leads to (7(z)) = 0 in the NS sector, as is trivially verified. In the R sector, 
the same calculation yields 


Gri vdw + Jwiz 1 
ON) = 4 Be (A) ae — wy 


(6.111) 
1 


1622 


6.4.3. Vacuum Energies 


We now find an expression for the conformal generators L,, in terms of the mode 
operators b, for the two types of boundary conditions on the plane. The expression 
(6.98) for the energy-momentum tensor leads to 


a — 5+ 5 —)z —q- 1/2, —k-—3/2 . :b, oe 


(6.112) 
= 5 » 7k + yer sD aD, 
nk 
From this, we extract the conformal generator 
1 1 
L,=5 yik+ 5) bn abe: (6.113) 
k 


If we fix the constant to be added to L, from the vacuum energy density (like we 
did for the boson), we find 


1 
= be, es 

ea (6.114) 
jb = kb by + = = (R:keZ) 


k>0 


We apply this result to the calculation of the vacuum energies on the cylin- 
der. From Eg. (5.138), we see that the vacuum expectation values of the 
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energy-momentum tensor on the cylinder are 


2 
-z (=) NS sector 
CD) — 2 (6.115) 
iP 9s 
—{— R sector 
24 ( 1G ) 


In general, the Hamiltonian on the cylinder may be written as in Eq. (6.88) or, 
equivalently, as 


HE = * (Lp my A =) (6.116) 


We have checked this explicitly for the boson in the last section. The added constant 
(c/12) ensures that the vacuum energy of the Hamiltonian vanishes in the L > oo 
limit in the NS sector. We could split the Hamiltonian into a contribution H, from 
the holomorphic modes plus a contribution H, from the antiholomorphic modes, 
with 


eS = (Lo - =) (6.117) 


From the above considerations, we see that the correct expressions for Hp in terms 
of modes, in the two sectors, is indeed given by Eq. (6.102), which further confirms 
Eq. (6.116), with the following vacuum energies: 


—-- NS sector 
L 48 
5, Fo = 1 (6.118) 
_ R 
Se 7A sector 


The similar result obtained for the boson field had the periodic and antiperiodic 
values interchanged. 

This result could have been obtained in a different way, using ¢-function reg- 
ularization. We now explain how. The vacuum energy term may be thought of as 
the result of filling all the states in the Dirac sea (cf. Eq. (2.43)): 


2x | 1 
cae |e mb} 
TEM 
De || a 
~ Flea - ire 


k>0 


(6.119) 


As such, Ey is formally infinite. However, it may be regularized by means of the 
generalized Riemann ¢-function: 


&(s,q) = (6.120) 


eer 


The usual Riemann ¢-function is ¢(s) = ¢(s, 1). The above series definition is 
valid provided Re s > 1 and q is not a negative integer or zero. However, this 
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function may be analytically continued to other regions of the s plane: its only 
singular point is s = 1. In particular, we have 


Bi) 
=n.9g)= 2) 
¢(—n,q) Pita (n € N, n>0) (6.121) 
where B,,(q) is the n-th Bernoulli polynomial, defined by the generating function 
te*! < jis 
roa er : (6.122) 


and B,,(1) = B,, is the n-th Bemoulli number. The above expression for the 
vacuum energy may then be written as 


1 1 
L eis e) NS sector 
eet Ve - 6.123) 
Sad 1) R sector 


Since B,(x) = x? —x + 3, we find B,(5) = —34 and B,(1) = z» and the values 
(6.118) are recovered. 
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Up to now, we have introduced normal-ordered products only for the very special 
class of free fields. The characteristic property of a free field is that its OPE with 
itself (or various derivatives of this OPE) contains only one singular term, whose 
coefficient is a constant (cf. Eqs. (5.77), (6.97) and (5.108)). The regularization of 
a product of two such fields can be done simply by subtracting the corresponding 
expectation value (cf. (5.80) and (5.98)). In terms of modes, this is equivalent to 
the usual normal ordering in which the operators annihilating the vacuum are put 
at the rightmost positions. 

However, this is no longer true for fields that are not free in the above sense. 
For instance, we see what happens when trying to regularize 7(z)T(w) by sub- 
tracting (7(z)T(w)) from the product 7(z)T(w) as z > w. This prescription will 
eliminate the most singular term, proportional to the central charge. However, the 
two subleading singularities in 7(z)T(w) remain: The simple prescription used 
for free fields does not work in general. It is clear how this prescription should be 
generalized: Instead of subtracting only the vacuum expectation value, we should 
subtract all the singular terms of the OPE. To distinguish this generalized definition 
of normal ordering from that used previously, we shall denote it by parentheses: 
The normal-ordered version of A(z)B(z) will be written (AB)(z). 

More explicitly, if the OPE of A and B is written as 


{AB},, (w) 


In \W) 6.124 
(z—w)" : 


N 
A(2)BWw) = >> 


n=—o0o 
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(N is some positive integer), then 
(AB)(w) = {AB}y(w) (6.125) 


Our definition of the contraction is generalized to include all the singular terms of 
the OPE: 


A(@BWw) = yi a eh (6.126) 
Hence the above expression (6.125) for (AB)(w) may be rewritten as 
(AB)(w) = lim [aoeow -Aeoa| (6.127) 
and the OPE of A(z) with B(w) is expressed as 
A(2)Blw) = A()BGw) + (A(@)BOw)) (6.128) 


where (A(z)B(w)) stands for the complete sequence of regular terms whose 
explicit forms can be extracted from the Taylor nit of A(z) around w: 


(A@Bw)) => 2 =  (ot4B) (w) (6.129) 


k>0 
The method of contour integration provides another useful representation of 
our newly introduced normal ordering: 


az A(z)BWw) (6.130) 
Ww 


(AB)(w) = 5 =f “ 


The equivalence of (6.130) with (6.125) is readily checked by substituting (6.124) 
into (6.130). 

Before translating this expression in terms of modes, a little digression is in 
order. Until now, all Laurent expansions for fields were made around the point 
z = 0 (cf. Eq. (6.7)). But this point is not special, and it is possible to expand 
instead around an arbitrary point w as 


(2) =) —w)" "9, (Ww) (6.131) 
neZ 
In particular, for the energy-momentum tensor, we have 
T(z) =) (@—w)"L,,(w) (6.132) 
neZ 


or equivalently 


L,,(w) = =i dz (z — w)"*! T(z) (6.133) 
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In this way, the OPE of 7(z) with an arbitrary field A(w) can be written as 


TA) = DOG -— wy", Aw) (6.134) 


neZ 


This defines the field (L,A). Comparing this with the expression 


fac Aw) — aA(w) 
ic w)? (z-w) ale, (6.135) 
+ (z—w)(dTA)(w) +--+: 


T(z)A(w) = 


we see that 


(L,A(w) = h,A(w) 


(6.136) 
(L_,A) (w) = dA(w) 
as expected, but also 
1 

(L_,,-24) (w) = = (a"TA) (w) (6.137) 

In particular, when A is the identity field I, this reads 

1 

(L_,,-21) (w) = io Tw) (6.138) 


We now derive the mode version of (6.130). The contour integration in (6.130) 
is rearranged along two contours: 


f dz =f eS EYICON™ 
win izi>|w] 2 — W Izl<}wt & — 
(6.139) 


We consider the first term. Expanding the two fields around an intermediate point 
x such that |z] > |x| > |w| yields 


A=) Cae ALG} 


(6.140) 
Bw) = > w —x)? Pee () 
Pp 
Writing z — w = z — x — (w — x), with the expansion 
(w — x) 
=) oan Goa (6.141) 


1>0 
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we find 


1 dz 


271 Jizi>w| Z— W 


1 1 pohe So hyatol 
_ f de Sotw ~2)-? Me ~2) A,COB®) 6 149 
1>0 


= DS w—-xyr er A, B(x) 
7) 
n<—h, 


A(z)B(w) 


The only singularity inside the contour is at z = x, and only the pole contributes; 
hence! +n +h, = 0. Since! > 0, it follows thatn < —h,,. For the second term, 
we proceed in a similar way. With the roles of w and z in (6.141) interchanged, it 
follows that 


1 dz 
2nt Jwwi>iz) 2—-W 


1 Silene —n—h, 
== § ee Dw — x) Ip ha(g — x) B(x), (x) 


B(w)A(z) 


(6.143) 
1>0 
= DL (w—x)"? aR (xa. (Oe 
ae 

since 1 —n —h, = —1. Collecting these two results, we find 

(AB), = >) ArBmn+ >> BmvAn (6.144) 
n<—h, n>—h, 
wherein the modes (AB), are defined by 

(AB) @)= Yoo Be (6.145) 


Eq. (6.144) makes manifest the noncommutativity of the normal ordering: 


(AB)(z) # (BA)(z) (6.146) 


This generally differs from the usual normal ordering of modes denoted by ::, 
in which the operator with larger subindex is placed at the right. A reformulation 
of Wick’s theorem for interacting fields is thus required. This is developed in 
App. 6.B. The normal order defined above is not associative: ((AB)C) 4 (A(BC)). 
Appendix 6.C explains how to go from one form to the other (i.e., how to calculate 
((AB)C) — (A(BC))). 
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§6.6. Conformal Families and Operator Algebra 
6.6.1. Descendant Fields 


Primary fields play a fundamental role in conformal field theory. The asymptotic 
state |z) = $(0)|0) created by a primary field of conformal dimension h is the 
source of an infinite tower of descendant states of higher conformal dimensions (cf. 
Sect. 6.2.2). Under a conformal transformation, the state |) and its descendants 
transform among themselves. 

Each descendant state can be viewed as the result of the application on the 
vacuum of a descendant field. Consider, for instance, the descendant L_,, |h): 


we lh) = La Ge@ynoy— = fac z'"T(z)(0)|0) (6.147) 


Using the OPE (6.134) this is merely (Z_,,¢)(0)|0): descendant states may be 
obtained by applying on the vacuum the operators appearing in the regular part of 
the OPE of 7(z) with $(0) (for a definition of the notation (L_,,@), see Sect. 6.5). 
The natural definition of the descendant field associated with the state L_,, \h) is 


(=n) 1 
Ow) = (L_,Ow) = 5p de -— 5 Teww) (6.148) 


w)” 
These are the fields appearing in the OPE (6.134) of T(z) with ¢(w). In particular, 
G°(w) =hd(w) and ¢~(w) = a6(w) (6.149) 


The physical properties of these fields (i.e., their correlation functions) may be 
derived from those of the “ancestor” primary field. Indeed, consider the correlator 


((L_,d)(w)X) (6.150) 


where X = ¢,(w,)---@,(w,)) is an assembly of primary fields with conformal 
dimensions h;. This correlator may be calculated by substituting the definition 
(6.148) of the descendant, in which the contour circles w only, excluding the 
positions w, of the other fields. The residue theorem may be applied by reversing 
the contour and summing the contributions from the poles at w,, with the help of 
the OPE (5.41) of T with primary fields: 


(S-W)X) = 5 f dz (2 —w)'"(T(2)0(w)X) 


pee _ yyy | as X 
Oni ee m Sian oti (6.151) 
i 
+ ae ae (onyx 


=L_,(¢W)X) (n= 1) 
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wherein we defined the differential operator 


(n —1)h; 1 
- ——____+ — _________9, (6.152) 
Eon ds (w,-w)"  (w,;-—w)r 

We have thus reduced the evaluation of a correlator containing a descendant field 
to that of a correlator of primary fields, on which we must apply a differential 


operator C_,,. We note that £_, is in fact equivalent to d/dw, since the operator 


a a 
aan eae 6.153 
ow iy De aw; 


annihilates any correlator because of translation invariance. 
Of course, there are descendant fields more complicated than go”, correspond- 
ing to the more general state (6.36). They may be defined recursively: 


gw) = (L_,L_, dw) 


(6.154) 
= = f dz (z — w)'*T(z)(L_,,6)(w) 
aad Aber 


and so on. In particular, 
gw) = (ht now) and ow) = 8, 9) (6.155) 


These last two relations follow directly from the roles of Ly and L_, as generator 
of dilations and translations, respectively. 
It can be shown without difficulty that 


(Qo Bik) (WX) = L_,, ++ L_, (o(w)X) (6.156) 


that is, we simply need to apply the differential operators in succession. We may 
also consider correlators containing more than one descendant field, but at the end 
the result is the same: Correlation functions of descendant fields may be reduced 
to correlation functions of primary fields. 


6.6.2. Conformal Families 


The set comprising a primary field @ and all of its descendants is called a conformal 
family, and is sometimes denoted [@]. As indicated earlier, the members of a family 
transform amongst themselves under a conformal transformation. Equivalently, we 
can say that the OPE of 7(z) with any member of the family will be composed 
solely of other members of the same family.! 


' We should keep in mind that conformal fields have an antiholomorphic part as well as a holomorphic 


part. There will also be descendants of a field through the action of the antiholomorphic generators 
J bre 
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For instance, we calculate the OPE of T(z) with ¢-”. Eq. (6.134) implies 
T(E (w) = Ye — wi P2(L_ 9 Y(w) 


k>0 


(6.157) 
Li X Gow eee pe —™))(w) 


The first sum contains more complex descendant fields, pick). of the same 
family. The second sum is made of the most singular terms, and may be calculated 
by considering the ae part of the OPE of 7 with itself: 


T(z)6—(w) = mah Ha ee T(z) Tx) ow) 
! 2T(x) — aT(x) 
fete ie 2 | et ) 


_ en(n* — 1)/12 p 
=~ pee w+ p de — eet (w) 


x 2(x —w)!-? i (1 — 2)(x — w)'-3 


(z—x)? Z—-Xx 
_ en(n? — ee) n 3 Oe shea) 
(zg —w)r+2 L~ (2 - oe zy 
(6.158) 
where we have used the identity 
F(w) (n+m-— 2)! F(w) 
ari = 6.159 
2mt ft (x-—w)"(z—-xy"”) (n—1)'(m— 1)! (z-—w)r rr! ( ) 


Again, the symbol ~ means an equality modulo regular terms. Assembling all the 
terms and redefining the summation index in the last term, we finally write 


cn(n? — 1)/12 n+k 


T(z) (w) = “Guapo w) + py Gowen?) 


(6.160) 
+ DG = Be cui 
k>0 
For instance, the OPE of T(z) with ¢—) = 4¢ is 
a 
OL ee el Panis cme) (6.161) 


(zw) (z-—w)? Z—w 
The descendants of a primary field are called secondary fields. Under a 
conformal mapping z — f(z), a secondary field A(z) transforms like 


hy 
A(z) > (S) A(f(z)) + extra terms (6.162) 
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where h’ = h + n (n a positive integer) if A is a descendant of a primary field 
of dimension h. The extra terms translate into pole singularities of degree higher 
than two in the OPE of T(z) with A(w), as in Eq. (6.160). 


6.6.3. The Operator Algebra 


The main object of a field theory is the calculation of correlation functions, which 
are the physically measurable quantities. Conformal invariance helps us in this task: 
We have seen how the coordinate dependence of two- and three-point functions 
of primary fields is fixed by global conformal invariance (cf. Eqs. (5.25) and 
(5.26)). Unfortunately, conformal invariance does not tell us everything, and some 
dynamical input is necessary to calculate the three-point function coefficient C ike 
Indeed, the information needed in order to write down all correlation functions, 
and hence solve the theory, is the so-called operator algebra: The complete OPE 
(including all regular terms) of all primary fields with each other. Indeed, applying 
this OPE within a correlation function allows for a reduction of the number of 
points, down to two-point functions, which are known. The goal of this section is 
to spell out the form of this operator algebra and to indicate which of its elements 
are fixed by conformal invariance, and which are not. 

We must first discuss the normalization of fields, that is, the two-point function 
coefficients C,,. We know that the two-point function vanishes if the conformal 
dimensions of the two fields are different. If the conformal dimensions are the 
same for a finite set of primary fields @,, the correlators are 

Cup 
———— (6.163) 
Ow =2ewW 2) 
Since the coefficients C,, are symmetric, we are free to choose a basis of primary 
fields such that C,, = 6,,; it is a simple matter of normalization. We shal] adopt 
this convention in the remainder of this work, unless otherwise indicated. Thus, 
conformal families associated with different ¢,’s are orthogonal in the sense of 
the two-point function. Of course, the same is true of the corresponding Verma 
modules: By a suitable global conformal transformation, we can always bring the 
points w and z of a correlator to w = oo and z = O respectively. The fields are then 
asymptotic and the two-point function becomes a bilinear product on the Hilbert 
space: 


(G,(w, W),(z,2)) = 


lim ww" (@(w, w)$'(0,0)) = (AIA) hl’) (6.164) 


w,w—0o 


The orthogonality of the highest weight states implies the orthogonality of all 
the descendants of the two fields (i.e., the orthogonality of the Verma modules 
associated with the two fields). 

Invariance under scaling transformations clearly requires the operator algebra 
to have the following form: 


(2, 2)9(0,0) = > > CoA gto that Kp fi fat K glk, 9) (6,165) 


P {kk} 
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where K = >; k; and K = )-; k,; the expression {k} means a collection of indices 
k;. 

We take the correlator of this relation with a third primary field $,(w,w) of 
dimensions h.,, h,. Sending w — oo, we have, on the I.h.s., 


(,10;(2,2)10,) = lim ww" (6 (w, wo, (z, 2)G,(0, 0)) 


w,w—>0o 


6.166 
ae a 
gh 1 +h2—h, Zhi +h2—h, 


The last equality is obtained simply by applying the limit w — oo in the general 
formula (5.26) for the three-point function. On the OPE side, the only contributing 
term is p{k,k} = r{0, 0}, because of the orthogonality of the Verma modules. We 
conclude that 


Ca =Ch = Cyi2 (6.167) 


In other words, the most singular term of the operator algebra is the coefficient 
of the three-point function. The normalization adopted for two-point functions 
eliminates the distinction between “covariant” and “‘contravariant” indices. Since 
the correlations of descendants are built on the correlation of primaries, we expect 


the coefficients C?*"! to have the following form: 


Cokky — ce grit ppl (6.168) 


This simply means that the descendant fields can be correlated to a third field 
only if the primary itself is correlated, with the holomorphic and ficients Be ae 
parts factorized. By convention we set pi = 1. The other coefficients 6, 
determined (as functions of the central charge c and of the conformal diva) 
by the requirement that both sides of Eq. (6.165) behave identically upon conformal 
transformations. 

We shall illustrate this statement in the simple case h, = h, = h. When 
applying Eq. (6.165) on the vacuum, we find 


$,(z, Dik, h) = D> Cyypzr Zo" g(2)G(2)Ih,, h) (6.169) 
Pp 
wherein we have defined the operator 
We Sosy by «Le, (6.170) 
{k} 


and similarly for g(Z). On the holomorphic sector we define the state 
Iz,h,) = o(2)|h,) (6.171) 


which is therefore expressible as a power series: 


pe > 2 INE) (6.172) 
N=0 
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The state |N, h,) is a descendant state at level N in the Verma module VA, ): 
LIN, h,) = (h, + N)IN,h,) (6.173) 


(we use the notation |0,4,) = \t,,))- We now apply the operator L,, on both sides 
of Eq. (6.169). Acting on the l.h.s., L,, yields 


L,,6,(2,2)h,h) = [L,, (2, Duh, h) 
= (z"*14, + (n + Ih) 6, (z,2)IA,h) 
Applying this relation on the r.h.s. of Eq. (6.169), we find 
Y Coree Me *L, Iz, Ry) lZ hp) = 
p 


(6.174) 


LG Mae [hy + h(a — 1))e" +218, | Iz, 2 fy) 
P 


Substituting the power series (6.172), we finally obtain 
L,,\N +n,h,) = (h, +(n—Dh+ N)IN,h,) (6.175) 


This relation, together with the Virasoro algebra, allows the recursive calculation 
of all the |N,#,), and hence of all the 673". 
We now calculate explicitly the lowest coefficients. First, we know that 


(18h) Sea EG ee 


since the r.h.s. is the only state at level 1. Operating with L, and applying the 
relation (6.175), we obtain 


Lit) — hee, tee (6.176) 
Since L,L_,|\h,) = [L,,L_,]|h,) = 2h,|h,), we find 


1 
pu 5 (6.177) 

At level 2, we have 
2,4,) = Bi,” Ly BAe. lhe) (6.178) 


We operate on this equation with L, and, separately, with L,, applying Eq. (6.175). 
We need the following relations from the Virasoro algebra: 


L142, =] bee, S2ae 
L,L_,=L_,L, +3L_, 
LE? = Lib 6b E, 4 by ) 
1 
and we end up with the following matrix equation: 


2(2h, + 1) 3 ae vat et A) 
C52 2, )() (ig?) am 


Pp 
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whose solution is 
pes 12h — 4h, Char 8h? 
0 4c — 10h, + ch, + 16h?) 
(2) 2h me + 4hh, +h’ 
2 ¢-10h, + 2ch, + 16h2 


(6.181) 


Ata given level N there are p(N) coefficients 6? is to be found, and accordingly 
we need p(N) equations for these coefficients. These equations are obtained by 
considering the p(N) ways to bring |N, h,) to level 0 with help of the Virasoro 
operators L,, (n > 0). 

In short, we have illustrated how the complete operator algebra of primary 
fields may be obtained from conformal symmetry, the only necessary ingredients 
being the central charge c, the conformal dimensions of the primary fields, and 
the three-point function coefficient C a In principle, any m-point function can 
be calculated from this operator algebra by successive reduction of the products of 
primary fields. The correlators of descendant fields thus obtained can be expressed 
in terms of primary field correlators, and so on. Hence, the theory is then solved, by 
definition! Of course, the coefficients C,,,,,, must be obtained from another source, 
for instance through the conformal bootstrap (see below). 


6.6.4. Conformal Blocks 


In the last subsection we have mentioned that four-point functions can be reduced 
to three-point functions with the help of the operator algebra (6.165). Here we 
shall make this point more explicit, and find which part of a four-point function is 
fixed by conformal invariance and which is not. 

We consider the generic four-point function 


(g, Zz ’ 2; )o,(Z2, Z,)$3(Z3, Z3)P4(Z4, Z,)) (6. 1 82) 
We have seen that such a function depends continuously on the anharmonic ratios 


(z, — Z,)(Z5 — Z4) eye Cie) 24 — Za) 

Sc SSL a Oa ey 

ky —Z4)(2 —Z4) (Z, —Z3)(Z, — Z4) 

Since these ratios are invariant under global transformations, we shall perform 

such a transformation in order to set Zz, = 0,z, = 00, andz, = 1; thenz, = x and 

the above correlation function may be related to a matrix element between two 
asymptotic states of a two-field product: 


im 2222" (6, (z,,Z, (1, 1b, X)b4(0, 0)) = G(x, X) 


ZZ) #00 


(6.183) 


wherein we have defined the function 
G21(x,x) = (hy, Ay\o(1, 1I)b,(%, 2g, hy) (6.184) 


(the order in which the indices of G appear is important). 
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We now use the operator algebra to reduce the products within the four-point 
function. We write the operator algebra as 


$3(x,%)$,(0,0) = S_ CBxte stalin “tshawy, (x, 10, 0) (6.185) 
P 


wherein 


W, (x, 210, 0) = > pee Bel KEK G4 (0, 0) (K = a) 


kk} 
The function G3}, may then be written as 


G5a(x,%) =) CoyCrrAR lx, Z) (6.186) 
Pp 


where we have introduced the function 
AZ (pbx, Z) = (Cry) latte ts tase Fob thy, fay iby, 1) W,(%, 210, 0)10) 


We have merely rewritten the four-point function as a sum over intermediate con- 
formal families, labeled by the index p. The analogy with the diagrammatic ap- 
proach to perturbation theory is clear: The intermediate conformal families corre- 
spond to the different intermediate states formed during the scattering of the two 
fields from (0, x) toward (1,00). We could therefore represent A3)(p|x, x) by a 
tree diagram with four legs (see Fig. 6.3). In the same spirit, we may refer to these 
functions as partial waves. 


k (0) ja 
Au (lat) = a 
/j (2) i (00) 


Figure 6.3. Partial wave in diagrammatic language. The same diagram is often used to 
represent only the holomorphic (or antiholomorphic) part of the partial wave, the conformal 
block ¥3!(p|x). 


It is clear from its definition that the partial wave factorizes into a holomorphic 
and an antiholomorphic part: 
AyPlx, x) = Fza(plx) FZ, 12) 
where 


y h,\o(1)L_,, ---L_,, \h,) 
F2(p|x) = xhr-o-he > pple Pe es ky 4p 
al? € Bre s16,(0Ih,) oe 
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The denominator is simply equal to (C5, ). The functions defined in Eq. (6.187) 
are called conformal blocks. They can be calculated simply from the knowledge 
of the conformal dimensions and the central charge, by commuting the Virasoro 
generators over the field @,(1) one after the other. The field normalizations and 
coefficients C*,,, drop out of the conformal block at the end of this process. Going 
back to the partial wave decomposition (6.186), we see that the conformal blocks 
represent the element in four-point functions that can be determined from confor- 
mal invariance. They depend on the anharmonic ratios through a series expansion. 
The remaining elements are the three-point function coefficients C}, and C%,, 
which are not fixed by conformal invariance. Therefore, the four-point function 
(6.184) is expressed as 


G33) =) Cy FalPl)F34(P 2) (6.188) 


P 


An explicit expression for the conformal blocks is not known in general. Al- 
though the formula (6.187) may be applied in principle, its use becomes rapidly 
tedious. One may write the conformal block as a power series in x: 


Sepix) =x" SF x™ (6.189) 


K=0 


where the coefficient F,, depends on the conformal dimensions h; (i = 1,...,4) 
and h,,. The normalization fixes F) = 1. The next two coefficients may be obtained 
by blindly applying the definition (6.187): 


(hy thy —hy Mh, +h; — hy) 
= 2h 


Pp 


Fi (6.190) 
hh, thy — hy Why hy — hy + DA +h; —h lh +h —hy + V 
. 4h,(2h, + 1) 


2 
ga (tathe Molly =D _ 30h, =n? 
2° 22h,+1) 2(2h, +1) 


Fy 


hythy  hylhy—1) 3h —hyP\" (2 (Bh, ~ 9) 
2 Res) © 208) 2h, +1 
(6.191) 


6.6.5. Crossing Symmetry and the Conformal Bootstrap 


In defining the function GUG; x), we have chosen a specific order for the four 
fields ¢,_, within the correlator. But the ordering of fields within correlators does 
not matter (except for signs when dealing with fermions); we could have proceeded 
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otherwise, for instance by sending z, to 0 and z, to 1. Then z, = 1 — x and we 
obtain the identity 


G2\(x,x) = Gy,(1 —x, 1 —x) 
We could also interchange ¢, and ¢, and obtain 


1 


xh x2hs 


Gig) = G34(1/x, 1/%) 


These conditions on the function G3}, are manifestations of crossing symmetry. 
We write the first of these relations in terms of conformal blocks: 


F.C, FPG) = DCL Ch FHGII —-FQl —¥) 6.192) 
q 


p 


This relation is represented graphically on Fig. 6.4. Assuming that the conformal 
blocks are known for arbitrary values of the conformal dimensions, the above 
expresses a set of constraints that could determine the coefficients Cy, and the 
conformal dimensions hy: Indeed, if we assume the presence of N conformal fam- 
ilies in the theory, the above relation yields, through naive counting, N* constraints 
on the N? +N parameters C’,,, and h,,. This program of calculating the correlation 
functions simply by assuming crossing symmetry is known as the bootstrap ap- 
proach. There is no proof that Eq. (6.192) can indeed determine the parameters of 
the theory in the general case, but there are special cases (the minimal models) in 
which the bootstrap equations can be solved completely. The bootstrap hypothesis 
(6.192) is the sole “dynamical input” required to completely solve the theory, once 
the explicit form of the conformal blocks has been determined from conformal 
invariance. The crossing symmetry constraint (6.192) is quite natural from the 
point of view of the operator algebra—rather like the Jacobi identity for Lie alge- 
bras or Poisson brackets—and does not constitute a narrow condition excluding 
interesting theories. 


n l 
n l 
p p iY q q 
SWC aGe = SS Cee. q 
P q 
m k 
m k 


Figure 6.4. Crossing symmetry in diagrammatic language. 
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Appendix 6.A. Vertex and Coherent States 


In this appendix we demonstrate the following formula for the vacuum expectation 
value of products of n vertex operators involving a single harmonic oscillator: 


Gettce 2: 22, sens) = exp >-(4,A;) (6.193) 
i<j 
where A; = aa + a‘ is a linear combination of creation and annihilation 
operators. 
We first define the harmonic oscillator coherent state 

Iz) =e" |0) (6.194) 

It is simple to show that |z) is an eigenstate of a: 
a|z)=z\z) or f(a)\z) = f(z)\z) (6.195) 


Indeed, the Hausdorff relation 
1 
e “Be4 = B+[B,A] + 5ltB, Al A] aoe (6.196) 


applied to A = za‘ and B =a yields 
lave eee (6.197) 


from which Eq. (6.195) follows. If [B, A] is a constant, which is true here, the 
Hausdorff relation also implies that 


eFe* = et e%elBAl (6.198) 
This, applied to our problem, yields 
ever" _ 92a! pwagwz (6.199) 
Within a vertex operator A,, the normal-ordered product reads 
re4i = efia’ paia (6.200) 
In calculating the normal-ordered product of a string :e“’: --- : e4" : of vertex 


operators, we want to bring all the annihilation operators to the right. For instance, 
it follows from Eq. (6.199) that 


e%i4 biria 5 » ePnat = efi! Ade ePna! paia gai(Biss+Bi42+-+Bn) (6.201) 


Since [e*'*, e%7] = 0, this implies 
evia - eAi+i Dood -eAn -—: Ait Sava -eAn : ett gai (Bit + Bisa +--+ Bn) (6.202) 


Applying this in succession from i = 1 toi = n — 1, we find 


n 
te refs. eA ra (Bit t+ Pada! olen t tana exp) a8, (6.203) 


i<j 
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Since (A;A;) = a,B;, one may finally write 


eA re42s 22. sensei ttn: exp > (44)) (6.204) 


i<j 


From the vacuum expectation value of this expression follows the relation (6.193). 


Appendix 6.B. The Generalized Wick Theorem 


In this appendix we reformulate Wick’s theorem for interacting fields, using the 
generalization of the concept of normal ordering explained in Sect. 6.5. We are 
not interested in the most general form of Wick’s theorem, which gives the rela- 
tion between the time-ordered (or radial-ordered) product and the normal-ordered 
product of free fields, illustrated in Eq. (2.109). Such a relation cannot be gen- 
eralized to interacting fields. Rather, we wish to generalize a specialized form of 
Wick’s theorem for the contraction of a field with a normal-ordered product. For 
free (commuting) fields, this is 


p; (x) ‘D293: (y) = $,(x)b,(y) :03(y): +¢, (x)03(y) Py (y): (6.205) 


The suitable generalization of this relation to interacting fields is 
laeweceaal 1 dx 
A(z)(BC)(w) = Oe g ae [aoaere (w) + B(x) A(z)C | (6.206) 


In order to demonstrate this relation, one must show that the contractions on the 
r-h.s. extract all the singular terms of the integral as z > w. But these singular 
terms can only come from the OPE of A(z) with B and C separately (the integral 
amounts to a point-splitting procedure). We rewrite this expression as 


1 dx {AB}, (x)C(w) B(x){AC},, (w) 
= MB (z—x)" pe (Zz —w)" 


(6.207) 


n>0 n>0 


From this expression it is manifest that all the inverse powers of (z —w) and (z—x) 
in the integrand yield inverse powers of (z — w) after integration. Conversely, 
nonnegative powers of (z — w) and (z — x) in the integrand, if added, would not 
contribute to inverse powers of (z — w) after integration. Thus the modified Wick 
rule (6.206) is correct. It is straightforward to check that the rule (6.206), applied 
to a free boson ¢, leads to the same result as the usual Wick theorem. For instance, 


aelz)(pp)(w) = 2) (6.208) 


The subtlety with formula (6.206) applied to interacting fields is that one is left 
with full OPEs after one contraction. This is important since the first regular term 
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of the various OPEs always contributes. To see this, we consider the first term on 
the rh.s. of Eq. (6.206). Writing the OPE of {AB}, (x) with C(w) as 


{AB},,(x)C(w) ~ D0 — wy" E(w) (6.209) 


(no restriction on 7), the first term on the r.h.s. of Eq. (6.206) becomes 


E@™(w) 
ni ape 2» 3 (z —x)"(x — w)"41 


n>0 m (6 210) 
1 5 
ee = 
n>0 m>0 ) = 


(we have used Eq. (6.159)) and the term m = 0 indeed contributes. On the other 
hand, it is simple to see that only the first regular term contributes to the second 
term on the r.h.s.of Eq. (6.206). Indeed, since the OPE B(x){AC},,(w) is expressed 
in terms of fields evaluated at w, only the pole at x = w contributes. 

The main steps of an illustrative application of the Wick rule (6.206) on the 
energy-momentum tensor follow: 


Tet Tw) = — wh [rotor + T(x) rarwo| 


nif 
Sate lace teoal 
+ T(x) E ae + a aie || (6.211) 
To proceed we need 
aT (x)T(w) = opps TN 5B (@TT)(w) +--+ (6.212) 


CawP @o-wPe Hw) 


which is obtained by differentiating the OPE T(x)T(w) with respect to x. The OPE 
T(x)8T(w) is obtained in the same way. Substituting in Eq. (6.211) the required 
OPEs, and using Eq. (6.159), we find that 


3c i (8+c)T(w)  3aT(w) 
(z —w)® (z—w)* (z-—w)? 
FS 4(TT)(w) aa a(TT)(w) 


(Z—w)? (z-w) 


T(z)(TT)(w) ~ 


(6.213) 


Finally, if we want to calculate (BC)(z)A(w), we should first evaluate 
A(z)(BC)(w), then interchange w < z, and finally Taylor expand the fields eval- 
uated at z around the point w . For instance, from Eq. (6.213) it is simple to 
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derive 
3c (8+c)T(w) (5+c)dT(w)  4TT)(w))) 
(TT)(z)T(w) ~ (aE ao ay - Gee + C= 
(1+c¢/2)8T(w) (c—1)8@T(w)  30a(TT)(w) 
(z—w)? 6(z — w) (z —w) 
(6.214) 


Appendix 6.C. A Rearrangement Lemma 


We often encounter composite operators involving more than two operators, for 
instance (A(BC))(z). This notation means that the product of B and C must be first 
normal ordered and, in a second step, the product of A with the composite (BC) 
must be normal ordered. This prescription, wherein operators are normal ordered 
successively from right to left, will be our standard choice. It will be referred to 
as right-nested normal ordering. The necessity of a well-defined prescription is 
forced by the absence of associativity, 


(A(BC))(z) 4 ((AB)C)(z) (6.215) 


which is readily seen from the mode expansions of the two sides of this equation 
(see also the end of this appendix). Using the contour representation 


(A(BC))(z) = oni g oS $ —*_AG)BWCE) (6.216) 
we find that 
(A(BC))(z) = A_;,,B_p,,C_),1(2) (6.217) 
or, equivalently, 
(A(BC))(0)|0) = A_, B_,,C_;,,|0) (6.218) 


This correspondence with mode monomials illustrates neatly the naturalness of 
the chosen prescription. 

We now derive some technical results used to compare multi-component com- 
posite operators with different ordering of the terms or different normal ordering 
prescriptions. 

The first case to be considered is the relation between (A(BC)) and (B(AC)). 
Using the mode monomial representation, we write 


(A(BC))(z) — (BIAC))(2) = [A_4,,B_p,] C4, 12) 
= (((A, BNCV2) 


This result can also be verified directly at the level of modes as follows. With 
the OPE A(z)B(w) given by (6.124), that of B(z)A(w) follows by interchanging 


(6.219) 
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Zand w: 


B(e)AGw) = YX-1)" sae en 


= ae eee waaay? {AB}, (w) 


m>0 


(6.220) 


where the second equality is obtained by Taylor expanding {AB}, (z). The normal- 
ordered product (BA) is the sum of all terms with n = m, that is 


(BAyw) = > —" 9° AB), (w) (6.221) 
n>0 
This leads to 
({A, B]) = Dp S _— ‘a"{AB}, (w) (6.222) 
n>0 


Hence, field-dependent singular terms contribute to the normal-ordered commu- 
tator while {AB}, cancels out. In particular, this means that the commutation of 
two free fields vanishes. For instance, for a free boson @, one has 


(a"p(gd""'h)) = (¢(8"gd"d) = (9 G(G9")) (6.223) 
By use of 
Qe), = > Ag®O, at >) BOp An (6.224) 
m<—h, m>—h, 


in which we substitute back the expression (6.130) for the modes of (BC) in terms 
of those of B and C, one checks directly that 


(A(BC)),, — (B(AC)),, = (A, BC), (6.225) 


The second case is that of a composite of four operators, normal ordered two 
by two: We wish to relate ((AB)(CD)) to (A(B(CD))). One simply treats (CD) as 
a single operator, say E, and proceeds as follows: 


((AB)E) = (E(AB)) + ([(AB), E}) 
= (A(EB)) + (([E, A])B) + ({(AB), E) (6.226) 
= (A(BE)) + (A([E, B])) + (LE, AB) + ({(AB), E)). 


Replacing E by (CD) gives the desired result. The difference ((AB)E) — (A(BE)) 
gives the explicit expression for the violation of associativity: 


((AB)E) — (A(BE)) = (A([E, B])) + (LE, Al)B) + (AB), E}) (6.227) 
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Appendix 6.D. Summary of Important Formulas 


OPE of the energy-momentum tensor with a ‘ae field ¢: 


T(z)¢(w) ~ = * eee) + Se a (6.228) 
OPE of the energy-momentum tensor with itself: 
T(2)Ttw) ~ —2 an), (6.229) 


@=w)* -w)? C—w) 
Normal ordering: 


(AB)(w) = 5 f — ae —=_a()BWw) (6.230) 


With this new normal-ordering convention, we rewrite some formulae related 
to free-field representations for which we make a standard choice of coupling 
constants. 

Free boson (g = 1/47, c = 1): 


g(z)p(w) ~ — In(z — w) (6.231) 


Te) = —5 (2989) (6.232) 


Vertex operators are always assumed to be normal ordered and for these the 
parentheses are usually omitted. With V, = e’“, we have 


Vy(z,.Z)Ve(w, w) ~ Iz —wl?V,, (w,w) +> (6.233) 


The conformal dimension of V, is «7/2. 
Free real fermion (g = 1/27, c = }): 


¥(z)y(w) ~ a (6.234) 
a Ve 


Te) = —5(vavN(2) (6.235) 


Free complex fermion (c = 1): 


v'(2)¥w) ~ -. V2Ww) ~ ¥Ivtiw) ~ 0 (6.236) 


TQ) = s(ouly —viaw) (6.237) 


Ghost system: The two ghosts b and @ are either both anticommuting (¢ = 1) or 
both commuting («€ = —1) and have the OPE 


bide 1 - 
E@)bw)~ ———_B(@)e(w) ~ =: (6.238) 
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The energy-momentum tensor is 


T(z) = (1 — A)(@bé)(z) — A(bd2)(z) (6.239) 
with central charge 


c= -22(6)°— 6) + 1). (6.240) 


The dimensions of b(z) and G(z) are respectively 4 and 1 — i. In Sect. 5.3 we have 
treated the case € = 1,4 = 0, giving c = —2. On the other hand, when e = 1 and 
i i, we recover the above free complex fermion theory. 

Mode expansions: 


GO ae 1G, ¢, = = § dz zn th-19(z) 


nezZ 2n 


Virasoro algebra and mode commutation relations: 


[Lys Ling) = (1 — )Lnaon + ea ayy 


n+m 


LO) = (nh — 1) — mM) by 4m 


Exercises 


6.1 Given a primary field ¢(w), demonstrate the following: 
[Ln(z), (w)] = h(n + 1)(w —z)"o(w) + (w — z)"*13g(w) 


6.2 Find the mode commutation relations for a free real fermion, and for the simple ghost 
system. 


6.3 Demonstrate the identity (6.159). 


6.4 Partition numbers 
Show that the number p(7) of partitions of a nonnegative integer n > 0 into a sum of 
nonnegative integers is generated by 


val ] 
dpa = Fa" 


Find the generating function for the number s(7) of strictly ordered partitions of a nonneg- 
ative integer 1 into strictly positive integers (we set s(0) = 1). Prove that s(7) is equal to 


the number of partitions of 1 into positive odd integers. 
Hint: Prove and use the identity |],,.,(1 —q"~')(1 +4”) = 1. 


6.5 Conformal blocks 

Demonstrate the relation (6.190) for the coefficient F, appearing in the power series ex- 
pansion of the conformal block. If successful, demonstrate the relation (6.191) for the next 
coefficient (F2). 


6.6 Complete the details of the derivation of Eq. (6.219) in terms of modes. 
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6.7 Contraction of two exponentials 
Let A and B be two free fields whose contraction (with themselves and with each other) are 
c-numbers. 


a) Show by recursion that 


A(z): B"(w) := n A(z)B(w) : B*"(w) : 


and therefore 


(r= cope el 
A(z) :e2®™ = A(z)B(w) : 2B™ : 
As usual,: --- : denotes normal ordering for free fields. 
b) By counting correctly multiple contractions, show that 
mama ki —_—_= 
eMOeB 0 = SE (7) (2 ABW I AAW B"H): 


ini 
“min! k 


= exp [Aca Oi a 


And deduce from this the OPE (6.65) of two vertex operators. 


6.8 Calculate ((T,(7T)}), first using Eq. (6.222) and the OPE 7(z)(TT)(w) given in 
Eq. (6.213), and then directly in terms of modes, from the equality 
(T, (1T)] = [T_2, (TT)_4] 
with T_, = L_2 and 
Cha 2 are re +L_2L_2 
i>0 
which follows from Eq. (6.213). 
6.9 Rearrangement lemma for free fermions 


a) Rearrange the product of real fermions 


(vit iW) 
whose OPE reads 
bij 
(z<—w) 


in anormal ordering nested toward the right. Before using Eq. (6.226), reconsider the relative 
signs of the different terms when fermions are present. 


b) Same as part (a) for the product of complex free fermions: 


(iiywiw) 


Wilz)¥;(w) ~ 


with OPE 
65; 53; 
Vil; (w) ~ 5 ¥} @yjlw) ~ = 
wilzvj(w) ~ 0 Vi (2)¥/ (w) ~ 0 
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6.10 The quantum Korteweg-de Vries equation 
Let us introduce an equation of evolution in time for the energy-momentum tensor through 
the canonical equation of motion 


1 
eT) an $ dw (TT\w) 
2m1 
a) Using the OPE (6.213), check that the resulting evolution equation is 


1 
a7 = ; (1 —c)aT — 3(7T) (6.241) 


This is called the quantum Korteweg-de Vries (KdV) equation since in the classical limit 
c —> —o0,? the substitution T = cu(z,t)/6 anda rescaling of the time variable transforms 
it into the standard KdV equation: 


au = Pu + 6udu (6.242) 
b) The quantum KdV equation (like its classical counterpart) is a completely integrable 
system in the sense that it has an infinite number of conserved integrals H,,, 
0,H,, = 0 


(whose densities are polynomial derivatives in T), all commuting with each other. Each 
of these conserved integrals has a definite spin. The spin of these charges is always odd, 
and there is one charge for each odd value of the spin. To illustrate this statement, check 
that there can be no nontrivial conserved integral of spin 2 and 4. A conserved integral is 
nontrivial if its density is not a total derivative. 


c) Show that the first nontrivial conservation law is 
(c +2) 
Hs = f aw (TT) ~ 


(The subindex indicates the spin of the integral.) To obtain this result, proceed as follows. At 
first, argue that the above two terms in Hs are the only possible ones, up to total derivatives. 
Hs is thus necessarily of the form 


m= $ dw [(T(TT)) + a(aTaT)] (6.244) 


(aTaT)} (6.243) 


where a is a free parameter to be determined. It is uniquely fixed by requiring 0,H; = 0. 
Explicitly, in the expression for 0,H; replace 0,T by the r.h.s. of the quantum KdV equation, 
drop total derivatives and cancel the remaining terms by an appropriate choice of a. 


d) The conservation of Hs can also be established independently of the equation of motion, 
by proving directly the commutativity of Hs; with the defining Hamiltonian H. For this 
calculation, the following two intermediate results must first be derived: 


24c (48+ 9c) T(w) | 15 aT(w) 


T(z)(T(TT)(w) ~ 


(z —w)8 (z —w)® (z — w)5 
in (24+ 3c)(TT(w) _ 3 ATT)\(w) , 5 FTW) (6.245) 
(z —w)4 (z-—w)? (z-—w)> 
- 6(T(TT))(w) | aT(TT))(w) 
(z—w)? (z-—w) 


2 The classical limit corresponds toc —> +00, but —oo can be obtained, by a limit process, from the 
minimal models to be introduced in the following chapter. 
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and 
18c 28T(w) (4c +18) aT(w) 


T(z)(aTaT)(w) ~ 


(z—w) (z—w)? (z—w)° 
5 #T(w) ff AATT\(w) 6 (ATaT)(w) (6.246) 
(z—w)5 (z—w}3 (z-—w)}? 
a(8TdT)(w) 


(z—w) 
In these expressions, interchange z and w and then use Eq. (6.206) to calculate the 
commutator. 


6.11 The quantum Korteweg-de Vries equation atc = —2 
a) Verify that for the central charge c = —2, T can be represented by the bilinear 


T = (oy) 
where @ and y are both fermions of spin 1 with OPE 


$(z)v(w) = ¥(z)o(w) = 


a4 1 
(z-—w) ’ (z—w)? 


This is, of course, nothing but a ghost representation (cf. App. 6.D), withé = yw and ab = g 
and € = I (i.e., these are anticommuting fields). 


b) Using the rearrangement lemma (6.226), show that 
1 
CT )z) = Ad + oy")(z) 


where a prime stands for a derivative with respect to the complex coordinate. 
c) In terms of these variables and the quantum KdV Hamiltonian 


1 1 
H = 5. f dw (TTIW) = Tf dw Oy + ov’ Vow) 
Tt Ani 
derive the evolution equations 
a6 = —[H,$] = —$” , ay = -[(H,y]=—-y"” 


Use these equations to recover the evolution equation of T. 


d) Prove that an infinite set of conserved quantities for this system of equations is 
As = f dep y)(z) with Hix. =0 


where @ — ag. 

e) Verify the mutual commutativity of these charges. 

f) Argue that for k odd these conserved integrals cannot be expressed in terms of T. For k 
even this can be done as follows: 


Ay, = 


= § de(F (2) 


n 
oS . 
where the notation (7") means a nesting of the normal ordering toward the left: 


@*)=(..(@DDD...7) Gr factom) 
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The exact expression for (7 mn) is 
<— n 
(T") = = (gy + gy") 


g) In preparation for establishing the above result for (fT), check the following necessary 
normal-ordered commutators 


9) ies (m-+2) 
(OW), WD = wn 
(gv), = 50" 
(oy), 6) = 2 = Pg a! 


(ov), wl) = nee 


<< 
h) Prove the above expression for (7”) by an inductive argument. Hint: Assuming the 


on 
validity of the above expression for (T*), calculate (T"*!) = (Fr) in terms of fermions 
by reordering the terms toward the right using (A(BC)) = (B(AC)) + (([A, B])C) and the 
commutators calculated in the previous part. 


i) Express the charge Hs obtained in Ex. 6.10 in terms of ¢ and y% and compare with 
§ dz (TP). 

J) To see that the higher-spin conserved charges cannot be expressed in a simple way with 
the usual nesting toward the right, compare (7(7(7T))) and (T*). 


k) To understand why c = —2 is special, consider a general anticommuting ghost system 
{b, €}, for which the energy-momentum tensor is given by Eq. (6.238). Show that 
4 ~ LLIN xm! 
(TT) = (GA — A) + 162) — 2a(1 — a)’ E’)) 


Obtain the evolution equation for b andé. Observe that unless A = 0 or 1, these are coupled 
equations, for which the integrals of motion cannot be written in a simple bilinear form. 


6.12 The classical limit of the Virasoro algebra 
The Poisson bracket form of the Virasoro algebra is obtained by replacing the commutator 
by a Poisson bracket times a factor 1, that is, 


i{Ln, Lm} = = (n—- m)Ln4m + nw — 1)5,,4m,0 


Let u(x, t) be the classical field defined ona cylinder (u(x +27, t) = u(x, t)) whose Fourier 
modes are the L,,’s: 


Ace) == = in -—- 


© ned 


(the explicit time-dependence is omitted from now on). This is the classical form of the 
energy-momentum tensor. Show that its equal-time Poisson bracket is 


(u(x), uly)) = F E-a + dean) + 210.) 180 ~ y) (6.247) 
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Use: 


1 -in(a— 
bx -y)= = Die ny) 


nez 


Recover the classical Korteweg-de Vries equation 
au = —8u + 6ud,u 


from the following canonical formulation: 
c 
= i H = — | dw? 
0,u = {u, H}, with on i 


The above Poisson bracket defines the so-called second Hamiltonian structure of the KdV 
equation. (The relative sign between the two terms on the r.h.s. of the KdV equation is not 
as in the classical form derived in Ex. 6.10 (cf. Eq. (6.242)); this is explained by a ‘space 
Wick rotation’, i.e., the space variables used in the two cases are related by a factor 1.) 


6.13 The Feigin-Fuchs transformation and the quantum Korteweg-de Vries equation 
revisited 


a) Verify that the following deformation of the energy-momentum tensor of a free boson 


1 : 

= ~5 (8989) + iad (6.248) 
still satisfies the OPE (5.121), with c related to a by 
c=1-12¢ 


This is called the Feigin-Fuchs (or sometimes Feigin-Fuchs-Miura) transformation. 


b) Since the relative coefficients of the different terms of the conserved densities of the 
quantum KdV equation (introduced in Ex. 6.10) depend only upon, it implies that all these 
conserved densities, when rewritten in terms of g via the Feigin-Fuchs transformation, are 
even functions of ¢ up to total derivatives. More explicitly, let 


H, = $ dz je href al such that 0,H, =0 
and 
Finkle) 
when T is replaced by Eq. (6.248). Any quantum KdV conserved density satisfies 
Hn le] = Hnl—g] + ---) 


Verify that this is indeed so for the defining Hamiltonian H = f (TT). It turns out that this 
criterion characterizes uniquely the quantum KdV conserved densities! Use it to recover 
Hs (cf. Ex. 6.10, Eq. (6.243)). 

Hint: Start from the ansatz (6.244) of part (c) in Ex. 6.10, replace T by Eq. (6.248), drop 
total derivatives and terms with an even number of g factors; fix the relative coefficient 


a by enforcing the cancellation of the remaining odd terms. Along the way, some normal 
ordering rearrangements are necessary. 


c) Find the canonical evolution equation for the field B = ay defined by the Hamiltonian 


H = $ dz (IT) wath T = —5(BB) + iaaB 
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This is the quantum modified KdV equation. 


Remark: The classical version of Feigin-Fuchs transformation is called the Miura 
transformation: 


u=dv+v? 
and it is a canonical map from the Poisson bracket 


{v(x), vy)} = 8,5(x — y) 
to the KdV Poisson bracket (6.247) of Ex. 6.12 (up to an irrelevant multiplying factor). 


Notes 


General references for this chapter are identical to those of the previous chapter. 

Radial quantization was introduced by Fubini, Hanson, and Jackiw [145]. It was ap- 
plied on the complex plane by Friedan [139], who also represented the commutator of two 
operators by a contour integral. 

The Virasoro algebra first appeared in Ref. [344] in the context of dual resonance models. 
Its general application to conformal field theory was pointed out by Belavin, Polyakov, and 
Zamolodchikov (BPZ) [36]. 

The quantization of the free boson is immemorial. Vertex operators were introduced 
in the context of dual resonance models by Fubini and Veneziano [144]. Fermions were 
introduced in string theory by Ramond [302] and Neveu and Schwarz [281]. 

The concepts of a conformal family and conformal block were introduced in BPZ [36]. 
Analytic properties of the conformal blocks are discussed by Zamolodchikov and Zamolod- 
chikov [367]. The generalized Wick theorem is discussed by Bais, Bouwknegt, Surridge, 
and Schoutens [20]. 

Ex. 6.10 is based on Ref. [249], Ex. 6.11 on Ref. [94], Ex. 6.12 on Ref. [175], and 
Ex. 6.13 on Refs. [316, 121]. 


CHAPTER 7 


Minimal Models | 


Chapters 5 and 6 dealt with general properties of two-dimensional conformal field 
theories. The present chapter is devoted to particularly simple conformal theories 
called minimal models. These theories are characterized by a Hilbert space made 
of a finite number of representations of the Virasoro algebra (Verma modules); in 
other words, the number of conformal families is finite. Such theories describe 
discrete statistical models (e.g., Ising, Potts, and so on) at their critical points. 
Their simplicity in principle allows for a complete solution (i.e., an explicit calcu- 
lation of all the correlation functions). The discovery of minimal models and their 
identification with known statistical models at criticality constitutes the greatest 
application of conformal invariance so far. Since a detailed study of minimal mod- 
els may rapidly become highly technical, we have split the discussion among two 
chapters (this one and the next). The present chapter first explains some general 
features of Verma modules (Sect. 7.1), and in particular the occurrence of states 
of zero norm, which must be quotiented out. In Sect. 7.2 the question of unitarity 
is discussed and the Kac determinant is introduced. In Sect. 7.3 a survey of the 
theory of minimal models is presented. In Sect. 7.4 various examples of the cor- 
respondence between minimal theories and statistical systems are described. The 
next chapter will be devoted to more technical issues and will provide proofs for 
some assertions of the present chapter. 


§7.1. Verma Modules 


In a conformal field theory, we expect the energy eigenstates (i-e., the eigenstates 
of Lo and Lo) to fall within representations of the local conformal algebra (the 
Virasoro algebra) much in the same way as the energy eigenstates of a rotation- 
invariant system fall into irreducible representations of su(2). In a given theory, 
the Hilbert space will generically contain several irreducible representations of 
the Virasoro algebra; this is analogous to the Hilbert space of the hydrogen atom 
containing an infinite number of sz(2) representations. 
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7.1.1. Highest-Weight Representations 


Highest-weight representations are familiar to physicists through the theory of 
angular momentum. We briefly recall what is done in that context: We assume that 
the representation space is spanned by the eigenvectors |r) of one of the su(2) 
generators, which we call Jo (denoted J, in most texts on quantum mechanics). An 
inner product is assumed to exist on the representation space, such that the three 
generators are Hermitian: J f = J,. The other two generators of su(2) are arranged 
into raising and lowering operators J. = J, + iJ, with the commutation relations 


Vo, Js) = ta Ue Jel =2)5 7.1) 


We then assume that the eigenvalue m of Jo has a maximum within the 
representation space: There is a state |j) such that 


Joli) =) and J,|j) =0 


The other eigenstates of Jo are obtained by applying J_ repeatedly on |j); we define 
the (not normalized) states 


jm) = JY" hj) (7.2) 
The inner products of these states are easily calculated by using the relations 
Jy =—Oandy|J_ = 0: 


(m —1|\m—1) = GG+1) —m(m — 1)\(m|m) (7.3) 


(in order to find this explicit result, we also use the fact that the operator J? = 
(Jo)? + 54S _} commutes with all generators, and has therefore a fixed value 
within the representation, equal to jj + 1)). As seen from Eq. (7.3), states of 
negative norm generically appear when m decreases below —7; the representation 
is then nonunitary. The only exception to this rule occurs when j is an integer or 
a half-integer: The state | — j — 1) then has norm zero, along with all other states 
obtained by applying J_ on it. We say that these singular vectors decouple from 
the first (27 + 1) states for the following reason: Consider any operator A built 
from the generators J;; its matrix element (77|A|m’) between a positive-norm state 
|72) and a null state |772’) necessarily vanishes. Indeed, the evaluation of the matrix 
element proceeds by expressing A in terms of Jo and J+, using the relations (7.3), 
and it finally reduces to an expression proportional to (m|m’), which vanishes. 
The representation space is thus truncated to the first (27 + 1) states of Eq. (7.2), 
which then form a unitary, finite-dimensional representation of su(2). 

We shall proceed in a similar way in order to construct representations of the 
Virasoro algebra 

c 


[Ln Lm) = (n — mM) Lnim + G: 


Representations of the antiholomorphic counterpart of (7.4) are constructed by 
the same method. Since the holomorphic and antiholomorphic components of the 
overall algebra (6.24) decouple, representations of the latter are obtained simply by 
taking tensor products. Since no pair of generators in (7.4) commute, we choose a 


n(n? — 1)8n4m0 (7.4) 
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single generator (here Lo), which will be diagonal in the representation space, also 
called a Verma module. We denote by |h) the highest-weight state, with eigenvalue 
h of Lo: 


Lo|h) = hh) (7.5) 


This state is, of course, the asymptotic state created by applying a primary field 
operator ¢(0) of dimension h on the vacuum |0) (cf. Sect. 6.2.2). Since [Lo, Lm] = 
—mLm, Ln (m > 0) is a lowering operator for h, and L_,, (m > 0) is a raising 
operator. We shall adopt the condition 


Lin=0 (n > 0) (7.6) 


which is compatible with the regularity condition (6.26). Notice that the above 
condition follows from the simpler condition L,|h) = L,|h) = 0, by repeated use 
of Eq. (7.4). 

As discussed in Sect. 6.2.2, a basis for the other states of the representation, 
the so-called descendant states, is obtained by applying the raising operators in all 
possible ways: 


| Oisries Ey ens Oe |) ee aces yates |, (7.7) 


where, by convention, the L_;, appear in increasing order of the k;. Recall that this 
state is an eigenstate of Lp with eigenvalue 


W! =h+k+hko+...tki=h+N (7.8) 


where N is the level of the state. Likewise, the /evel of a string of operators is the 
level of the state it produces when applied on |). The first levels are spanned by 
the states of Table 7.1. 


Table 7.1. Lowest states of a Verma module. 


1 pil) 

0 1. {h) 

1 1 ewhogh) 

2. 2 [Palin Lepiie 

3 3 Lh), E4E4hh), L-aih) 

4 5 L%,h), L?,L-alh), L1L_s\h), L?,\h), L_ath) 


On the Verma module we define an inner product according to our previous 
definition of the Hermitian conjugate: jam = L_,,. Thus, the inner product of two 
States 


Lg, +++Lot,lh) and Ly, +++L_4,{h) 
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is simply 
(h|Ly,, °° Lx, L_1, +++ L_1,\h) (7.9) 
where the dual state (h| satisfies 
(A\L;=0 (<0) (7.10) 


The product (7.9) may be evaluated by passing the L;, over the L_;, using the 
Virasoro algebra until they hit |). Notice that the inner product of two states van- 
ishes unless they belong to the same level. Indeed, two eigenspaces of a Hermitian 
operator (here Lo) having different eigenvalues are orthogonal. Hermiticity also 
forces h to be real. 

A similar analysis can be done for the Verma modules associated with the anti- 
holomorphic generators L,,. Denoting by V(c,h) and V(c, h) the Verma modules 
generated respectively by the sets {L,,} and {L,,} for a value c of the central charge 
and with highest weights h and h, the energy eigenstates belong to the tensor prod- 
uct V @ V. In general, the Hilbert space is a direct sum of such tensor products, 
over all conformal dimensions of the theory: 


>> Vic, h) ® V(c,h) (7.11) 
hh 


The number of terms in this sum may be finite or infinite; moreover, there may be 
several terms with the same conformal dimension. 

To conclude this section, we consider the example of the free boson, studied 
in detail in Sect. 6.3. We recall that the Fock space is constructed by applying the 
raising operators a_, (n > 0) on the vacua |@). The latter are obtained from the 
“absolute” vacuum |0) by application of the vertex operator V,(0): ja) = V,(0)(0). 
From the expression (6.69) for the Virasoro generators, we immediately see that 
L,\a) = 0 forn > 0, and the vacua |@) form a continuum of highest weight states, 
with weight h = Sa. Thus, to each value of a one associates a Verma module, 
itself associated with the primary field V,. The descendant states are obtained by 
repeated application of the creation operators a_,, (n > 0), which is equivalent to 
a repeated application of L_,,, since a_,, also raises the conforma] dimension by 
n (cf Sect?6333). 


7.1.2. Virasoro Characters 


To a Verma module V(c,h) generated by the Virasoro generators L_, (n > 0) 
acting on the highest-weight state |), we associate a generating function x(c,4)(t), 
called the character of the module, defined as 


VCE alae 


00 
= > dim(h re Wai <4 


n=0 


where dim(h + 1) is the number of linearly independent states at level n in the 
Verma module and t is a complex variable. The factor q~“’* is introduced in this 


(q = em) 


(7.12) 
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definition for reasons that will become evident later, when considering modular 
invariance (Chap. 10). Since dim(h +) < p(n), the number of (possibly depen- 
dent) states at level n, the series (7.12) is uniformly convergent ifulgili< 1 'Gke., 
for tT in the upper half-plane), because |q| < 1 is the domain of convergence of 
the series (6.38). The characters are generating functions for the level degeneracy 
dim(h +7). In other words, knowing the character amounts to knowing how many 
states there are at each level. Characters x, flr) for the antiholomorphic Verma 
module are defined in the same manner. 

The character of a generic Verma module is easily written. We know that the 
number of states at level n is p(), the number of partitions of the integer n. Since 
the generating function of the — numbers is (cf. Eq. (6.38) and Ex. 6.4) 


1 
= (n)q” (7.93) 
vq) =p ? 
the generic Virasoro character may be written as 
h—c/24 
Np) = a 7.14 
(c,h) Gah (7.14) 
In terms of the Dedekind function 
co 
n(t) = q’40(q) = q= [Ja = q”) (7.15) 
i | 
the generic Virasoro character becomes 
h+(1—c/24 
(t) = ———_ 7.16 
X(c,h) n(z) ( ) 


7.1.3. Singular vectors and Reducible Verma Modules 


It may happen that the representation of the Virasoro algebra comprising all the 
states (7.7) is reducible. By this, we mean that there is a subspace (or submodule) 
that is itself a full-fledged representation of the Virasoro algebra. The states of this 
submodule transform amongst themselves under any conformal transformation. 
Such a submodule is also generated from a highest-weight state |x), such that 
L,|x) = 0(n > 0), although this state is also of the form (7.7). 

Generally, any state | x)—other than the highest-weight state—that is annihi- 
lated by all L,, (n > 0) is called a singular vector (we say also null vector or null 
state). Such a state generates its own Verma module V, included in the original 
module V(c, /). Singular vector are orthogonal to the whole Verma module. This 
follows immediately from the basis states (7.7) and Hermitian conjugation:! 


(y\L_4, Ly, 5+. Bg, \k) Si... Le egy)” = 0 (7.17) 


' In the bra-ket notation, non-Hermitian operators act on the ket, by convention. 
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In particular, (x|x) = 0. This observation extends to all the descendants of |x): 
They are also orthogonal to the whole Verma module V(c, /). This last assertion 
is equivalent to saying that any descendant of | x) is orthogonal to all the states of 
Vic, h) having the same level. Indeed, the relevant inner product has the form 


(i oe ey eas Ome (7.18) 


where >>; k; = N+)-;1;, N being the level of |x). By commuting systematically 
all the Ly, over the L_,,, one ends up with a sum of products of the form (7.17), since 
>; ki > 32; r;. Hence the assertion is proven. In particular, all the descendants of 
|x) have zero norm, since the evaluation of their norm leads to an expression 
proportional to (x|x). 

Through the operator-field correspondence, a null state |x) is associated with a 
null field x(z), which is at the same time primary (meaning that (L,, x)(z) = 0 if 
n > 0) and secondary, since it is a descendant of a primary field ¢;, of dimension 
h (cf. Sect. 6.6.1). 

From a Verma module V(c, /) containing one or more singular vectors, one may 
construct an irreducible representation of the Virasoro algebra by quotienting out of 
Vc, h) the null submodule or, in other words, by identifying states that differ only 
by a state of zero norm. These irreducible representations, which will will denote 
M(c,h) in order not to confuse them with the reducible Verma module, contain 
relatively “fewer” states than the generic Verma module, and their characters are 
not given by the simple formula (7.16). Such representations are the building blocks 
of minimal models. 
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7.2.1. Unitarity and the Kac Determinant 


A representation of the Virasoro algebra is said to be unitary if it contains no 
negative-norm states (often called ghosts in string theory). Since the explicit value 
of the inner product (7.9) depends on the highest weight / and the central charge 
c, the requirement that a representation be unitary imposes some constraints on 
these parameters. For instance, a simple unitarity bound on (h,c) is obtained by 
calculating the norm of the state L_,,|): 


(h|LpLexih) = (h| (tandn + 2nLy + on? ~ ) |h) 
(7.19) 


=f sont? — 1) hh) 


If c < O the above becomes negative for n sufficiently large. Therefore all 
representations with negative central charge are nonunitary. Moreover, the case 
n = 1 shows that all representations with negative conformal dimensions are also 
nonunitary. 
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The necessary and sufficient conditions for unitarity are found by considering 
the so-called Gram matrix of inner products between all basis states. We denote 
the basis states (7.7) of the Verma module as |) and let 


My = (il) (Mi = M) (7.20) 


be the Gram matrix. This matrix is block diagonal, with blocks M © corresponding 
to states of level /. A generic state is a linear combination |a) = }°,a;|t) and its 
norm is (in matrix notation) 


(ala) = atMa (7:21) 


Since M is Hermitian it may be diagonalized by a unitary matrix U: M = UAU'. 
If b = Ua, then 


(aja) = > Aili? (7.22) 


Consequently there will be negative-norm states if and only if M has one or 
more negative eigenvalues. Moreover, there will be singular vectors if one of the 
eigenvalues A; vanishes and, accordingly, the Verma module will be reducible. 

The matrices M associated with the lowest levels of a generic Verma module 
are easily calculated: 


M® =) 
MS 2h 


M® = 4h(2h + 1) 6h 
wa 6h 4h + c/2 


(7.23) 


As an illustration of the steps leading to the above expressions, we calculate 
explicitly a sample matrix element: 


M® = (h\L\L,L_2|h) 
= (h|L,(L_2L) + 3L_,)|h) 
= 3(h|L\L_1|h) 
= 6h(h\h) 


(7.24) 


From M® we cannot infer any condition for unitarity. From M“ we recover 
the condition h > 0. The product of the two eigenvalues of M) is equal to its 
determinant: 


det M? = 32h3 — 20h? + 4h2c + 2he 


vy) 
= 30h Fah ke oh i 
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wherein 
hy, =0 
1 /@ —c)25 — 0) 
hip = 16 (5 i Os O! = c)(25 = c)) (7.26) 
I 
haa = = (5 Porn (t= e05 — c)) 
The sum of the eigenvalues is equal to the trace: 


Tr M® = 8h(h +1) +c/2 (7.27) 


The representation is not unitary whenever det M” or Tr M is negative. We 
already know that every doublet (c,/) lying outside the first quadrant leads to a 
nonunitary representation. We learn here that some regions of the first quadrant 
also lead to nonunitary representations: As a function of c, the roots 4,7 and 
hz, describe two curves that join atc = 1, as illustrated on the leftmost graph 
of Fig. 7.1. The determinant det M?(c, h) is negative between these two curves 
(shaded area) and thus the associated representations are not unitary. We also learn 
from this exercise that the Verma modules associated with points (c, i) lying on 
these curves are reducible. 


h? a: 


(2,1) 


(C=) cI 


Figure 7.1. The vanishing curves C,,, for levels 2, 3 and 4 (from left to right). The curves 
at level / — 1 appear also at level /. The values of r,s are indicated near the curves when 
they first appear. The black dots are first intersections (defined in the text). The shaded areas 
correspond to manifestly nonunitary theories. 


There exists a general formula, due to Kac, for the determinant of the Gram 
matrix, the Kac determinant: 


detM® =a, || th- h, (c)P"™ (7.28) 


rs>1 
rs <l 
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where p(/ — rs) is the number of partitions of the integer / — rs and a is a positive 
constant independent of h or c: 


oy = I] [anys 
ee (7.29) 


rs <l 
m(r,s) = p(l — rs) — pl —r(s + 1)) 


The functions h,.,(c) may be expressed in various ways. A common expression is 
the following: 


1 
h,s(c) = ho + qra+ + sa_)? 
1 
hyo = mae = 1) (7.30) 
VJl—c+J25—c 
[04 => 
* V2 
Another convenient way to express the function h,., is 
] 
c=13-6 (: tr 7) 
ce) 


ie ne iis. nC . 1)- : 5s Zi) 


Here we have parametrized the central charge in terms of the (complex) number 
t. The expression for t as a function of c has two branches: 


t=14+5 [1-c+V0—0@5—9) (7.32) 


Which branch is actually used has no influence on the value of the Kac determinant. 
Ifc < lorc > 25,t is real, whereas it lies on the unit circle if 1 < c < 25. In terms 
of ¢, 


1 
ae=vt a@_ = —— 733 
+ Fi (7.33) 
Yet another way of expressing the roots of the Kac determinant is the following: 
6 
c= 1—- ———_ 
m(m + 1) 2 a4 
h gy Os ya) 
a 4m(m +1) 


Again, the expression of m as a function of c has two branches: 


A 25 —c 735 
aN, ae, _) 
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The relation between ¢ and m is not unique: 


ae ae) or a (7.36) 

The expressions (7.28) and (7.30) [or (7.31), or (7.34)] are of central importance 
in the theory of minimal models. The great success of conformal field theory in 
the study of two-dimensional critical systems is due in great part to the knowledge 
of the Kac determinant. The expressions (7.28) and (7.31) for the Kac determinant 
will be demonstrated in the next chapter. 

In the (c, #) plane, the Kac determinant vanishes along the curves h = h,,,(c), 
called vanishing curves and denoted C,.,. These curves are shown in Fig. 7.1 for 
all values of r and s allowed at levels 2, 3, and 4. Note that the Kac formula does 
not provide the eigenvalues of the Gram matrix, but only their product. At each 
level / > 1, the number of roots ,, of the determinant exceeds the number p(J) 
of eigenvalues. As is clear from the Kac determinant formula (7.30), the first null 
state in the reducible Verma module V(c, h,,,) occurs at level / = rs, since p(l—rs) 
vanishes (by definition) if 1 < rs. 


7.2.2. Unitarity of c > 1 Representations 


The explicit expressions (7.28)—(7.34) for the Kac determinant allow us to prove 
that the representations (c > 1,h > 0) are unitary. The proof is done in three 
steps: First, we show that the vanishing curves C,,, do not cross the region R = 
{c > 1,h > 0}. Ina second step we show that det M > 0 throughout this region. 
Finally we argue that M“ is positive definite in R. This last statement is in itself 
equivalent to unitarity, but the first two steps will be useful in proving it. 

The first step amounts to showing that the curves C,,, lie below or on the axis 
h = Oifc > 1. Anexplicit expansion of Eq. (7.30) yields 


2 
l-—c 25 —Cc 
oe fr r040—9 = —4 (7.37) 
If 1 <c < 25 we see that h,,(c) is not a real number unless r = s, in which 
case h,,,(c) < 0. On the other hand, if c > 25 the choice (7.35) implies that 
—1<m<0.Thenm(m + 1) < 0 and 


((m + 1)r — ms} = [1 — |m)r + |m|sP > 1 (7.38) 


which implies ,,,() < 0 according to Eq. (7.34). Thus, we have shown that all 
the curves C,,, are located on or below the h = 0 axis ifc > 1. 

When |/2| is much larger than max{|,,,|} for a given level, then det M = ah", 
for some positive r. Since a is a positive constant, the Kac determinant is also 
positive in this limit. Finally, since none of the roots h,.; lies in the region R, the 
Kac determinant is strictly positive throughout that region. This proves the second 
point. 
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In order to prove the last point, we must show that the matrix M is positive 
definite for at least one point (c,h) in R. Indeed, since the Kac determinant is 
positive, the number of negative eigenvalues of M must be even. That number 
can change only across one of the curves C,,,, and consequently must stay the same 
throughout R. It remains to show that this number is 0 at some point in R. To this 
end, we use a Slightly different basis for the level 1 sector, namely the vectors 


Lz,L-4,..-L-4,0) (12k 2---2hy) (7.39) 


and we define the length n(a) of a basis vector |@) as the number of operators Ly 
used to define it. For instance, L? ,|) has length 3 and L_3|h) has length 1. It is 
then possible to show that the dominant behavior in h of inner products is 


(ala) =cygh”™[1+O0(h)] (ca > 9) 
(x18) = OLMOMPEN) +. 


where |a) and |) are two basis states. We sort our basis in order of decreasing 
lengths, and consider the submatrices MM? obtained by keeping only vectors of 
length n. Eq. (7.40) implies that these submatrices are positive definite when his 
sufficiently large. In that limit, the eigenvalues of M are those of the submatrices 
Mo, and thus M® itself is positive definite. 


(7.40) 


7.2.3. Unitary c < 1 Representations 


We mentioned earlier that the points (c,) located between the two vanishing 
curves on the leftmost graph of Fig. 7.1 correspond to nonunitary representations. 
In fact, all the points in the region R : {(c,h)|O < c < 1,h > 0} are associated 
with nonunitary representations, except the following discrete set: 


6 
eae ne carp a 
+ 1)r—msf —1 j 
h, sm) = (=r, 1 =s <7) 


This expression coincides with Eq. (7.34) above, except that 77 is now an integer 
greater than or equal to 2, and the integers r and s are bounded as indicated. That the 
representations defined by Eq. (7.41) are unitary will be proven when discussing 
cosets in Chap. 18. In the present context, we could prove only that points (c,h) 
not included in this discrete set correspond to nonunitary representation, that is, 
Eq. (7.41) is anecessary (not yet sufficient) condition for unitarity. In fact, we shall 
not give the proof, but simply indicate some of its elements. 

It is relatively simple to argue that the points of R that do not lie on a vanishing 
curve correspond to nonunitary representations. Consider such a point P. Since 
the Kac determinant does not vanish at P, the associated representation does not 


2 It is not sufficient to argue that M“ is diagonal in the h — oo limit, since off-diagonal terms may 
be of the same (or even larger) degree in h, than some diagonal terms. However, the eigenvalues are 
equal to the diagonal elements in that limit. Consider, for instance, the simplest example, M'?), as given 


in Eq. (7.23). 
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contain zero-norm states, but may contain negative-norm states. In order to show 
that it does indeed, it is sufficient to demonstrate that the Kac determinant is 
negative at P, for some level /. This can be done if there is, at some particular 
level /, a continuous path linking P to thec > 1,h >0 region that crosses a single 
vanishing curve such that p(/ — rs) is odd. For instance, going back to Fig. 7.1, any 
point left of the curve on the level-2 graph can be linked to the c > 1, > O region 
by a continuous path that crosses either C; 2 or C2,;, and the factors (h — hy 2(c)) 
and (h — h2;(c)) both appear linearly in the Kac determinant at level 2. Therefore 
these points are associated with nonunitary representations. This is true of all the 
points lying left of the vanishing curves represented on that figure. The points not 
excluded from unitarity at some level by this argument will be excluded at some 
higher level. Indeed, atc = 1, the vanishing curve C,,, ends up ath,,, = (r =s)°. 
For a given value of r — s, the vanishing curve lies closer and closer to the c = 1 
axis as the product rs increases. Each time rs increases by one step (for a fixed 
value of r — s), a new set of points is excluded from unitarity by this argument at 
level / = rs, since p(/ — rs) is then one and no other vanishing curve lies between 
C,,; and the c = 1 axis. This argument excludes from unitarity all the points in the 
region R, except maybe the points lying on the vanishing curves themselves. 

Verma modules associated with points on vanishing curves contain null vec- 
tors, but may contain negative-norm states as well. Indeed, the second element 
of the nonunitarity proof is that points on the vanishing curves also correspond 
to nonunitary representations, except the so-called first intersections. Consider a 
given vanishing curve, at a given level; the first intersection associated with that 
curve, if it exists, is the point intersected by another vanishing curve (at the same 
level) that lies closest to the c = 1 axis. At any point on the vanishing curve C,.,, 
the Verma module has a null vector at level rs. The characteristic of first intersec- 
tions is that this null state is the highest-weight state of a representation that in tum 
contains a null state. It can be shown that first intersections are indeed located as 
indicated in Eq. (7.41). On Fig. 7.1, all intersections (indicated by dots) are first 
intersections, the origin included (it intersects C),2 and C),;). 
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This section is a constructive introduction to minimal models. The consequences 
of the existence of null vectors on correlation functions and the operator algebra are 
illustrated with the help of simple examples. The general construction of minimal 
models is presented in a heuristic fashion, formal proofs being reported in the next 
chapter. Throughout this section we shall work in the holomorphic sector only. 


7.3.1. A Simple Example 


We study a simple example of reducible Verma module. Consider, in Vic,h), the 
following state at level 2: 


Ix) = [L-2 + nL2,] \h) (7.42) 
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We want to tune 7 and h in such a way that |x) is a null state (or singular vector). 
As mentioned earlier, the conditions L;|x) = L2|x) = 0 are sufficient for this, 
since it then follows from the Virasoro algebra (7.4) that L,|x) = 0 for alln > 3. 
By acting on this state with L, and L, and bringing these operators in contact with 
|h) with the help of the algebra (7.4), we find 


Li|x) = (3 + 2n + 4hn)L_i|h) 


1 (7.43) 
La\x) = (Ge + 4h + 6hn)Ih) 
The conditions imposed on 7 and h for |x) to be singular are thus 
Ss 
UL = Sra arin 
2(2h + 1) (7.44) 


h=— {s—c+Ve-1e-25)| 


The latter condition may also be inferred from Eq. (7.30) applied to level-2 states 
(cf. Eq. (7.26)), since singular vectors exist if and only if the Kac determinant 
vanishes. In the notation of Eq. (7.30), the above constraint on h is simply h = hy 2 
orh = hy, (recall that the first nul] state in the reducible Verma module V(c,h,.;) 
occurs at level / = rs). 

As discussed in Sect. 6.6.1, to each state of the Verma module one associates 
a descendant field, as defined in Eq. (6.148) for the simplest case. In particular, 
one associates a null field x(z) with the null state |x). This field is a descendant 
of the primary field ¢(z) of conformal dimension h, but is itself a primary field of 
dimension h: + 2. Following the discussion of Sect. 6.6.1, the explicit expression 
for this null field is 


a2 


3 
= ees) — ae 


$(z) (7.45) 
That the null state is orthogonal to the whole Verma module translates, in the field 
language, into the vanishing of the correlator (x(z)X), wherein X is a string of local 
fields: X = $)(z:)--- (zn). Equivalently, we say that the field x decouples from 
the other fields. According to Eq. (6.152), this implies the following differential 
equation for the correlator (¢(z)X): 


3 2 


More explicitly, this is 


N 1 @ h; 3 a 
> [43 ae oR | oy 53 ((2)X)=0 (7.47) 


f=) 


(recall that £_; is equivalent to @,). 
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This differential equation should bring nothing new to our knowledge of the 
two-point function. Indeed, if we let X = $(w), Eq. (7.47) becomes simply 


z—-w” (z—w) 22h +1) 


which is trivially satisfied, given the general form (5.25) for the two-point function: 
(o(z)b(w)) = (z —w)-™*. 

However, the differential equation (7.47) has a nontrivial effect on the three- 
point function (5.26). We consider X = $)(Z:)@2(Z2). The three-point function 
is 


1 h 3 
{a ae sary" | (o2)ew)) =0 (7.48) 


gh, h,,h2) 
ay aes Sz ae (775) 
where g(h,h,,h2) is a constant not fixed by global conformal invariance alone, 
but by the operator algebra of the theory (cf. Sect. 6.6.3). The differential equation 


(7.47) imposes constraints on the conformal dimensions h, /;, and hp. It turns out, 
after an explicit calculation, that a single independent constraint remains: 


2(2h + 1)(h + 2h2 — hy) = 3(h - hy +hy)(h — hy +hz+1) (7.50) 
This equation may be solved explicitly for h2: 


1 1 Za} 1 3 1 
a = = 2 =e oi paris 
i 6 IF ait +hy+ 3 h? + 3hh, “ae ait ae 16 (7.51) 


This solution for /2 is more elegant if we adopt a notation close to that of Eq. (7.30) 
and parametrize the conformal dimensions as 


(D(z) 1 (Z1)b2(Z2)) = (7.49) 


1 1 
h(a) = hp + qe ho = vi 1) (752) 


If w, and a correspond respectively to h, and h2, we then have the following 
solutions: 


@2=a,ta, (h = hz) 

2 =a, ta_ (h =h,2) 
Thus, the existence of a null vector at level 2 imposes additional constraints 
on the three-point functions, which are equivalent to constraints imposed on the 


operator algebra. If we denote by ¢() the primary field of dimension h(a) these 
constraints on the operator algebra take the following symbolic form: 


(7-53) 


$(2,1) X Pa) = Pa—a,) + Plates) 
$1.2) X Pa) = Pa—a_) + Plata) 


The notation introduced here requires some explanation. By the above, we mean 
that the operator product expansion of $2,1) with (a) (or of fields belonging to their 
families) may contain terms belonging only to the conformal families of $(q—«,) 
and @(a+0,)- The symbol x stands for an operator product expansion, and $(q) 
stands not for the primary field only, but for its entire conformal family. Generally 


(7.54) 
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speaking, we call fusion the process of taking the short-distance product of two 
local fields. The conditions under which a given conformal family occurs in the 
short-distance product of two conformal fields are called the fusion rules of the 
theory. These may be thought of as selection rules for the conformal dimensions 
of fields appearing in a three-point correlator. We say, for instance, that the fusion 
of two conformal fields ¢; and @2 onto a third field @3 is possible if the three- 
point function (¢;¢2¢3) is not zero. This topic will be examined in more detail in 
Sect. 8.4. It is implicit that there are coefficients multiplying the families on the 
r.h.s. of Eq. (7.54): They are the structure constants of the operator algebra. Not 
only are they not specified here, but they may vanish.? 

We finally point out the possibility of having a null state at level one. The 
only state at this level is L_,|h), and its norm vanishes only if kh = h,, = 0 
(cf. Eq. (7.26)). The corresponding null field is 0,@(,,1)(z), and the differential 
equation satisfied by the correlator (@(;,1)(z)X) is 


0 
9g (Pun@X) = 0 (7.55) 


Because the correlator is independent of z, the only conclusion to be drawn is 
that @(;,1) is a constant, since it is, by hypothesis, a purely holomorphic field. We 
call @;,1) the identity field or the identity operator (sometimes denoted by Il). The 
obvious consequence of the above differential equation on three-point functions 
involving ¢(;,1) is the trivial operator algebra: 


P11) X Pa) = Pa) (7.56) 


Incidently, the energy-momentum tensor T(z) is a descendant of the identity field, 
according to Eq. (6.148): T(z) = I). 


7.3.2. Truncation of the Operator Algebra 


The constraint (7.54) on the operator algebra coming from the existence of a null 
vector at level 2 may be generalized. If h = h,,, then there exists a null vector 
at level rs, as follows from the Kac determinant formula (7.28). This null vector 
imposes a similar constraint on the operator algebra: 


k=r-1 l=s—1 
$75) X Pa) = SS Se Platke,+la_) (7.57) 
k=1-r l=1-s 
k+r=1 mod 2 1+s=1 mod 2 
(The summation indices are incremented by 2). In other words, k takes only even 
values if r is odd and vice versa. We shall not prove this statement here. For the 
moment, we simply draw its consequences. 


3 Of course, when writing the complete fusion rules later on, none of the implicit coefficients will 
vanish. 
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The first consequence of Eq. (7.57) is that the conformal families [,,,,)] asso- 
ciated with reducible modules form a closed set under the operator algebra. For 
instance, we see immediately that 


1,2) X Pes) = P,s—1) + Pers41) 


(7.58) 
(2,1) X Ps) = P(r-1,s) + P(r+1,s) 


This means that the fields ¢(;,2) and ¢,2,;) act as ladder operators in the operator 
algebra. That the families [@,,,;)] form a closed set under the operator algebra is a 
profound dynamical statement, which holds only for certain values of c and certain 
highest-weight representations associated with those values. Again, we stress that 
the coefficients implicit on the r.h.s. of (7.57) may be zero; the above notation 
simply means that no other conformal family, other that those shown, may appear 
in the operator product expansion. Indeed, many conformal families can be shown 
not to occur in the OPE, by using the commutativity of the operator algebra. For 
instance, we write 


1,2) X (2,1) = $(2,0) + G2, 
(1,2) ¥ (2,1) = P(2,0) + $(2,2) (7.59) 
(2,1) X $2) = $0.2) + (2,2) 


Since the two OPEs are equivalent, this shows that $2.9) and ¢io,2) are excluded 
from both (their coefficients vanish). Thus, in this example, the operator algebra 
truncates to 


1,2) X P21) = P(2,2) (7.60) 


This truncation phenomenon may be generalized, with the following result: 


k=r,4+12-1 l=s;+s2—1 
P(r,,51) x P(r2,52) = pe PKL) (7.61) 
k=14 |r) —r2| 1=14|s)—s2| 


k+r,;+r2=1 mod 2 1+s)+s2=1 mod 2 


Here again, the summation variables k and / are incremented by 2. The truncation 
is such that only the families ¢i,;) with positive values of r and s occur on the 
r.h.s. of (7.61). 
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For a generic value of the central charge c, the truncated operator algebra (7.61) 
implies that an infinite number of conformal families are present in the theory, 
since families [¢,,,;)] with r, s arbitrary large are generated by applying repeatedly 
the fusion rules (7.61). In order to understand the situation graphically, we consider 
the “diagram of dimensions” of Fig. 7.2. The points (7, s) in the first quadrant label 
the various conformal dimensions appearing in the Kac formula. The dotted line 
has a slope tand = —a,/a_, fixed by the central charge c. If 5 is the Cartesian 
distance between a point (r,s) and the dotted line, it can easily be shown that (cf. 
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Ex. 7.6) 
1 
hys =ho + qo (oy +a”) (7.62) 


If the slope tan @ is irrational, it will never go through any integer point (r,s), 
although some of these points will be arbitrarily close to it. Thus, given the fusion 
rules (7.61), there will be an infinite number of distinct primary fields in the theory, 
and moreover, an infinity of them will have negative conformal dimensions, since 
ho < Oifc <1. 
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Figure 7.2. The “diagram of dimensions” for a generic value of c. The points on the 
first quadrant are associated with the conformal dimensions h,, of the Kac formula. The 
conformal dimension is related by Eq. (7.62) to the distance between a point (r,s) and the 
dashed line. 


However, if the slope tan 6 is rational, that is, if there exist two coprime integers 
p and p’ such that 


pa_+p'a,=0, (7.63) 


the dotted line of Fig. (7.2) goes through the point (p’, p) and the conformal wei ghts 
h,.; do not form a dense set. Indeed, we then have the periodicity property: 


ee aa hrsp' stp (7.64) 
In terms of these two integers, the central charge and the Kac formula become 
ass)? 
pe 
pp 


7.65 
| puma OE BST Nae De pn 


4pp' 
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If c < 1, the parameter ¢ of Eg. (7.31) is real and positive, and equal to tf = 
—a,/a_ = pip’. The two integers p and p’ may therefore be taken as positive. 
Because of the symmetry ¢ — 1/t of this parametrization, one may also assume 
that p > p’ without loss of generality. Note also the obvious symmetry property 


Aes — | Se (7.66) 
From Eq. (7.65) we easily demonstrate the following identities: 


hrs +18 =hptrp-s = hy-rp+s 


hes a (p’ ai r)(p a s) = eee, — hop -r5 
This means that the null vector at level rs contained in the Verma module V,, 
is itself the highest weight of a degenerate Verma module, since it fits in the Kac 
formula! Moreover, the module V,., also contains a null vector at level (p’ —r)(p — 
s). These two null vectors give rise to submodules that also contain null vectors of 
the same form, and so on (this is illustrated in Fig. 8.1 of Chap. 8). Thus, there is 
an infinite number of null vectors within the Verma module V,.,, if c is of the form 
(7.65). Each null vector has its own differential equation acting as a constraint on 
the correlators and the operator algebra. The net effect is an additional truncation 
of the operator algebra, yielding a finite set of conformal families, which closes 
under fusion. The corresponding finite set of conformal weights h,., is delimited 
by 


(7.67) 


Wer <p’ and l1<s<p (7.68) 


This rectangle in the (r,s) plane is called the Kac table. The symmetry h,,, = 
hy -rp—s makes half of this rectangle redundant: 


Pr,5) = Pp'—rp—s) (7.69) 


There remain (p — 1)(p’ — 1)/2 distinct fields in the theory. 

The conformal theories defined by the conditions (7.65) and (7.68) are called 
minimal models, since they contain a finite number of local fields with well-defined 
scaling behavior. The truncated fusion rules existing between these fields are 


Kmax Inax 


Oe 2 YS HRD (7.70) 


k=1+\|r—m| 1=1+|s—n} 
k+r+m=1 mod 2 k+s+n=1 mod 2 


wherein 
kmax = Min(r +m —1,2p’-1—r—m) 


(7.71) 
lnax = min(s +n —1,2p -1—s—n) 


and k and / are incremented by 2. This expression will be proven in the next chapter. 
Of course, the above discussion was restricted to the holomorphic sector. A 

physical theory is in fact constructed out of tensor products of holomorphic and 

antiholomorphic modules. A generic Hilbert space has the following form 


H = G)MC,h) @ M(c,h) (7.72) 
hh 
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The question of how to combine the components of a minimal model into tensor 
products will be addressed in detail in Chap. 10, in which conformal field theories 
ona torus will be studied. However, a particularly simple solution is to associate to 
each holomorphic module M(c,h,,;) the corresponding antiholomorphic module 
M(c,h,,;). The Hilbert space of the theory is then 


H= iG M(c, hys) @ Mc, hrs) (7.73) 

l<r<p’ 

l<s<p 
The resulting theory is termed diagonal, since the two factors of each tensor product 
are identical. We shall symbolically denote a minimal model associated with the 
pair (p, p’) by M(p, p’) and, as mentioned above, will adopt the convention p > p’. 


7.3.4. Unitary Minimal Models 


As seen in Sect. 7.2.1, the constraint of unitarity for a conformal field theory 
requires that there be no states of negative norm. We have seen that a necessary 
condition for the unitarity of a representation of the Virasoro algebra with highest 
weight h is h > 0. Therefore, a unitary conformal field theory contains only 
primary fields with nonnegative conformal dimensions. The physical implications 
of this property are clear: The two-point correlation functions of primary fields 
(except for the identity operator) have to fall off with distance, instead of exploding 
at large distances: 


1 


($y 5,(2,2)b, (0,0) = = 


(7.74) 


This is the case for the critical Ising model, to be discussed below: The spin-spin 
correlator decreases when the separation of the spins increases. That such a behav- 
ior is to be expected from any physical spin system with short-range interactions 
is not quite true in general as we shall see in next section, with the (nonunitary) 
example of the Yang—Lee edge singularity. It seems that the statistical models of 
so-called hard objects (i.e., of bulky objects that cannot overlap, subject to simple 
enough interactions) always admit critical continuum descriptions with nonunitary 
conformal field theories. Moreover, many other physical systems such as polymers 
in two dimensions have phases described by nonunitary minimal models. The 
unitarity condition should therefore not be confused with a physical condition. 

We now examine the consequence of the unitarity condition for the c < 1 mini- 
mal theories discussed above. Recall the form of admissible conformal dimensions 
(7.65) 


»,. — Pr—P's’ -@-pPy 
a 4pp’ 


with 1 <r < p’—1and1 <s < p—1. The integers p and p’ being coprime, 
Bezout’s lemma states that there exists a couple of integers (ro, 59) in the above 


(7.75) 
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range such that 


Pro —p’so = 1 (7.76) 
Accordingly, the corresponding dimension 
fap) 
Pry,s9 = ra (7.77) 
is always negative, except if |p — p’| = 1, in which case it vanishes. It turns 


out that the primary field with smallest dimension (7.77) is always present in the 
minimal theories. As we shall see in the study of modular invariance (Chap. 10), 
the primary field with smallest dimension governs the leading anomalous behavior 
of the free energy of the system through finite size effects. The minimal models can 
be unitary only if |p —p’| = 1. In this case, h,, ,, = hy,; = 0O—that is, ¢(,,,5.) is the 
identity—and the leading finite size effect in the free energy is governed only by the 
central charge of the theory. That these models are indeed unitary will be proven in 
Chap. 18 by means of the coset construction; this will provide an explicit unitary 
realization of each minimal model with |p — p’| = 1. With no loss of generality, 
we label the unitary minimal theories with c < 1 by (p = m+1,p’ = m), 
m = 2,3,4,.... We note that the list of unitary representations given in Eq. (7.41) 
coincides indeed with the list of highest weights ,, of unitary minimal models. 


§7.4. Examples 
7.4.1. The Yang-Lee Singularity 


As mentioned in Sect. 3.2.1, the partition function of a lattice theory, such as the 
Ising model, is an analytic function of the parameters of the model if the number 
N of sites is finite. Nonanalytic behavior, hence a phase transition, can occur only 
in the thermodynamic limit (V — oo). For definiteness, we consider the Ising 
model at temperature 7, in an external field H. The configuration energy is given 
by Eq. (3.6). As a function of H, the zeros of the partition function cannot lie on 
the real H-axis for N finite, since Z is then a finite sum of positive terms. These 
zeros occur at complex values of H and at their complex conjugates. In a generic 
ferromagnetic spin model, they tend to accumulate on various arcs on the complex 
plane as N — oo. In the Ising model, it has been shown that they accumulate on 
the imaginary axis H = ih, and the free-energy F = In Z may then be expressed 
in terms of the density p(h, T) of zeros on the imaginary axis: 


F(h) = ih ee Th — ix) (7.78) 


The magnetization M is then 


oF dx po) 


== - (7.79) 
0H ee HT Sax 


Mi= 
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Below the critical temperature (JT < T,), the distribution of zeros extends up to 
the real axis (o(0, 7) # 0) and the magnetization is discontinuous as H crosses 
the origin along the real axis: There is a first-order phase transition. At Pre, 
p(0, 7) vanishes and this transition becomes continuous.* In the paramagnetic 
phase (T > T,), the distribution p(h, 7) stops at a critical value h-(T) on either 
side of the real axis, the so-called Yang-Lee edge. We now suppose that, near }-, 
the density of zeros has a power-law behavior:> 


p(b, T) = (b — be)? (7.80) 


It is then a simple matter to show that the magnetization M(ih) behaves also like 
(h — h.)’. We may assert, using scaling arguments identical to those explained in 
Sect. 3.2.2, that the exponent a is related to the exponent 7 of the critical correlator 
by the relation (3.49): 


1 d-2+7 n 
as ~ adt2_— 7) 4— 
Here, however, the correlator with exponent 7 is not the correlator of the Ising spin 
at the critical point (2 = 0, T,), but that of another scaling field, yet unspecified, 
describing the fluctuations of the model in an imaginary field close toh = ih: As 
h — ibe, the correlation length diverges. 
It turns out that the relevant Landau-Ginzburg theory® contains a term in i@?: 


(d = 2) (7.81) 


Ce 58.) + ih pee ee 


This model is, of course, not unitary, because of the imaginary magnetic field, 
which translates into an imaginary coupling of the Landau-Ginzburg effective 
field theory. 

In trying to identify this critical point with one of the minimal models of confor- 
mal field theory, we must keep in mind the following: First, the model is nonunitary. 
Second, as shown by renormalization-group analyses, the composite field ©? is 
redundant, which means that the operator product ®® does not give rise to any 
new scaling field. In other words, 


®x d=1+ 9. 


The only minimal model with such simple behavior is M(5, 2), with central charge 
c = —22/5, Its operator content is very simple, with only two primary fields: ¢(;,1) 
(of dimension 0) and ¢,;,2) = $(:,3) (of dimension — 1/5). These are, of course, the 
chiral components of the physical operators I (the identity, of dimensions (0, 0)) 
and ® (dimensions (— 1/5, —1/5)). The scaling dimension of the field ® is thus 


4 It is at this critical point (H = 0,7-) that the Ising model is studied within the formalism of 
conformal field theory (see the next section). 

> In this section we adopt the standard notation o for the critical exponent, not to be confused with 
the spin operator of the Ising model. 


© By Landau-Ginzburg theory, we mean a continuous, Lagrangian description of the statistical mode}. 
See Sect. 7.4.7. 
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A = —2/5, and the corresponding exponent n is 2A = —4/5. According to the 
relation (7.81), the critical exponent o is then equal to —1/6, a result entirely 
compatible with the outcome of high-temperature series analyses, which yield 
o ==0:163'0:003. 


7.4.2. The Ising Model 


The simplest nontrivial unitary minimal model, M(4,3), describes the critical 
Ising model. Since Chap. 12 is entirely dedicated to the two-dimensional Ising 
model, we shall not explain in detail here the precise correspondence between this 
lattice model and the minimal model M(4, 3). We simply state the results. 

In addition to the identity operator, there are two local scaling operators in the 
critical Ising model: the Ising spin o (a continuum version of the lattice spin o;) 
and the energy density ¢ (a continuum version of the interaction energy 0;0;+;). 
The latter is also called the thermal operator, since it is coupled to the inverse 
temperature £ in the partition function. The exponents 7 and v are defined by the 
critical behavior of the following correlators (d = 2): 


1 1 1 
—aane To (Ei€i4n) = a daa 
|n|@-2+9 —|n|" |n|24-2 In [4-2 


(7.82) 


(i0j+n) = 


It is known, from the exact solution, that 7 = 1/4 and v = 1. Therefore, assuming 
that the scaling fields o and ¢ have no spin (h = h), it follows that their conformal 


dimensions are 
Cie (hh). = (4,4) (7.83) 
? = 16 16 , = UG . 


The three fields Eakins up oe holomorphic part of the theory have therefore con- 
formal dimensions 0, + re and $ . This simple operator content leads to an identifica- 
tion with the minimal model M4, 3), with central chargec = ; . The operator-field 
correspondence is 

I = > ga) or $(23) 

a => ¢22) OF 1,2) (7.84) 

E = > G21) OF (1,3) 


The associated diagram of dimensions is illustrated on Fig. 7.3. 
The fusion rules following from this identification with M(4,3) are the 
following (cf. Eq. (7.70)): 
oxo=I+e 
oxXxé=0 (7.85) 
exe=i 


Note that these simple fusion rules are compatible with the Zz symmetry 0; > —9; 
of the Ising model. 
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Figure 7.3. The diagram of dimensions for the minimal model M(4,3), associated with the 
Ising model. There are six weights in the Kac table, but those below the dashed line are 
simply a repetition of those above, which correspond to the three scaling fields I, o and . 


We know of another unitary conformal field theory with c = : the free Ma- 
jorana fermion w (cf. Sect. 5.3.2 and Sect. 6.4). The two theories must be equiv- 
alent, and this equivalence is at the origin of Onsager’s exact solution of the two- 
dimensional Ising model. The energy density, as a thermal operator, is readily 
identified with the fermion mass term wy (recall that hy = hy = 5). However, 
the expression of the Ising spin 0; in terms of the fermion field y is nonlocal. The 
questions of locality and mutual locality of operators are well illustrated in this 
model, and will be discussed in more detail in Chap. 12. 


7.4.3. The Tricritical Ising Model 


Following the Ising model, the next simplest unitary minimal model is M(5, 4), 
with central charge c = i The associated diagram of dimensions appears in 
Fig. 7.4. There are six different scaling fields, listed in Table 7.2. 


Table 7.2. List of all scaling fields of the minimal model M(5, 4), which describes 
the tricritical point of the dilute Ising model. 


(r,s) Dimension Symbol Meaning 
1,1) or (@,4) 0 I identity 
(ip 2)) or (385) 5 € thermal op. 
(1, 3) or 7G) 3 e’ thermal op. 
Ay or (GD : rae thermal op. 
(22) o@@3) a oO spin 
C4) or a is d spin 
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Figure 7.4. The diagram of dimensions for the minimal model Ms 4), associated with the 
tricritical Ising model. There are six different weights in the Kac table. 


The lattice model associated with this minimal conformal field theory is the 
tricritical Ising model, or more properly said, the dilute Ising model at its tricritical 
fixed point. This model is defined like an ordinary Ising model, except that vacant 
sites are allowed and the number of spins on the lattice fluctuates. The configuration 
energy is 


Elo,t)=—) tt(K +6.,0)—1 > ti (7.86) 
(i) i 

where the variable t; = ee is O if site 1 is vacant and 1 otherwise. K is the 
energy of a pair of unlike spins, and K + 1 that of a pair of like spins. The 
chemical potential jz specifies the average number of occupied sites on the lattice. 
At some value of (8, K, ;), there is a critical point at which three phases meet and 
coexist critically, hence the epithet tricritical. In addition to the identity operator, 
five scaling operators emerge at this tricritical point: three energy-like operators 
corresponding to the three terms of the configuration energy and two spin-like 
operators. The fusion rules of these fields are listed in Table 7.3. 

The tricritical Ising model is also one of the few physically relevant theories 
endowed with supersymmetry. A detailed discussion of supersymmetric confor- 
mal field theories does not belong to this chapter, but we nevertheless mention that 
a supersymmetric generalization of conformal transformations exists (in a super- 
space formulation) and leads to a supersymmetric generalization of the Virasoro 
algebra: the so-called superconformal or super-Virasoro algebra: 


] 
[Lins Ln) = (m aa WLmnin ate 70 ee m)bm4n 


il 1 
(GG 2 et 30m" — 7 )8nan (7.87) 


I 
[Lm Gr] = (jm —n)Ginsn 
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Table 7.3. Nontrivial fusion 
rules in the tricritical Ising 
mode! M(5, 4). It is implicit 
here that the symbol used for 
the fields stand in fact for the 
associated conformal families. 


EXE 
exe 
exe’ 
peated 
e xe” 
e’ xe” 
Exo 
Exo’ 
exo 
é’ xo’ 
ae aes 
ex 
oxo 
TIS 


(or Se for 


I+e’ 
ete” 


é 
I+e’ 


It+e+e +e” 
e+e’ 
I+ e” 
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Table 7.4. List of all scaling fields of the minimal superconformal model 
m = 3, associated with the tricritical Ising model. Superpartners are 
indicated in the Neveu-Schwarz sector. 


(r,s) Dimension 


(1,2) or (2,4) 
(173); sor (252) 
(422) or: (2,3) 
(1,4) or “2 1) 


aly Sle sl- © 


Symbol Sector 
(I, 2”) NS 
[e, €'] NS 
vo R 
a” R 


In the above, the modes G,,, are the Fourier components of the superpartner G(z) of 
the energy-momentum tensor. This anticommuting field has conformal dimension 
3 and corresponds to $(;,4) (or $(3,1)) in Table 7.2. 

Depending on the boundary conditions, the index of G,, is either half-integral, in 
which case the above algebra is known as the Neveu-Schwarz algebra, or integral, 
in which case it is known as the Ramond algebra. It is possible to identify a discrete 
series of unitary, minimal superconformal models, indexed by an integer m, with 
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the following dimensions: 


[r(m + 2) —sm] =4 j 


h, = ___ ps fie 
; eget ag] 
(l<r<m,1<s<m+2) (7.88) 
3 12 
c=-- 
2 m(m-+2) 


Of course, superconformal models are also conformal; however, they possess extra 
symmetry. A mode] that is minimal with respect to the superconformal algebra need 
not be minimal with respect to the plain Virasoro algebra: As is well-known in 
group theory, when an irreducible representation of some algebra is restricted to a 
subalgebra, it is generally no longer irreducible. From the relation (7.88), we see 
that the case 7 = 3 is the only nontrivial model that is both Virasoro and super- 
Virasoro minimal. This c = a model is precisely the tricritical Ising mode]. The 
Neveu-Schwarz sector of the theory contains the fields I, ¢, e’ and e”, all even under 
spin reversal. In terms of stiperconformal representations, €” is a descendant of the 
identity, exactly like 7, and e’ is a descendant of e€. In the Neveu-Schwarz sector, 
every field has generically a superpartner with a conformal dimension differing 
by i, and the pair forms what is called a superfield. In the case at hand, € and e’ 
are superpartners, like T and G. The fusion algebra of these four fields closes onto 
itself, as may be verified in Table 7.3. The Ramond sector contains the fields o 
and o’, which are odd under spin reversal. The field assignments in both sectors 
according to Eq. (7.88) are indicated on Table 7.4. 


7.4.4. The Three-State Potts Model 


The next model on the minimal unitary list is M(6, 5), with central charge c = ¢ 
and ten different scaling fields. It turns out that a subset of fields in this model 
describes the critical point of the three-state Potts model. 

The Q-state Potts model is defined in terms of a spin variable o; taking Q 
different values. The configuration energy is 


Eloi) = — ) 80, (7.89) 
(i) 
In other words, a nearest-neighbor pair of like spins carries an energy —1 and all 
other pairs carry no energy. The case Q = 2 is equivalent to the Ising model. A 
related model is the Q-state clock model, defined in terms of a spin variable taking 
its values among the Q-th roots of unity e’”, where Qy € 277Z. Its configuration 
energy is usually defined as 


Elyi] = — ) > cos(yi — ¢) (7.90) 

(ij) 
The clock model has a Zo symmetry under yg; > e?”2q; and a spin-reversal 
symmetry y; —> —q;, whereas the Potts model has a permutation symmetry Sg of 
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the spin labels. Both models are equivalent in the case Q = 3, since the clock model 
Hamiltonian may then be rewritten as follows, modulo additive and multiplicative 
constants: 


2 1 
Elgil=—)> 5 eos — 9) + | 
iw) (7.91) 


aaa 2 89,9; 
(ij) 


The Potts model has a self-duality point at a temperature 1/6, given by a eS 
1+ /Q. For Q < 4 this corresponds to a continuous transition, whereas the 
transition is of first order if Q > 4. 

From Baxter’s exact solution of the three-state Potts model at the critical point, 
one finds the critical exponents v = 5/6 and n = 4/15. It follows that the real field 
cos y = 4(o +4) must have conformal weights (h,) = (4, +), and the energy 
density ¢ has scaling dimension @, 2). These two fields correspond respectively 
to (3,3) and $21) of the minimal model M(6, 5). However, not all scaling fields 
allowed in this minimal model are actually present in the Potts model. There exists 
a subset of fields that closes under the fusion rules and forms a minimal, consistent 
theory. These fields are listed in Table 7.5, and the nontrivial fusion rules appear 
in Table 7.6. That a subset of the Kac table may in itself form a consistent theory 
is an unexpected feature; the reasons for this will be discussed in Chap. 10. 


Table 7.5. Scaling fields of the minimal model M(6, 5) included in the three-state 


Potts model. 

(4.5) Dimension Symbol Meaning 
CE9t) = orud(4, 5) 0 I identity 
(2,1) or (3,5) z e thermal op. 
(3,1) or (2,5) Z x 
(4,1) or (1,5) 3 Ve 
G3) morn 3) it o spin 
(4,3) sor (1,3) Z Zz 


Of course, the physical operators occurring in the Potts model are products of 
holomorphic and antiholomorphic fields; we denote them by ®, jy» labeling them 
by their conformal dimensions. The physical operators alluded to in Table 7.5 are 
in fact the diagonal combinations ®;,;, (h = h). In addition to these diagonal 


(or spinless) operators, the Potts model contains also the following operators with 
spin: 


03 O35 ® (7.92) 


27 
SIE 
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Table 7.6. Nontrivial fusion rules of the 
fields for the fields of the minimal model 
M(6, 5) included in the three-state Potts 
model. It is implicit here that the symbol 
used for the fields stand in fact for the 
associated conformal families. 


exe = [+X 
Exo = a0+Z 
exX = e+Y 
Bx es Ae 

exZ = o 

oxo = I+e+o04+X+YV4+Z 
oxX = o+Z 
oxY =a 

oxZ = &+04+xX 
XxX = 14+X 

X <@Y “eee 

XxZ = 0 

¥ x Y vee 

YxZ = Z 


ZxZ = 14+Y+Z 


The presence in Table 7.5 of a field of conformal dimension 3 indicates the 
presence of an additional symmetry for which this field is the current, much like 
the field of dimension : in the tricritical Ising model signals the presence of 
supersymmetry. This additional symmetry is embodied in an infinite-dimensional 
algebra called the W3 algebra, which contains the Virasoro algebra as a subset. It 
is possible to construct a sequence of “minimal models” with representations of 
this algebra, of which the three-state Potts model is the simplest realization, and 
the only one that is at the same time a minimal model of the Virasoro algebra. 


However, we shall not study the W3 algebra in this volume. 


7.4.5. RSOS Models 


A correspondence has been suggested, based on known critical exponents, between 
the unitary minimal models M(m + 1,m) (m > 3) and a sequence of exactly 
solved statistical models, the RSOS models. A solid-on-solid (SOS) model is 
defined by associating to each lattice site an integer height 1;, constrained by the 
condition |/; —/;| = 1 between nearest-neighbor sites. A Boltzmann weight is then 
associated with each plaquette according to the sequence of heights around the 
plaquette. In the restricted solid-on-solid (RSOS) model, the heights /; cannot take 
all integer values, but only those in the range 1 < /; < q — 1, where q is an integer 
characterizing the model (¢ > 4). Let /,, h, 1, and l, be the heights associated 
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with the four corners of a plaquette, circled clockwise. Then the Boltzmann weight 
associated with the plaquette is defined as 

Wh, be, 1s, l4) = wih) wh)w(h wll, bs)z(a, La) (7.93) 


where the on-site weight w(J) satisfies the relation w(/) = w(q — J) and the 
next-nearest neighbor interactions y and z are defined as 


- ’ if 1A 

yl) = 
wm=yq1 if Val (7.94) 
i if ee 

21,0) = 
Zj=2%-1 if l=l 


Thus, the number of parameters in this model is (3g — 8)/2 (q even) or (3g — 9)/2 
(q odd). 

The constraint {/; — J; = 1 naturally divides the lattice into two sublattices, on 
which the height variables are odd and even, respectively. If g is even, itis possible 
to define a spin variable s; = iq — 21;), with integer spins on one sublattice and 
half-integer spins on the other. The parameters z; and y; then represent nearest- 
neighbor interactions between spins on each sublattice. The simplest case (¢ = 4) 
is then equivalent to the Ising model. 

The RSOS model has been solved exactly in a two-dimensional submanifold of 
the full parameter space, and four different regimes have been identified, denoted 
I to IV. In regime III, g — 2 phases are in coexistence, whereas in regime IV, q — 3 
phases are in coexistence. Regimes III and IV meet at a multicritical point, which, 
in the Ising case (¢ = 4) is nothing but the ordinary critical point between the 
ordered and the disordered phases. A sequence of gq — 3 order parameters have 
been constructed for this transition, with exponents 


(k+1)?-1 
a 7.95 
Bx G0 (7.95) 
The heat capacity exponent @ has also been calculated: 
a =2-—q/2 (7.96) 


The scaling laws of Table 3.2 allow us to express the scaling dimension A = 
h+th= sn in terms of a and f. We thus find a sequence of conformal dimensions 
(assuming hk = h): 
(kK+1)?-1 
h, = —————_ (l<k<q-3,q>4 TOT 
These coincide with the dimensions /;.; 44, of the unitary minimal models 
M(q,q — 1), as readily checked from the Kac formula. This is the correspon- 


dence between the multicritical points of the RSOS models and the sequence of 
unitary minimal models. 
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7.4.6. The O(n) Model 


The O(n) model is a generalization of the Ising model in which the spin degree 
of freedom is a vector § with n components (S*)q—),2,... For technical reasons, 
the model is more tractable on a trivalent lattice, and we shall consider the O() 
model on the honeycomb lattice of Fig. 7.5. The configuration energy of the model 
reads 


E(S;)) = -J > S;.S; (7.98) 
(ij) 
where (ij) denote neighboring sites of the lattice. The partition function is an 
integral 


Za = i | [4s:e™ (7.99) 
with the following integration rules for the vector components: 
/ dS (S*) = 0 
i ds(S— (7.100) 
/ ds? (S'y = 0 
With these rules, we thus have 
[as Sa (7.101) 


Cemeciny 


Figure 7.5. A typical loop configuration of the O(n) model on the honeycomb lattice. 


The study of the model is greatly simplified if we consider, instead of (7.99), 
the slightly modified partition function 


Zn(K) = | [ [4s: ] Ja. + KS:-5)) (7.102) 


(i) 
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Strictly speaking, the two partition functions Z,, and Zn coincide only in the large 
K = Bi limit, but both systems are expected to belong to the same universality 
class. We shall use the partition function (7.102) in the remainder of this section. 
The partition function (7.102) of the O(7) model may be perturbatively expanded 
in powers of K as a sum over loop configurations on the lattice. Indeed, due to 
the integration rules (7.100), for the integral of a product of spin components to 
be nonzero, the latter must be taken along a set of closed nonintersecting loops of 
neighboring sites of the lattice. Moreover, each such loop receives a contribution 
from the integration over the spin components, and K per loop bond. For instance, 
the typical loop configuration of Fig. 7.5 contributes for n*K**. We may therefore 
rewrite 


Z,(K) = > nNe KNe (7.103) 


loops 


where N; and Ng denote, respectively, the numbers of loops and of bonds in 
the configuration. The expression (7.103) for the partition function of the O(n) 
model enables us to analytically continue its definition to any real value of n. 
The model can be further explored by transforming it into a solid-on-solid (SOS) 
model. In the latter, the degree of freedom is a height variable / at the center of 
each hexagon of the lattice, for which the previous loops are domain walls. More 
precisely, orienting the loops, the height / increases (resp. decreases) by a fixed 
amount /p across a wall pointing to the right (resp. left). In the SOS language, 
the partition function Z,, is rewritten as a sum over oriented loops. The weights 
in Eq. (7.103) can be reproduced by attaching a weight K per oriented bond of 
loop, and a weight e'” (resp. e~“”) per right turn (resp. left turn) along the loop 
at each loop vertex. Summing over the two orientations of each loop gives a net 
contribution of 2 cos 6v per loop (a loop on the honeycomb lattice always has 
a difference n; — n, = +6 between its numbers of left and right turns), which 
reproduces the factor n provided we take 


n = 2cos 6V (7.104) 
This transformation is instrumental in the study of critical properties of the model. 
It can indeed be shown that the O() model undergoes a continuous phase transition 
at the critical value 
K = Kn) = (24+VJ2—n)" forn ec [-2,2] (7.105) 
The continuum limit of the critical model is in turn described for 
n = —2cosn(pi/p’), 1 <plp’ <2 (7.106) 


by the minimal model (p, p’). More generally, for 


n = —2cosnzg, g € [1,2] (7.107) 
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the central charge of the conformal theory describing the continuum limit of the 
critical O(n) model is 


ia 1) 
g 


Forn = | (g = 4/3), we recover the central charge c; = 1/2 of the Ising model. 
For n = 2 (g = 1), the model is called the XY model and is described at criticality 
(Kosterlitz-Thouless point) by a conformal theory of central charge cz = 1. When 
n = 0 (g = 3/2), the partition function is simply 


Gp = l=® 


(7.108) 


Zo-— 1 (7.109) 


Although trivial looking, the model captures the physics of polymers in two di- 
mensions. For instance, nontrivial information such as multipolymer correlations, 
which exhibit nontrivial scaling behavior, may be obtained by differentiating the 
critical partition function with respect to n before taking m — 0. The simplest 
example is the configuration sum of a single polymer, which reads (see Ex. 10.24) 


i) 
—Zn 7.110 
= (7.110) 


n= 


7.4.7. Effective Landau-Ginzburg Description of Unitary 
Minimal Models 


Most conformal theories have no path-integral formulation based on an action. 
For a special class of minimal theories, however, there exists a simple effective 
Lagrangian description, which we now present. 

This class is referred to as the (772 + 1,1) diagonal unitary minimal models 
with central charge 


6 


} — ————__ ie = yO Noe (7.111) 
m(m + 1) 


Cy, = 


and the primary fields have dimensions 


((m + 1)r —ms)* — 1 


l<r=sm-—1,1lssem (7.112) 
4m(m + 1) 


ies = 
The epithet diagonal means that the primary fields of the theory are built out of 
identical left and right Virasoro representations, which cover the entirety of the 
Kac table modulo the equivalence (r,s) <> (m+ 1 —r,m — s). In other words, 
the primary fields of a diagonal theory are the spinless combinations 


O5)(Z,Z) = Ps)(Z) ® bs) (7.113) 


suith Hie ht = hips 
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The fusion rules (7.70) for the left part of Virasoro minimal theories extend 
to the diagonal association of identical left and right Virasoro representations. By 
setting p = m+ 1 and p’ = m, we can write 


min(n4+r—1,2m+1—n—r) min(k+s—1,2m—1—k—s) 


Dis) X Pink) = 2D DK (7.114) 
k=|n—r|+1 l=|k—s|+1 
k—n-+r—1 even 1—k+s—1 even 


Eg. (7.114) differs from Eq. (7.70) in that it describes the fusions of the complete 
left-right association of Virasoro representations, instead of just the left represen- 
tations of the Virasoro algebra. Nevertheless, the fusions (7.114) are generated 
by repeated fusions of X = 2) and Y = ,,2). This provides an effective 
description of the fusion rules (7.114) by a theory of two fields X and Y. A La- 
grangian description of the interactions between these two fields would offer an 
alternative description of the minimal theories, allowing, in particular, to compute 
correlation functions involving X and Y, directly from the action. Unfortunately, 
no such description has been found so far. The only known effective description 
contains one self-interacting field ®, corresponding to ® = 2). It is governed 
by a Lagrangian of the form 


c= faz {-@er +e) ! (7.115) 


This Lagrangian is an effective Landau-Ginzburg Lagrangian, in which the field ® 
stands for the order parameter of some physical system (especially in the continuum 
formulations of the critical phases of discrete interacting spin systems, such as the 
archetypical Ising model). The potential term is some general polynomial V(®), 
whose extrema correspond to the various critical phases of the system. The potential 
is usually chosen to be invariant under the reflection @ — —®. For a polynomial 
potential V(®) of degree 2(mm — 1), this ensures the existence of mz — 1 minima 
separated by m — 2 maxima. Several critical phases of the system can coexist if 
the corresponding extrema coincide. The most critical potential is therefore just a 
monomial of the form 


Vin(®) = H20"—-Y (7.116) 


As we shall show, the fusion rules of the (72+ 1, 72) diagonal unitary minimal model 
are effectively described by the multicritical Landau-Ginzburg theory (7.115), 
with potential V = V,,,(®) as above (we shall denote by C,,, the corresponding 
Lagrangian). The physical implication of this result is deep: The diagonal unitary 
minimal models (7 + 1,12) can be viewed as the multicritical points of a system 
described by one scalar field. Clearly, a single scalar field description simplifies 
substantially the computation of the correlators in the theory, releasing it from 
all the sophistication (differential equations from singular vectors) encountered 
so far. Incidentally, Chap. 9 is devoted to another scalar-field representation of 
minimal conformal field theories—the Coulomb-gas formalism—which allows for 
an actual computation of correlation functions of conformal fields. However, in that 
approach, one somehow loses track of the underlying physics which, by contrast, 
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is quite transparent in the present Landau-Ginzburg approach. The advantage is a 
global treatment of all the relevant operators of the theory, appearing as composite 
descendants of the order parameter ®.’ Moreover, the effective Landau-Ginzburg 
theory provides an interesting conceptual bridge between the pure field-theoretical 
problem and the statistical mechanics of related discrete spin systems. 

Starting from the field ©, we can construct renormalized composite fields by 
repeated operator product expansions and subtractions of the most singular terms. 
For instance, the operator product 


e 1 " 
(2,2) x ©(0,0) = sp [100, 0) +2%24%2(0,0)+ less singular --- ] 
defines a composite field 


©, =: 0°: (7.117) 


(renormalized square of ©). The dimensions 2d, and 2d are the anomalous di- 
mensions of ® and ®> in the renormalization group sense (and coincide with their 
respective scaling dimensions A; = 2h, and Az = 2h2). We point out that the 
normal order : --- : in (7.117) is not the usual normal ordering, in which all the 
singular terms are subtracted; here only the most singular term is subtracted. In 
particular, note that d, #4 2d,. Composite fields also include renormalized prod- 
ucts involving derivatives of ©. Higher renormalized powers of ® are obtained by 
operator expansion and subtraction of only the most singular terms therein, which 
have already been identified as lower renormalized powers of ®, namely 


: OFT: (0,0) = lim [z|* 4-4 [O(z, Zz) x : &* : (0,0) 
Zz 


[k+1/2] (7.118) 
C,|z|7e+" 2, —d\—d, : pktl—2r : ] 


rl 


The even power shifts of 27 enforce the ® —-- —® symmetry, and the constants C, 
are completely fixed by the OPE. This construction can be safely repeated, until 
the equation of motion of the £,,, Landau-Ginzburg theory, 


sper? -~ 3,3:@ (7.119) 


is reached. When compared to the actual operator product expansion of primary 
fields of the (m + 1,) unitary minimal theory, the definition (7.118) allows for 
the identification 


D(e44k41) for “= 0: 1.340 — 2 


(7.120) 
Poem) | tor k =m —1,m,..., 2m 4 


: OF: = 


7 For instance, in the Ising model, the energy operator can be viewed as some composite of the spin 
operator, as expressed through the fusion rule o x o = 1+ €. The Coulomb-gas formalism of Chap. 9 
does not express this “descendant property”, whereas it is crucial in the present Landau-Ginzburg 
approach. 
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Indeed, due to the fusion rules 
22) X Oey = Py-iy-1) + Pe-rr4y + Ovary + Posie (7-121) 


the term (4-41) is the most singular, after subtraction of ®(,_),,-1). When 
r =m — 1 in Eq. (7.121), the most singular term after subtraction of P(-2,m-2) 
iS 


P(m—2m) = P(2,1) (7.122) 


(® (n,m) ANd © yn m2) lie outside of the Kac table, and do not belong to the theory) 
which explains the second line of (7.120). Beyond the power 2m — 4, the identi- 
fication is more subtle as the equation of motion of the Landau-Ginzburg theory 
(7.119) introduces a mixing between ® and its derivatives (descendants of ®). 
The order parameters of the theory are the collection of renormalized powers of ® 
before the equation of motion is reached; they correspond to the first and second 
diagonals of the unitary Kac table. To complete the above identification, we check, 
from the unitary minimal theory point of view, that the Landau-Ginzburg equation 
of motion (7.119) is satisfied by ®2,2). Due to the unitary minimal fusion rules 
(7.114), we deduce that 


De O2* = G5 95, X Oli 2) = Cope) + Die (7.123) 


Defining : ©?”-? : by Eq. (7.118), we have to subtract the two most singular 
contributions allowed by this fusion rule, namely : ®?”"-> := @¢,_3,n—2) and 
® = B22) = Pim—2,m-1)- The most singular contribution after these subtractions 
comes from the first descendant of the field ®, 0,0;®. This is indeed the operator 
with lowest dimension among the descendants of ® and: ©?”"~> :. This establishes, 
at least formally, the equation of motion (7.119) within the framework of the 
minimal model. 

In addition to providing a physical picture for the minimal models, the Landau- 
Ginzburg description sheds some light on the issue of perturbation of conformal 
theories away from the critical points, and of the renormalization group flows 
between the various theories. A naive way of interpolating between the (7 + 1, ™m) 
and (72,m — 1) unitary minimal theories consists in replacing the potential V,,, 
(7.116) by the linear combination V,,, +AV,,,_1. The case A = 0 corresponds to the 
(m + 1,m) fixed point, whereas the limit 1 — oo is the fixed point (72, m — 1). 
So a flow between the various unitary theories can be obtained by perturbing the 
(m+ 1, m) theory by its most relevant operator (with conformal dimension smaller 
than 1 but closest to it), namely 


po?) pe siege Dia sy Ce) 


Finally, multiple fusions with ©, 7) do not generate the whole unitary minimal 
fusion algebra, except in the lower cases m = 2, 3, 4 (see Ex. 8.20). This is not 
in conflict with the above results, but points to the subtlety of the actual meaning 
of the Landau-Ginzburg description. Beyond the first two diagonals of the Kac 
table, the description of the other primary fields of the theory in terms of ® is 
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more involved; the equation of motion (7.119) has to be taken into account, and 
this causes a proliferation of derivatives of ®. 


Exercises 


7.1 Inner product 
Show that the norm of the state (L_;)"|h) is 


ani TT (h-G = 1/2) 


7.2 Gram matrix 
Show that the Gram matrix for level 3 is 


24h(1+h)(1+2h) 12h(1 + 3h) 24h 
M® = 12h(1 + 3h) h(8+c+8h) 10h 
24h 10h 2c + 6h 


(the states are ordered as in Table 7.1). 


7.3 Gram matrix and vectors of fixed length ash + oo 
Check explicitly Eq. (7.40) at level 2 with vectors of length 2. 


7.4 Explicit expression of simple null vectors 

Find the explicit expression of the null vectors x;,3, Xi,4, and x2,2. Proceed as in the beginning 
of Sect. 7.3.1, by writing the most general state at level rs and imposing the highest-weight 
condition 


Li|x) = Ly|x) = 0 


7.5 Constraint on the conformal dimensions from the differential equation associated with 
a null vector 

Show explicitly how the constraint (7.50) follows from applying the differential equation 
(7.47) to the three-point function (7.49). 


7.6 Diagram of dimensions 

Prove formula (7.62) for the dimensions in the Kac table as a function of the distance 5 
between the point (r,s) on the plane and the line with slope —a,/a_ that goes through 
the origin. To do so, simply subtract from the vector (r,s) its projection on the unit vector 
(cos 6, sin 8), where tan@ = —a,/a_, calculate the length squared of the result, and compare 
with (7.30). 


7.7 Fusion rules in the Ising model 

From the simple ladder operations (7.58), obtain the fusion rules of this Ising model 
(M(4,3)) by applying repeatedly the truncation procedure leading to Eq. (7.60). Thus, 
check explicitly the validity of the fusion rules (7.70). 


7.8 Tricritical Potts model 

Write the field content and the fusion rules (given by Eq. (7.70)) for the minimal model 
M(7, 6). Check that there is a subset of fields that closes under the fusion algebra, like in 
the minimal model M(6,5). It turns out that this subset is associated with the tricritical 


Potts model. 
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7.9 Equation of motion for the Yang-Lee model 
Consider the minimal model M(5, 2) associated with the Yang-Lee edge singularity. The 
module of the identity operator I = ¢(1,1) = $14) contains a null vector at level four: 


3 
Ix) = (LE, — E-4)10) (7.125) 
a) Show that the field associated with the state | x) is 


T4(e) = (IT) - =" 


b) Compute the singular terms in the short-distance product of this field with any primary 
field ® of the theory, with dimension h. 
Result: 


Ta(2)(0) = <-*h(h + £)®(0) 


+2 °2(h + =)3@(0) 


5h+1 
-2( — 2 @(0) + 2h0 (0 
+2 (Fy (0) + (0) 
5h+1 6h 
=1{ __=___._#@(0) +- —___ 8 (0) + 24 — 1) ee 
+2 (askin O)+ 75 (0) + 2¢ )o'"(0) 
where 
3 
@ = (L.-—{—L’,,)® 
o” = €2-soRa pe 
y 1 
(6) a = ed ey ee aes re) 
ames Tee 2+ he Dh+2) -1) 
c) Deduce that the only possible primary fields of the theory have dimensions 0 or —1/5. 
Show, moreover, that when h = —1/5, we have ®? = ©® = 0. 


The vanishing of T,(z) therefore implies most of the structure of the corresponding minimal 
model: It may be viewed as the equation of motion of the Yang-Lee model. This may 
be generalized to any minimal model (p,p’). In those cases, the identity has a nontrivial 
singular descendant at level (p — 1)(p’ — 1): It is a composite field T,,_1y-1) of T and 
its derivatives. Its vanishing forms the equation of motion of the corresponding minimal 
model and completely determines the spectrum of the theory. 

7.10 Singular vectors of the Ising model 


a) Using the representation of T in terms of the Ising fermion, 


1 
r= — 5 ew) 


and the rearrangement lemmas of Sect. 6.C, check the following field transcriptions of the 
W = 2,1) = $13) Singular vector equations: 


2 
I$2,1) = 3 (ha. + 1)(T¢2,1)) 
Fbc1,3) = (13 + 1) (2(T8Gq1,3)) — 1 3(8TGc1,3))) 


b) Find the level-6 vacuum singular vector and verify that the corresponding field identity 
is also satisfied with the above representation of T. 


Notes 237 


7.11 Fields dual to each other 
Primary fields that satisfy the condition 


$ dz $,.s)(2), f dw bw 2) = 


are said to be dual of each other. 
a) Verify that fields whose OPE contains a single family @y,, that is, 


$07,)(Z)br,sy(w) ~ (z — w) “(by (w) + addy, (w) +--+) (7.126) 


where @ is some constant and 
A=h,, + hy =/)) 


are dual to each other if A = 2. It is crucial here to have a single pole whose residue is 
a total derivative (and this is the unique possibility when the residue is proportional to the 
lowest dimensional descendant of a primary field: L_,@y, is the unique descendant of @;, at 
level 1). 


b) Find all pairs of primary fields that satisfy Eq. (7.126) with A = 2. 
Result: 


{$,3), a1} {60,2),96,1)}, (92,1), 6,5} (7.127) 


¢) We will now prove that Eq. (7.126) with A = 2 gives all the solutions to the duality 
condition. Consider first the case where A = 3. Argue that the duality requirement can be 
satisfied only if there exists a relation between L? ,¢, and L_2@;,, which forces @;, to be 
either $(;,2) Or $(2,1). But show that this is incompatible with the OPE (7.126) with A = 3 
and $s), Pirs’) being both primary fields. Use a similar argument to rule out A > 3. 


d) What is the value of the constant a in Eq. (7.126)? 


Notes 


The representation theory of infinite-dimensional algebras is discussed extensively in the 
mathematical literature. We note the set of lectures by Kac and Raina [216] and by Saint- 
Aubin [313]. 

The formula for the Kac determinant was proposed by Kac [213], and proven by Feigin 
and Fuchs [127]. The proof is explained in more detail by Kac and Raina [216] and Itzykson 
and Drouffe [203]. The Kac determinant was also obtained by Thorn [334] ina more physical 
fashion, in the context of dual resonance models. 

The conditions for unitarity of c < 1 models were obtained by Friedan, Qiu, and 
Shenker [140]. A detailed proof of these conditions is provided by the same authors in 
Ref. [143], where the unitarity of c > 1,4 > 0 representations is also discussed. Langlands 
[250] offers a more detailed proof of the unitarity of c > 1,4 > 0 representations and an 
alternate proof of the nonunitarity conditions forc < 1. 

The Yang-Lee edge singularity was studied by Fisher [131], who correctly guessed the 
relevant Landau-Ginzburg theory. Its relation with the nonunitary minimal model M(5, 2) 
was pointed out by Cardy [66]. 

The identification of the Ising model with the minimal model M(4, 3) is due to Belavin, 
Polyakov, and Zamolodchikov (BPZ) [36]. 
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The tricritical Ising model was related to the minimal model M(5, 4) and to the simplest 
model of the superconformal discrete series by Friedan, Qiu, and Shenker [141]. Supercon- 
formal models were also discussed by Bershadsky, Knizhnik, and Teitelman [45] and by 
Eichenherr [122]. 

The Q-state Potts model was solved by Temperley and Lieb [333] and first studied 
in the context of conformal field theory by Dotsenko [107] for Q = 3. Minimal models 
based on the W; algebra, of which the three-state Potts model is the simplest example, 
were introduced by Fateev and Zamolodchikov [123]. The three-state Potts model is also a 
special case of Zy) parafermionic theories, introduced by Zamolodchikov and Fateev [366]. 

The RSOS model was introduced and solved for a restricted set of parameters by An- 
drews, Baxter, and Forrester [14]. Critical exponents for this class of models were obtained 
by Huse [197] who conjectured the correspondence with unitary minimal models. 

The O(n) model was rephrased in Coulomb-gas terms and solved by Nienhuis [283] 
at criticality. The identification of the precise underlying conformal theories was realized 
by computing the torus partition function of the model [95, 96]. The physics of polymers 
(O(n = 0)) in solvents was investigated with conformal theory techniques by Duplantier 
and Saleur [115, 116]. 

The Landau-Ginzburg description of minimal models was suggested by Zamolod- 
chikov [364]. Exercise 7.11 is based on Ref. [267]. 


CHAPTER 8 


Minimal Models II 


This chapter, the second devoted to minimal models, completes the somewhat 
heuristic point of view adopted in some parts of the previous chapter. We stress 
at once that the four sections below are to some extent independent. They are 
intended for an easy reading, the main technical difficulties being left in the large 
appendix. 

In Sect. 8.1, we describe the structure of irreducible Verma modules, as a con- 
sequence of the Kac determinant formula (8.1). In particular, we derive the expres- 
sions for the characters of the irreducible representations of the Virasoro algebra 
and give a number of examples to illustrate this point. In Sect.8.2, we turn to the 
study of singular vectors of the Virasoro algebra. Instead of proving the Kac de- 
terminant formula in an abstract mathematical way, in the spirit of the original 
proofs (see also the exercises at the end of this chapter), we shall present a more 
constructive approach, in which we explicitly derive expressions for the singular 
vectors. These expressions are particularly beautiful for the fields located at the 
border of the Kac table, namely, of the form ¢,,;) or $(;,s), for which we present 
a complete construction. The general case ¢y,,,) is presented in the (very large) 
App. 8.A: after describing all the mathematical implications of the covariance of 
the operator product expansion of conformal fields (in particular the mechanism of 
fusion of two Verma modules), we construct the (r,s) singular vectors as a result 
of the fusion of two particular Verma modules. The proof of the Kac determinant 
formula is just a by-product of this latter study. 

The singular vectors can be used to derive differential equations for the corre- 
lation functions of the corresponding fields. The precise mechanism is described 
in Sect. 8.3. In particular, we derive differential equations of the hypergeometric 
type for the four-point functions involving ¢(2,) or (1,2). Section 8.4 is devoted 
to the complete derivation of the fusion rules for minimal models, hidden in the 
leading behavior of the differential equations for correlators. 
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88.1. Irreducible Modules and Minimal Characters 


In this section, we describe the structure of inclusions of Virasoro modules in re- 
ducible highest-weight representations of the Virasoro algebra. The result is sum- 
marized in the minimal] character formula (8.17). This structure is a consequence 
of the Kac determinant formula! 


det M® =a | | th—-h,(c)Po (8.1) 


rs>l 
rs<l 


where 


halt) = (7 — I+ 566? — Do — Ser — 1) 


c=13-—6 (: + *) 
t 
For the (p’, p) minimal model, we have in addition 
t=plp’ (8.3) 
hence 
le m1 2: 
gg ees 
6 S (8.4) 
C= j= ees 


PP 


The representation with highest weight /2 is reducible if and only if # has the form 
(8.4), for some nonnegative integers r,s > 1. 


8.1.1. The Structure of Reducible Verma Modules for 
Minimal Models 


We consider in detail the structure of the reducible Verma modules for the 
minimal models specified by Eq. (7.65). Let V,, denote the Verma module 
V(c@, p’),h,s(p,p’)) built on the highest weight h,., appearing in the Kac ta- 
ble (8.4). According to the Kac determinant formula (8.1), the reducible Verma 
module with highest weight ,., has its first singular vector at level / = rs. This is 
the first level at which the determinant vanishes, because of the exponent p(l—rs). 
We deduce, from the symmetry property (7.66), that it must necessarily have 
another singular vector at level (p’ — r)(p — s). Using the identity 


h,_;—h;,, = rs (8.5) 


’ Note that p(/ — rs) denotes here the number of integer partitions of the integer / — rs. It should not 
be confused with the product p x (/ — rs). 
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and the periodicity property 


hy+p's+p = hy. (8.6) 
to properly shift the indices, we find that the corresponding dimensions read 
respectively 


h,s +1s = hp4rp—s = hy —rp+s 

Res ak (p’ a r)(p = Ss) a vip = i ors 
The possibilities of labeling the resulting states are exhausted if we insist on hay- 
ing dimensions indexed by pairs of positive integers, which are minimal with 


respect to translations of (p’,p). We may therefore write the following inclusion 
of submodules 


(8.7) 


Vp'4rp—s U V,.2p-s (e Ve. (8.8) 


To build an irreducible representation (the irreducible Virasoro module M,.,), we 
have to factor out V,, by the direct sum of these two submodules 


M,s = V,s/ ees ® V,,2p-s | (8.9) 


Unfortunately, the direct sum V,4,-; ® V;,2p—s is a complicated object, as 
these two Verma modules in turn share two submodules. This is readily seen by 
applying the reducibility condition to each of the two corresponding submodules 


Vp+rp—s and V,.2,_;. We find two submodules in Vy4,,»-; = Vp'—rp+s at levels 
(p' +r)(p — s) and (p’ —r)(p +s), namely 
Vop'44,s U V,2p+s SG Vp'4r,p-s (8.10) 


Similarly, we find two submodules in V,2)-; = V2pr-,,s at levels r(2p — s) and 
(2p’ — r)s, namely 


Vp! —r,3p—s U Vp" —r,p-s Cc V,.2p—s (8.1 1) 


Note that the submodules in (8.10) and (8.11) coincide by the symmetry property 
(7.66): V2p'4r,s = Vp'—r,3p—s and V;2p+s = Vap—rp-s- Hence the direct sum of the 
two modules is a quotient 


Vp'4rp—s <0) V,2p-s = Vp'+rp—s U V,2p—s/ [V2p-+r.s © Aare (8.12) 


Iterating this, we find the infinite ladder of inclusions of modules, depicted 
in Fig. 8.1. At each step, the two Verma modules have two common maximal 
submodules, given by the Kac determinant formula, whose intersection contains 
in turn two maximal submodules, and so on. The irreducible representation M, . 
(8.9) is therefore obtained as the following succession of subtractions and additions 
of modules 


M,s = Ves = (Virsrp—s U Vo9s) xe (Vop'41,s U Ve204+5) se (8.13) 


We note that the first subtraction of Vp-4,,»-s UV>,2p-s is too large, because we have 
to subtract the two maximal submodules V2,,,,; and V,2p+s from the intersection 
Vor+rp—-s O Vr,2p—s, and this phenomenon propagates along the ladder of Fig. 8.1. 
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>—(2ptr,s) ... ——» (het, (-1)5+[1-(-1)']p/2) - - 


(p'+r,p-s) 


(7,8), 
x 4 


(ages) rape)... 2 — CEC 


oa 


Figure 8.1. The infinite structure of submodules of the Verma module V,.(p,p’). Each 
module V, », is represented by a pair of Kac indices (a,b). Each arrow represents an inclu- 
sion: A > B means B c A, and arrows are transitive. Each module contains two maximal 
submodules. 


8.1.2. Characters 


A simple way of summarizing these repeated subtractions is to write the character 
of the irreducible representation M,,,. Each Verma module with highest weight h 
and central charge c contributes according to the Virasoro character (7.16): 
h—cl24 
Xic.hy(Q) = ——- (8.14) 


Taking into account all the subtractions of states implied in Eq. (8.13), we find the 
irreducible character 


—c/24 


q h = kj 
Xir,s)(Q) = rs+ § (-1) r+kp' (—1)s+(1-(—1¥ Ip/2 
amr Ck > (9 


| 
ab qirkoH—Vis+-(-1 2 1 


8.15) 
where the three terms in the bracket correspond respectively to the Verma module 
V, of the left of the ladder of Fig. 8.1, and the contribution of the modules of the 
top (resp. bottom) of the ladder weighted by a sign (— 1)‘ enforcing the successive 
additions-subtractions along the ladder. The irreducible character (8.15) can be 
reexpressed in terms of the functions 


K?)(q) = (2pp'n-+pr—p's)’/4pp" 8.16 
ma i one (8.16) 

as 
Xers)(q) = KE?(q) — KP? @) (8.17) 


The small q expansions of the characters for the ai, models discussed in 
Sect. 7.4 are displayed in Table 8.1, up to order 6. The Kac indices (r,s) for the 
representations have been chosen in such a way that the product rs is minimal. 
Indeed, comparing these expansions with that of 1/g(q) 


1 
dag = 1 ta 2a? +39) + Sq*+ 7a? + 11g +--- B18) 
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Table 8.1. Expansion of a few minimal characters up to order 6. 


(p, p’) h,.; que Se (q) 

p2 hi, =0 1+q@+q3+q*+q> + 24°+ 

Yang-Lee hy2=-WUS 14+q+q? +9? +2g4+ 295 +3q6+--- 

(4,3) iy, =0 1+ q? +43 + 2q* + 24° + 3q°--- 

Ising ho, = 1/16 1+q+q* +q? + 2q* + 29° + 3q°+--- 
hy = V2 1+q +4? + 29° + 2q* + 39° + 49° + 

(5, 4) ii =0 1+q?+q> + 294 + 294° + 4g° + 

Tricrit. ho, = 7/16 1+q + q? + 29° + 3q* + 4q° + 69° + 

Ising hy 2 = 1/10 1+¢4@ + 2q? + 2q° 4g? + 6g 
hi3 = 3/5 1+q + 2q? + 293 + 4q* +.5q° + 79° +--- 
ho2= 3/80 = 1+q +2q? +39? + 4q* + 69° + 8q° + 
h3, = 3/2 1+q+q? + 29° + 3q* + 4q° + 69° + 

(6, 5) hi, =0 1+q? +q° + 2q* + 295 + 49° + 

eee hoy = 2S 1+.q +9? + 24° + 3q* + 4q° + 69° + 

Potts h3, = 7/5 1+q@ + 2q? + 2q? + 4q* + 5q° + 8q° + 
hy 3 = 2/3 1+4q + 2q? + 24? + 4q* + 5q° + 8q° + 
a3 1+q +2q? + 3q? + 4q* + 5q° + 89° + 


fps = WS) Mtg 2a: oe 5g 41g" 10g" 


it is easy to verify that the first singular vector in each representation occurs at 
level rs, whereas the second one occurs at level (p — r)(p’ — s). 


§8.2. Explicit Form of Singular Vectors 


In this section, we give an explicit construction of the singular vector at level 
r in the Verma module V,,;, with A and c as in Eq. (8.2). The result appears in 
Eq. (8.26) below, in the form of the determinant A, of a matrix operator expressed 
in a representation of su(2) of spin (r — 1)/2. More precisely, the singular vector 
|h,,, +1) is obtained by acting on the highest-weight state |f,,:) with this operator 
A,,.Sucha Fe pre souanion is easily obtained in the classical limit c + —oo of the 
Virasoro algebra,” where the limits of (r, 1) singular vectors are associated with 


2 This limit may be taken by sending t > 0 in Eq. (8.2). Note that the dimensions h,,;(t) diverge in 
this limit, unless s = 1. 


244 8. Minimal Models II 


covariant differential operators. In this limit, the highest-weight property translates 
into the fact that the state behaves as a true differential form, with weight 


l-r 


ae hr a 2 

The limit of the singular vector expression simply means that a differential form 
of weight (1 + r)/2 (the classical limit of |h,,; + 7)) is obtained by acting on a 
differential form of weight (1 — r)/2 (the classical limit of |/,,,)) with a covariant 
differential operator of degree r (the classical limit of A,,). The expression of 
covariant differential operators in the form of a determinant, using su(2) repre- 
sentation matrices, is natural in this classical context, since a covariant differential 
operator of order r is naturally expressed as the determinant of an r x r matrix 
differential operator of first order (see Ex. 8.8 for details). 

The idea here is to write the “quantum” singular vector as the result of the 
action of the formal determinant of a matrix operator, with entries linear in the 
L,,’s, on the highest-weight state of V. This matrix itself lives in a spin (r — 1)/2 
representation of the Lie algebra su(2). The latter is the y-dimensional irreducible 
matrix representation of su(2): 


1 : 
Voks — a — 2i + 1)8;; 
6; j-+1 = 152). eel) 
pa — | 


AS (8.19) 
i(r — i)8i41; Ga=aie2....,7—1) 
vats | 
C7) 
which satisfy 
ee] — 2Jo (8 20) 
Pols] =r e. : 
For instance, for r = 4, these matrices read 
3 0 0 O 
[PO =. 20° 0 
= oae -} 0 
3 
0 0 > 
000 0 
© hale 00s 
J aot 1 Ono c 
001 0 
03 00 
00 40 
JI,= 
o 00 0 3 
0000 
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This representation differs from the one generally used in quantum mechanics in 
that the ladder operators J. are not Hermitian conjugates of each other. Since J, is 
strictly upper triangular and J_ strictly lower triangular, we have (J,.)’ = J_)’ = 
0. We consider the r x r matrix operator: 


foe) 
Dy a(t) = —J-+ DO)" Lm. (8.22) 
m=0 
whose entries are polynomials in the negative Virasoro modes L_;,L_2,...Onlya 
finite number of terms contributes to the sum, since J’. = 0. The operator D,.; acts 
on r-vectors of states of the form (f;,f2,...,f,)’. The formal determinant of this 
operator, A, )(t), is defined as follows. The triangular system of linear equations 


: ! fo 

2 0 

Dalt)| . |=] - (8.23) 
= 0 

can be inverted, and fo, fi,...,f;—-1 become explicit functions of f,. For instance, 


we have 
fr—-1 = Lif, 
fa=|122,-@- DL] 
fr-3 = [L2,, — tr — 1I)L_1L_2 — 2t(r — 2)L_-2L- 
+ 20°(r — 1)(r — 2)L_s]f; 
and so on. The formal determinant operator applies f, to fo 


fo = AiO (8.25) 


and by a slight abuse of notation we denote it by 


(8.24) 


co 
A, (t) =—deét [a SF PU Ibm (8.26) 
m=0 
With this definition, we find 
AiO L_; 
Azi(t) = L?, — tL_2 (8.27) 


Agi(t) = L?, — 2t(L_:L_2 + L-2L-1) + 4¢°L_s. 
The state 


IXr) = Ari(t) Ir) (8.28) 


will now be proved to be a singular vector of the Verma module V,; at level r. To 
verify this, we need to prove that |x,) satisfies the highest-weight condition 


Lalxr) = bno(hr1 +17)|Xr) n>0 (8.29) 
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As mentioned earlier, it is actually sufficient to prove it forn = 0, 1,2, since the 
condition L,|x-) = 0 (nm > 2) can be obtained from L;|x,) = L2|xr) = 0 by 
commutation of L; and L>. In other words, for n > 2, 


1)"- say 
Ly = ~— tlk nl) = oh ) D! ad(L,)"~*Lo, (8.30) 
where the adjoint action of an operator x is defined as 
ad(x)y = [x,y] (8.31) 


We thus proceed in three steps: 

(i) Lolx,) = (ar,1 + r)|x,). Using the definition of the formal are: (8.25), 
we start from the state f, = |h,,;), and build f;, i = r — 1,r — .  Ovto Sieg) - 
It is clear by construction that Lof; = (A, +r — fj, hence ‘n piGeouy follows 


for fo = |xr)- 
(ii) L|x,) = 0. The operator L; acts on the components ip as 


[SN 


forg = 0) lic2,f — We Upon om the linear space by one dimension, and 
introducing an extra component f,,1, this holds also for 7 = r. This enables us to 
set f+: = 0, in which case we simply get the highest-weight condition L f= 
L|h,,,(t)) = 0. Eq. (8.32) is easily proven by recursion on j. We get the desired 
result for j = 0. 

(iii) L2|x,) = 0. As in the previous case, the operator L2 acts recursively on the 
components f;: 


= j) 


[(2j+3—nNt-— fu, (8.32) 


Lofj = itr —f)G + I(r -—7 — U4 + 6 — Nt — Tifs2, (8.33) 


forj = 0,1,2,...,r—1. Weextend this toj = r by introducing an extra coordinate 
fr+2, but we can set f,+2 = 0, which translates into the second highest-weight 
condition Laf, = L2|h,,,(t)) = 0. We finally get the desired result for; = 0. 
This completes the proof of Eq. (8.28). 
A few comments are in order: 
(a) An analogous result holds for the Verma module V, ,, if we change simultane- 
ously r ~ s andt < 1/t, under which c(t) remains unchanged. 
(b) If we perform explicitly the elimination between the components f;, we get a 
closed expression for the singular vector: 


(GSM ey 
xr) = SS See po b h t 8.34 
: 2d, ie (pip (rp —--—pi) P pi | mat )) ( ) 
Pit--+p.=r 
(c) It is easy to derive the action of L,, for n > 2 on the vector f = (fi,...,f,)” 


using Eqs. (8.30), (8.32), and (8.33). We find 


mar —s 


Lf = (Uo — ye: 


EINE © (8.35) 
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The expressions for the singular vectors of V,.; are thus relatively simple. They 
correspond to states located on the boundary of the Kac table. No simple closed 
expressions are known for states located inside the Kac table. However, we shall 
develop in App. 8.A an elementary scheme to write them in all generality. 


§8.3. Differential Equations for the Correlation 
Functions 


Section 8.2 was dedicated to the study and construction of singular vectors of 
Verma modules, which carry reducible representations of the Virasoro algebra. As 
already stated above, the primary fields of a minimal conformal theory are attached 
to highest-weight vectors of such representations of the Virasoro algebra. But we 
actually require that the corresponding representation of the Virasoro algebra be 
irreducible. All singular vectors must therefore be set to zero. This results in a 
highly nontrivial set of constraints. Their consequence on the OPE of conformal 
fields is described in App. 8.A, Sect. 8.4.1. The subject of this section is to analyze 
their effect on the correlators of the primary fields, a point briefly addressed in 
Sect. 7:3. 

Before plunging into this analysis, we emphasize a subtlety concerning the 
field-state equivalence in a conformal theory. Recall that the primary fields $(z, Z) 
are in One-to-one correspondence with products of representations of the holo- 
morphic and antiholomorphic (or left and right) Virasoro algebras. In a minimal 
theory, the primary fields will therefore correspond to a pair of Verma modules 
pertaining respectively to the left and right Virasoro algebras. Minimality requires, 
as explained before, that both modules have central charge and highest weights of 
the form (7.65), with r,s in the Kac table: 1 < r < p’, | < s < p. Moreover, in 
order to make both representations irreducible, we have to set the singular vectors 
of both modules to zero and we finally get a decomposition of the Hilbert space 
of the theory, as in Eq. (7.72). The two sets of constraints obtained this way are 
factorized, in the sense that they act only on the left (resp. right) part of the pri- 
mary fields. Actually, as we shall see below, one can solve independently the left 
and right constraints for any correlator (o(Zo, Zo): (21,21) ---), in the form of 
several possible left and right conformal blocks F(Zo, 21, ---) and F(Zo, Z1,---), SO 
that the full correlator is a sum of products of left right blocks of this form. The 
particular association of leftxright blocks involves further complications, which 
will be studied in great detail in Chap. 9. In the following, we mainly concentrate 
on the consequences of, say, the left singular vector vanishing conditions on the 
left conformal blocks. 


8.3.1. From Singular Vectors to Differential Equations 


The basic ingredients in the computation of correlation functions in a field theory 
are the Ward identities. They summarize the behavior of any correlator under 
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infinitesimal reparametrizations (cf. Sect. 5.2). The Ward identity (5.41) was used 
in Sect. 6.6.1 to express the correlator of a descendant field in terms of the correlator 
of the primary, acted on by a string of differential operators. These are Eqs. (6.152) 
and (6.156), which we repeat here: 


(Gh (29) 1 (21) ++) = Lr (20) > + Ln (Zo) (bo(Zo)hilZi)---) (8.36) 


cre) = {Pe - asf 6.37) 


ee ae) area 


We drop the explicit dependence of the fields on the antiholomorphic variable Z, 
as the equations involve only the holomorphic dependence. 

We suppose that the left Virasoro representation of ¢o is a reducible Verma 
module V(c, ho), with a singular vector at level no given by 


Ic,ho +o) = SS ayL_y|c,ho) 


Y,|Y |=no 
where Y stands for? 


Y = {n,....%} with l<n<m<---<% 
ly | = T+: +K (8.38) 
ay, = De) Seo Sar 


Setting to zero this singular vector, we get )> ay L_y¢p = 0, which, inserted into 
a correlator, leads to 


a ay L_y(Z0)(bo(Zo)pi(z1)---) = 0 (8.39) 
Y 


We used the Ward identity (8.36) to rewrite the singular vector vanishing condition 
as a differential equation, with C_y = L_,,---£_,,.Let Ao = )-y ayL_y denote 
the operator that creates the singular vector in V(c, io). The differential equation 


(8.39) is obtained by acting on the correlator (¢o(Zo)@1(Z1) - - -) with the differential 
operator* 


yo(Zi, 8:,) = Ao(L-+ > L-,(Z0)) (8.40) 


The differential equation (8.39) can be further simplified by using the global 
conformal invariance of the correlator (see Sect. 5.2.2). The SL(2, C) invariance 


3 The symbol Y refers actually to Young tableaux. In this language, r; denotes the number of boxes 
in the j line of the tableau, counted from the bottom to the top. 

4 This should be compared with the substitution (8.178) used in App. 8.A, in the discussion of 
the operator product coefficients: Eq. (8.40) actually coincides with (8.178) in the case of two-point 
functions, and expresses the transfer of the action of Ao from the point Zo to the other points z;. 
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of the correlator can be recast into the three differential equations (5.51), which 
we reproduce here: 


D> 4; (bo(z0)Gr (21) --+) = 


?—O))e- 
(za, at hi) (¢o(Zo)¢1 (z1)---) =0 (8.41) 
i=0,1,.. 
dS (ea, + 2z:hi) (o(Z0)#r (21) ---) = 
i=0,1,.. 
They are easily solved as 
(Po(Z0)b1(Z1) +++) = = (Te a at G({ {zi y) (8.42) 
i<j 
where ,2;; is any solution of 
YO uy = 2h; (8.43) 
jAt 


and G is an arbitrary function of the anharmonic ratios 


zk = (z; - ZZ — 2) 

7 (% — zz —%) 

Another way of writing the solution (8.42) is to fix the SL(2, C) gauge, by sending 

three points of the correlator to fixed values, for instance z; > 0,z2 > 1,zZ3 > oo. 

We now illustrate Eq. (8.39) in a few cases. For V(c, ho) = V2,1, degenerate at 
level 2, we have 


(8.44) 


Ao = Aai(t) = L?, —tL_2 (8.45) 


Hence 
{z Se | (ea,n(2)#(21 oalza)---) = 0 (8.46) 
i=1,2,. geo Zz 


This is a second-order partial differential equation, obtained previously in 
Eq. (7.47). It admits two linearly independent solutions. Singular vector vanishing 
conditions for the other fields should be implemented as well, further constraining 
the correlator. 

For V(c,ho) = V,.; (the label 0 is then replaced by the label (7,1) in y and 
A), which is degenerate at level r, we have the explicit differential operator (see 
Sect. 8.2) 


Yr1 (Ze a; ) = 
mh; I 
[ae (Se I 
€ te Zo ay dA as) 2, (z = Zp)! (z; = Zo)" < 
— det[D,, | (z;, dz; ) 


(8.47) 
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expressed as a formal determinant in the manner of Eq. (8.26). It leads to the partial 
differential equation of order r 


¥r.1(Zis Oz; (P¢r,1)(Zo) Pr (Z1)h2(Z2) + --) = 0 (8.48) 


Using the definition of the formal determinant (8.25)-(8.26), we can translate 
Eq. (8.48) into a matrix differential system 


D,1 (Zi, 8, )f = 0 (8.49) 
for the r-vector f = (f1,f2,.-.,f;)', whose last component is the desired correlator 


fr = (Po(Zo)o: (21) -- +) 


Each componentf, is a correlator involving a level r—p descendant of ¢o, expressed 
as the action of a differential operator of order r — p on the correlator f,. 

The differential equation (8.39) is somewhat involved in general. However, in 
the cases of two-, three- and four-point functions, it can be transformed, using 
global conformal invariance, into an ordinary differential equation in the variable 
Z = Zo. 


8.3.2. Differential Equations for Two-Point Functions in 
Minimal Models 


As already noted before (cf. Sect. 4.3.1), the global conformal invariance (8.41) 
almost fixes the two- and three-point correlators. Actually they are fixed up to 
some multiplicative constant, which might be zero. The aim of the present section 
is to exploit the differential equation satisfied by a two-point function of primary 
fields to get a useful sum rule (Eq. (8.55)) on the coefficients of the corresponding 
singular vector. 

The basic requirement for two-point functions is orthonormality:° 


(Ptg(Z)n, (0) = Brg 4,2” (8.50) 


It is instructive to check that this expression is compatible with the differential 
equation (8.39): 


(r — 1)ho 1 


Ao (z-, > Geer 0 Go GT) C20) =0 (8.51) 


By translational invariance (the first of the three conditions (8.41)), the two-point 
function is a function of x = z — w, subject to 


(= 


xT 


Ao (i, = [((r — Iho x1) (po(x)o(0)) = 0 (8.52) 


> Here and in the following, we omit the antiholomorphic dependence of the fields. This is harmless, 
as the differential equations we write are essentially holomorphic. 
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For any nondecreasing sequence of integers Y, the action of £_y(x) on the 
correlator 


(Go(x)Go(0)) = x-%0R-Mo (8.53) 
reads 
1)" 
rH J [he - 1)ho — x9:1(do(x)Ho(0)) 
_ep" se 
ue [ [li + + Iho + rist +. + 1(bo(x)40(0)) 


(8.54) 
Eq. (8.51) is satisfied if and only if the following sum rule for the coefficients of 
vy Se ayL_y holds 


k 
> Or 52,00 k | [lc + Iho + ri41 +..+7%)=0 (8.55) 
}<r\<..<ry =| 


<r; =Ngo 


This is indeed the consequence of the following necessary condition for the singular 
vector 


LY > ayL_ylc,ho) = 0 (8.56) 
Y,|Y |=no 


It is clear that for any sequence r), .., 7, (not necessarily ordered) of nonnegative 
integers with r; + .. +7, = Mo, we have 


ff) CME) Dee ars L_,, le, ho) = PO; oeeaTk; ho)le, ho) (8.57) 


where P is some polynomial of ho and the r’s. This is due to the highest-weight 
condition on |c, 9), ensuring that the result, at level 0, is proportional to |c, ho). 
Writing L’’ = L*°~'L), we find a recursion relation for the polynomials P 


k 
Bor), « . “ith Ao) = RE ate Pigeon a F741. Pero) (8.58) 


zi 
By the definition (8.57), P satisfies 
ly pore lp — 50, i pers sh = 
(r Yi-} i+] rx; ho) (8.59) 
[ho + Vi+1 aR oo SP rx JP(ry poy —-1,Ti+1) soa Tks ho) 


when 7; vanishes. Together with the obvious result fork = 1,n9 =7, =r 
P(r; ho) = (r + 1)tho (8.60) 
this determines the P’s completely: 


k 
P(r, .-+ +13 ho) = (no!) | [Ii + ho + rit + 2 +70) (8.61) 


i! 
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With this value of P, the necessary condition (8.56) yields the sum rule (8.55), up 
to the constant multiplicative factor (19!). Note that the fulfillment of the condition 
(8.39) leads to more sum rules on the coefficients wy (see also Ex. 8.22 for a very 
similar sum rule for OPE coefficients). 

Once the normalization of two-point functions is fixed, al] the correlators in the 
theory have fixed normalizations. In particular, the three-point functions are fixed, 
by SL(2,C) invariance, to be of the form (7.49) (x its antiholomorphic counterpart). 
Global conformal invariance does not fix the structure constants g(Mto, h;, hz). We 
have seen in Sect. 7.3 how the differential equations impose constraints on these 
structure constants. The precise study of these constants, following the lines of 
App. 8.A, although straightforward in principle, turns out to be tedious. A simpler 
route consists first in the derivation of the four-point correlators, and then reading 
off the structure constants at coinciding points. 


8.3.3. Differential Equations for Four-Point Functions in 
Minimal Models 


In this section we find the differential equation for the four-point functions of 
minimal models involving ¢(2,1). It takes the form of the hypergeometric equation 
(8.71). 

The four-point functions have a more complicated structure than the two- and 
three-point correlators, since global conformal invariance leaves some function 
of the cross ratio of the points undetermined. More precisely, global conformal 
invariance forces the correlator to take the form (8.42) 


(Go(Z0)Gi (Z1)h2(Z2)h3(Z3)) = Il" (2; — z)*" G(z) (8.62) 
0<i<j<3 


with 
1 4 
bij = 3 (>> | “Te h; aa hj, (8.63) 
k=1 


We still have to determine the function G of the cross-ratio 
_ @o —21)(22 — 23) 
~~ (% — 23)(22 — 21) 
With the change of function (8.62), the differential equation (8.39) translates into 
an ordinary differential equation of order no for G(z). 
We illustrate this mechanism in the case V(c, ho) = V> 4, degenerate at level 2. 


We substitute Eq. (8.62) into Eq. (8.46), and use the action of the derivatives 0, 
on Eq. (8.62): 


(8.64) 


Koi Ho2 Lo3 


a = —— + —— + —— 4+ 8 0- 

= Zo—-Z} Qi S woes F 8eo(2)8, 
Ho1 L142 1413 

a, = ———— + —— + a. 7) 

3 7 ee: + 4,,(z)a, (8.65) 
Ho2 12 

i ees ae tc 0;,(z)d, 


LAN Sip) FE 2) HI HES 
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Mi Se 76) re} Copy aa} 
with 
(z3 — z1)(z2 —z 
a. ( ) = 3 i #4 a 
(22 — Z1)(Zo — 23) 
(Zo — Z2)(Z2 — 23) 


a,,(z) = — ——__——_ 
. (Zo — 23)(Z2 — Zi)? 
(8.66) 
i (Zo — 23)(Z2 — zi)? 
(z2 — Z0)(Zo — Z 
Pea eae) 
(22 — 21)(Zo — Z3) 
We also need to rewrite the action of ay, in terms of z 
pak Hoi(uo1 — 1) © Mo2(eo2- 1) — Mos(uo3 — 1) 
gs (Zo — 21)? (Zo — 22)? (Zp — 23)? 
ge ee POs a 8: (8.67) 


Fé =F) ZA) am XD LO0tan <3) 
+ & (z)a, + (8:,(z)) # 


Upon all these substitutions, the prefactor of G(z) in (8.62) can be factored out of 
the differential equation. Once this is done, we can take the limits z} > 0,z2 —> 1, 
and z3 — oo, hence Zp — Z, and we are left with an ordinary differential equation 
for G(z). The latter is then obtained from Eq. (8.46) through the substitutions 
(8.65), (8.66), and (8.67), which, in the above limits, read 


HO Ho02 
0, = —t+ 
Zo Zz Z = 1 


dz, = aS fla (eer 


+ 0, 


pL 
a, = i + pi2 + 20, 


d,, = 0 (8.68) 
Hoi(Ho1 — 1) A: Ho2(Ho2 — 1) 
= a le Se 


Hol Ho2 2 
+2)— + 0, +0 
les oe . 


This leads finally to the equation 


1 101 Lo2 hg Hoi(o1 — 1) 
Sopa pete eye ee 
{; ctl tz (C= aa iy! : tz? 


Mo2(Ho2—-1) , Mor-A1 | Mor—h2 |e =a, 


t(z — 1)? z zs (z—1) 2zz-1) 
(8.69) 
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This equation simplifies a great deal when expressed in terms of the function 


H@)y =z =z)" G@) (8.70) 
for which we have 
i 2 Ee h, hz eee a = 
{; 2" 2ez-1)* 2 (z=1) z(z — 1) (2) aon 


This can be transformed into the so-called hypergeometric equation, and thereby 
solved in terms of hypergeometric functions (Ex. 8.9, 8.10, 8.11, and 8.12 below, 
give a detailed illustration of this transformation and show how to obtain the 
solutions of the differential equation (8.71) in a few explicit cases. A more general 
study of the solutions to Eq. (8.71) will be performed in Sect. 9.2.3.) 

More generally, a correlation function involving the operator ¢(,,;) will satisfy 
a differential equation of order rs, obtained by transforming the singular vector 
condition at level rs into a differential operator of order rs. In general, there will be 
rs independent solutions to this differential equation, referred to as the conformal 
blocks of the correlation function under study. The full correlator is a sesquilinear 
combination of these blocks (a sum of holomorphic x antiholomorphic solutions 
to, respectively, the differential equation and its complex conjugate). Fixing this 
combination can be done by using the symmetry of the correlation function under 
the permutation of its fields. This relates different sesquilinear combinations of 
the same conformal blocks, and completely fixes their relative coefficients. This 
procedure will be described in Chap. 9. 

An important remark is in order: rs may not be the lowest order of the differen- 
tial equation satisfied by the correlation function (8.42). Indeed, the equivalence 
Pp'-rp-s) = Pr,s) Shows that this correlation should also satisfy a differential 
equation of order (p’ — r)(p — s). One can slightly simplify the problem by sim- 
ple eliminations between the two differential equations. Set rs = N, and suppose 
(p’ —r)(p —s) = N +a. By differentiating the first equation a times, we can 
eliminate the highest-order term in the second one by taking a suitable linear 
combination of the two. This reduces by one the degree of the second equation. 
Reiterating this process should in principle reduce the degree of the differential 
equations we started with. Of course, it can happen that at some step the two equa- 
tions are no longer independent, which means that the lowest possible order has 
been reached. 

Solving the differential equations above should lead to acomplete determination 
of correlators in a minimal theory. However, a more efficient approach to the 
calculation of conformal correlators is provided by the Coulomb gas formalism 
described in Chap. 9. The latter is more constructive, in the sense that correlators 
are directly built from the singular vector conditions. Therefore, the differential 
equations derived in this section will be automatically satisfied. In the end, this will 
provide a beautiful and systematic way of solving the equations (8.39) by means 
of contour integrals of free boson correlators. 
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§8.4. Fusion Rules 


The primary fields of a minimal theory correspond to highest weights in the Kac 
table (7.65). The object of this section is to derive the fusion rules between all such 
States, namely, to find which primaries and descendants are created by the short 
distance product of two given fields. The differential equations of the previous 
section provide a systematic way of studying fusion rules. Those of the (p, p’) 
minimal theories turn out to be polynomially generated by the fusions of the two 
fundamental fields #2 1) and ¢,; ), as stated in Sect. 7.3. 


8.4.1. From Differential Equations to Fusion Rules 


The differential equations for correlators can be used to derive the fusion rules of 
the minimal conformal theories. In this subsection, we use this path to obtain the 
fusion rules (8.84) for the degenerate field ¢,,.1). 

On the one hand, we have the OPE (8.141): 


do(z)oi(w) = (z — wth Y “eho, hi,h) 
h 


(8.72) 
x Se = w)!"! By (ho, hy ,h)L_y g¢(w) 
MW 


(we dropped the right, or antiholomorphic contributions for notational simplic- 
ity), involving the structure constants g(/o,h,,h). Determining the fusion rules 
amounts to finding the values of : present on the r.h.s. of (8.72) in terms of ho and 
ae 

On the other hand, we have the differential equation (8.39) for the correlator 
(¢o(Z0)@\(Z1)---). Substituting the above OPE in the correlator, we obtain a set 
of constraints for the coefficients g and £, in the form 


> eth, h, ,h) DS By (Ao, hy »h)yo(zi, a.,) 
h Y (8.73) 


x (zo — 2) POHL yy f)(z1)b2(Z2) ++ -) = 0 


The leading term when zp — 2 corresponds to |Y| = 0, B = 1, A maximal, and 
also to a maximum number of derivatives with respect to Zo or Z;, and/or powers of 
(zp — z,)~' taken from yo. This leading term yields a nontrivial equation relating 
h to ho and hj, expressing a fusion rule of the theory. 

Take, for instance, the case V(c, to) = V2. In the four-point function (8.62), 
the leading contribution to Eq. (8.73) is made of three terms: Le (25 =z) 7, and 
(zo — z1)~'8,,, which give the constraint 


“(ht — hy — hs (h - es ee 0' (8.74) 
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This constraint is equivalent to Eq. (7.50), written in a different notation. We recall 
that 
5 1 


lig = h21(t) = rial 5) (8.75) 


and h, is a weight of the minimal Kac table (7.65) of the form h, =h,;(t), with 
t = p/p’. The quadratic equation (8.74) for / is easily solved 


° (8.76) 


and the two solutions have the simple form 
ais) eel (8.77) 

This implies the following allowed fusions: 
(2,1) X Pir,s) = Plr—1,s) + Pir+i.s) (8.78) 


As mentioned in Sect. 7.3.1, the above is by no means an equality between fields, 
it is rather an abusive way of describing the allowed fusions and should be taken 
as such. Strictly speaking, we derived the fusion rule only for the larger of the two 
values of h, as we looked only at the leading term in Eq. (8.73). However, we note 
that 


hy+1,s(p,p’) a h,-1s(,p’) = is ss (8.79) 


which, for (r,s) in the Kac table, never takes an integer value. Therefore, the two 
leading terms of Eq. (8.73) pertaining to either values of can never be mixed 
with descendant contributions, which all have integer-spaced weights with respect 
to h. Hence both terms are present, except if one of the indices is outside of the 
Kac table, in which case the corresponding fusion is forbidden (the corresponding 
state is not in the theory under consideration). 

More generally, we take V(c, io) = V,,1, degenerate at level r. Starting from 
the differential equation (8.48) for the correlator, with the differential operator 
¥r,1(Z, 8,;) defined in Eq. (8.47), we substitute the OPE (8.72) and look for the 
leading contribution as 29 — z,. This procedure is equivalent to retaining only the 
terms involving powers of (Zo — Z1), 9:,, and 0-, in y,,. This amounts to replacing 
¥r,1 by ¥;,1, defined by the substitutions 


a (z1-—20¥ (21-2! “ (8.80) 
L_; > 9, 


into the operator A, ;(t) of Eq. (8.26). The operator 7, acts on the leading term 
z—ho-h\ of the OPE. Comparing this situation with that of Eqs. (8.178)-(8.179), 
we see that the leading action of the operator y,; on the leading piece of the 
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correlator is exactly given by the determinant 6, (A, j1) (see Eqs. (8.195)—(8.196) 
with A = —h, and pp = ho + h, — h), given by 


> 


r 


6.) =T] {oF ~h+(r—m)(1 —tm)| 


m=1 
x [ho thy —h+(m+1I-tr +1 —m))] - an t( : -m)'| 
(8.81) 
Therefore the fusion is allowed if and only if 
= 0 (8.82) 
Substituting the values 
r=1..1— 
ho = h(t) = —F-t + >" 
s ; (8.83) 
Ee re Le 
eo od At BR 


in the condition (8.82) leads to a very simple result: The allowed fusions for k > r 
andk +r <p’ are 


k+r-1 


Gryxven= D> mp (8.84) 


m=k—r+1 
m—k-+r—1 even 


Working out the details of the derivation of Eq. (8.84) is left as an exercise (Ex. 8.15) 
at the end of this chapter. If k is larger than r or p’ — r, Eq. (8.84) becomes more 
involved. The complete result will be derived in Sect. 8.4.3. 


8.4.2. Fusion Algebra 


The concept of fusion rules leads to the definition of fusion numbers Nij* € {0, 1}° 
as the characteristic functions of the structure constants g(/1;, ;, hj.) in Eq. (8.72). 


Ny = {; iff g(hi,hj,h,) =0 


1 otherwise 
We use the indices i, j, k as a shorthand notation for the corresponding conformal 
dimensions h;, h;, hy. In the particular case of minimal models, the index i stands 
for Kac indices (r,s), but the concept of a fusion algebra applies to more general 
situations; hence, one should simply think of the index 7 as labeling the primary 
fields (more precisely, its holomorphic, or left part). Here again, we concentrate 
on the holomorphic dependence of the fields. The same numbers describe allowed 


(8.85) 


6 We stress that, in full generality, the fusion numbers may be larger than one, but it is not so for 
the Virasoro minimal models. Ultimately, this reflects the absence of multiplicity greater than one in 
ordinary tensor products of representations of su(2), as will be made clear in Chap. 18. 
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fusions of the modules of the right Virasoro algebra. The full fusion numbers fac- 
torize as Niet x Niet To these fusion numbers there corresponds an abstract notion 
of fusion algebra, namely a commutative and associative algebra with generators 
¢;,j = 1,...,r, an identity element ¢; = I (the identity field), and a product x, 
defined by the multiplication rules 


Te DMik | (8.86) 
: | 


In particular, the product with the identity ¢, implies that 
Na* = 8:5 (8.87) 


and the commutativity of the product simply means that 
Nit = Ni (8:88) 


A direct consequence of the associativity of the OPE of primary fields is the 
associativity of the fusion algebra. We have 


8: x (6) X be) =i x DONix 
1 
(8.89) 
= > Nix’ Nir™ Pm 
Lm 
and 

(6; x %)) x be = Do Nij'Or x i 

(8.90) 


II 


ye Nii Nix” Pin 


Lm 


Identifying the coefficient of ¢,,. in both expressions yields (using the commuta- 
tivity (8.88)) 


x Ng Nit” = NG Nie (8.91) 
I 1 


Defining the r x r matrix operators N;, with entries 


(Nin = Ni* (8.92) 


the associativity condition (8.91) can be rephrased in the sense of an ordinary 
matrix product as 


Ni Ne = Ny Ni (8.93) 
But Eq. (8.91) can also be written in the form 


Ni Nu = Do Nit’ Ni (8.94) 
i 
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Hence the N’’s form a representation of their own fusion algebra. This has much 
in common with the notion of adjoint representation for a Lie group. To make the 
fusion less abstract, it is useful to bear in mind this adjoint matrix representation 
(8.94). Notice that, in this matrix representation, the associativity condition (8.91) 
takes the form of the commutativity condition (8.93). 


8.4.3. Fusion Rules for the Minimal Models 


We return to the minimal models M(p, p’) to complete the analysis of their fusion 
rules. The result (8.131) relies on the assumption that the representations with 
highest weights 2, and /, 2 are present in the theory.’ This means that both p 
and p’ are larger than, or equal to 3. 

For the sake of accuracy, we replace the labels i by the corresponding pairs of 
Kac indices (r,s) in the fusion numbers (8.85). In particular, 


NGcivesy = brindsn (8.95) 
The result (8.78) may be recast as 
Noa,yrs)™ = 8n,s (Oar st Oe) (8.96) 


where it is implied that the Kronecker symbols vanish whenever the exterior border 
of the Kac table ( = 0 or m = p’) is reached. There is an analogous relation for 
the (1, 2) fusions, obtained by exchanging all Kac indices within the pairs (which 
is the same as the ¢ — 1/t transformation): 


Nesey Omir Ont Oncai) (8.97) 


These are the key relations for the computation of the general fusion numbers 
Mesie) or equivalently, the matrices N;, ,, defined by Eq. (8.92), with (r,s) 
in the Kac table. Indeed, our main result will be that the fusions of (2, 1) and (1, 2) 
generate all the others polynomially, meaning that the matrix N(,.,) is a polynomial 
of the matrices Ni) and Ni;,2). This is intuitively obvious from Fig. 8.2, where 
the (2, 1) fusion generates the two horizontal moves r — r + I, and the (1,2) 
fusion generates the vertical moves s > s + 1. By recursion on m = r +s, we 
see that the (r’, s’) fusions with r’ + s’ = m + | are generated by such moves. To 
make this statement more precise, we set 


X=Noany Y=Na2) (8.98) 
Egs. (8.96) and (8.95) translate respectively into the recursion relation 
Nosin = XN — No-11) (8.99) 
with the initial conditions 


Nay =I and Noy Ei, § (8.100) 


7 This may not be the case in general (even for p, p’ > 2), since the conformal weights have to 
form only a subset of the Kac table, with possible repetitions of some weights. The whole issue ot 
determining consistent field contents for minimal models will be studied in Chap. 10. 
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This is exactly the recursive definition of the Chebyshev polynomials of the second 
kind, usually defined by 


U,,(2.cos@) = Seale (8.101) 
sin @ 
with the recursion relation 
Um (x) = xUm_1(x) — Um—-2(x) (8.102) 
and initial conditions 
Uo(x) = 1 and U; =x (8.103) 
This enables us to identify 
Noa) = U1) (8.104) 
Likewise, we find 
Nas) = Us-1(¥) (8.105) 


The finiteness of the Kac table can be expressed as the vanishing of the states on 
its exterior border, namely 


Nooy = Nop) = Nos) = Nos) = 0 (8.106) 


This implies, in particular, the two constraints 


Ura) = 0. Peay) 0 (8.107) 


p-l 
re * 
a Se 
seceuns ee oe woo ef 
: ee 
| en 
3 aed 
DEP ae 3 
: Bs co 
eZee ue p’-1 


Figure 8.2. The Kac table of minimal (p, p’) models. The horizontal arrows describe the 
effect of fusion by (2, 1), whereas the vertical arrows describe that of fusion by (1,2). The 
combination of the two enables us to reach any point of the table by recursion on the value 
ofm=r+s. 
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We now mix the two generators X and Y, and prove by recursion that 


Nos) = U,-1(X) ee (¥) (8.108) 


This is true for Ni.) = 1. Suppose Eq. (8.108) is true for any (r,s) such that 
r+s <m. The fusion by (2, 1) then gives 


XN os) = Nor+is) + Ne-is) (8.109) 
Therefore, we have, by the recursion hypothesis, 
N(r+1,s) a (XU,—1(X) = U,-2(X))Us_1(Y) 
= U(X)Us_1 (Y) 


where, in the second step, the Chebyshev recursion has been used. Likewise, we 
find 


(8.110) 


No s+1) = Ui) UY) (8.111) 


Hence the recursion hypothesis is proven for 7 — m + 1 (see Fig. 8.2), 
and Eg. (8.108) holds for any (r,s) in the Kac table. The fusions are therefore 
polynomially generated by X and Y, as announced before. 

Of course, X and Y are subject to the constraints (8.107), but this is not all. We 
still have to implement the symmetry (7.66) of the Kac table 


Nw-rp-s) = Nos) (8.112) 
This is satisfied if and only if 
Uy—r-1(X)Up-s-1(Y) = 2, COU SY) (8.113) 


In particular, ifr = 1 and s = p — 1, we have 


Uy-2(X) = p=aY) (8.1 14) 


We prove that this condition, together with the constraints (8.107), is sufficient to 
ensure the symmetry (8.113). From Eq. (8.107), it can be shown that 


Uy —2(X)U,_1(X) = Uy-r-1(X) (8.115) 
This is trivially true for r = 1. Suppose that it is true for 7, then 
Uy -2(X)U(X) = Uy-2(X)(XU,-1(X) — Uy-2(X)) 
= XU) as Uy -r-2(X) (8.1 16) 
a Upy_r(X), 


which shows that the property (8.115) holds for r — r + 1, and therefore for any 
r. A similar argument leads to 


U,-2(Y)U.1%) = ey) (8.117) 
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for any s. Now, using Eqs. (8.114), (8.115), and (8.117), we derive 


Ups 1 OU Se) — U,-2(X)U,-1 CUS) 
= U,-1(X)Up-2(Y)U;-1(Y) (8.1 18) 
= r-1(X)Up_s_i(Y) 
For s — p —S, this is exactly the desired result (8.113). 
Summarizing, we found that the fusion algebra A, ,, of a minimal conformal 


theory with central charge c(p, p’) containing the primary fields ¢(2,;) and $(;,2) 1s 
polynomially generated by X = N21) and Y = Ny, 2) as 


Nes) = UCU.) (8.119) 


where U is the Chebyshev polynomial of the second kind, and X and Y are 
constrained by the three relations 


Up) =U Yi 07) — Uy) — 0 | (8.120) 


These constraints form an ideal Z, ,.(X, Y) of the ring C[X, Y] of polynomials of 
X and Y, and the fusion algebra is endowed with a quotient ring structure® 


Apy = CIX, YVIp p(X, Y) (8.121) 


This result is in agreement with the direct computation of the (r, 1) fusion rules 
(8.84). First we note that 


Noman) = Um-1(X)Un_-1(Y) = Nom)Nan) (8.122) 


for any m,n. Hence 
NoyNonn = (NoyNon») Nan) (8.123) 


We compute the fusion of (7,1) and (77,1). First, we extend, for convenience, 
the definition of the polynomials U,,,(x) to negative integers m, by their defining 
recursion relation. For instance, U_,(x) = 0, U_z(x) = —1, and so on. It is easy 
to derive that 


U_m_2(X) => m(X) (8.124) 
We can prove by recursion on r that 


mi-+r 


UX)UmxX)= SY) UX) (8.125) 


k=m-—r 
k—m-+r even 


8 See Ex. 8.17 fora summary of the basic definitions of ring, ideal, and quotient. 


§8.4. Fusion Rules 263 


where the sum may include negative indices. This relation is trivially true forr = 0. 
Suppose Eq. (8.125) is true for 7. Then 


m-+r m+r—1 
UriQOUmn =X YT UM- D> UX) 
k=m-r k=m-—r+1 
k—m-+r even k—m-+r—1 even 
nitr 
= DF (XU.CO- 14100) (8.126) 
ae ees 
m+rt+l 
= a U;(X) 
k=m-r-1 


k—m-+r+l even 


The property (8.125) is thus true for r — r+ 1; hence, it holds for all 7. This is in 
agreement with Eq. (8.84), forr < mand m-+r < p’. We now still have to take 
care of the possible terms with negative indices in Eq. (8.125). They arise if r > m. 
Thanks to the property (8.124), the net effect of the presence of U,,,_,, Uim—r42,--- 
with negative indices is to cancel the corresponding terms U,42~, U;—.,... with 
positive indices in the sum (8.125). This results in a modification of the lower 
bound in Eq. (8.125) 


m+r 


U,K)UmX)= YS) UX (8.127) 
k=|m-—r| 
k—m-+r even 
Moreover, due to the constraint U,,_;(X) = 0, we have still some polynomials 
whose index goes out of the Kac table whenever m + r > p’. To take this into ac- 
count, note that the constraint U,, _; (X) = 0 propagates itself through the recursion 
relations of the Chebyshev polynomials to yield a reflection property 


Uy =144(X) = —Up_-1_4(X) (8.128) 


This shows that, in Eq. (8.125), the terms U,.4,, Uin4,—2,... with indices larger 
than p’ — 1 cancel the corresponding terms U2,'_2-»-,, U2p—-m-—r, . .. with indices 
smaller than p’ — 1. This results in a modification of the upper bound of the 
summation in Eq. (8.125). Together with the modification of the lower bound 
(8.127), this yields 


min (m-+r,2p’-—2—m-—r) 


U,X)Um(X) = pa U(X) (8.129) 


k=|m—r} 
k—m-+r even 


We finally get the (7, 1) fusion from Eq. (8.123) 
min (#72+r—1,2p’-1—m-—r) 


NoyNonn) = » Nien) (8.130) 


k=|m-r|+1 
k—m+r-—1 even 
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and the general fusion rules 


min(m+r—1,2p’—1—m-—r) min(n+s—1,2p—1—n—s) 


Nos)Nonn) = > a Nay | (8-131) 
k=|m—r|+1 l=|n—s|+1 
k—m+r—1 even I—n+s—1 even 


This is the result announced in Eq. (7.70). 

From the above discussion, it is clear that the fusion algebra A, possesses 
two subalgebras ¥, and ),, generated respectively by Nii), 1 <7 < p —1and 
Nas), 1 <s <p — 1, with respective fusion numbers 


Ap : N,s'(q) = Neaysy? b=775,1 = p’ =1 (8.132) 
Vp : N,s'(p) = Nanas)? 1 <= See = 7 ae 1 
where %,,, and Y,,, are isomorphic. Moreover, the relation 
Nos) = Noy Nass) (8.133) 


expresses that A, ,, is the product of the two algebras +, and ),, quotiented by 
the identification Ni,,s) = N(p—r,p—s), Which amounts to the relation (8.114). This 
tensor product structure for minimal models will also be apparent in the study 
of modular transformations of the characters of the irreducible representations 
with weights (7.65), in Chap. 10. The reasons for this are profound, and will be 
elucidated later in this volume. The subalgebras 4, and , are actually the fusion 
algebras of two Wess-Zumino-Witten models underlying the minimal theory. 

A few remarks are in order. We reconsider the Landau-Ginzburg description of 
diagonal minimal theories presented in Sect. 7.4.7, from the point of view of fusion 
rules. As the whole structure is generated from powers and descendants of the basic 
field @ = P,2 2), we also expect the fusion rules of the theory to be generated by this 
field. It turns out that only half of the spectrum of the corresponding minimal theory 
is generated (see Ex. 8.20). More precisely, the intrinsic @ — —@ symmetry of the 
Landau-Ginzburg Lagrangian C£,,, is easily identified in the (7m + 1,m) minimal 
theory. The successive odd powers of ® are Z2-odd, and generate a subset of 
the Kac table. Without loss of generality, we restrict ourselves to the (odd,even) 
theories (2k + 1, 2k) and consider the odd powers of the matrix G = N,7) in the 
adjoint representation of the (2k + 1, 2k) fusion algebra: the matrices G, G?,..., 
G*N-' form a linearly independent system for N = k(k — 1). This is due to 
the two following properties of the matrix G:° (i) the eigenvalue 0 of G is k times 
degenerate. (11) 0 is the only eigenvalue of G that can be degenerate. The dimension 
of the fusion algebra (size of the matrices Ni,,)) is k(2k — 1), half the number 
of points in the Kac table; therefore, the minimal polynomial of G (namely, the 
polynomial IT(x) of lowest degree, such that II(G) = 0; cf. Ex. 8.18) is of degree 


k(2k —1)—-(k-1)=2M+1 M=k(k—1) (8.134) 


9 See Ex. 8.18 for useful basic properties of matrices and Exs. 8.20-8.21 for proofs of (i)-{ii). 
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which proves the linear independence of G, G?,. ..,G?@—!. On the other hand, due 
to the fusion rules (7.114), it is clear that each of these odd powers is itself a linear 
combination of some Ni;), with even s. The latter form a subset of M linearly 
independent matrices; hence, each of them can be expressed as a polynomial of 
®, odd under the transformation ® — —®. So the odd powers of G generate the 
whole Z2-odd sector of the fusion algebra. 

A last remark: as already mentioned, we have assumed in the above derivation 
that the two primary fields (2 1) and $i; 2) belonged to the theory. This mi ght not be 
the case in general. Actually, in the discussion of modular invariance in Chap. 10, 
we shall find more solutions than the one discussed here, among which are the 
so-called D series of minimal models, which contain (2,1), (1,3) but not (1,2) (p 
is even), and some exceptional theories E,, E7, and Eg, with, respectively, p = 12, 
18, 30, which all contain ¢(2,;) but whose , subalgebra is generated respectively 
by G(1,4), (1,5), and @;,7). All these theories have different fusion rules. We shall 
return to this discussion later. 


Appendix 8.A. General Singular Vectors from the 
Covariance of the OPE 


This appendix is devoted to the complete derivation of singular vectors of the 
Virasoro algebra for minimal models, based on the concept of fusion of Verma 
modules. 

We first investigate the properties of the OPE at the level of representations of 
the Virasoro algebra (Sect. 8.4.1). The principle of the OPE (decomposition of 
the product of two conformal fields onto conformal fields and their descendants) 
translates, at the level of Verma modules, into the notion of decomposition of the 
tensor product of two modules onto other modules. More precisely, the states in 
the modules over which the decomposition is performed are intimately linked to 
those in the tensored modules. This link is essentially due to the covariance of 
the OPE, namely, the fact that both the factor fields and those in the decomposi- 
tion have compatible transformation properties under conformal mappings. As an 
application, we show how this covariance constrains the structure coefficients of 
descendant fields in the OPE. 

This leads to the definition of the (covariant) fusion map 7 from the tensor 
product of two Verma modules to a third one, which transfers the action of any op- 
erator from the states of the tensored modules to their images in the decomposition 
(Sect. 8.A.2). In particular, with a suitable choice of modules, the singular vector 
condition in one of the tensored modules can be transferred to the image modules 
in the decomposition. Our strategy (Sect. 8.A.3) will be to study the particular 
fusion of the V,,; module with another one, in such a way that the decomposition 
includes the module V,.,. Then, using the fusion map F, we shall transfer our 
knowledge of the singular vectors of V,, onto V,,,. This will result in a simple 
recipe to obtain the singular vectors of the module V,,, (Sects. 8.A.5 and 8.A.6). 
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In order for the fusion map F to be efficiently used, we need to evaluate the 
leading action of the operator A, on the OPE of ¢,,;) with another conformal 
field when their positions approach each other. This is achieved in Sect. 8.A.4 by 
proving Eq. (8.81), instrumental in the derivation of the fusion rules (8.84) of ¢(,,1). 


8.A.1. Fusion of Irreducible Modules and OPE Coefficients 


In this section, we expose a systematic way of computing the OPE coefficients of 
the algebra of primary fields of a conformal theory. The result takes the form of the 
recursion formula (8.156). As shown in Sect. 6.6.3, the operator product expansion 
of two given primary fields gives rise to structure constants (6.168), factorized into 
left and right coefficients, corresponding to left and right representations of the 
Virasoro algebra. We shall concentrate on the left part of this structure. 

We fix throughout the following discussion the central charge c and attach 
isomorphic Virasoro algebras to each point x of the complex plane. The corre- 
sponding Verma (resp. irreducible) modules acquire an extra dependence on the 
point x, and are denoted by V(c,h; x) (resp. M(c,h; x)), whereas the correspond- 
ing highest-weight state reads |h; x). Through the state-operator correspondence, 
we get holomorphic primary fields f;,(x) 


frlx) <— |h; x), (8.135) 


subject to the conditions 


Lafule) = Sf) 
Lo fn(x) = hf, (x) (8.136) 
In fr(x) = 0 (n =1,2,...) 


We denote any finite nondecreasing sequence of positive integers 1 <r} <r) < 
- < 7, by the single letter Y and set |Y| =r; +r2+--- + 1r,. This provides us 
with a compact notation for 


L_,,L_y,-:-L», = L_y (8.137) 
and we have the field-state equivalence for descendants of the field fj, 
L_y f,(x) < L_y|h; x) (8.138) 


That states depend upon a complex variable x is somewhat unusual. Indeed, 
fields are usually considered as operators acting in a fixed vector space with a 
unique vacuum state invariant under global conformal transformations and a unique 
dual vacuum linear form (invariant under the same group). The other point of view 
adopted here is to consider only correlation functions, that is, vacuum expectation 
values of products of fields at distinct points. The latter are analytic functions of the 
argument of one of the fields on the complex plane except at the arguments of the 
other fields. Henceforth identities between fields will be understood as insertions 
into correlation functions. 
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The OPE of two conformal fields has been defined in Sect. 6.6.3. By definition, 
the fusion of two highest-weight modules attached respectively to the fields fo(xo) 
and f(x) (of conformal dimensions ho and h;) onto a third one relative to the 
field f(x) (of dimension h) is possible, if the corresponding three-point function 


(ho, h1,h) 
(folxo)fi xi fx) = Bao 


is nonzero. This implies selection rules (the fusion rules) on the dimensions 
ho, h1,h, as discussed in Sect. 8.4. 
We choose the coordinates as 


(8.139) 


ve Z 
a aac xy =X— 5 (8.140) 


This is not restrictive since any triplet of points can be mapped to the three points 
(x + 2/2,x — 2/2,x) by a suitable global conformal transformation (we say that 
global conformal transformations act transitively on triplets of points). As z > 0 
the product of fields fo(xo)f; (x1) (inserted in correlations) is equivalent to a sum 
of expansions of the form!° 


folxoyfi(ar) ~ [foe 


\Y| 
ee pr(hotn,W)L-vhils)} — @.141) 
As mentioned above, the choice of the midpoint x = + (xo + x1) is by no means 
mandatory and could well be modified using 


frlx +x’) = &* f(x) (8.142) 


without changing the structure of the above expansion (recall that L_, is the trans- 
lation operator). However, it has the virtue that the coefficients enjoy the symmetry 


property 
By (ho, hi, h) = (-1)"'By (hy, ho, h) (8.143) 


A global phase, arising from the prefactor zhtot+hi-h has been conveniently 
absorbed in the normalization. 

Likewise, we may define the fusion process among irreducible highest-weight 
modules as a covariant linear map 


F : M(c,ho; x0) ® M(c,hy3x1) > M(c,h; x) (8.144) 


Since we deal with three isomorphic—but not identical—copies of the Vira- 
soro algebra, it is not surprising that the product of highest-weight states in 
M(c, ho; x0) ® M(c, hy; x1) does not correspond to just the highest-weight state 
in M(c,h; x), but rather to an infinite linear combination 


F (Ie, ho: x0) @ lc; x1)) = S> By (ho, hi, hlxo,x1,x)L-y le, h; x) (8.145) 
Y 
10 The coefficients By were introduced in Sect. 6.6.3 (cf. Eq. (6.168)), but the notation used here is 


slightly different: we do not carry indices for the conformal dimensions (in order to lighten the text) 
and the index Y appears here as a subscript. 
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Note that the above equation corresponds to setting g(fto,h,,h) = 1 (or 0 if it 
vanishes) in Eq. (8.139), which amounts to a multiplicative redefinition of the 
fields. We can equivalently absorb g(ho, h;,/) in the definition of By. 

The covariance of F means the following. We consider a holomorphic map 
x — X = y(x) inacommon neighborhood U of xo, x), x, giving a one-to-one map 
U < y(U). The various conformal fields transform as 


filxidx = F(R) dx (8.146) 


We require that the operator product expansion (8.141) be such that both sides 
have identical transformation properties, namely that the same equation holds for 
quantities with tildes. 

How does this property of fields translate in terms of irreducible modules? We 
will show that it specifies F completely; in particular it will enable us to compute 
all the coefficients By in Eq. (8.145). In other words, local conformal invariance 
fixes the By’s completely. For simplicity, but without loss of generality, we restrict 
ourselves to the choice of coordinates (8.140). In this case, F acts on the tensor 
product of highest-weight states as 


1 
Fle, ho; x0) ® le, hy; x1) = zhoth,—h 2 elma) (8.147) 


The covariance condition translates into 


Gp — a yor 2. Yea — 2)" By (Cv = 


dX ho dx, hy 1 
tn) \a) Gauze (8.148) 


Lilie Eas 'Br (L- (ee =) 


where 


(z = Lyexp| (* a7 3). Fe (8.149) 


We need the transformation properties of the descendant fields (L_y-f) with f pri- 


mary. These are most easily obtained by applying the above formula in infinitesimal 
form. We let 


xi =x; —€(x;) , i=0,1 (8.150) 


With xo = x + 2/2 and x, = x — 2/2, Eq. (8.148) reduces to 
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[hoe + edo + hele) tel) | 
1 


Ox zhoth\—h a 
> 2! By L_yflx) 


7 (8.151) 
1 
= 1Y| 
Semen > 2 By 8. [L_yflx)] 
Y 
With the choice 
e(y) = &(y —x)**? ae (8.152) 
where €; is a small constant, we find that 
6<L_yf(x) = &L,L_yflx) (8.153) 
The covariance condition becomes, with k > —1, 
ZxK Zeit 1 —(-1¥ 2 
[ze — EY + 100 + 19") - ZEB 
2 2, 22 ax 
(8.154) 


) 
+ (14 9S |]  aeamce Die erE vf) =0 
Vw 


Since L, and L2 generate by commutators the complete algebra of L;.’s (k > 1), it 
is sufficient to impose the two relations pertaining tok = 1 and k = 2. (We note 
also that Eq. (8.154) is tautological for k = —1,0.). For notational simplicity we 
define 


f® = s ByL_yf p>o (8.155) 


IY|=3 


where f° is equal to f. The above covariance condition (8.154) translates into 


Lif® =(ho — hy ff? + a i 


h+j+2(ho +h; —1) 
4 


(8.156) 


Lf® = fi) 


It is understood that f” = 0 when j < 0. In particular, this shows that f = f 
is a primary field (it satisfies the highest-weight conditions). This is also obvious 
from the z — 0 limit of the F map 


lim 2" F (zc, ho; Xo) ® z"'Ie, hi; x1) = |e, h; x) (8.157) 
vo 
which is a map between highest-weight vectors. The two equations (8.156) are 


recursion (descent) equations, which determine the coefficients By completely. 
We illustrate this for the first few values of 7. At level 1, we have 


po eet 


(8.158) 
Lif = 2hBif = (ho —hidf, 
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which implies that 
1 
= —(hy—h 8.159) 
Bi hh (ho — hy) ( 


if the determinant K,(c,h) = h does not vanish. At level 2, 


f® = (Bi :L2, + Bol-2f 


h (ho -—hi)? 4 
Lif = (2h(2h + 1)Bi1 + 3hBa lf = + — a (8.160) 


h hot+h 
Lof = (6hpi, + (42 + 5)Baf =(G+—— 


if 


which is inverted to!! 
2h? + h(c — 12s + 16d”) + 2cd? 


Pia =—gprteh? + 2h(e — 5) +e] aie 
_h? +hQs — 1) +s — 3d 
PES [16h2 + 2h(c —5) +c] ’ 
where s = ho +h, andd = ho — h,, provided the determinant 
K2(c,h) = h(16h? + 2h(c — 5) + c) (8.162) 


is not zero. We recognize here the Kac determinant (8.1). 

This method determines recursively f”, the component at level 7m, by solving 
a p(m) x p(m) linear system (p(7) is the number of partitions of the integer 7). 
The determinant of this linear system is nothing but the Kac determinant at the 
corresponding level. If the complete determinant does not appear in some of the 
above expressions, this is due to a cancellation of factors between the numerator 
and the denominator. 

If M(c,h) = Vic,h) (ie., if V(c,h) is irreducible, meaning that it does not 
possess singular vectors), then the Kac determinant never vanishes and the coef- 
ficients By are determined from (8.156) for arbitrary ho, ,. Therefore infinitely 
many fusions of the type V(c, ho) ® V(c,h,) > Vic,h) = M(c,h) are allowed 
when V(c,h) is irreducible. This is why finite closure of the OPE algebra of a 
conformal theory is prevented whenever it includes a primary field corresponding 
to an irreducible Verma module. This is also the reason for which minimal models 
include only highest-weight states of reducible Verma modules, of the form (8.2). 

We now consider the case where V(c, /) is reducible: M(c, h) is then the quo- 
tient of V(c, 2) by invariant submodules arising from singular vectors. When at- 
tempting to solve the system (8.156) at level p or higher, where p is the level of a 
singular vector in V(c, A), one can at best hope to determine f”? up to this singular 
vector or its descendants. This is why we defined fusion among irreducible mod- 
ules. Hence, in M(c,h), we work modulo singular vectors and their descendants. 


'! This result should be compared with Eq. (6.181) of Chap. 6: the difference reflects the difference 
in the positions at which the OPE is evaluated: (x + z/2,x — z/2) > x here, whereas (z,0) > O in 
Chap. 6. 
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In other words, the singular vectors can be set equal to zero. Still, we have to make 
sure that the r.h.s. of the linear system (8.156) lies in the range of the linear operator 
on the left. This imposes conditions on the triplet 49, ,,h, which are the fusion 
rules. 

Such selection rules are already apparent at level 1, where the Kac determinant 
reduces to h. Since 2hB, = ho — hy, the vanishing of the Kac determinant, that is 
h = 0, implies ho = h,. Thus, two modules can have the vacuum (h = 0) sector 
in their fusion rules only if they have equal weights. We thus recover a well-known 
property, which entails that the only nonzero two-point functions of primary fields 
are those involving fields of equal weight. 


8.A.2. The Fusion Map F: Transferring the Action of 
Operators 


We recall that, in order for the fusion to be uniquely defined (up to an overall 
normalization), the target module M(c,h) has to be irreducible. However, we 
have not yet use the irreducibility of the initial modules M(c,ho) and M(c,h)). 
In the next section we shall examine the consequences of quotienting the initial 
spaces by descendants of their singular vectors, and this will lead us to a procedure 
for generating expressions for the singular vectors of the target module. For this 
purpose, we need to know how the covariant map ¥ acts on descendant states. 
This action is calculated below, and the result appears in Eqs. (8.166) and (8.167). 

We now compute the action of F(L_, @ I) on |c, ho; xo) ® |c, hy; x1). We use 
the conformal Ward identities (6.156) of Sect. 6.6.1, which translate the action 
of the L,,,’s on a field inside a correlator into the action of differential operators 
£L_»’s on the corresponding correlator: 


({L_,, «>» Lo1,fol(xo)fi(e1) - ++) = Lr, 0) «+ - Lr, 0) Folxo)fi 1) - - +) 
(8.163) 
The differential operator C_,(xo) is defined in Eq. (6.152): 


1 a 
L_,(xo) = ye a woe a Care| (8.164) 


i>] 


Eq. (8.163) translates then the expressions of singular vectors into differential 
equations for correlators (cf. Sect. 8.3). The effect of F on a ® I is to transfer 
the action of £_, from the point xo to the point x = Xo — tz. A simple way of 
realizing this is to expand £L_,(xo) around x as 


: k—2 
L_,(xo) = (-z)” | seh: aa) . z,| _S | (2) (aes ) 


ree hi(r +k —1) 1 | 
«Doo |e eae 


i>2 


(8.165) 
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The last sum is identified with £_,_;(x) by comparing with the definition (8.164). 
Therefore, we find 


ACS need 


d 

[intr 5 -L_, -25,| 
z\k fk+r— 

+a) k inant 


where the L_,,, operators on the r.h.s. act at the point x. Moreover, if we exchange 
ho < h, and z — —z in (8.166), we find the action on the module M(c,h) 


(8.166) 


1 z d 
FUL) = 7 [hotr - y= 5-1 -25,| 


(8.167) 
k(k+r— 
= 2 (- 5) ae * \Er 
For instance, for r = 1, we have 

a” re 

F(Li@N=F a 
“”d fe (8.168) 

F(I@La) =-F - 


In order to find the action of F on any L_y, we simply have to iterate the transfer 
process (8.165). This gives a straightforward procedure to write the action of F 
on descendant states. 

We stress again that nothing is particular to the choice of coordinates (8.140). 
Taking the points x9 = x + z and x; = x instead, and writing 


F\c,ho; 2 +x) ® le, hy; x) = a - Pe 'ByL_ylc,h;x), (8.169) 


the above procedure would have led us to 


F(L- 81) =" tyr — tebe Jee “aie 
k>0 


1 d 
F(1@L_,) = oz Lote as 1) a ZF] 5 ee 


(8.170) 
and 


FL) 91) eae, F(l@Ls)=—a +1, (8.171) 


We note how the action on the right module has been simplified. The new descent 
equations (8.156) for the determination of the coefficients By are also simplified. 
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With 
f? = 9° ByL_-vf (8.172) 


IYl=y 


the covariance condition takes the form 
1 es 
_ k k+1 OY = 
[Le = (holk + Dek +z mae Let =0 (8.173) 
p= 


and hence 
Lf =G-1+h+ho—hy)f 
Lof ® =G —2+h + 2ho — hi f-” 


There is a striking analogy between these last two equations and the action of L; 
and L> (Eqs. (8.32) and (8.33)) on the components of the vector f = (f},--- , f,)’. 
This phenomenon will become clear in the next subsection. 


(8.174) 


8.A.3. The Singular Vectors |h,,; + 7s): General Strategy 


In the next few sections, we will derive the singular vector of level rs in the module 
V,; by using the results of the two previous sections. The results are summarized 
in Sect. 8.A.6 below. The main idea is to use the knowledge of the level-r singular 
vector of V,,,;, and the following fusion among states of the Verma modules 


V1 ® Vis = Vrs 


to obtain information about the singular vector at level rs in the target module V,,,, 
by a suitable use of the map F of Eq. (8.144). 
Consider first the fusion of highest-weight states of the Verma modules 


Vic, ho; x0) ® Vic, hy; x1) > V(c,h; x), 
namely the fusion 


1 oe 
folxo files) > Face pe zt 3) (8.175) 
jz0 
where Z = Xp — X). Suppose that there exists a singular vector Aofo(xo) at level 
No in the first Verma module V(c, ho; Xo). Ao is a polynomial of the L_,,’s, of 
total degree 9. Then, using the fusion map of the previous section between the 
highest-weight states of the Verma modules 


Vic, ho + No) ® Vic, hy) > V(e,h') c V¢e,h) 


we find 


1 ca 
(Acfo)@o)fiCa) > ah. > Jp) (8.176) 
j20 


where the ys are some descendants of f. The leading term y on the rh-s. of 
Eq. (8.176) is, by definition, a state of V(c, /) at level 0; therefore it is proportional 
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to the highest-weight state f. Two situations may occur. Either y = const. x f, 
with a nonzero constant; then h’ = h, from which we do not learn anything 
about the target module V(c, h). Or w = 0, in which case the first nonzero wy? 
(jo > 0) on the r.h.s. of Eq. (8.176) is the highest-weight state of a proper submodule 
V(c,h') c V(c,h), h' =h +jo, and w™ is a singular vector of V(c, h). 

It is now clear that the knowledge of singular vectors of either module V(c, ho) 
or V(c,h;) gives us information about singular vectors of the target module 
V(c,h). The only point to clarify is whether the highest-weight state on the r.h.s. of 
Eq. (8.176) is the highest-weight state f of the target module V(c, /) or one of its 
descendants. We compute the coefficient of proportionality between wy and f . We 
are interested in the /eading contribution of the action of the operator Ao(xo) ® I 
on the tensor product V(c, ho) @ V(c, h;). Using again the results of the previous 
section, we can transfer the action of a single L_; at xo to the target module at x 
by using the substitution (8.166) appropriate to the choice of coordinates (8.140), 
where x = (xo + x;)/2. This substitution reads 


Fs = tt —1)- 25) + OCs) Lee (877) 
where we denoted by O(L_,, L_2,...) all the L_,,,-dependent terms in Eq. (8.166). 
Since we are interested only in the leading action on the highest-weight state f, we 
keep only the L_,, —independent contributions of (8.177), that is, those preserving 
the dimension h of f (i.e., the level 0 action of Ag). Note that the substitution 
issued from the relation (8.170) in the case x} = x and z = xo — x; leads to 
exactly the same relation (8.177). The latter is actually independent of the specific 
choice of coordinates, (cf. Ex. 8.24). Therefore, the leading action of Ap(x9) @ I 


on the product (8.175) is that of the operator 


d No ,No +n) —N-+No —-r d 
vole, a) = (—1yeziotnMm Ag(L_, > z (a—N-z5)] (8.178) 


on the leading term of the r.h.s. of Eq. (8.175), namely 


d 1 
v = we Fama (8.179) 


The substitution implied in Eq. (8.178) has to be carried out carefully because, 
like the L_,’s, the substituted operators do not commute and the ordering has to 
be respected. We examine how each substituted operator acts individually on the 
components f). We define 


d 1 
(p) — jho+h\-h 
ee ——a + (Ay(r = 1) = ae ra Dot le 


=(hilr — 1) —p + ho +h, — Ayo 


(8.180) 


The operators /_, (r > 0) carry half of a representation of the so-called Witt 
algebra of the diffeomorphisms of the circle (Virasoro algebra with c = 0), with 
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the commutation relations (5.19): 


lnslnJ=(n—nlmin mneZ (8.181) 


The representations W(), x) of the latter algebra act on an infinite dimensional 
vector space spanned by g,, p € Z, and are labeled by two complex numbers A 
and yw. The action of the generators reads 


Lae HL) Pp =(p+p-—Am- 1))@p4m (8.182) 


Interpreting Eq. (8.180) in the language of the representation theory of the Witt 
algebra, the above substitution (8.178) corresponds to a representation W(A, 1) 
with 


A=-h, w=hot+h, —h (8.183) 


8.A.4. The Leading Action of A, 


The computation of the leading action (8.179) is still difficult in general. However, 
in the case of the operator A,.;(t) of Eqs. (8.22)-(8.25), which creates the singular 
vector at level r in the Verma module V,,, we can compute it exactly. This is the 
content of the following result: For the operator A,)(t) defined in Eqs. (8.22)- 
(8.25), the Witt algebra substitution (8.178) with ho = h,,,(t) and no = r, which 
is 


d r No it a ri —Fr d 
¥r,1(Z, = = (-1) gore a AL = v6 (hy(r = 1) — 77] (8.184) 


has a leading multiplicative action on the highest-weight state f of the target module 
Vic, h), which reads 


YO = 6,10 =—hy,p=hot+h, —h)f (8.185) 


wherein 


(0a? = TT] | fro tes — (rm) tm) 
el! 

x [ho thy —h + (m+ 1) - tr +1—m))] (8.186) 

r+1 4 

- ane ( 2 -m) | 


The rest of this section is devoted to a detailed proof of this result. Recall the 
definition (8.26) of A,,)(t) as the formal determinant of the operator D,\(t) of 
Eg. (8.22). The substitution L_, — 1_,(A, ) (cf. Eq. (8.182)) leads to the formal 
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determinant of the matrix operator D, ;(L_, — /_,), namely 


r—1 = | 
6, (A, #) = det] —J_+ Y (E(u + 7 +Jo— Ak) | 
k=0 


1 es 8.187) 
= det} — fe 
det | ain ae 5 ny o) + TE: ml 
1 r—1 Atd + 
= det [7 ar Sy gten =r aed 
where we used the automorphism 
a ae aa Jo = Jo (8.188) 


to obtain the last equality. We now proceed as follows. We are left with the compu- 
tation of the determinant (8.187) of an operator involving (1—J,)~! and(1—J,)~?. 
These terms imply a proliferation of powers of J, which we wish to eliminate. In 
a first step, we will “reduce” the operator by performing an appropriate change of 
basis, in which the term (1 —J,)~* disappears. In a second step, we will dispose of 
the second term (1 — J,)~! and finally evaluate the determinant. Since the matrix 
J is nilpotent (J’, = 0), the matrix 


Ly $1) (y+k-1) 


Cay =: k! 


Uy = J.¥ 


is well defined, as well as its inverse U ' = U_,. Using the commutation relations 


Vo, U,) = WU 41 
a Gi = —2yU a6 = Wy + LU y42F4 


ees U,)=0 
we find that 
] r—-—1 MW. 
i of f areas -aaee 
y—thy+1)-a 

=W_+ Goes ee l=. Al Sa OS A 

1 a (u ( ues (7aE Je 
(8.189) 


The formal determinant of an operator D may be evaluated in any new basis 
preserving f,. The matrix U,, is precisely the matrix of such a change of basis: 
U,, and its inverse, which are upper triangular with ones on the diagonal, do not 
modify the highest component f,, nor 


fo = det(U;'DU,)f, = det(D)f, (8.190) 
To eliminate the (1 — J,.)~? term in (8.189), we pick for y any of the two roots of 


y—-thy+1)-A =0 (8.191) 
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Then, there follows the simple result: 


6,.1(A, 2) = det EZ eae rapa 2yt\Vo| (8.192) 


1- 


Finally, we multiply the above by 1 = det(1 — J,) and use the action of J,J_ and 
Jo on the components f;: 


os ees 
J,J_fj = Fi — (Jo — = Vi 
(8.193) 
Jof; 


ll 


5-24 If 


in order to rewrite 


24 ai 
G(X, i) = det er +Jo(1 —Jo)) ap [UL aP > ar (1 = 2Ao] 


r+1—2m 


=T[« + > ~tm(r—m) + 5 


m=1 


a 2)| 


(8.194) 
with y a root of Eq. (8.191). This expression turns out to be independent of which 
particular solution y we choose. Grouping the terms with m andr + 1 — m in the 
product (8.194), we find, for 7 even, 


r/2 


6,10, 0) = T] ([a+ mC ~ omn)] 
eet (8.195) 


x [ut+(m+1)—t(r+1-—m))]+ a(S at m)’) 


and for r odd, 


6a n) = (w+ AC = tr 02) TI [1 (1 + (r—m)(1 —tm)] 


Cale ee 2 
m) 


x [w+ (m+ 1) — tr +1—m))] + 4ar( 5 


(8.196) 
The above two cases (8.195)—(8.196) are summarized in a unique formula for the 
square of 6, ;(A, 2): 


[a-adl = [] (Lat @ — mca — om) 
m=1 
r+1 7 m)? 


x [w+ On + 1) — t(r +1 —m))] + 4a0( ; 


(8.197) 
which, for A = —h, and uw = h,., +h, —h, yields the desired result (8.186). 
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8.A.5. Fusion at Work 


Knowing the singular vector at level r in V,, and using it in the fusion V,; @ 
M(c,h,) > M(c,h), we finally arrive at the following result. If 6, ; = 0, 
(i) The irreducible module M(c,h) does not occur in the fusion 
M(c,h, +1) ® M(c,h)). 
(ii) The first nonzero term yw, ro > 0 on the r.h.s. of Eq. (8.176) is a singular 
vector in V(c,h). 

(iii) The explicit expression for this singular vector is obtained by transferring the 
singular vector condition from V(c,ho; xo) to the target module V(c,h; x), 
using the formula (8.166) in the case x = + (xo +x,) orits suitable modifications 
for any other choice of coordinates. 

We can use this result in different ways by making various choices for the 
second module M(c,h,). In the following, we explore three possibilities, all of 
them with ho = h, ;(t). 


(a) | V21@Vo; > Vi; 


First, it is instructive to recover the expression for the singular vector |x,) of 
Eq. (8.28) in Sect. 8.2. We take r = 2, and hence 


3 1 
hig = t)= -t-—~-, : 
0 =h2,(t) ries (8.198) 
and we choose 


CS lees 


h=h,,(t) = a + 5 (8.199) 
For A = —h, and p = hz (t) +h; —h, the determinant 
621(A, uw) = ww +142) —At (8.200) 
has two zeros in h;, namely 
3 s*—1 1 
h25(t) = —t + —s+- 
7 4 2 
hh A (8.201) 
EG ame 
as ede 3 


According to Eq. (8.2), the first value corresponds to a reducible module, with 
a singular vector at level 2s, whereas the second one corresponds directly to an 
irreducible Verma module. We choose the second possibility, 2, = ho,(t), which 
guarantees that no extra information about possible other singular vectors of the 
second module is overlooked. The above analysis guarantees the existence of a 
singular vector in the target Verma module V,,. We compute it explicitly. The 
singular vector of V> , at level 2 is easily found to be 


1X2) = Aoi ()|h21(2) Aoi(t) = L?, — th» (8.202) 
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We then perform the transfer of the action of Az ;(t)@Ion V2; @V; 5 to an action 
on the target module V(c,h). We fix the coordinates to be x; = x, Z = Xp — X. 
Then, from Eq. (8.170), we have 


d 
F(L_; @T) = — 
dz 
hy ral co (8.203) 
FA(L_2 @D) = — - -— y k-2 
( 281) D) zdz* 2." ) ORT 


hence the transferred action on fof; ~ f is 


(A21(t)fo)(xo)fi (x1) > 
(i _ La Age aa 5214] pL ef) =0 
ES lee dz + lacs = 


(8.204) 
whose vanishing is a direct consequence of the vanishing of the singular vector in 
M2,. Since, in the present case, we have 


= hot+th,—h = (-1+0)/2 (8.205) 
we finally obtain 
bos PY Pr 4 1 yf?® =0 (8.206) 
k>1 


This yields the descent equations (8.174) forr — s andt — 1/t, which determines 
the singular vector of level s in V);. 

Now we have another understanding of these descent equations. We can follow 
step by step the cascade of equations determining the formal determinant of A, ,(t). 
This requires a slight alteration of the su(2) representation (8.19) used before, by 
exchanging J, <» J_/t. Then Eq. (8.206) coincides exactly with the descent 
equations obtained by writing 


fi fo 
D, s(t) i = : (8.207) 
f. 0 


in components, and identifying f; =f”. 
Eq. (8.206) has yet another interpretation. We define 
PG oz Ly (8.208) 
k>]1 


as the negative mode part of the stress tensor T(z). Then we get a second-order 
differential equation for 


roa oar” (8.209) 
p>0 
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dt d. re -0 8.210 
\ga- an eg 47 (z) F(z) = (8. ) 


(b) V1 ® Vis = Vs 


We set 
op es 
sae Ss 5 
Cs le ha 
= = (8.211) 
hy hy ;(t) at + ) 
Bia ies eel as 
h=h,,0)= at ca 5 


for which it is clear that the determinant 6, (A = —h;, u = ho +h, —h) vanishes 
(indeed, one easily checks that the factor corresponding to = 1 vanishes in 
Eq. (8.186)). In this case, we have to use this information about singular vectors 
of the first and the second module to obtain constraints on the singular vectors 
of the target module. It is important to notice that this information from the first 
and second modules is needed to fully characterize the target singular vector, in 
contrast to the previous case (a) where the singular vector of the first module 
was sufficient. The best we can hope for here is to obtain a system of coupled 
equations determining the target singular vector. Due to this intrinsic complication, 
we prefer to concentrate on the next possibility, in which the second module is 
directly irreducible, so that all the information is exhausted by implementing the 
singular vector condition of the first module. 


(c) | View ® Vo,s a V,; 


We set 


2 
ho =a = iver! J 


4 2 
fas: — ll 
hi =h oS 8.212 
1 os(t) ra At Le ( ) 
Pais st] 1 = 
k=h,.@) = rf 
s(t) a 


for which 6,(A = —h,, = ho +h, —h) vanishes (as in case (b), the term 
m = | vanishes in Eq. (8.186)). As in case (a), the second module is irreducible, 
so no extra condition has to be implemented except the singular vector condition 
for V,;. The transfer of these conditions to the target module is readily done by 
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substituting for the L_,,.’s the equations (8.170) 


a es 


(aly, 
zr 


F(L., @1) = yeesl ent = 


safes ae 
dz I+ D2 (ee 


(8.213) 
This transfers the action of the operator A,,),1(¢) on the highest-weight state fo at 
Xo to that of an operator y,+1,)(¢) at x, on 


Fie) =o Ox) (8.214) 


p>0 


The target singular vector vanishing condition thus takes the form 
Yroii()F(z;x) = 0 (8.215) 


This defines in V(c,h) a set of intermediate stages (descent equations) between 
f =f and f”, the singular vector of the target module. The p-th stage of these 
recursions takes the form 


(-1)716,,(A = —hy, uw =ho +h; —h — p)f” = Pol(L_»,;f"?) (8.216) 


where “Pol” denotes for each stage some polynomial of the L_,,,.’s acting on the 
higher components f), k < p. For p < rs, this factor does not vanish, and one can 
solve recursively for f”) in terms of the f*<?). For p = n = rs, the determinant 
factor 6,4),; vanishes again: it is responsible for the fact that at that level the p = rs 
stage expresses directly the vanishing of the singular vector of the target module. 


8.A.6. The Singular Vectors |,,, + rs): Summary 


The reducible Verma modules have highest weights parametrized by two non- 
negative integers (r,s) according to Eq. (8.2). If r = 1 or s = 1, there exists a 
singular vector at level s (resp. r), given by A,,;(t)|/,,i(¢)), Eq. (8.26). Otherwise, 
letf =f be the highest-weight state in V(c,h), setho = hy,41,:(0),41 = hos(t), 
and h = h,,,(t), and define the operator 


1 d 
rot) = Ars, 2 => aa? G -—1)+2(L_1 - ait 
(8.217) 

k 

EOP eo 

k>0 
Then the equation 
Yr Sif) =0 (8.218) 


j20 
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determines recursively the f“’s, for 0 <j < rs in terms of f and yields, at level 
rs, an equation of the form 


Ay 20 (8.219) 


up to a multiplicative nonzero factor. A,,(¢) is a polynomial of the L_,,,.’s of total 
degree rs. This equation defines a singular vector of level rs in the module V,.,, 
as A,.,(t)|h,;(t)). Moreover, the intermediate components f, 0 <j < rs satisfy 
the descent equations (8.174). 

The only fact we did not prove in this section (and which is ensured by the Kac 
determinant formula (8.1)) is that the Verma modules whose highest weights are 
not of the form (8.2) with (r,s) strictly positive integers are indeed irreducible. 
Fortunately, we did not need this information to carry out a thorough study of 
the irreducible representations of the Virasoro algebra for minimal models, as the 
latter are all based on Verma modules with highest weights of the form (8.2), with 
Ao = Il 

We now give an example of the power of this last result to yield explicit ex- 
pressions for singular vectors. Suppose we want to write the singular vector at 
level 2s in the module V2. Following the above recipe, we consider the fusion 
V31 @ Vos — V2,s. We start from the expression (8.27) 

A3i(t) =}, — 4¢L_,L_2 + 2t(2t + 1)L_3 (8.220) 


and perform the substitutions (8.170): 


Ls 


dz 


1 d 
gi eas eI baad (8.221) 


k>0 


1 d 
L3> —7lthi BA i! +k + Ie‘L_p-3 


k>0 
With 
A = —h,; = -ho; 
w= hoth—h = hy t+hos —ho, = t—3s/2 — 
we find, in components, 
03,10, w — pf = —4¢ we —k—p)L_yf*?) 
a (8.223) 


Dp 
+ 2t(2t + 1) DEG — 2)L_yf*?) 
k=1 


Using again the slightly modified representation of su(2) obtained from (8.19) 
by exchanging J, <> J_/t, we find the operator A, ,s which creates the singular 
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vector at level 2s in V2, as the formal determinant 


A2,5(t) = det [tren + (2¢+ 1))+ DV 2h = (2+ aa 
- (8.224) 


Exercises 


8.1 Prove Eq. (8.17). 


8.2 Dyson—Macdonald identity for the (3,2) minimal model 
a) We consider the minimal model with (p = 3, p’ = 2). Compute its central charge. Check 
that the Kac table reduces to the identity operator. 
b) From the Virasoro algebra commutation relations, show that all the conformal 
descendants of the identity operator are themselves singular vectors. 
c) Deduce the value of the character y(),;) of the (v = 3, p’ = 2) minimal model. 
Result: x(1,1)(¢) = 1. 
d) Use this result to prove the Dyson—Macdonald identity 
DT aa) — g@rtNGn+1) — [ [a —q") 


neZ n>! 


8.3 The limit c — 1 of the minimal Virasoro representations. 

a) Compute the limit when 12 — oo of the Virasoro minimal characters x(,,1)(q) for the 
minimal models with (p = m + 1,p’ = m) (withg < 1). 

b) Assuming that this limit is correct, deduce the structure of the corresponding reducible 
Verma modules atc = 1. 

Result: When h = n?/4, n any nonnegative integer, the module V(c = 1,h) is reducible, 
and contains exactly one submodule V(c = 1,h’), withh’ = (n+ 2)7/4 =h+n +1. This 
result is exact, and it can be shown that these are the only reducible modules at c = 1. 


8.4 Characters of the full (6,5) minimal model 

Write all the characters of the representations of the minimal model with p = 6, p’ = 5 
(only part of them are given in Table 8.1). Check the singular vector structure on the small 
q expansion of these characters up to order 6. 


8.5 Prove by recursion onj that L, and L, act on fj, as claimed in Eqs. (8.32}-(8.33). 


8.6 Benoit-Saint-Aubin formula for (r, 1) singular vectors 

Compute the determinant (8.26) by simple elimination. The result should take the form of 
a sum over monomials L_,,, L_,, --- Ln, where the indices are not necessarily ordered. 
Rearrange these terms to recover the Benoit—Saint-Aubin formula (8.34). 


8.7 Compute the square of the operator A,(t) of Eq. (8.26) modulo L_3,L_4,... asa 
function of L_; and L_2 only ({L_;, L_2] = L_3 = 0). 
Result: A, ,(t) = []j,_,(Z7, —t(r + 1 — 2m)*L_2). 
Hint: Write A,,,(t) = det(L_; + J2,/4tL_2), where J2 is defined by 
dh. = di sep (8.225) 


Conclude by noting that J; has the same spectrum as Jo. 
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8.8 Covariant differential operators 
Let F), denote the set of differential forms of weight / in the real variable x. The elements 
of F;, are those fields transforming, under an infinitesimal change of variables, as 


b(x)dz" = o(x)dx*" YH E Fy, 
A differential operator of degree r 
D, = d" + ay(x)d"? +---+4,(x) 


where d = d/dx, is said to be covariant if it is a map from F;, to F,4,. 


a) Prove that h = —(r — 1)/2. 

Hint: Let $),...,@, € F, generate the kernel of D, (the ¢’s form a si of the set of 
solutions of the differential equation D, f = 0), then their Wronskian det(o!” eas mer 
is a constant, that is, an element of Fp. 


b) Prove that the covariance condition amounts to 
D, =d' +4,(@)d"? + --- +4) =¢'"D,g" 
where y = dx/dx is the Jacobian of the coordinate transformation and d = did& = gd. 


c) Deduce the following transformation property of the function a2 under an infinitesimal 
change of variables 


fia sa) 


G2(x)dx? = az(x)dx? + ——— {x, x} dx? 


where the bracket denotes the Schwarzian derivative 


=F 3(@0) 


The prime symbol stands for differentiation with respect to x. The function a(x) is the 
classical analogue of the Virasoro stress tensor. In the following, we setc, = r(r? — 1)/12. 


{g(x), x} 


d) Show that for a coordinate X where a2(X) = 0, the function b(x) = g'(x)/y(x) is a 
solution of the Riccati equation 


b*(x) _ ap(x) 


Oe ee = 


e) Prove that the differential operator 


= 2s(x) 


=(d 


(8.226) 


acts covariantly from F_ r51 to F rf 

Hint: It can be written as A, = g"+?(g-'dy g?-2, 

Prove that A, is a function of s(x) = }(b’ — b?/2) only. 

Hint: In the expression of A,, change b > b + 5b while 2s = b’ — = ~ remains fixed, i.e., 
6b’ = béb, then use (d — (@ + 1)b)8b = 5b(d — ab) to prove that 5A, = i. 


f) Prove that A,, defined in (8.226), is the formal determinant of the r x r matrix differential 
operator 


B, = —J_+d1—bJo, (8.227) 


Exercises 285 


with J; and Jo defined in (8.19), and the formal determinant defined as in (8.25). Give 
an alternative proof of the covariance of A, by studying its action on the components 
fi, f2,..-,f; such that 


fi fo 
he ‘es 0 
f 0 


Hint: Each step f; — fj_1 is covariant (dI — bJo is called a covariant derivative). 

Show that the formal determinant is invariant under unitary gauge transformations B > 
B’ = U'BU, U any r x r upper triangular unitary matrix. Apply this to B = B, of 
Eq. (8.227), and U = e’/+’? to show that A, is a function of s(x) = $(b’ - =) only. 

Hint: B. = —J_ +d +i’ - #ys,. 

The operator A,, as a function of s(x), is the classical analogue of the quantum operator 
A, (t), which creates the singular vector of V(h,.,(t),c(t)). The correspondence is known 
as the classical limit of the Virasoro algebra, under which t > Ot (i.e.,c - —oo), and 


| ae = d 
s-2)(x) 
ti = 2,3, , 
k= 2! 258} 


We recover the above B’ by substituting this in the expression (8.25)-(8.26) of A,,(t), and 
taking t > 0. 


g) More generally, prove that the matrix differential operator 


C, = —J_+dl+ So Wma? 


m=2 


has a covariant formal determinant, provided that the coefficients w,,(x) € Fy, are differ- 
ential forms. Deduce from this that the most general covariant differential operator acting 
from F_(,_1y2 to F(,41/2) is the formal determinant of 


E, = —J_+dl+s(x4 + D> Wie? (8.228) 
m=2 


where w,,, € F,,,, and s(x) transforms anomalously under a local change of coordinates as 
P 1 . J 
5(X)dx? = s(x)dx? + 5 x, x }dx* 


Hint: Go to a coordinate where § vanishes; in this coordinate, the operator has the form C,, 
and its formal determinant is covariant. Go back to the initial coordinate using the upper 
triangular unitary gauge of (g). 


8.9 Hypergeometric differential equation, hypergeometric function, and integral represen- 
tations 
We look for solutions of the hypergeometric differential equation 


z(1 — z)a,"f(z) + (c — (a + b + 1)z)a,f(z) — abf(z) = 0 (8.229) 
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a) Writing a series expansion f(z) = }°,50 f,z” find a solution of (8.229). Express it in 
terms of (a),,, (b),, and (c),,, where 


(x)y = x(x—1)---G@—n+1) n=1,2,... 
(x) 
This is the hypergeometric function F(a, b; c; z). 
Result: 
1 b n 
BG. b 032) — ye eet (8.230) 
n>0 n 


b) Deduce from (8.230) that fora = —n,n = 1,2,3,..., the hypergeometric equation 
(8.229) admits a polynomial solution of degree n. 


c) Show using (8.230) that 
fe ~a)n(c — B)n (, = zy "Fla, bc Fh Z [a — zf't><F(a,b:c: 2)| 
(c)n dz" 


(8.231) 
d) Show that the result of the action of the differential operator 
z(1 — z)d,2 + (c — (a+b + 1)z)a, — ab 


on the monomial r2-!(1 — t)°-8-'(1 — tz)~? is a total derivative with respect to f. 
e) Deduce that 


/ dt P( —1°(1 — 12) 
G 


is a solution of the hypergeometric differential equation (8.229), if the complex integration 
contour C is closed, or if it originates and terminates at zeros of the monomial t?(1 — 


ty-P(1 — tz). 
f) Prove Euler’s formula for the hypergeometric function 


ape Me) ~- c—b— —a 


where I(x) denotes Euler’s Gamma function 


r(x) = / atte ex 
0 
g) Using the integral representation (8.232), prove that 


F(a,b;c;z) = (1 —z)** ’F(c — a,c — b; c;z) (8.233) 
h) Using Eggs. (8.231) and (8.233), prove that 


(8.234) 


en 
F(a — 1/2,a; 2a;z) = (=) 
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8.10 Transforming Eq. (8.71) into the hypergeometric equation (8.229) 


a) Write the differential equation (8.71) after a change of function Hy (2 — 
Z [PARR (@yez). 


b) Find the constraint on £; and f, that allows the differential equation for K to reduce to 
the hypergeometric equation (8.229). 
Result: 


B(B; —Dit+B;-h;=0, fori =1,2 (8.235) 
c) Show that these conditions are equivalent to the fusion rule (7.50), withh — hy,h,; > h; 
(i = 1,2) andh2 — h, upon interpreting A, (resp. 82) as the leading power of Zo — 2 (resp. 
Zo — Zz) in the OPE of @o x $; when Zo tends to z; (resp. dp x ¢2 when Zg tends to Z2) within 
the four-point correlator (8.42). 
Hint: When letting z — z;,1 = 1,2 in the four-point function (8.42), the corresponding 
OPE reads $o(Z0) x $;(z:) ~ 7), (Zo — 2; Y"-"°-" phi(z;), and hence B; = h — hy — h;. The 
quadratic equations (8.235) for B; are equivalent to those of the (2, 1) fusion rule (7.50). 


8.11 Yang—Lee four-point correlation as solution of a hypergeometric differential equation 
a) Write the differential equation (8.71) in the case (p = 2, p’ = 5), andhy = h, = hn = 
h; = h2) = —1/5. 

b) Transform it into a hypergeometric differential equation by following the lines of Ex. 8.10 
above. 


c) Write the two solutions of the hypergeometric equation corresponding to the two possible 
small z behaviors (~ |z|?') of the function H, in terms of hypergeometric functions. These 
are the two conformal blocks of the four-point correlation function. The full correlator 
is a sesquilinear combination of these two functions. The precise determination of this 
combination is postponed to Chap. 9. 

Result: 8; = 6B) = 2/5 or 1/5, corresponding respectively to the fusion rules ¢(2,1) x (2,1) > 
T and $21) X $2.1) > $21). The corresponding conformal blocks read respectively 


F(3/5, 4/5; 6/5; z), F(3/5, 2/5; 4/5; z) (8.236) 


8.12 Energy and spin four-point correlations in the Ising model, as solutions of 
hypergeometric differential equations 

a) Write the differential equation (8.71) in the case (p = 4,p’ = 3) and hy = hy = hy = 
h; =h2, = 1/2. 

b) Transform it into a hypergeometric differential equation by following the lines of Ex. 8.10 
above. 

c) Write the two solutions of the hypergeometric equation corresponding to the two possible 
small z behaviors (~ |z|?4') of the function H, in terms of hypergeometric functions. 
Result: 8; = 6) = —1 or 2/3, which would in principle correspond to the fusion rules 
$21) X 2,1) > Land $21) x $2.1) > $@,1)- However, for the Ising theory, the (3, 1) 
representation lies outside of the Kac table, therefore this last fusion is not allowed. This 
will eventually result in a vanishing coefficient for the second conformal block. The two 
conformal blocks read respectively 


F(—2, -1/3; -2/3;z)=1-—z+2’, — F(4/3,3; 8/3; z) (8.237) 
d) Repeat the above steps for the four-point function of the spin operator, with ho =h, = 
hy = hy => hip = 1/16. 
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Hint: The fields $2) and @;.2) are exchanged under the substitution t < 1/t. The two 
resulting blocks, corresponding respectively to 6, = 6. = —1/8 (fusion $1 2) X $2) > 1) 
and 3/8 (fusion $; 2) X $(1,2) > $(1,3)), read 


F(3/4, 1/4; 1/2; z), F(1/4, 3/4; 3/2; z) 


e) Using (8.234), show that the two conformal blocks for the Ising four-spin correlation 
function read 


} 1 
2 eee, 
2 ‘ z 

8.13 Differential equation for $31) 
Write explicitly the third-order differential equation (8.39) for V(c,o) = V3,:. In the case 
of a four-point function, perform the elimination of 0,,, 0,,, 0-, and 0., in terms of the 
cross-ratio Z = Zo1Z23/Zo2Z13 to obtain an ordinary differential equation of third order for 
the four-point correlator H(z, Z) = |z|?#'|1 — z|?#©G(z, Z). 


Result: 
1 3 2z—-1 2 h —2h, A 
= a ——— + —__ |2. 
2 pet! z? oem |) a) Ui 
hy hz 2h +1) +h, +h —hy, 
Soph pc RE OS 1 
E Vea z(z — 1) 
(h+h, +h2 —h3)(2z — 1) - 
——————_—_—___—— | }A(z,z) =0 
[2(z — 1) ssl 
8.14 Sum rule for singular vectors 
Consider a three-point correlator of the form 
(po(Z0)1 (Z1)h2(z2)) (8.238) 
where V(c, ho) contains a singular vector at level no, given by 
le, Mo +10) = )ayL_yle, ho) (8.239) 
7 


From the explicit form of the correlator and the singular vector vanishing condition for ¢o 
when Zp —> Z;, deduce a sum rule for the coefficients ay. 


8.15 (1,1) fusion rules in minimal models 
Prove the following formula for the determinant 6,,,(A, 1.) of Eqs. (8.195){8.196) with 


A = -h, = -h,,(t) 
w= ht+h, -h=h,,(t) +hyi(t)—h 
and hy, 7(t) as in Eq. (8.2) 


A (A, p) = (-1) [|@ a g—r-142m(t)) 


ma! 


This yields the fusion rules (8.84). 
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8.16 Verlinde formula for fusion numbers 


a) We first concentrate on the subalgebra %,, of the fusion algebra A, p’ of a minimal model. 
Show that itis isomorphic to the polynomial ring C[x/U, p’-1(x), where U are the Chebyshev 
polynomials of the second kind. Let N,, 1 < r < p’ — 1 bea (p’ — 1) x (p' — 1) matrix 
representation of +, with Ny = 1, N2 = Nai), N, = Nv,1). Prove that the matrices N, 
are simultaneously diagonalizable in an orthonormal basis, and compute the unitary matrix 
S of the change of basis. Compute the eigenvalues of N, in terms of the matrix elements 
S;;, and deduce the following formula result 


p-1 
S,iS5 iS; 
N. if = IVS Let 
: 0, a 
known as the Verlinde formula. An analogous formula holds for the fusion numbers of Woe 
ee Oe 
Result: S;; = 2 sin So 
b) Conclude that the (p, p’) minimal fusion rules have the form 


p’-1 p- 1 SG) oG) skh 


kl (r,s)~ (n,n) ~ (rs) (nny ij) 
No, S(t, a =), oan , 


(i,j) 
lear Si 1) 


and compute the matrix elements st a 


8.17 Rings, ideals, and quotients 

A ring R is a group (with operation denoted by + and called the addition), endowed with 
an extra multiplicative law (denoted by - and called the multiplication), which is associative 
and distributive with respect to the addition. A left (resp. right) ideal J C R is a subset of 
R that is stable by left (resp. right) multiplication by any element of R: Vx € R,y € TI, 
x-y eI (resp.y-x € J). A left and right ideal is simply called an ideal. For any ideal /, 
the quotient ring R/I is formed by the equivalence classes of the relation ~ over R 


x~y } azel,st.x=y4+z 


and endowed with the additive and multiplicative structures inherited from R. 


a) Show that the set of polynomials with complex coefficients of N variables, C[x),...,xy]J, 
forms a ring for the usual addition and multiplication of polynomials. 

b) Show that for any given polynomial P(x,,...,xy), the set of polynomials with P in 
factor, I = P(x;,...,xn)C[x},...,Xy] is an ideal. 

c) We now restrict ourselves to N = 1. Let P(x) be a polynomial of degree p. Show that 
the quotient ring Q = C[x)/P(x)C[x] (often denoted by C[x]/P(x)) is a finite dimensional 
vector space. Compute its dimension. 

Hint: The equivalence relation ~ is the identity modulo P(x), namely 


P,(x) x P2(x) @ 3P3(x), suchthat P(x) = P2(x) + P3(x)P(x) 


By virtue of the polynomial Euclidian division, the representatives of the classes may be 
taken of degrees 0, 1,...,p — 1, leading to a p-dimensional vector space. 


8.18 The minimal polynomial of a matrix G 

Let x¢(x) = det(xIl — G) be the characteristic polynomial of a given matrix G. G is 
assumed to be diagonalizable, with r distinct eigenvalues 4; with multiplicities 1m;. In other 
words, the vector space E over which G acts (E = R’, p the size of G) is a direct sum of 
eigenspaces E; of G for A;: E = @{_,E;, and dim(E;) = mj. 
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a) Show that 
xox) = [[@—a)” 


b) Let [1¢(x) be the monic polynomial of smallest degree s (i.e., of the form lees) = 
x5 + O(x5-')), such that II1¢(G) = 0. Show its existence and uniqueness. T¢(x) is called 
the minimal polynomial of G. 

c) Show that the degree of I(x) is the dimension of the vector space of matrices generated 
by the successive powers of G. 

Hint: Show that I, G, G?,...,G°~! are linearly independent, with s = deg(TI¢). 

d) Show that the above vector space is nothing but the quotient ring C[x)/Mc¢(x) (see Ex. 8.17 
above for a definition). 

e) Prove that s > r. 


f) Prove that 


ie 


Nex) = | [@—%) 


i=] 
Hint: Show that [];(G — A,I) = 0 by restricting its action to the eigenspaces E;. 
8.19 Fusion algebra attached to a graph 


Given a connected nonoriented graph G (a set of vertices v(G) with nonoriented links), one 
defines its adjacency matrix as 


1 ifaislinkedtob 
Gap = 


0 otherwise 


with a,b € v(G). 

a) Show that G is symmetric, therefore diagonalizable in an orthonormal basis. Assuming 
that all eigenvalues of G are distinct, the unitary matrix S of the change of basis is fixed up 
to a phase. Let E denote the set of labels of the eigenvalues of G. The matrix elements of 
S are Sam, With a € v(G) and m € E. Assume also that G has a unit vertex denoted by 
1 € v(G), such that G)2 = 82,0): 1 is an endpoint of the graph, linked to only one vertex ao. 
Assume also that no matrix element of the form S,,,,, vanishes. Compute the eigenvalues of 
G in terms of S. 


b) We define graph fusion numbers by the formula 


SamS moon 
Na Sm 


meE 


a,b,c € v(G). Prove that these numbers define a commutative and associative algebra A, 
with generators ¢,, a € v(G) and relations 


Gabe = > Naw’ bc 


called the graph fusion algebra. Show that the matrices N,, with entries [Na ]p¢ = Nas‘, 
form a representation of A, polynomially generated by G = N,,,. Compute the eigenvalues 
of N, in terms of S. 


c) Let 
P(x) = det(xI — G) 
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be the characteristic polynomial of G. Prove that the graph fusion algebra A is isomorphic 
to the quotient ring C[x]/P(x) of polynomials of x, modulo P(x). In particular, compute the 
polynomial generators of the ring, P,(x), a € v(G), defined by the relation N, = P, (G), 
in terms of the entries of the matrix S. 


Hint: P, is the Lagrange interpolation polynomial between the set of (distinct) eigenvalues 
of G and that of N,. 


d) Examples. Show that the graph A,_, with adjacency matrix 


(Ap-1hij = 5.41 + 5-1 1<ij<p-1 
has a fusion algebra isomorphic to Y,. Show that the graph E, with adjacency matrix 

Op Om ORO 

101000 

_{ oO 1 @ i @ i 

oo 4 0 1 0 

0 © @ t O i 

O @ i Wa © 


admits a fusion algebra, with the first entry of G as unit vertex. Namely, prove that all the 
eigenvalues of G are distinct. Compute the polynomials P, (x) and prove that the N,° are 
nonnegative integers. 


e) Show that the adjacency matrix of the D, graph 


0100 
alee: Sia 
Geel 50 1 como 

0100 


has some degenerate eigenvalue. Strictly speaking, the corresponding graph fusion algebra 
is ill-defined. Show, however, that there exists one particular choice of unitary change of 
basis S that diagonalizes G and leads to nonnegative integers \V/,,° through the relation 
Sai Sb iSz; 
N, Cc = ’ ’ Cop Z 

ab pe ae Z 
where we choose the unit vertex 1 to be that of the first entry of G (numbered 1, 2, 3, 
4). Prove that the corresponding algebra A is polynomially generated by two generators 
G = N2,H = N3, and is isomorphic to the quotient ring C[x, y}/Z(x, y), where the ideal Z 
is generated by the two polynomials 


T(x,y) : x*7-y?-—y—1 and x(y—-1). 


8.20 N(2,2) does not generate the full fusion algebra of minimal models 

We consider the fusion algebra of the (p = 2/+ 1,p’ = 2k) minimal theory, and its adjoint 
matrix representation Ni,;) = Nip'-rp-s), Subject to (8.131). We want to prove that the 
fusion algebra is generally not polynomially generated by N(2,2). Show that the dimension 
of the fusion algebra is N = 5(p ~— 1)(p’ — 1). The matrices Ni,s) are therefore of size 
N x N. Show that a diagonalizable N x N matrix generates a dimension N algebra if and 
only if all its eigenvalues are distinct. We assume the following form for the eigenvalues of 
N22) (see Ex. 8.16 for a general proof) 

| 


ys Tt 
pes = 4cos — cos a 
: P 
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Prove that the eigenvalue 0 of N22) is degenerate / times, and conclude that for] > 1 Ni22) 
does not generate the whole fusion algebra. On the other hand, for p = 3 (1 = 1), show that 
the fusion algebra is generated by N22). 


8.21 0 is the only possibly degenerate eigenvalue of N(2,2) 

The notations are as in the previous exercise (p = 21 + 1, p’ = 2k). We want to show that 
the only possibly degenerate eigenvalue of N22) is 0. Due to the form of the eigenvalues 
of N,2,2) (see previous exercise), we look for solutions to the identity 


cos(zr/p) _ cos(zs’/p’) 

cos(zr'/p) —_ cos(zs/p’)” 
a) Prove that the above ratio is necessarily a rational number. 
Hint: Let € = e!”??’, = &', B — &. Prove that 


a ajar = > diB', a;,b; € Q 
is possible only if a is a rational number, by summing the above identity over conjugates 


of &, &, which preserve a, but describe all the conjugates of 8. Use the fact that a sum over 
all the conjugates of a root of unity is a rational number. 


b) Prove that the polynomial 


Pp 
N@)= i (2x cos ia 2 cos cs 
igs — 2 P 

has integer coefficients, is monic (the coefficient of the highest-degree term is 1), and 
reciprocal (I(x) = x?M(1/x), d = (p — 1)?, the degree of IT). Show that the only rational 
roots of II are +1. Deduce that necessarily r’ = r or r’ = p — r, and consequently s’ = s 
or s’ = p’ — s, which completes the desired proof. 

Hint: To prove that IT is monic, show the identity 


p-l 
[[2c0s = = (1! p=2+i. 
i" P 


To prove that a monic reciprocal polynomial with integer coefficients has only rational roots 
+1, suppose a/b is a root. Then it could be written (a/b)4 = integer/b?—', hence b = 1, but 
by reciprocity, if a is a root, 1/a is aroot too, hence a = +1. 


8.22 Sum rules for the coefficients By. 
For this exercise, we use the notations of Sect. 8.A.1. 


a) Show that in the coordinate (8.140), and for z small enough, the three point function 
(fo(xo)fi (x1 )f(x)) given by Eq. (8.139) can be expanded in a convergent power series of 
z/x, and compute its coefficients (set g(4o,h;,h) = 1). 


b) Apply Eq. (8.36) to determine (L_yf(x)f(0)) explicitly, where the two-point function of 
f is normalized to (f(x)f(0)) = x7". 
c) Deduce a sum rule involving the coefficients By of the OPE 


folxo)filxi) x “at So By Lyf) 
= 


Nigt+h, -h 


Hint: Write the three-point function in two ways. On the one hand, the expansion of (a), on 
the other hand substitute the above OPE expression in the three-point function, and use (b) 
to compute it. 
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Result: 


YS [isons Yri|[e2+ n+ 0 eee 


<r) <r2--- i>2 i>3 
urj=n 


A ey 1 Thy, -—ho —~h+1) (ho —h, —h +1) 
ee piq! Thy —ho —h +1 -—p) Thy —h, —h +1-@) 


8.23 Fusions at level 2 

We use the notations of App. 8.A. Use the equations (8.161) determining the coefficients 
By at level |Y| = 2 to discuss fusion rules. In particular, find the constraints on My and h, 
for the fusion M(c, ho; xo) ® M(c, hy; x;) > M(c,h; x) to be allowed in the three cases 
where h is a zero of the Kac determinant K2(c,h) (Eq. (8.162)). 


8.24 The dependence of the fusion map F on the points 
We use the notations of App. 8.A. We consider the fusion at arbitrary points x9 = x + vz, 
xy =x+(v—1)z,x 


] = 
Fic, ho; xo) ® \c, hy; x1) = Zhoh kh > 2!" By L_y|e,h; x) 
Y 


a) Compute the corresponding transfer equations for F(L_, @ I) and F(I @ L_,) that 
generalize (8.166), (8.167), and (8.170) (for v = ; and 0 respectively). 


b) Show that the dominant action of the transferred operators of (a) (ie., their 
L_,,-independent piece) does not depend on v. 


c) Find the descent equations determining en generalizing Eqs. (8.156) and (8.174) for, 
respectively, v = 4 and v = 0. 


Notes 


The structure of inclusions of Virasoro modules was found by Kac [213] and proved by 
Feigin and Fuchs (127], and the corresponding characters have been computed by Rocha- 
Caridi [308]. The first simple expression (8.34) for the (7, 1) singular vectors of the Virasoro 
algebra is due to Benoit and Saint-Aubin [37]. Based on analogies with the classical limit of 
the Virasoro structure (see Ex. 8.8, partly based on Ref. [92]) the matrix determinant formula 
(8.26) was proposed by Bauer, Di Francesco, Itzykson, and Zuber in {29}, where a general 
procedure was also given to write the (7,5) singular vectors explicitly (see App. 8.A). 

The fusion rules for the minimal models first appeared in Ref. [36]. The algebraic proof 
given in Sect. 8.4.3 is based on Ref. [100] (as well as Exs. 8.20 and 8.21). The differential 
equations of hypergeometric type for minimal model correlation functions involving (2, 1) 
and (3,1) operators appeared in Ref. [36], and were solved for the Ising model (p = 
4,p’ = 3) four-point functions. Analogous solutions involving hypergeometric functions 
were given for the tricritical Ising model (p = 5,p’ = 4) (Ref. [141}), the three-state 
Potts model (p = 6,p’ = 5) (Ref. [107]), the Yang-Lee edge singularity (p = 5, p’ = 2) 
(Ref. [66]), and so on. 


CHAPTER 9 


The Coulomb-Gas 
Formalism 


This chapter describes a representation of the conformal fields of minimal models 
in terms of vertex operators built from a free boson with special boundary condi- 
tions. This representation bears the name of Coulomb gas or modified Coulomb 
gas. This terminology comes from the resemblance of the free boson correlator 
(y(z, Z)p(w, W)) = — In |z — w]* with the electric potential energy between two 
unit charges in two dimensions. In Sect. 9.1, we calculate the correlation func- 
tion of vertex operators and indicate how the symmetry g — y + a of the boson 
theory imposes a constraint (the neutrality condition) on this correlation function. 
We then modify the free-boson action—or, equivalently, the energy-momentum 
tensor—and this modifies the central charge and the neutrality condition. This sec- 
tion is supplemented by App. 9.A, where the calculation of the modified energy- 
momentum tensor is detailed. In Sect. 9.2, we introduce the notion of screening 
operators and describe how the insertion of such operators in bosonic correlation 
functions allows for a sort of projection onto minimal-model correlation functions. 
Examples of correlation functions are calculated. Finally, in Sect. 9.3, we explain 
the general structure of the minimal-model correlation functions in this formalism. 
Special attention is devoted to the properties of conformal blocks, and the idea of 
a conformal field theory defined on a surface of arbitrary genus is introduced. The 
mathematical setting of the Coulomb-gas representation of minimal models (i.e., 
BRST cohomology of the bosonic Fock spaces) is described in App. 9.B. 


§9.1. Vertex Operators 


We have seen that the free boson theory, with action 


1 
S= = / d*x 3,03" 9 (9.1) 
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is conformal with central chargec = | and witha holomorphic energy-momentum 
tensor 
1 

ie) = as : dpd¢g: (9.2) 
If we restrict ourselves to the holomorphic sector, the primary fields of this theory 
are the derivative dy, with conformal dimension h = 1, and the vertex operators! 
Nae) = 2 res) (9.3) 

with dimensions 
Ng = ha = (9.4) 


In contrast with Sect. 6.3, we have included a factor of /2 in the definition of the 
vertex operator. This changes the formula for the conformal dimensions. 

The full vertex operator decomposes into a product of left x right chiral vertex 
operators as follows: 


Viz, 2) = Valz)@ Vaz) (9.5) 


Roughly speaking, V,(z) contains only the left modes of the free boson, plus the 
zero-mode (cf. Eq. (6.54)): 


Valz) = :ei¥ 2202). 


; ? 1 9.6 
$(z) = go —iaolnz+i os ae vag, 
n 
n#0 
where the various mode operators obey the commutation rules 
[an,Am) = Nbn+m,0 [~0,@0] =1 (9.7) 


We must keep in mind that ¢(z) is not a purely holomorphic field, because of 
the zero-mode.’ It is preferable to regard V,(z) as containing the holomorphic 
dependence of the full vertex operator V,,(z, Z) and to bear in mind that V, is well- 
defined only within correlation functions, when matched with its antiholomorphic 
partner V,,. 

Most of the forthcoming Coulomb-gas construction will be chiral: The chiral 
vertex operators will be used to represent holomorphic conformal blocks of cor- 
relation functions in the minimal models. In the following, we will refer to V, 
simply as a vertex operator, dropping for simplicity the epithet “chiral.” 


9.1.1. Correlators of Vertex Operators 


Because they are built upon a free boson, correlators of vertex operators are easy 
to calculate. The only subtlety comes from the zero-frequency mode of the boson. 


! Vertex operators are always implicitly normal-ordered. 
2 Strictly speaking, we cannot write g(z,Z)=¢(z) + $(Z) or Vo(z,Z) = Va(z)Va(Z), because the 
operator yp would be duplicated in the process. 
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Here we shall argue that the correlator of a string of vertex operators is given by 
(Vaj(ZirZ ior Vea ene Zndyo— | [ices (9.8) 
i<j 
provided the following “neutrality” condition is satisfied (otherwise the correlator 
vanishes): 
a) +a, 4 oO, = 0 (9.9) 


The correlator (9.8) may equivalently be written as 


exp ps 4aiar; In |z; — Z;| | (9.10) 
i<j 

The exponent is equal to the electric potential energy between n point charges 

of strength 2a; in two dimensions, hence the name Coulomb gas associated with 

correlators of vertex operators. The holomorphic part of Eq. (9.8) is written as 


(Var, (21 )Vay(22) ++ Va, (Zn)) = J [Cee — 3)" (9.11) 
i<j 
In the case of two- and three-point functions, this result may be obtained from 


global conformal invariance. Indeed, from Eqs. (5.25) and (5.26), it is simple to 
check that 


(Vo, (Zi) Va (Za) = (2) — 2) (9.12) 


and 


(Vor, (21) Wer, (22) Vers (Z3)) = (21 — a) gna ne ey awa (9.13) 


wherein we have used h, = a” for the the conformal dimension as well as the 
neutrality condition. 

The general formula (9.11) is a natural generalization of Eqs. (9.12) and (9.13), 
but cannot be obtained from global conformal invariance alone. Instead, we shall 
use the following formula, demonstrated in App. 6.A, for combinations A; = 
aa + B;a' of a single specie of creation and annihilation operators: 


(eAte’? ...e4") = exp ) (AiA)) (9.14) 
ig 
Taking A; = iV 2a;9(z;,Z;), we obtain 
(AjAj) = —2aja;(p(2;, Z:)9(z;, 2;)) 
¥ ae (9.15) 
= 2050; In |Z; — zl = In |z; — zl ae 


from which Eq. (9.8) follows. However, one may question the applicability of the 
above formula to the zero-mode of the boson. Ex. 9.2 provides a more careful 
proof of Eq. (9.8), based on the mode expansion and the explicit action of the 
zero-mode. Also, Ex. 9.1 provides an altogether different proof of Eq. (9.8), based 
on functional methods. 
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9.1.2. The Neutrality Condition 


The neutrality condition (9.9) does not enter the previous calculation, but follows 
from considering the zero-mode of gy, which was the only element ignored in the 
above argument. Instead of considering the zero-mode explicitly, as is done in 
Ex. 9.2, we shall derive the neutrality condition from symmetry considerations. 
Indeed, the internal symmetry operation gy — gy + a leaves the free boson action 
invariant because the field is massless. The correlator (9.8) should therefore be 
invariant when this simple symmetry operation is performed. However, when it is 
performed on this correlator, a phase exp iaJ/2(a +---+a,,) appears. This phase 
must be unity if the correlator is to be invariant, hence the neutrality condition 
(9.9) holds since a is arbitrary. 

We derive the neutrality condition (9.9) in two other ways, in order to see Ward 
identities and the operator formalism at work. According to Noether’s theorem, 
the symmetry under g — g +a implies the classical conservation of the current 
j* = —0"g/4z; this is an obvious consequence of the equation of motion d,,0“ 9 = 
0. We consider the Ward identity associated with the symmetry gy > g + a (we 
invite the reader to retrace the steps leading to the general Ward identity (2.157)). 
Since the variation of a vertex under the shift is 6V, = i/2aaV,,, the relation 
(2.157) becomes here 


1 n 
— 3 9u(8" PH)X) = iv2 Dae5Ce — x,)(X) (9.16) 


where X stands for the string of vertex operators appearing in Eq. (9.11). If we 
integrate this relation over all space, we obtain, according to Eq. (5.35), 


1 
x) > ope ee fds, (a (0X) 
k 
i any eee 
= ape (dgx) — x fe (dX) 


In the first equation Gauss’s theorem was applied to the integral, and the surface 
(or rather contour) integral was expressed in terms of holomorphic components in 
the second equation. Since the integration contours circle around all space, that is, 
around the point at infinity, the integrands have no singularity outside the contours 
(there is no vertex at infinity) and the two contour integrals vanish. The constraint 
(9.9) follows immediately. 

Going back to Eq. (9.16), we mention that the representation (5.33) for the delta 
function allows us to write that Ward identity in holomorphic form as follows: 


(dgxX) = = -iV2 D2 


(i7) 


) + reg. (9.18) 
re — 

where “reg.” stands for a term regular in z; a similar equation exists for the anti- 
holomorphic part. This is just but the OPE between dy and V,, as calculated in 
Seew6.3. 
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Condition (9.9) may also be derived within the operator formalism. To this end 
we define the holomorphic component of this current as 


J(z) = id¢ (9,19) 
and the associated holomorphic charge as 
1 
2. fac J(z) (9.20) 
2m 


This charge is conserved since it commutes with the Hamiltonian, as is easily 
verified: 


i oo $ dz [Lo, a9(2)] 
2Qm1 
a3 f dz (ap(z) + 29°y(2)) (9.21) 
2n1 


- = § dz a(zag(z)) = 0 


The last equality holds, of course, because dg is a holomorphic field, which is not 
true of ¢ (that is why Q is not trivial). 
The charge q, of a field A(w) is then defined by the commutator 


[Q, A(w)] = qaA(w) (9.22) 


Although the primary field dg has charge zero, it is not difficult to show that the 
vertex V,, has charge 2 @, if we remember the OPE of d¢ with V,,: 


[9, V.(w)} = = § dz iag(z)Vo(w) 


= fli faz (JsV. Gy) = + reg.) (9.23) 
21 Z—w 


= V72aV,(w) 


Similarly, the charge of a product of vertices is shown to be the sum of the charges 
of each vertex. Now, unless the symmetry is spontaneously broken, the vacuum 
expectation value of any operator of nonzero charge must necessarily vanish. We 
thus recover condition (9.9), up to an overall factor of /2. 

In the context of string theory, the vertex operators represent the strings (par- 
ticles) emitted from an interaction vertex, and the charge conservation law de- 
scribed here is merely the conservation of momentum: In string theory, space-time 
symmetries are internal symmetries on the world-sheet. 


9.1.3. The Background Charge 


The basic idea of the Coulomb-gas formalism is to place a background charge in the 
system, making the U(1) symmetry anomalous. This has the effect of modifying 
the conformal dimensions of the vertex operators and the central charge. This also 
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spoils unitarity, except for discrete values of the central charge and finite sets of 
vertex operators corresponding to the minimal models. 

This is done by coupling the boson to the scalar curvature R of the manifold 
on which the theory is defined. In a general coordinate system, the action would 
have the following form: 


1 
= = / d’x ./2(8,,08"p + 2ypR) (9.24) 


where y is a constant. The above action is no longer invariant upon a translation 
y — g+a. The variation of the action is 


re hid 2 
6S = / d’x /gR (9.25) 


But the Gauss-Bonnet theorem states that the above expression is a topological 
invariant: 


i d’x /gR = 8n(1 —h) (9.26) 


where /: is the number of handles in the manifold. The boundary conditions we 
normally use on the complex plane give it the topology of the Riemann sphere 
(h = 0). Therefore, the variation of the action upon a shift of y is 5S = 2ay. 

The Ward identity associated with the U(1) symmetry will then be modified. 
If we take into account the additional variation of the action due to the curvature 
term, Eq. (9.17) becomes 


iV2(X) ime = x f dz (apx) — = f dz (apX) + 2y(X) (9.27) 
Ie 


We see that condition (9.9) is modified: it is now }°, a, = —iV/2y. The coupling 
to the scalar curvature is then equivalent to putting a charge iy/2 at infinity. In 
order for this model to make sense, we see that y must be imaginary; otherwise 
all correlators would vanish. We therefore introduce the notation y = iV2ao and 
write the condition 


So on = 2a (9.28) 
k 


(the charge at infinity is —2a@ 9). This, in turn, seems to imply that the theory cannot 
be unitary, since the action is not real. In fact, the theory is indeed nonunitary for 
a generic value of ag. We shall see below how a unitary theory may be extracted 
for special values of ao. 

Adding the curvature term will, of course, modify the energy-momentum tensor; 
consequently the central charge and conforma! dimensions will be affected. The 
new energy-momentum tensor can be determined by varying the metric g,,, and 
evaluating the result in flat space, according to the definition (2.193). This 1s done 
in App. 9.A. The result is 


1 
Tyy = TO — + (a.a¢ - si? 0) (9.29) 
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where oY is the energy-momentum tensor for the free-boson action (9.1). We see 
that the modified energy-momentum tensor is still traceless, and conserved when 
the equations of motion are used. The holomorphic component is then 


T(z) = —2nT,, = -5 apap: +iV2a98y (9.30) 


9.1.4. The Anomalous OPEs 


We calculate the OPE of the energy-momentum tensor (9.30) with the primary 
fields of the free boson and with itself. We have to look only at the extra term 
iv 2a987y of T. We easily find that 


2 2iao ag(w) _—- & y(w) 


T(z)ag(w) ~ Cow? Gaze 


(931) 


The first term implies that dg is no longer a primary field. However, the vertex 
operators are still primary: the OPE 


i/2a 


89(z)Vo(w) ~ ———_V,.(w 9.32 
o(2)Valw) ~ —~— Vatw) (9.32) 

means that the conformal dimension of V,, is now 
hy = o — 2aoa (9.33) 


Comparing Eq. (9.33) with Eq. (9.4), we see that the dimension is no longer 
invariant under the transformation a — —qa but instead under a —> 2a — a: the 
vertex operators V, and V2_,-9 share the same dimension (9.33). 

The OPE of T with itself receives the following contributions from the extra 
term: 


= siV2a0 :09(z)dQ(z): y(w) 


dg(w)  &y(w) 
Gam? aw + ree.| 


= iva | = al = + re} 


(a) = iv 20109, | 


(z — w)3 Ca == 


~ 5iV2a08*9l2) :dp(w)ap(): =-i 20d. | ay) 


) “Gowp 
.  dg(w) 
= ~ 2 2ie 
(c) — 2088 9(z)¥ ow) = saline 


(z —w)4 
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Summing these contributions, we recover the usual form for the OPE of T with 
itself, except that the central charge is now? 


c=1-24e2 (9.34) 


We know that the theory will be unitary only for those values of apo that fit c into 
the Kac table. 

The result (9.11) for the correlator of vertex operators is still applicable, since 
it depended only on the nonzero frequency modes of the free boson g. The only 
difference is the neutrality condition, which is now given by Eg. (9.28). It is 
worth noticing that the simple correlators (9.12) and (9.13) still follow from global 
conformal invariance and the new neutrality condition. 


§9.2. Screening Operators 
9.2.1. Physical and Vertex Operators 


If a physical system at criticality is to be treated in the Coulomb gas formalism, 
the various physical quantities having definite scaling dimensions (such as the 
energy density, the magnetization, and so on) will be represented by vertex oper- 
ators. Specifically, a physical operator of conformal dimension h, = a? — 2aa 
will be associated with the vertex operators V, and V29,-¢. The same quantity 
being represented by more than one vertex operator means that the correlator of 
physical operators may be evaluated in several different but equivalent ways. This 
equivalence requirement imposes constraints on the vertex operators. 

For instance, because the two-point function of a physical operator with itself is 
nonzero, we would expect the associated vertex correlator (V,V.) to be nonzero, 
which is not the case since that correlator violates the neutrality condition (9.28). 
However, we expect that correlator to be physically equivalent to 


i wes 
(z — wx 


The solution to this dilemma is to modify (V,V.) by changing its charge without 
affecting its conformal properties. This can be done by inserting in the correlator 
a screening operator with nonzero charge but conformal dimension Zero. Such an 
operator does not exist in local form, but may be obtained by contour integrating 
a field of conformal dimension 1. Indeed, if y is a primary field with hy, = 1, its 
integral 


(WV oncna (z)Vo (w)) = (9°35) 


N= § dz w(z) (9.36) 


3 See also Ex. 9.11 for an alternative proof using the mode expansions of the fields. 
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is anonlocal operator of conformal dimension zero: itis invariant under a conformal 
mapping Zz > Ww: 


Ae fide w(w) (=) = f dw v(w) (9.37) 


This means that A commutes with all the Virasoro generators, which is confirmed 
by an explicit calculation: 


ay f dz Un, 2) 
= f dz(n + I)z"Wz) +2" ay(z) (9.38) 


: f dz Az"ty(z)) = 0 


There are only two local fields of dimension 1 available for the construction of 
screening operators: the vertex operators V, defined as 


Vi=V., where oa, =oo+/op+1 (9.39) 
We check that the conformal dimension is 
a2, — 2040 = 1 (9.40) 


where the charges a+ are the same as those introduced in Eq. (7.30) when 
describing the Kac determinant. We note that 


a. +a. = 26 
ae ; (9.41) 
aa. = —1 
Accordingly, we define the screening operators 
Ox = p de Vale) = f deer (9.42) 


Inserting Q, or Q_ an integer number of times in a correlator will not affect 
its conformal properties, but will completely screen the charge in some cases, 
since Q, and Q_ carry charges a, and a_, respectively. The modified two-point 
function 


(Va(z)Va(w)Q”Q" ) (9.43) 
is now subjected to the neutrality condition 
2a + ma, +na_ = 2a9 = a, +a_ (9.44) 


In other words, the equivalence of V, and V,,—« within two-point functions of 
physical operators is assured if 2a is an integer combination of a, and a_. 

This may also be seen by considering the four-point function of a physical 
operator with itself. That function should also be nonzero for all operators, contrary 
to the three-point function. However, it is impossible to write a product of four 
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vertex operators made of V, and V2,,-. that satisfies the neutrality condition: we 
are forced into using screening operators. For instance, the modification 


(Vom=aeVaVa) er (Vou, =e Vee VO” Os) (9.45) 
is needed, on which the neutrality condition yields 
20 rid 4+ nae = 0 (9.46) 


This condition is the same as that discussed previously (with different integers). 
It is easy to convince oneself that considering different forms of the four-point 
function (such as (V,V.VV.)) or more complex correlators leads to similar (or 
less stringent) conditions on the charge a: 2a should be an integer combination of 
a, and a_. We shall accordingly define the admissible charges as 


1 1 
and denote 
V,; = Von (9.48) 


as the corresponding vertex operators. Note that the conjugation operation a —> 
2ao — a becomes (r,s) — (-—r,—s) in terms of the indices. The conformal 
dimensions of these fields are then easily seen to be 


hi, (Cc) = ; Go + sa_)?— on (9.49) 


This, of course, is the Kac formula (7.30). However, so far we have not imposed 
any restriction on the integers r and s, nor onc. 


9.2.2. Minimal Models 


We will now see how the idea of minimal models can emerge in the context of 
the Coulomb gas formalism. If a conformal model is to contain a finite number of 
scaling operators, some condition has to be imposed on c. Indeed, Eq. (9.47) can 
generate an infinite number of admissible charges for generic values of c. One way 
of drastically cutting the number of admissible charges is to require a,/a_ to be 
rational or, in other words, that there exist two integers p and p’ (p > p’) such that 


p'a,+pa_=0 (9.50) 
Then we have the following periodicity relation: 
Or+p'st+p = r,s (9.51) 


(p and p’ may be chosen relatively prime). However, this apparently still leaves 
an infinite number of admissible charges around, since it imposes a periodicity 
in only one direction on the (r,s) grid; condition (9.50) allows us to restrict the 
range of the integer s to0 < s < p, although r remains unrestricted. However, we 
shall see below that one may apply similar restrictions on r while keeping a closed 
operator algebra, implying that the truncation thus imposed is legitimate. 
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Condition (9.50) allows us to write an explicit expression for a: 


a,=Jplp' and a_=— p/p (9.52) 
from which it follows that 
| p—p' 
Ors = —— I p(1 —r)—-p’(i-s) = =e (9.53) 
s=5 lop {p )=—p ) ‘op! 


The relation c = 1 — 24a, then leads to the following expressions for the central 
charge and the conformal dimensions: 


Ae 
agen? Te P) 
i io (9.54) 
h _ @p-sp'Y —-o—p’) 
ia 4pp’ 


These are the relations (7.65) for minimal models, except that we have not sat- 
isfactorily argued how the restrictions on 7 and s could be obtained. For this we 
need to compute explicitly the three-point functions* 


(Pr, 51) P(r2,52) Plrs,53)) ae (V,, rS] Views Vi5,53 0,0°) (9.55) 


wherein r and s are chosen to neutralize the correlator. This three-point func- 
tion is proportional to the operator algebra coefficient aha” r,s) In particular, this 
coefficient vanishes if the fusion rule 


Por,51) x P(r2,52) aa P(r5,53) (9.56) 


is not allowed. According to the fusion rules of the minimal models (8.131), the 
correlator (9.55) vanishes unless 


Ir) —r2} +1 < 73 < min(r, +72 —1,2p’ —r, — 12 — 1) 


ls} ~S2| +1 < s3 < min(s; +52 —1,2p —s, —s2—1) Oo? 

It is then a straightforward matter to see that the following set of indices 
l<iteep' i= sip (9.58) 
closes under the above formula, that is, c’?~? = 0 if the three doublets of 


ae A ae : a 
indices are not taken from the above set. This, therefore, constitutes a legitimate 


truncation of the set of admissible charges a, ,, in the sense that the operator algebra 
closes within this set. The structure constants for minimal models can be computed 
according to the scheme presented in the following sections, and independently 


4 Again, this is only the holomorphic part of the actual correlation function. Here and throughout this 
chapter, we consider only the “diagonal” minimal models, whose operators are all spinless (h = h). 
The full operators %,, ,)(z,Z) are actually the left-right symmetric combinations 


Oo5) (z, Zz) = Prs)(Z) ® %rs)(Z) 


For the minimal models under consideration, the full three-point correlator is simply the square modulus 


of the chiral expression (9.55). Hence the structure constants C of the full OPE are the squares of the 


7353 
numbers Crees 
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shown to vanish unless Eq. (9.57) is satisfied. This confirmation a posteriori of 
the fusion rules of minimal models shows that our argument for the representation 
of minimal models in terms of vertex operators is complete. An alternative proof 
of the Coulomb-gas representation of minimal models is described in App. 9.B. 
Unfortunately, the calculation of the correlator (9.55) is not straightforward. Al- 
though its dependence on the three points is entirely fixed by conformal invariance, 
the coefficient c>*° is not. These numbers are usually calculated indirectly, 


T1S1412 52 
through the computation of the four-point correlations 


(D¢,,5,)(Z1, 21) Pery,5,)(Z2» Z2) P(rs,55)(Z3, Z3) Ora,s4) (Za, Z4)) (9.59) 


where the notation ®(z, Z) = (z)®¢(Z) stands for the full left x right-symmetric 
primary fields. The fact that four-point correlation functions turn out to be easier to 
compute than three-point functions can be explained heuristically as follows. By 
conformal transformations, the three-point functions are reduced to pure numbers, 
the structure constants of the theory. Eq. (9.55) gives an integral representation 
for them. On the other hand, the same transformations can reduce the four-point 
functions to functions of one complex variable z, the cross-ratio of the four points 
(see, e.g., Eq. (5.28)). In Chap. 8, we have seen that, as functions of this latter 
variable, the four-point functions satisfy hypergeometric-type linear differential 
equations (cf. Eq. (8.71)), whose order is related to the singular vector structure 
of the various highest-weight modules entering the correlator. The particularly 
simple properties of the sets of solutions of these differential equations (such as 
their monodromy properties, discussed below) provide us with a much simpler 
framework to actually compute them. The structure constants will then be recov- 
ered in the limit z > 0. Hence, as is often the case in mathematics, it is useful to 
first compute an (apparently) more complicated object, and recover the quantity of 
interest in some suitable limit. Here, the rich structure of the Virasoro symmetry 
makes four-point functions simpler to calculate than three-point functions. 

To recover the structure constants from the data (9.59), we have to take the 
limits z} — Z2 and z3 — Z4. Then, using the chiral OPE of the primary fields 


cl” 


P(r,,5;)(Z1)P(7,5,)(Z2) = = dX Fethe , Wra ea qpogs 


a +r, s.—h 


(9.60) 
P(r3,53)(Z3) P(r4,54)(Z4) = X ea Pir,s)(Z4) spac 


and substituting it into Eq. (9.59), we get products of the numbers C = Gaas 
leading terms in the expansion of the full four-point function 


(De 5,)(Z1 , Z1 )®(r,,s,) (Za, Z2)P(r,,s;)(Z3, Z3)P(r4,54)(Z4, 24)) = 


1 - = 
———— FS at $3,73574,54 
ie ee. oe °) 
rs Zoq XCC. Zo MiC.Ce Cag Scam 


x (1+ O(Z24,¢.C.)) 
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where zi, x c.c. stands for zj, x Zi. 


9.2.3. Four-Point Functions: Sample Correlators 


In this subsection, we present a detailed evaluation of a sample four-point function, 
using the Coulomb-gas formalism. As explained in Sect. 9.2.1, we consider only 
holomorphic parts of correlation functions of the form? 


(hr, Sy \(z1 )(r2,52) (22 crs s3)(23 \O(r4,54)(Z4)) 


(9.62) 
= (V,, Ax (z; Wes (22) V,, yo (23) Vas (0 02) 
The charge neutrality imposes the sum rules 
= 1 +%+73-—2r-—2 
ee iacass (9.63) 


Sq = Si S24 Sais — 2 


It appears that the numbers (r,s) of required screening operators are linked to the 
particular choice of dual field (here ¢,,;,)), namely, the one represented by the 
vertex operator V2. (here V_,, -;,). Another choice ¢i,,,.),2 = 1,2, or 3, would 
have exchanged (74,54) < (r;,5;) in Eq. (9.63), leading to other values of (r,s). 
The integral representations associated with the different choices must lead to the 
same answer for the correlation function. The strategy is to look for the choice 
involving the minimal number of screening operators, leading then to the simplest 
integral representations. The expression for the conformal block (9.62) can be put 
into the form 


I] (z; — 2)” G(z) (9.64) 
1<i<j<4 
with 
1 4 
hi = 3 (>: hn] = hy,,s; = hy,,s; (9.65) 
1 


and z is the cross-ratio of the four points, which can be recovered by sending 


Z; > 0, 22 > Z, 23 — 1 and z4 — oo, in which case the function G is identified 
as 


(P¢r,,5,)(O)O(r.,52)(Z) (75,53) 1) (74,54) (00)) 


= (V;,,s,O)V;,,s.(Z)V75,5;(1)V_r,,-s(00)Q.Q°) (9.66) 
= aL << z)43 G(z) 


> We use here an abusive notation (Ptr, s,)(Z1) - - -) for the (possibly many) holomorphic conformal 
blocks of the corresponding full correlator (9.61), which will actually appear as a sesquilinear com- 
bination of these (cf. Eq. (9.74), where the full correlator is denoted by G(z,Z)). A direct nonchiral 
calculation of the full correlator would have required the computation of two-dimensional integrals 
involving the corresponding nonchiral vertex operators, in the form of Eq. (9.95). 
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We are now in a position to illustrate the use of screening operators in an explicit 
calculation. The four-point function that necessitates the least number of screening 
operators involves a field ¢(2 1) or $(;,2). Consider then 


(V,, 5] (0)V2; Qe ¢! = (00)Q,) 
= f dw (Vp, s,(0V21(2)Vins\(1)Vr,-s,(00)Vz()) (9.67) 
i Z2A21 Fr 5 i= Z)702.10r5.53 G(z) 


wherein the exact shape of the integration contour is not yet specified. One checks 
easily that the neutrality condition is satisfied iff 


Py ig ts — ts — 4 
‘ (9.68) 
SS; +S2+5$3—S4=2 


It is understood that this correlator factorizes into holomorphic and antiholomor- 
phic parts; in what follows we shall pay attention only to the former. Applying 
Eq. (9.11), the holomorphic part of this correlator becomes 


$ dw w*(w — 1)°(w — z)° (9.69) 


where 
a@=20,0,,5, D=2a,0;,5, C=2a+021 (9.70) 


The integrand in Eq. (9.69) has branch cuts at w = 0, z, 1, 00. 


Figure 9.1. A choice of integration contours for Eq. (9.69), leading to two independent 
solutions. The contours can be shrunk respectively to (0, z] and [1, co[ as shown. 


The contour of integration must cross each branch twice in opposite directions to 
guarantee its closure. In principle, there is a certain number of different choices for 
the integration contour. However, only two are independent. We take, for instance, 
the two contours depicted on Fig. 9.1, which, when the corresponding integrals 
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converge, can be shrunk respectively to 
C oe 1s; oo[ 
C, <4 (0, z] 


(9.71) 


This shrinking operation produces an overall phase factor, which is ignored at this 
point. The precise normalization of each integral will be fixed later. These contours 
(9.71) lead to the two functions 


h(a,b,e;2) = | dw wiv — 1)h(w —2¥ 
1 


_T(-a-b-c-Irb+), 
a iia) 


bia bc — i dw w*(1 —w)?(z — w)° 
0 


(—c, -a —b —c — 1; -a —c;2), 


1 
eg tarire [ dw w*(1 —w)?(1 — zw) 
0 


= zitatbte T'(a =F 1) (c ata 1) 


F(—b,a+1;a+c4+2;z 
rarest) wage ca ) 


(9.72) 
Here we denote by F(A, jz, v; z) the hypergeometric function, given for |z| < 1 by 
the series 


ay Ok 
PCa z) = 2 on z (9.73) 
where 
Gin— 1 
(x), = x(x—1)---(e-k+1) fork>1 


These two functions span the space of solutions of the hypergeometric differential 
equation, derived by using the singular vector structure of the (r = 2,s = 1) 
highest-weight module associated with ¢(,1) (see Exs. 8.9 and 8.10 for a proof). 
Hence, quite remarkably, the screening procedure has somehow taken into account 
the Virasoro algebra structure, by directly projecting the (2, 1) primary state onto an 
irreducible representation, and automatically performing the quotient by singular 
vectors. There lies the real power of the Coulomb-gas formalism. 
The physical correlator (with z and Zz dependence) now takes the form 


C@2) = |Z" hk= zines 
x (®¢, '5,)(0, 0) 9.2, 1)(z, ZO ls 1) O¢5,)(e0; oo)} 


> Xi L@IL;@ 


j= 


(9.74) 
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where X;; is an arbitrary real 2 x 2 matrix. This is the most general solution to the 
z- and Z- differential equations obeyed by the full correlator. 

To complete the calculation, we need to determine the coefficients Xj;. This will 
be done by enforcing the monodromy invariance of the function G. A monodromy 
transformation of a function of z consists in letting z circulate around some other 
point (typically a singular point). Since it represents a physical correlator, the 
function G must not be affected by an analytical continuation along a contour 
surrounding any of the branch points 0 and 1 and oo. It is sufficient to consider the 
monodromy around the two points 0 and 1 (see Fig. 9.2). Let us denote by co and 
c, the two corresponding transformations. G(z,Z) must then be invariant under 
the action of co and c;, namely 

Co G(z,Z) = lim G(ze”™, ze~*”") 


t>1- 


ee ee (9.75) 
Cp G@,Z) = jim G(1 + (z — De*™, 1+ (2 — 1)e™*") 


These result in nontrivial constraints because the functions /, and /2 are affected by 
the transformations. The latter are linearly represented in the (/,, J2) basis through 
the monodromy matrices 
> (go)i J; 
] 


y (ei Lj 
J 


Using the expressions (9.72), we find that the monodromy around 0 is diagonal 


1 0 
20 & oS) (9.77) 


hence for G(z, Z) to be invariant under Co, the coefficients Xj; in Eq. (9.74) must 
be diagonal, that is X;; = 6; ;X;, and 


G@,2) = D> XWi@P (9.78) 


j—152 


col; 


(9.76) 


Cy I; 


The monodromy of /;(z) around the point 1 is not diagonal. To compute it, it is 
simpler to reexpress the functions J;(z) in terms of similar functions /;(1 — z) for 
which the monodromy around the point 1 will be diagonal. To get explicit relations, 
we restrict ourselves to real z €]0, 1[ and contours along the real axis. 

Starting from /)(z) with its contour [1, +-oo[, we deform the contour into one 
going from —oo to 1, avoiding the two singulanities 0 and z. There are two different 
ways of doing this, as shown on Fig. 9.3 (the multiplicative phase factors are 
explained below): 

(i) above the real axis: the half-turn around the point 1 gives a factor Lila the one 
around z an additional factor of e’"© and the one around 0 an additional e'”*. 

(ii) below the real axis: all the half-turns have opposite directions (compared to 
(i)), hence the phase factors picked up are the complex conjugates of those in (1). 
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— 


Co Cj 


Figure 9.2. Monodromy transformations Cp and c;: z circles once around the respective 
branch points 0 and 1. 


- (6 i eo imb+te) ) 
0 z 1 
im(a+b+c) in(b+c) es inb 
1) : pee (Ne oe fg Ne eer) 
z 1 


-in(a+b+c) -in(b+e) -inb 
c Ons Zc 1 in(b+c) 
+ (ii) — es er e 
—_agee: = —— x ( —ina ima ) 
0 z 1 e€ € 
— Se 
SSS ae aa x ( eit 2 et ) 


Figure 9.3. The two possible deformations of the contour (1, oof, (i) and (ii), are combined 
to yield integrals over the contours ] — 00, 0) and [z, 1]. 


As indicated on Fig. 9.3, in order to cancel the respective contributions of 


the [0, z] portion of the contours Ci) and C;;;), we must take the following linear 
combination 


sin 1(b +c) = sinza / +0 x / — sin 1c i (9.79) 
[1,--oof ]—00,0} [0,2] (1,2) 
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which amounts to the relation (for short we denote s(x) = sin rx) 


s(a) 
I,(a,b,c;z) = Cr ee ac: =z) — aon ers? a,c;1—z) (9.80) 
Analogously, by deforming the contour (0, z] into ] — 00,0] U [z, +0oo[, we get 
b +c) s(b) 
I slop 3 = BC ee) 31 = — —___— ae | 
2(a, b,c; z) as I(b,a,c; 1 —2z) see * a) 
(9.81) 


Note the usd a <> b, which corresponds to the interchange of the points 
Z1 = O and z3; = 1 in the conformal blocks J. With i(z) = = TGrarez): 
Egs. (9. 80)-(9.81) take the form 


ii) = >> fii -2) (9.82) 
j=1,2 
where f is a constant 2 x 2 matrix. Henceforth, we have 
Ga2= )) Xifafald—2d ha -2) (9.83) 
jk l=1,2 


The monodromy of /;,(1 — z) around the point 1 being diagonal, the invariance of 
G imposes that 


=) Xifeh (9.84) 
i=1,2 
be a diagonal matrix. This forces 
> Xifafa = 0 Vel (9.85) 
i=1,2 
from which we read 
X) fufz2 _ s(a+b+c)s(b) 


>= = 9.86 
% fotn  staste) a) 
Up to an overall normalization, we finally get 
ee s(b)s(a+b+c) s(a)s(c) ] - 
Gea) eee reese yr + 1) 9.87) 
or equivalently 
(D¢r,,s,)(0)0(2,1)(Z)b(75,53) 1) b¢,,5,)(00)) ~ 
eh — OO (©) (9.88) 
s(b)s(a+b+c) 2 , sa)s(c 1 | 
ee ner + Se Ge at 2(z)| 


We compare this result with Eq. (9.61). In the latter equation, we take the limits 
Z1 > 0,22 > Z, 23 > 1,24 — oo, and let z tend to 0. It appears that only two 
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primary fields occur in the fusion $(2,1) x ir,,s,)> corresponding to the two leading 
terms in the z > 0 limit of Eq. (9.87) 


G(z,Z) ~ jz\e2tersi 1 — z|02 12343 


s(b)s(at+b+c),, . s(a)sc) .9, 214040) (9.89) 

x | ——— Nj + ——— N32! BRO 

s(a +c) s(a +c) 

The constants N; are related to the asymptotic behavior of the /’s by 

KQ~N, b(z)~2'***N2 whenz—> 0 (9.90) 
As F(A, 1, v; 0) = 1, they read explicitly 

—l1-—a—-0— 1 rat+1)re+l 

N, = r(-1-a-—b-c)r(b+1) me (a + 1)T(¢ ) (0.91) 


r(-—a —c) ~ VFa@t+e+2) 
The leading powers of z and Z in Eq. (9.89) are easily identified, respectively, with 
r—-lp s,-1 
Wee F2 
= hy, 41,5, —hr,s, — ha, 
i 1+s, 
2 7 uy 2 
= hy,-1,5, — hr,s, — 2,1 


Hence the first term in Eq. (9.89) corresponds to ¢(,,+1,s,), and the second one to 
#(r,—-1,s,)> leading to the fusion rule 


2002, 107,,5, = 


(9.92) 
202 1@r,s, tFitate=— 


$21) X Psi) = Pintis) + P-1,5)) (9.93) 
Next, we identify the numerical factors as, respectively, (see Eq. (9.61)) 
X,N? a s(b)s(a + b FO a Cia 
s(a +c) T) S152, 73,S3;14,S4 0 94) 
2 s(a)sic).., iets A 
X2N3 eal aay” a Cr ee ae 


up to an overall normalization of G. We get, for instance, all the squares of structure 
constants of the form Cie. byenary = lisp =a SSS ys. 

We now address the normalization problem for the function G. The correct 
normalization is required to get the exact expressions for the structure constants. 
The overall normalization of the function G in Eq. (9.87) can be fixed by directly 
computing the two-dimensional integral (over C) involving the full left-right vertex 
operators (9.5) 


Gz, 2) = fal Amerie | — 2] nes x 


‘| d’w (V,,,s,(0, 0)V2,1(Z,2)V>,,53(1, 1)V_+4,-s,(00, 00)V,.(w, w)) 
(9.95) 
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but we will not go into this calculation here. Instead we will resort to the crossing 
symmetry of the four-point correlation to fix this normalization. This amounts to 
imposing that 


(Dos) B(2,1) P(2,1) Pers)) = (2,1) P2,1) P(r,s) Per, s)) (9.96) 
or equivalently 
> HOP = Yo KP (9.97) 
Se pa) 


where the change z — 1 — z in G accounts for the permutation of the fields in 
the correlation. Identifying the structure constants (9.61) in the expression of the 
second correlation function of Eq. (9.96), we get 


 A72 J 1 
2S Cae Cc 


r,S;7,S 


XN2 ~ cl ii 


7,5;7,S 


(9.98) 


up to the same overall] normalization constant as implied in Eq. (9.94). Here the 
normalization constants N;,i 1 = 1,2, are obtained from the z > O limit of the T’s 


K(~N, — In(z)~Noz'*?** whenz > 0 (9.99) 


They are simply related to the original N’s. But the second term of Eq. (9.98) 
involves only the structure constants involving the identity operator ¢(;,1). These 
two-point function normalization constants have been chosen from the beginning 
to be 1, that is 


che = 1 (9.100) 


Tastes 


for any ©, in the theory. This fixes the exact normalization of X>, and henceforth 
that of all the X’s. The correctly normalized structure constants satisfy then 


(Car Px = X\Nj/X2.N3 


' es (9.101) 
(eu5 = X2N3/X2N3 
The general computation of all the structure constants C;’"?.. ., relies on a 


generalization of the above procedure, where ® 2,1) is replaced by an arbitrary 
®,,,,s,)- The resulting four-point correlation function G(z,Z) of Eq. (9.66) will 
split again into a block-diagonal sum 


N 
G2) ~ D> Xi WG@?P (9.102) 
j=l 


over the N = rp x S2 independent solutions of the (72,52) differential equation 
of order N obeyed by the correlation function. The solutions J; take the form of 
multiple integrals including the necessary screening operators, involving a number 
of contours of the form [0,z] or [1,00[. The study of the monodromy of these 
integrals enables us to fix the values of the coefficients X; in the sum of Eq. (9.102), 
and to consequently identify the wanted structure constants. Although the strategy 
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is clear, the calculations quickly become very complicated and will not be pursued 
here. We leave to the reader the task of computing correlators involving ®(;,3) (see 
Ex. 9.6). 


§9.3. Minimal Models: General Structure of 
Correlation Functions 


9.3.1. Conformal Blocks for the Four-Point Functions 


The structure of the four-point correlations of minimal models was given in 
Sect. 9.2.3 above. The result, in the form of Eq. (9.102), strongly suggests the 
following interpretation. The four-point correlations, as functions of the SL(2, C)- 
invariant cross-ratio z, decompose into a sum of holomorphic x antiholomorphic 
functions of z and Z, respectively. These functions (denoted J; in Sect. 9.2.3) are in 
one-to-one correspondence with the intermediate states ¢(,,,) allowed by the OPE. 
This leads to the following expression for the correlator 


G(z, z) i (®¢,,s,)(0, 0)O¢,, s,)(Z,Z)P05,5,)0, 1) ®,.s,)(00, oo) 
= \> F,s(2) F532) Cm 
1,Si7,S 
where each conformal block F,., corresponds to a field ¢,,,) occurring in the 
following fusion rules® 
Ps) © Piris:) X Pr,s2) 
Pir,s) © Pirs,53) X Perass) 


This is best seen by inserting a complete set of intermediate states in the correlator 
(9.103) and taking the limit of coinciding points z — 0 (corresponding to z; — Z2 
and z3 — 2, in the original correlator). In this limit, for each intermediate state, the 
four-point correlation function G(z, Z) factorizes into a product of two three-point 
functions as 


(9.104) 


G(z,Z) er (D(r,,5,) P(ry,52) Pixs) (Pos) Pr5,53)P rasa)? ’ (9.105) 


which gives the normalization of the corresponding conformal block. We recover 
the fusion conditions (9.104) for this normalization to be nonzero. 
We use the following graphical representation for conformal blocks: 


2 3 
(9.106) 


il 4 


® This statement is translated into mathematically rigorous terms in App. 9.B. 
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where, for simplicity, we trade the Kac indices for a single Latin index, namely 
(ys) ea @ = 1,2,3;4)eand-(r7;s) — je This graphical representation has 
the advantage of carrying all the relevant information about the block, namely 
the fields in the correlator (external legs) and the intermediate state (propagator). 
Beyond mere nomenclature, the idea of conformal blocks attached to intermedi- 
ate states provides us with a more physical interpretation of the (contour) inte- 
gral representations of Sect. 9.2. The intermediate states are not encoded in the 
integrand (screening operators), but in the contours of integration chosen to rep- 
resent the blocks. In Sect. 9.2.3, we have seen how monodromy transformations 
exchanged these contours among themselves. These transformations will have a 
simple interpretation in terms of conformal blocks. 


9.3.2. Conformal Blocks for the N-Point Function on the 
Plane 


By associativity of the OPE, a general correlation function 


Gn(Zi,Zi) = (®1(Z1, 21) P2(Z2, 22) --- Pn (Zn, Zn)) (9.107) 


can be inductively decomposed into a sum of holomorphic x antiholomorphic 
functions of the z’s and Z’s, respectively, which generalize the notion of conformal 
block already encountered for N = 4. This is best seen by inserting complete sets 
of intermediate states in the correlator (9.107), and decomposing it accordingly 
into a product of three-point functions, in the limit where all the points coincide, 
namely 


Gn(2i,Zi) ~ Dy (D1 D2Dj, ) (Dj, D3Dj,) --- (Pjy_,Pn-1Pn) (9.108) 


JiessINES 


For the corresponding block to occur, a number of fusion conditions must be 
satisfied 


$j € gi x p2 
9j, € Qj, x 3 


(9.109) 


On © jy, X ON-1 


These restrict the possible intermediate states. The graphical representation for the 
(left) conformal block corresponding to Eq. (9.108) reads 


ae wie | _ x (9.110) 
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9.3.3. Monodromy and Exchange Relations for Conformal 
Blocks 


In Sect. 9.2.3, we have computed the monodromy of the conformal blocks of four- 
point functions involving ¢(2,;). For that purpose, we have used the transformation 
z —> 1 —z of the conformal blocks. The latter amounts to the exchange of the 
points z, (= 0) and z3 (= 1) in the onginal correlation. It is equivalent to the 
following operation on the conformal blocks, where, again for simplicity, we now 
denote the various fields by only one Latin index: 


| 
ed ae (9.111) 
k l 


This is called the crossing operation and is easily generalized to any four-point 
conformal block. The four-point conformal blocks are linearly transformed under 
crossing as 


- = Dri ie - (9.112) 


m 


k l k l 


The matrices F are called the crossing matrices’ of the corresponding conformal 
theory. (In Sect. 9.2.3, F corresponds to the inverse f—! of the matrix f, see, e.g., 
Eq. (9.82), but with a different normalization.) 

Another elementary operation consists in exchanging the two upper external 
legs, namely Z2 <> Z3. In terms of the cross-ratio z, this amounts to z > 1/z. 
Remarkably, this is also realized linearly on the conformal blocks, as 


i j i 


5 
a EW] 
- = 28 R li l.. - (9.113) 
k I k 1 


The matrices R,,, are called the exchange matrices® of the conformal theory. 

The crossing and exchange matrices satisfy a number of identities. For instance, 
rotating the diagram on the I.h.s. of (9.112) by 90 degrees and applying Eq. (9.112), 
we find the quadratic relation 


yal il Al il = (9.114) 
m nm mp 


7 The term fusion matrices is also used in the literature. 
8 The term braiding matrices is also used. 


§9.3. Minimal Models: General Structure of Correlation Functions S17 


which allows F to be inverted. 

The crossing operation (9.112) can be interpreted as a change of basis of the 
conformal blocks; recall from Sect. 9.2.3 that crossing amounts to the change of 
basis {1;} > {I}. We can use the definition of the matrix F to rewrite the invari- 
ance of the full four-point correlation (9.103) under crossing (with the shorthand 
notation z for (s;,7;) and i for (7;,5;)) 


G(z,Z) = De Fn(Z) Fa(Z) 


= G(1 —z,1—2Z) (9.115) 


=rorl 3] Fld 3] toda 


nn mm n 


In the blocks ¥ , the points z; = 0 and z3 = 1 of F have been exchanged. The 
normalization of the conformal blocks is related to the structure constants of the 
theory through 


ey ~ Cy egr zg - 


F(z) ~ Cay" Cyalt ginrtanhn (9.116) 


Taking the limit z — 0 in Eq. (9.115), we get a relation between the structure 
constants of the theory and the matrix F 


C)2" Cu" Cae ea 


eae. 


hm=h, +h3—-hn 


(9.117) 


This is an overdetermined system of equations for the C’s. Its compatibility is 
guaranteed by extra relations that are satisfied by F. The matrix F thus contains all 
the necessary data to compute the structure constants of the theory. It is tempting 
to consider F as the fundamental data of the theory. A constructive approach to 
conformal field theory consists of a set of axioms and identities that have to be 
satisfied by the matrices F and R for the theory to be consistent. One of them is the 
so-called Yang-Baxter equation, which must be satisfied by R, expressing some 
braiding transformation on the conformal blocks of the five-point function in two 
inequivalent ways (see Ex. 9.9). Another is the pentagon identity, which results 
from the two distinct but equivalent ways of transforming the conformal blocks of 
a five-point function (see Ex. 9.10 for the precise statement). But these axioms are 
incomplete as long as higher topologies are ignored. Enforcing conformal theories 
to be well-defined on surfaces of arbitrary topology puts more constraints on R 
and F. This point is briefly addressed in the next subsection. 
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9.3.4. Conformal Blocks for Correlators on a Surface of 
Arbitrary Genus 


It is possible to define conformal field theories on a two-dimensional closed mani- 
fold (surface) with more complicated topology than the plane. In two dimensions, 
two closed orientable manifolds are topologically equivalent, that is, they can 
be continuously deformed into each other, iff they have the same genus, that is 
the same number of handles h. The genus is the only topological invariant of 
two-dimensional orientable surfaces. We have already considered a free bosonic 
theory on a genus h surface in Sect. 9.1. More general conformal theories, such 
as minimal models, can also be formulated on higher genus surfaces, even though 
a Lagrangian formulation is not available. Indeed the Coulomb-gas representa- 
tion of minimal theories goes over to surfaces of arbitrary genus, with some extra 
structure emerging already on the torus, in genus h = 1.” 

A correlation function of conformal fields on a genus h surface will again be 
decomposed into a sum of left x right conformal blocks, according to the insertion 
of intermediate states in the original correlator. The influence of the nontrivial 
topology is readily seen in the intermediate channels, which can be chosen to 
wrap around the handles, and hence “feel” the topology. Graphically, a conformal 
block for an N-point function on a genus-h surface is represented as a genus- 
h ¢° diagram, with N external legs labeled by the fields in the correlator, and h 
internal loops. The propagators carry intermediate states indices. This is illustrated 
on Fig. 9.4, in the case of a genus-5 two-point function. Note that there seem to 
be many inequivalent ways of even drawing the diagram. That these should all be 
equivalent turns out to be an additional constraint on the theory. 


Figure 9.4. A sample conformal block for a two-point correlation on a genus 5 surface. 


It is now clear why consistency of the theory at higher genera puts more con- 
straints on R and F: an operation such as the circulation of an argument of a 
conformal block around a handle of the surface, in addition to capturing the effect 
of topology, also affects the conformal blocks, thereby relating R and F to the topo- 
logical structure. The simplest relations of this kind will be studied in Chap. 10, 
in the case of the torus. 


9 The torus topology is studied in detail in Chap. 10, through the physical requirement of modular 
invariance of the partition function with periodic boundary conditions. Furthermore, in Chap. 12, 
various correlation functions are calculated for the Ising model defined on a torus. 
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Appendix 9.A. Calculation of the Energy-Momentum 
Tensor 


In this appendix we show explicitly that the energy-momentum tensor associated 
with the action (9.24) is T,,, = T\) + T), where T©) is the energy-momentum 
tensor for the free boson: 


1 1 
IBY ae (.a.9 = 5Nndo4 0) (9.118) 


whereas T iY is the energy-momentum tensor associated with the curvature term 
of Eq. (9.24): 


y 1 
D5 (3.26 = 5M 7) (9.119) 


This calculation will be performed in an arbitrary dimension d. 
We use the definition (2.193) of the energy-momentum tensor: 


1 
8S = —5 / dx T"”8g,,y (9.120) 


In this definition, the variation 6g,,, is taken in an arbitrary metric, but evaluated in 
flat space once ég,,, has been isolated. We concentrate on the curvature term, since 
i has been calculated before (see Chap. 2, following Eq. (2.193), or Sect. 5.3.1). 
We need to calculate the variation of ./gRg under an infinitesimal deformation 
6g, of the metric tensor. It is a simple matter to see that 


1 v 
5./g = 3 VEE" Bw 


bgt” = — gig ogap 
Calculating the variation of the curvature is trickier. We recall the following def- 
initions for the Christoffel symbols Vays the Riemann curvature tensor Roy the 
Ricci tensor R,,,, and the scalar curvature R: 


(121) 


] (64 
5, = 38 * (Opgsy + 9,858 — AsBpy) 


Roya = oo a any ae Deel a alts, i (9.122) 
Ruy = | Ser 
Pee 
The first step is to express the variation of R as 
OR eae” Rieke 6Rizv (9.123) 


In flat space the first term vanishes; the second term may be evaluated first in a 
coordinate system that is locally inertial (I, = 0 at the point of interest), with 
the result 


2?’ bRuy = ay {e**ar’, — gare} (9.124) 
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Since the quantity in braces is a vector (call it w*), we may rewrite the above in a 
general coordinate system as 


gt oRyy = =i (/gw") (9.125) 


We also use the following properties of the Christoffel symbols, also valid in a 
general coordinate system: 


ey = Cudney 2) 


Bre 1 7) (9.126) 
Peg = —— on (eo V8 

eau Wik. 

Dropping along the way terms that vanish in flat space once d£,v is isolated, the 
variation of the curvature term in the action is 


y ; 
6S; = 7 [ex Ve vg bRyy 
= -~ [as Je 3, gw" (9.127) 


iv 2 1 a 
=—|fd 9,954 —=da (g” + g%"d,(in 
Xf dx ve 08 a. (e"* ve) + 2% Alin v2) 
Integrating by parts once more, we may drop the derivatives acting on the metric 
(they vanish in the flat limit) and we end up with 


1 
oS / d?x ad (nen - snr) b2 uv (9.128) 
4n 2 


The energy-momentum tensor (9.119) follows. Note the importance of using the 
relations (9.126): The variation must be taken in an arbitrary coordinate system. 
Had we proceeded from Eq. (9.124) directly, the variation 5S; would have vanished 
in two-dimensional flat space! 


Appendix 9.B. Screened Vertex Operators and 
BRST Cohomology: A Proof of the Coulomb-Gas 
Representation of Minimal Models 


This appendix presents a sketch of the proof validating the Coulomb-gas approach 
to minimal models. The proof relies on a detailed study of the action of screening 
operators on the basic states of a given bosonic Fock space, slightly modified by 
the addition of a charge. As a result, the irreducible Virasoro modules will appear 
as the cohomology spaces of a particular screening operator, interpreted as a BRST 
charge for the minimal model. The emergence of a BRST scheme in the context 
of conformal theory provides us with an interesting parallel with ordinary gauge 
theory. We recall the origin of the BRST operator in gauge theory: The initial 
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problem is to fix a gauge to regularize the otherwise-divergent path integral of 
gauge theory. This is done at the cost of introducing a delta-function, bringing an 
extra (Faddeev-Popov) determinant, which is in turn incorporated into the gauge 
action upon introducing extra anticommuting (ghost) variables. This modification 
of the gauge action actually brings an extra symmetry, generated by the BRST 
operator Q. This symmetry is nilpotent Q? = 0 and must annihilate the physical 
states of the theory, which therefore lie in the kernel of Q. The BRST-exact states 
(lying in the image of Q) have to be further eliminated (they decouple from the 
theory), hence the physical states belong to the cohomology space of Q!° 


H*(Q) = KerQ/ImQ (9.129) 


The BRST operator Q in the present context of minimal theories should be 
thought of as the result of gauge-fixing of the diffeomorphisms of the circle 
(reparametrizations) in a would-be free field action functional formulation. 

Throughout this appendix, the objects under scrutiny are all chiral, namely they 
pertain only to the left (or right) sector of the corresponding conformal theory. In 
particular, the vertex operators constructed below are only z-dependent, and will 
enter in the representation of holomorphic conformal blocks for the correlation 
functions of the conformal theory. 


9.B.1. Charged Bosonic Fock Spaces and Their Virasoro 
Structure 


We start with the notion of charged bosonic Fock space, which is a slight modi- 
fication of the ordinary bosonic Fock space defined in Sect. 6.3.3. The charged 
Fock space Fyo,, with vacuum charge a and background charge a, forms a 
representation of the Heisenberg algebra 


[@n, Am] = Nbn+m,0 (9.130) 


The representation is generated by the free action of any product of a,,,n < 0, on 
a highest-weight vector |a, ao), subject to the conditions 
an|a,ao) = 0 Vn>0 
‘ (9.131) 
Ag|a, a9) = V2ala, a) 
Moreover, the space F,,., is endowed with a structure of Virasoro module, where 
the Virasoro generators are constructed from the Heisenberg algebra generators as 


Li = 5 anna —J/2a(n+1)a, n#0 


‘aang (9.132) 


oo 
3 a3 — V2 
—ayn — V 2a0a 
Lo 2 a_pay + 540 020 


10 The concept of cohomology also appears in differential geometry. The BRST operator is analogous 
to the differential d, acting on differential forms. The cohomology of d is the set of differential forms 
@ that are closed (dw = 0) but not exact (w # df). 
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This is just the mode expansion of the deformed energy-momentum tensor (9.30) 
of a chiral free bosonic theory (that is with the Z-dependence dropped) 


with a curvature term added to the free action (9.24). (We take the convention 
g = 1/4m in Eq. (6.55).) From Sect. 9.1.4, we know that the modes (9.132) generate 
a Virasoro algebra with central charge 


c=1-242 (9.133) 


(See Ex. 9.11 for an alternative proof using the mode expansion.) 
The state Ja, vo) is the highest-weight of Fy... with conformal dimension a? — 
2ao9, namely 


Lola,ao) = (a? — 2aa)|a, ao) (9.134) 


This state is obtained from the vacuum |0, a) by the action of e'¥22% where Yo 
is the operator conjugate to ao: [¢o, @o] = 1. From the mode expansion (9.6), this 
may also be written 


|a, @) = V,(0)|0, ao) (9.135) 


Eq. (9.134) is thus equivalent to Eq. (9.33). The charge Q introduced in Eq. (9.20) 
is just the zero-mode ao of gy, and Eq. (9.23) is equivalent to the second line of 
Eq. (9.131). Moreover, thanks to the commutation relation 


oa.) =a, Vr=0 (9.136) 


the states in F, . are naturally graded by Lo. By analogy with the ordinary Virasoro 
case, the eigenvalue of Lo is called the level. The character of Fy, is 


qv —2apa—c/24 


Red a q”) 


since p(7) states are generated at level 1 by acting freely on |, wo) with arbitrary 
products of az, k < 0. 

To represent the conformal blocks in correlation functions, we also need to 
define the dual F? ,, of the charged bosonic Fock space F,,,.,. The latter is built 
upon a highest-weight (contravariant) vector (a, ao|, satisfying 


ee (Ol Wie (9.137) 


(@,a@|@,a%) = 1 (9.138) 
and is given a (dual) Virasoro structure through 
(x|L_ny) = (xLnly) Vly) € Fear (X| € Foes (9.139) 
The transposed A‘ of an operator A is defined by 
(xjAy) = (xA'ly) (9.140) 
for any (x| € F%.,, lv) € Fu. (for instance, L',, = L,). The dual space Pe os 


is thus also a Fock space, obtained by acting freely with the transposed creation 


§9.B. Screened Vertex Operators and BRST Cohomology Bes 


operators a'_,, on the highest weight (a, ao}. Taking the transpose of the Heisenberg 
commutation relations (9.130), we may identify a‘_,, < —a,,,forn ~ 0. Moreover, 
we must identify a o 2/209 — Ao, in order to retin iL! = AL,,. Thistesalts 
in the following identification of Fock spaces: 


| Se Pong =eirn (9.141) 


9.B.2. Screened Vertex Operators 
Consider the chiral vertex operator of Eq. (9.6): 
V. (z) = ef 2040 7/2000 6—V20[F 1 a-n2"n] oV2a[ D> a,2-"In} (9.142) 


Vacuum expectation values of such operators are simply the z-dependent part of 
the full correlator (9.11), namely 


(0, @9|Va, (21) --- Va, (Zn)10,e0) = | [i — 3)" (9.143) 
i<j 


Eq. (9.143) is valid only for |z;| > |Z2| > --- > |Zn| (which corresponds to a time- 
ordering of the successive actions of the vertex operators), and when condition 


(9.9) is satisfied. 
In order to describe the minimal models, we shall restrict ourselves to values of 
p—p 
a = —— (9.144) 
2./pp’ 
with p > p’ two coprime integers, and of a = a, with 
1 1 
OP rio — Tay + 5 (1 —s)a_ (9.145) 


and a+ as in Eq. (9.52). In the following, the integers r,s are allowed to take 
arbitrary integer values, not multiples of p’,p, respectively. Indeed, although 
Qr+p'.s+p = Mr,s, the Kac formula (9.54) for the conformal dimensions h, ;(p, p’) 
may be applied with arbitrary integer values of r, s (not multiples of p’, p resp.) to 
describe all the null states of the corresponding reducible Verma module V(h,,,.c). 
The chiral screened vertex operators V;”.(z), with i positive and j negative 
screening charges, are defined through the following multiple contour integral 


ViNC@) =f Var.(ug ts) Vay Va. (01): Vu.) ] dad 
(9.146) 
where the contours are time-ordered, namely |z| > |u;| > --- > [uj] > lv] > 
- > |v;|, and all contours pass through the point z. Usually the integrand in 
Eq. (9.146) has some singularities when arguments approach each other (in a close 
neighborhood of z), and the integral may be regularized by analytic continuation 
from a region (with complex values of a,,a@_ = —1/a4) where it converges. This 
should be equivalent to the subtraction of singularities, for instance by opening 
each contour at z (point splitting). 
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By construction, the positive and negative charge screening operators Vi, have 
conformal dimension 1. When integrated on contours as in Eq. (9.146), their con- 
formal dimension is reduced to 0. Therefore, they do not affect the behavior of 
V.,.(z) under the action of Virasoro generators: 


[Le Vii = (etd, +k + Dhys2* VEL) (9.147) 


As an operator acting on a charged bosonic Fock space Fy,a,, ve has the effect 
of modifying the charge a > a+a,; +ia, +ja_. Indeed, taking w = @,,.,, the 
screened vertex operator is a map 


Vi4(z) : ae 70 =e Fo, eles 2, NO (9.148) 


In the following, we shall denote by F,,, the Fock space Fo, , a,- 


9.B.3. The BRST Charge 


A screened vertex operator of particular interest is 
J5(z) = ViP7"@) (9.149) 


The operator J,(z) is such that when acting on F,, (or equivalently when multiplied 
by the operator V,, (w), the argument w being integrated on a closed contour), 
it remains a single-valued function of z. This means that no phase is generated 
when the argument z circles around the origin: J,(e”"z) = J,(z). Indeed, when z 
circles around the origin, all the integrated arguments may be taken to circulate 
simultaneously, and we get a net phase factor of 1 


f dwJ,(e"z)Va, (e7"w) fs e2in(2sa oy, +2a7 s(s—1 hdd, (aWees (w) 


= einr-Us f pe Wee a) 


TS 


= f dw, (Vas (w) 


(9.150) 
The phase factor in the first equality comes from the factor zY2“° in the expression 


(9.142) of V,. Note that the single-valuedness of J,(z) is true only on F,.; on 
another Fock space, some spurious phase would be generated in Eq. (9.150). This 
suggests defining the BRST operator Q, as the contour integral of J,(z) over the 
unit circle, normalized by a prefactor 1/s: 


| 
a= sf ™ Va-(¥o):-+Valvss)P] dv, 9.151) 
Vol=1>|v4]>-->]¥.-1| 


S 


The single-valuedness of J,(z) acting on F,,, together with Eq. (9.147), which 
implies that J;(z) has conformal dimension 1, are responsible for the following 
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crucial property of the operator Q,, when acting on F,,, (or equivalently, multiplied 
by V.,,(w), with w integrated over a closed contour): !! 


ear = 0 VkeZ (9.152) 
This is easily proved by applying Eq. (9.147) to the operator J,(z) of Eq. (9.149), 
and then integrating z over a closed contour. With h, _; = 1 (/,(z) has conformal 
dimension 1), we get 
1 
[Zx,Q,} = = ) dza,(z**"J,(z)) = 0 (9.153) 


as the closed contour integration of the total derivative of a single-valued function 
of z. 


9.B.4. BRST Invariance and Cohomology 
When acting on the charged Fock space F,.,, the BRST charge has a well-defined 


commutation relation with the screened vertex operator We (z), which reads 
Qs45-35-1Vi(Z) = ere eae YY! (20; (9.154) 

To prove this, note that the charge sw_ carried by the BRST operator Q, can be 

absorbed by a screened vertex operator, namely that 
ON) = eer-V sr ) 
Ve ao. — V7) 

The second equality follows from the definition of the screened vertex operator 

(9.146). In the first one, the phase factor arises from the commutation of the s 


vertex operators V,_ of Q, through V,, »,+ The various Fock spaces over which the 
operators act in Eq. (9.154) are represented in the diagram: 


ij 
V,. (2) 
F,,s a Fy 47'-2i-1,548'—2j-1 


(S3155) 


(9.156) 
Q, 1 + Qs45'-2j-1 
Vig 42) 
Fs > Prt y'—2i-1,29+2j+1-s-s! 
The commutation relation (9.154) is called the BRST invariance of the screened 
vertex operators. It immediately follows that the screened vertex operators V pre- 
serve the Q—vanishing and Q—exactness of the states in the charged Fock spaces, 


namely 
Q — vanishing :Q|x) = 0 > QV\|x) = 0 (0.157) 
OQ — exactness : |x) = Qly) => 4J|z)s.t. Vx) = QJz) 


11 Again, we note that this property is valid only if Q, acts on F;,;. Otherwise, some spurious phases 
would impair the commutation property with the Virasoro generators. 
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In the second statement, the state |z) is equal to V|x), up to a phase given by 
Eq. (9.154). In other words, the screened vertex operator Vile (z) maps 


Ker Q, C F,,; —> Ker Qs4s-2j-1 C Frtr—2i-1,5+s'-2j-1 (9.158) 
Im Qp-s e F,,; => Im Qp+2)+1-s-s’ C Fray—2i-1,s+s'-3j-1 
In the second line, the operator Q,_, acts from. F, oe; = F,_p.p—s to F,, whereas 
the operator Q,42;41-s—s' acts from F,4,/—2i-1,2p+2)+1-s—s' tO Fy+r/—2i-1,5+5'-2)-1- 
In particular, we may consider the successive action of Q, and Q,-; 
Qrp-s_ Qs (9.159) 
F,29-s = Fs — F,_, 
Then, we have 
ImQ,-; C KerQ, (9.160) 


The proof of this fact is a consequence of the general scheme sketched below. This 
is the so-called BRST property, namely, the square of Q vanishes 


Q, Qp-s = 0 (9.161) 
We can therefore define the space of BRST states as 
B,; = KerQ,/Im Q,_; C Fy,s (9.162) 


This space is also known as the cohomology space of Q in F,,. According to the 
two properties (9.158), the screened vertex operator Vie (z) is also a map between 
BRST states 


vii (2): Brs > Brty—2i-1,545'-2)-1 (9.163) 


A careful study of the structure of Virasoro singular vectors in the charged Fock 
spaces leads eventually to the identification of the irreducible Virasoro module M, , 
of Eq. (8.13) with the space B,,, of BRST states. We simply sketch the outline of 
the proof. The BRST charge Q is a tool to generate singular vectors of the Virasoro 
algebra in charged Fock spaces. In the following infinite chain of actions of Q on 
Fock spaces 


Q; Qp-s Q,; Qp-s 


a fps. aoe F,. ee ees me Se 


(9.164) 


the cohomology of Q is trivial, except for the central Fock space F,,. Indeed, 
ImQ,-; = KerQ, or ImQ, = KerQ,-, on all the Fock spaces of the chain 
except F,,, for which the cohomology space B,.; of Q is nontrivial. The singular 
vector with conformal dimension hinppes in F,., is created by the action of Qp-s 
on the highest-weight vector of F,,2,_;. Indeed, as Q commutes with the Virasoro 
algebra generators, Q,-;|@,2»-;,@) is a Singular vector with dimension lira. 
and it can be proved that it does not vanish. Moreover, there is no singular vector 
with dimension h,,_, in F,.,. Finally, the highest-weight vector |a, 5, G06) Of Fig is 
annihilated by Q,. Indeed, if it was nonzero, its image by Q, would be a singular 
vector in F,,_, with same conformal dimension ,,, but there is no such vector 
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in F,_,. Restricting ourselves to Ker Q,, we are left with a module that contains 
only the maximal submodule of dimension hips As shown in Eq. (8.13), the 
irreducible Virasoro module M,,, is obtained by factoring the module built on 
its highest weight by the two sub-modules of conformal dimensions h,2,_, and 
h,,-;. This is exactly realized by taking the space B,,, = Ker Q,/Im Q,-s of the 
BRST states in F,,. Clearly, factoring out by Im Q,_, amounts to factoring out the 
submodule of dimension h,2,»_;, whereas by considering Ker Q, we have already 
factored out the submodule of dimension h,_,. We conclude that 


M,; = B,; = KerQ,/ImQ,-; (9.165) 


The BRST states of F,,, form the irreducible Virasoro representation M,., with 
conformal dimension h,.,. 


9.B.5. The Coulomb-Gas Representation 


As already mentioned in the previous section, the screened vertex operator Ve (z) 
extends to a map between BRST states (9.163), or equivalently between irreducible 
Virasoro modules 


Vp (2): M,,s > My+r-2i-1,5+s'-2j-1 0.166) 


Moreover, it is a primary field of conformal dimension h,,. (9.147). This map is 
instrumental in the construction of (left) conformal blocks for correlation functions 
involving the primary field ®:,,,)(z, Z). In the graphical representation (9.106), it 
corresponds to an intermediate vertex 


(r,s) 


VEN Ca | (9.167) 
(r’,8') (r+r'—2i-1,8+8’ -2j-1) 


A general conformal block for the correlation function of primary fields is precisely 
indexed by the intermediate states (r, s) allowed by the successive OPE of the fields. 
More precisely, a conformal block for the N-point correlation function 


(®,,5,)(Z1Z1) > + Ply sy) (ZN ZN)) 
is indexed by a sequence of allowed intermediate states 
(01,01),---,(en—1,ON-1) (9.168) 
such that 
P(o4,0%) © P(oe1,04-1) & Plresse) (9.169) 


with k = 1,...,N, and (9,00) = (on, on) = (1, 1) (the expectation value is 
taken over the vacuum state |h;; = 0)). The condition (9.169) is fulfilled by the 
action of the screened vertex operator V,(s. (z,), provided we take 


Pain te pe — I 


(9.170) 
Ops oe Of = Ze — | 
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With this choice, the corresponding conformal block reads 


N 
Sa (Cae J anEN OS (Or 7, 0G I] VRE (Zk) 11,1, &0) (5171) 
K=1 


up to a multiplicative normalization constant independent of the z’s. We note that 
the chain of identities (9.170) between the indices has to be satisfied in (9.171). 

The Coulomb-gas representation (9.171) of conformal blocks is not unique, 
due to the symmetry (r,s) <— (p’ —r,p — s). Taking advantage of this symmetry, 
it is possible to optimize the calculation of conformal blocks by performing the 
smallest possible number of integrations. For instance, the outgoing state (9, 00) 
in (9.171) may be taken to be (p’ — 1,p — 1), in which case the corresponding 
highest weight reads (@p_; 1, @9| = (2a, @o|. To recover charge neutrality (i.e., 
for the chain of identities (9.170) to still be satisfied), the last screened vertex 
operator also has to be modified. We may take, for instance, 


N 
0,0 iy fi 
Fipy oy Zi» ++ BAO) OC (Op p—iwetalV,, mae (et) | | Viena) 
k=2 


(9.172) 
The net effect of this manipulation is the reduction of the number of contour 
integrations by 1; + 7; = 7, +S, — 2. The representation (9.172) is the one used 
in Sect. 9.2. 


Exercises 


9.1 Correlator of vertex operators 

In this exercise we calculate the correlator (9.8) of vertex operators from the general ex- 
pression (2.107) of the generating functional for the free boson, with a suitably regularized 
propagator K(x,y). This propagator is 


K(x,y) = —In [22x —y)+ a*)| (9.173) 


Here m is the (infinitesimal) mass of the field, which vanishes at the conformal point and 
serves as a long-distance cutoff, whereas the “lattice spacing” a serves as a short-distance 
cutoff. 


a) Setting the source term of Eq. (2.107) to 


N 
jx) = iv2 ‘3 a, G(X) 


show that the correlator (9.8) is 


= 2a Om 
t/ 2a i a 2 Zin Zor 
(eiv2 yxy) ef V2an olen) = (may@+ +ayn) ( - *) (9.174) 
n<m 


b) Explain how the neutrality condition (9.9) is recovered at the conformal point. Is the 
different normalization of the correlator troublesome? 
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9.2 Correlator of vertex operators (bis) 
In this exercise we provide yet another way of calculating the correlator (9.8) of vertex op- 


erators, based on the mode expansion (6.59). We write the (normal-ordered) vertex operator 
as 


Valz, 2) =e): VY. (2)V/(Z) (9.175) 
where ¢ is the zero-mode of ¢: 
P(Z,Z) = Go — ido In (zZ) (9.176) 
and where the V’ contain only the purely holomorphic modes of the expansion (6.54): 
: 1 1 
V(z) = exp |-v2 ae ye st exp | V2a ) > same (9.177) 
n>0 n>0 n 


(likewise for V.(2)). If #(z) stands for the holomorphic part of g(z, Z) (without the zero- 
mode), then 


Vi (z) =:eiV 2200): (9.178) 
a) Using the mode expansion, show that 
ee w 
(¢(z)¢(w)) = —In (1 — “) (9.179) 
b) From Eq. (6.193), which a priori does not hold for the zero-mode, show that 
(Vi, (21) +++ Vi, Gad) = J [@: — Paz; (9.180) 


i<j 
and likewise for the antiholomorphic modes. 
c) From the commutation relation [¢, a9] = i, show that 


eV 2000 |B) = |B + a) (9.181) 
where the vacuum |) is an eigenstate of ao: ao|B) = /2A|8). 
d) Show that 
(:e'/21 021.21), here reiV2an Hen 2n) ») = I] Iz; |i (9.182) 


i<j 
provided the neutrality condition }°;a@; = 0 is satisfied (otherwise the result vanishes). 
Putting everything together, recover the correlator (9.8). Notice that the holomorphic cor- 


relator (9.11) may be recovered in the same way if we start with the chiral vertex operator 
(9.6), which amounts to dropping all the terms involving antiholomorphic coordinates. 


9.3 The Coulomb-gas integrals as solutions of a hypergeometric equation 
Solving Exs. 8.9 and 8.10 first can be of some help here. 


a) Rewrite the differential equation (8.71) for the four-point correlation function (9.66) 
(with r, = 2,52 = 1) as an ordinary (hypergeometric) differential equation for the function 
G(z, 2). 

b) Check that the functions J, (a,b,c; z) and I,(a, b,c; z) of Eq. (9.72) generate the two- 
dimensional linear space of solutions of this differential equation, witha, b,c as in Eq. (9.70). 


c) Application: compute the values of a, b, c for the four-point function of ®(21) in the 
Yang-Lee model M(5, 2). Check that indeed /,, J, coincide, up to a numerical factor and a 
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well-defined power of z, with the conformal blocks found in Ex. 8.1 1. Compute the structure 
constants of the OPE (2,1) x $(2,1) > 1+ ¢@,1)- 

d) Repeat the analysis for the Ising model M(4, 3), with the four-point functions of the 
energy € = ®1) and spin o = ®,,2) operators. Compute in particular the structure 
constants of the spin-spin OPE ®(,,2) x ®a2) > 1+ 9,1). 


9.4 Fusion rules for the energy operator of the Ising model 

a) Write the two blocks J, and J, (9.72) for the Ising energy four-point function 
(D021) P21) P21) P2,1))- 

Result: a =b=c = —4/3. 

b) Show that the monodromy-invariant combination G(z, Zz) ~ X\|/; | +X>|I2|* reduces to 
only one term. Deduce that the fusion rule of the Ising energy operator is indeed € x € > E. 
This confirms the fact that the operator ®,3,;) does not belong to the Ising theory. 


9.5 Check the relation (9.81). 


9.6 Computing the correlation function G(z,Z) = (®(rs) P13) Pu 3) Pir.s)) 

a) Find the number of screening operators needed to represent this correlation function and 
write the corresponding integral. 

Result: 


Iie,.c,) (a, b,c; p32) = 21 — zy | dt, | dt, 
a (9.183) 


(t,t2)° (( — 1)(t2 - »), (4 —=Z)— 2) (t —t,/f 


wherea, = a,; = [((1—r)a,+(1—s)a_)/2,a2 = a3 = —a,, anda = 2a,a,,b = 2a3a,, 
c = 20204, p = 207. 

b) Find a set of independent integration contours leading to a basis J;(z),j = 1,2,...,N, 
generalizing (9.72). 

Hint: There are N = 3 natural couples of contours (C;, C2), namely [0, z] x [0, z], [0,z] x 
[1, co[, and [1, co[x[1, oof. 

c) Show that, with the choice of contours above, the three blocks have the following small 
z behavior J;(z) ~ z7'(1 + O(z)), where p; = 0, po. = 1+a+c,and p; =2+2a+2c+> . 
Deduce that these blocks correspond, respectively, to the fusion rules $(1,3) x $13) > I, 
(1,3) and $15). 

Hint: Check that pj = Ay a1 = hi3 = hrs 

d) Express the monodromy of J;(z) around the point 0. Show that G(z,Z) has the form 
DL Xil)?. 

e) Find a relation J;(z) = > fjxJ,(1 — z) between J; and the functions J, (obtained by 
interchanging a and b) revealing their monodromy around the point 1. 

Hint: Such relations are obtained by moving the contours from [1, +oo[ to ] — oo, 1] and 
from [0,z] to ] — co, 0] U [z, +oo[. For instance, 


s(a)s(a + p/2) 


ha = s(b +c)s(b +c + p/2) 

(a (9.184) 
s(b+c)s(b +c + p) 

ie s(c)s(c + p/2) 


s(b +c + pl2)s(b +c + p) 
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where s(x) = sin zx. 


f) Deduce relations among the X’s that determine them up to an overall normalization. 
Write the final result for G(z, Z). 


Result: 
Xi _ faafsa 
Xs fiafs3 
a sfa+b+c+p)s(a+b+c + p/2)s(b)s(b + p/2)s(a +c + p) 
; s(a)s(a + p/2)s(c)s(c + p/2)s(a +c) (9.185) 
fee 
Xs fash 


s(a+b+c+p)s(a+c + p/2)s(b) 
2s(c + p/2)s(a + p/2)s(a + c)c(p/2) 


where f = f~', the inverse matrix of f, s(x) = sin zx, and c(x) = cos mx. 


g) Compute the fusion rule $3) < ,,s), and write relations for the associated structure 
constants, normalized by crossing symmetry. 


h) Check that the four-point correlation function of the energy operator of the Ising model, 
represented as ®,; 3) (= (21), has, according to the above, three possible conformal blocks. 
Write them as contour integrals. Show that only one of them survives in the monodromy- 
invariant combination giving the four-point correlator. 


i) Application: Compute the conformal blocks for the four-point function of the ®(; 3) 
operator in the Tricritical Ising model M(5, 4). 


9.7 Crossing and exchange matrices for the conformal blocks of the Ising energy four-point 
correlation function 
The total conformal block for the energy four-point correlator is 


1—z+2z* 
az) 
It corresponds to the fusion rule (1) x P21) — I. (See, e.g., Ex. 8.12 for a proof.) 


Compute the matrix elements of the crossing and exchange matrices F and R describing 
the linear action of the transformations z > 1 — z and z — 1/z, respectively, on /(z). 


iCApeS (9.186) 


9.8 Crossing and exchange matrices for the conformal blocks of the Ising spin four-point 
correlation function 
The two total conformal blocks for the Ising four-point spin correlator read (see, e.g., 


Ex. 8.12 for a proof) 


(+ vT=2)" eae 
_a+viza" iw Pel 9.187 
ne /2(z(1 — z))"8 hh) 22)" all 


corresponding, respectively, to the $2.1) x (2,1) > Land $a,2) x ¢a.2) > $2.1 fusion 
rules. 


a) Compute the entries of the crossing matrix F (Eq. (9.1 12)) for these blocks. 
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Hint: By identifying the squares of both sides of the equations, show that 


1 
I (1 —z) =— 1,(z) + h{z) 
: al ) (9.188) 
ha —2) — F(h@ -2@) 


The overall sign is fixed, for instance, by the z — 0 limit. 
b) Check the inversion formula (9.114). 


c) Compute the entries of the exchange matrix R (Eq. (9.113)). 
Hint: By identifying the squares of both sides of the equations, show that 


1 
1,(0/z) = —=(ol(z) + dl(z) 

a ( ) (9.189) 
Ca = J (ah - wl2(2)) 


where @ = exp(iz/4); the overall sign is fixed by the z > 0 limit. 


9.9 Yang—Baxter relation for the exchange matrix R 

Notations are as in Eq. (9.110), with N = 5. Show that there are two ways of transforming 
the corresponding conformal block of a five-point function into one with the fields 2 and 4 
exchanged, simply by using the exchange transformation R defined in Eq. (9.113). Deduce 
a cubic relation between matrix elements of R. 

Result: R(3 @ 4) R(2 + 4) R(2 © 3) = R(2 + 3) R(2< 4) RGB < 4). 


9.10 Pentagon identity 

Notations are as in Eq. (9.110), with N = 5. Show that there are two ways of transforming 
the corresponding conformal block of a five-point function into one with the fields 2 and 4 
exchanged as well as 3 and 5. Deduce an identity (quadratic in R and linear in F) between 
Rand F. 

Result: F(2 + 5) R(2 + 4) RB <4) = R(4 <2) F(l < 3). 


9.11 The Virasoro algebra of the charged bosonic Fock space Fg. 
Using the commutation relations of the Heisenberg algebra (9.130), show that the generators 
L,,n € Z, defined in Eq. (9.132), satisfy 


[Ln Lm) = (a -m)Ln+m + ual — Dbn4m0 
with 
c=1-240% 
9.12 Vertex representation of dual fields 
Dual primary fields satisfy the OPE (cf. Ex. 7.11) 
Pn addy, 


$1r,s)(Z) bir sw) ~ CHES a TO 


where a is some constant. Using the Coulomb-gas representation, show that this reduces to 
the requirement 


ay = —l/a,, 
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Find all those sets of integers {(r,s) (r’,s’)} that satisfy this condition and use the equiv- 


alence between ¢i_,,-;) and gs) to reproduce the list of dual primary fields given in 
Exe7.11 


9.13 The quantum Korteweg-de Vries equation revisited: new characterization of the 
conservation laws 


As shown in Ex. 6.13, the conserved densities of the quantum Korteweg-de Vries equation 
Hnl{T] = H,,[¢], where the tilde expression is obtained after the substitution 


(Ce ~5 (0939) +iV2a¥y 
satisfy 


Hnly] = Hal—g] + --+) 
Given that any differential polynomial F[T] commutes with the screening charges, that is, 


[FIT], O11 = [FITI, $ dz eiViax0) — 0 


argue that the conservation laws for the quantum KdV equation satisfy 


if de HatTh, $ aw eM} = de HolT, $ dw $0.31 =0 
or equivalently 


ip dz Hy(T, § dw e-V2e-0) = if 2 Holt p dw ay] = 0 (9.190) 


Remark: There is also an infinite number of integrals, built out of T, that commutes with 
the integral of $(; 2) or its dual $5 1) (cf. Ex. 7.11) and a distinct infinite family of integrals 
that commute with ¢,2,1) or ¢1,5). The spin of these charges is 6n + 1 in both cases. The 
following exercise substantiates these claims. 


9.14 The quantum Korteweg-de Vries conservation laws and singular vectors 

The starting point of this exercise is the characterization (9.190) (cf. Ex. 9.13) of the 
conserved integrals of the quantum KdV equation and the duality condition presented in 
Ex. 7.11, which shows that 


ip dz do. f dw a,3)] = 0 


a) In general $31) does not qualify as a conserved density for the quantum KdV equation 
because it is not a local differential polynomial of T. However, show that for the series 
(p,p’) = (2k + 1,2), $1) is in fact a singular vector in the vacuum module, and as such 
it can be expressed locally in terms of T. It is thus necessarily a quantum KdV conserved 
density. For a fixed value of k, what is the spin of the conserved integral that becomes 
trivial? Verify that the conserved densities of H3 and Hs, with 


c ¥ ?) (aren) 


ne § Haan) onc) eee $ dz ((1(TT)) - 


do indeed correspond to singular vectors at appropriate values of c. 

b) Ina similar way, show that for (p,p’) = (3k + 1,3), (5,1) lies in the vacuum module. 
Therefore, it is expressible in terms of T. Since 5,1) is dual to @(; 2), this leads to an integral 
Hi’, that commutes with § dz $2). Relate n to k. 
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Notes 


The Coulomb-gas formalism for two-dimensional CFT relies on the so-called Feigin-Fuchs 
integral representation of conformal blocks for conformal correlation functions (unpub- 
lished). It was extensively developed for the minimal models by Dotsenko and Fateev [110, 
TE 

The deep mathematical structure (BRST cohomology) underlying this construction was 
unearthed by Felder [128], who extended the Coulomb gas formalism to the case of the 
torus correlation functions of minimal models as well. 

The general structure of minimal model correlation functions is based on the monodromy 
transformations of the conformal blocks. The first study of the abstract properties of these 
blocks is due to Rehren and Schroer [305], who introduced the notion of exchange algebra. 
In parallel, Moore, and Seiberg [272, 273] developed an axiomatic definition of rational 
conformal field theories (RCFT) based on polynomial relations satisfied by the crossing 
and exchange matrices. These relations also include additional modular data to ensure that 
the theory is well defined on any Riemann surface of arbitrary genus. 

Ex. 9.14 is based on Refs. [93, 267]. 


CHAPTER 10 


Modular Invariance 


We have assumed until now, implicitly or not, that conformal field theories were 
defined on the whole complex plane. On the infinite plane the holomorphic and 
antiholomorphic (or left and right) sectors of aconformal theory completely decou- 
ple and may be studied separately. In fact, the two sectors may constitute distinct 
theories on their own since they do not interfere: Correlation functions factorize 
into holomorphic and antiholomorphic factors with a priori different properties. 
However, this situation is very unphysical. The decoupling exists only at the fixed 
point in parameter space (the conformally invariant point) and in the infinite-plane 
geometry. The physical spectrum of the theory should be continuously deformed 
as we leave the critical point, and the coupling between right and left sectors away 
from this point should lead to some constraints on the left and right content of the 
theory at the fixed point. In operator language, this implies that not every left-right 
combination of Verma modules is physically sound. 

In order to impose physical constraints on the left-right content of a conformal 
theory without leaving the fixed point, we must couple the left and right sectors 
through the geometry of the space on which the theory is defined. The infinite 
plane is topologically equivalent to a sphere, that is, a Riemann surface of genus 
h = 0. In general, one may study conformal field theories defined on a Riemann 
surface of arbitrary genus h.! In the context of critical phenomena, defining Eu- 
clidian field theories on arbitrary genus Riemann surfaces may seem unnatural, 
except in the simplest nonspherical case: that of a torus (2 = 1), which is equiv- 
alent to a plane with periodic boundary conditions in two directions. The goal of 
this chapter is to study conformal field theories defined on the torus and to extract 
constraints on the content of the theory coming from the interaction of the holo- 
morphic and antiholomorphic sectors revealed by modular transformations (to be 
defined below).” 


' In string theory, this is the basis for calculating multiloop scattering amplitudes. 

2 The requirement that a conformal theory still makes sense on a Riemann surface of arbitrary 
genus adds in fact many constraints to the theory. Modular invariance is one of them. However, nothing 
prevents us from considering projections of these fully consistent theories—projections that, in general, 
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In previous chapters, the operator formalism of quantum field theory was applied 
through radial quantization, namely, the curves of constant time were concentric 
circles and time was flowing outward from the origin. In this scheme there are two 
special points, the origin and the point at infinity, at which asymptotic fields are 
defined and which allow an explicit mapping from the field content of the theory 
to the abstract representations of the conformal algebra (the Verma modules). 
This representation is equivalent, via an exponential mapping, to that of a field 
theory living on a cylinder; the asymptotic points are then really at too along the 
cylinder axis. The operator formalism on the torus is obtained by imposing periodic 
boundary conditions along this cylinder, that is, by cutting a segment of the cylinder 
and gluing the ends back together. The Hamiltonian and the momentum operators 
then propagate states along different directions of the torus, and the spectrum of 
the theory is embodied in the partition function. Note that in statistical models, the 
“space” and “time” directions are chosen in order to define a transfer matrix, and 
their respective orientation is a simple matter of convenience. 

This chapter is organized as follows. In Sect. 10.1 the general tools for studying 
conformal field theories on a torus, the partition function and modular transfor- 
mations, are introduced. In Sect. 10.2, the partition function of a free boson is 
calculated. In Sect. 10.3, we calculate the partition functions of a free fermion 
and show how the various periodic and antiperiodic boundary conditions must 
be combined to form a consistent theory. In Sect. 10.4 we study variants of the 
free boson theory with central charge c = 1 (the compactified boson and the Zz 
orbifold) and their modular invariant partition functions. In Sect. 10.5 we see how 
modular invariance forces models with a finite number of fields (minimal models) 
to have a central charge of the form c = 1 — 6(p — p’)/pp’, where p and p’ are rel- 
atively prime nonnegative integers. In Sect. 10.6 the transformation properties of 
the characters of minimal models under modular transformations are derived. The 
construction of modular invariant partition functions for minimal models (hence 
of physically sensible theories) is done in Sect. 10.7. Finally, in Sect. 10.8, we 
come back to the question of fusion rules in minimal models from the point of 
view of modular invariance and derive the Verlinde formula, which relates fusion 
coefficients and modular transformations. 


§10.1. Conformal Field Theory on the Torus 


A torus may be defined by specifying two linearly independent lattice vectors on 
the plane and identifying points that differ by an integer combination of these 
vectors. On the complex plane these lattice vectors may be represented by two 
complex numbers w, and w>, which we call the periods of the lattice. Naturally, 
the properties of conformal field theories defined on a torus do not depend on the 


do not satisfy these constraints. This is the case for the conformal theories with boundaries studied in 
Chap. 11. 
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overall scale of the lattice, nor on the absolute orientation of the lattice vectors. 
The relevant parameter is the ratio T = @»/w, the so-called modular parameter. 


10.1.1. The Partition Function 


A theory defined on a torus may be treated in the path-integral formalism. The 
essential difference from the infinite plane is the occurrence of local fields obeying 
periodicity conditions such that the action functional is invariant with respect to 
translations by the periods ) 7. This does not necessarily mean that the conformal 
fields themselves are simply periodic. For instance, a real fermion living on a 
torus may pick up a factor of —1 when translated by a period: this constitutes 
the Neveu-Schwarz (NS) condition, whereas the Ramond (R) condition demands 
that the fermion be periodic. Since there are two periods, a fermion field may be 
defined according to four types of boundary conditions: (R,R), (R,NS), (NS,R), 
and (NS,NS). In any case, the path-integral formulation of a field theory on a torus 
is well defined provided the boundary conditions chosen for the dynamical fields 
leave the action invariant. 

However, we shall work mainly in the operator formalism. The relevant quantity 
in this scheme is the partition function Z (or the vacuum functional, in Minkowski 
space-time) and its dependence on the modular parameter t. We find an expression 
for the partition function of the theory in terms of the Virasoro generators Lp and To. 
We need to define space and time directions, which we shall take to run along the 
real and imaginary axes, respectively; it is the orientation of the periods relative 
to these space and time axes that matters. If H and P denote, respectively, the 
Hamiltonian and the total momentum of the theory (generating translations along 
the time and space directions), then the operator that translates the system parallel} 
to the period w2 over a distance a in Euclidian space-time is 

exp ——— {H Im w — iP Re w} (10.1) 
|@2| 
If we regard a as a lattice spacing, the above translation takes us from one row of 
a lattice to the next, but parallel to the period w». If the complete period contains 
m lattice spacings (|@2| = ma) then the partition function is obtained by taking 
the trace of the above translation operator to the m-th power: 


Z(@1,@2) = Tr exp —{H Im w2 — iP Re aw} (10.2) 


We need to express the operators H and P in terms of the Virasoro generators Lo 
and Lo. This can be done by regarding the torus as a cylinder of finite length whose 
ends have been glued back together. We know that on a cylinder of circumference 
L the Hamiltonian operator is H = (27:/L)(Lo + Lo — c/12), wherein the Virasoro 
generators are defined on the whole complex plane after an exponential map; the 
constant term has been added to make the vacuum energy density vanish in the 
L — ©o limit. Likewise, the momentum operator, which generates translations 
along the circumference of the cylinder, is P = (2ni/L)(Lo — Lo). Since we have 
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chosen «; to be real (and equal to L), we may finally write the partition function 
aed 
Z(x) = Tr exp ni{(t — t)(Lo + Ly —c/12) + (4 + T)(Lo _ Lo)} 


. (10.3) 
= Tr exp 2mi{t(Lo — c/24) — t(Lo — €/24)} 
We define the parameters 
Ga= Exp 27ir gq = exp —27iT (10.4) 
We may then express the partition function as 
Z(t) = Tr (aa qo (10.5) 


Note that the partition function depends on the periods w;,2 only through their 
ratio t. This expression for the partition function involves the characters defined 
in Eq. (7.12). We thus expect that the partition function will be expressible as a 
bilinear combination of characters of the Verma modules forming the Hilbert space 
of the theory. 


10.1.2. Modular Invariance 


The main advantage of studying conformal field theories on a torus is the imposition 
of constraints on the operator content of the theory from the requirement that the 
partition function be independent of the choice of periods w,,2 for a given torus. 
We let w . be two periods describing the same lattice as a 2. Since the points 
w and w, belong to the lattice, they must be expressible as integer combinations 


of w@), and a»: 
w,\_ (a b\(a a,b,c,deZ 

(3) -( *) ie ad —be =1 
Of course, the same may be said of «2 in terms of w ,, which implies that the 
above matrix should have an inverse with integer components. Since the unit cell of 
the lattice should have the same area whatever the periods we use, the determinant 
of that matrix should be unity. We are therefore led to consider the group of integer, 
invertible matrices with unit determinant, or SL(2, Z). Such matrices evidently 
form a group, since the unit determinant guarantees that the matrix has an integer 
inverse. 

Under the change of period (10.6), the modular parameter transforms as 


at+b 
ct+d 


Insofar as t is concerned, the sign of all the parameters a, b,c, d may be simultane- 
ously changed without affecting the transformation. The symmetry of interest here 


ad —be =1 (10.7) 


3 Here and in the following, we drop the t dependence of the partition function, since t and Tt 
are not independent, the latter being the complex conjugate of the former. In particular, a modular 
transformation will act on t and Tt simultaneously. 
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is therefore the modular group SL(2, Z)/Z2, or PSL(2, Z). We are thus interested 
in finding partition functions Z(t) that are invariant under modular transformations 
of the torus modular parameter r. Note that the modular group will keep t on the 
upper half-plane. 


10.1.3. Generators and the Fundamental Domain 


We consider the particular modular transformations 


T:t-o-t+1 or T=! i 


es | 


; 1 oy Cel) ae 
Se ; or S=(2 5) 


(10.8) 


It can be shown that these two transformations, satisfying 
(S27 = 1 (10.9) 


generate the whole modular group, namely, each modular transformation may be 
reduced to successive applications of S and T (see Ex. 10.2 for a detailed proof). 

This result is easier to understand geometrically by considering the so-called 
Dehn twists. Consider a torus specified by the periods @, and w2. The modular 
transformation J : t — t+ 1 amounts to changing the second period as follows: 
@2 —> W2 + @;. On the torus, this is equivalent to cutting the torus at a fixed time, 
turning one of the ends by 27 and gluing the two ends back together. Likewise, 
the modular transformation U/ : t > 1/(t + 1) is equivalent to a similar operation, 
but after cutting along a fixed space coordinate. These two operations on the torus 
are called Dehn twists. They are in fact finite diffeomorphisms of the torus that 
cannot be obtained continuously from the identity. It is intuitively clear that any 
redefinition of the periods w, 2 may be obtained by a succession of operations 
of the above type. It is easy to verify that the modular transformation U may be 
written as 4 = TST. Therefore S and 7 are indeed generators of the modular 
group. The mappings 7 and U/ are illustrated on Fig. 10.1. 


Figure 10.1. The modular parameter t and the unit cell of the lattice. The unit cells obtained 
under the modular transformations J and U4 = T ST are illustrated by dashed lines. 
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The action of the modular group I on the upper half of the r-plane is rather 
complicated. A fundamental domain of T is a domain of the upper half-plane such 
that no pair of points within it can be reached through a modular transformation, 
and any point outside it can be reached from a unique point inside, by some 
modular transformation. Of course, the action of any modular transformation on 
a fundamental domain as a whole yields another fundamental domain. The usual 
convention is to pick the fundamental domain denoted Fo defined as follows: 


1 
Im z > 0, 5 <Rez<0O and |z|>1 
zEFo if or (10.10) 
1 
la = 0 0maes < 5 and {z|>1 
We note the use of strict inequalities where appropriate. This domain is illustrated 


on Fig. 10.2, as well as some other domains obtained by applying simple modular 
transformations on Fo. 


‘Im tr 
-l] 
ae | sacra 
0 1 Re +r 


Figure 10.2. The standard fundamental domain Fp of the modular group, and some other 
domains obtained by applying modular transformations on Fo. 


§10.2. The Free Boson on the Torus 


In this section we shall calculate the partition function of a free boson. Some care is 
needed because of the zero-mode, which should be discarded since it contributes an 
infinite amount to Z. Discarding the zero-mode should be equivalent to evaluating 
the trace (10.5) over the Fock space associated with the identity operator (i.e., the 
vertex operator of charge zero). From Eqs. (10.5) and (7.16), we therefore expect 
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the partition to be of the following form: 


] 
V ABE (04 mel (10.11) 


The proportionality constant is important, since the above expression is not modu- 
lar invariant! Indeed, as is shown in App. 10.A, Dedekind’s 7 function transforms 
as follows under the modular transformations J and S: 


n(t +1) = e”!? n(z) 


(10.12) 

n(—I/t) = V—it (1) 
Although |n(r)| is not modular invariant, it is a simple matter to check that the 
product (Im t)'/* |n(z)| is. Therefore, with a suitable proportionality constant en- 
suring modular invariance, the free-boson partition function (without zero-mode) 
is 


1 


2) = Cin SOP 


(10.13) 


In the remainder of this section we shall see how this result may be obtained di- 
rectly from the path-integral formalism. Readers willing to skip the rather technical 
discussion that follows may proceed to the next section. 

In the path-integral approach, the free-boson partition function without the 
zero-mode may be written as follows: 


Zyos(t) = i [dy]VA 6 ( if ax oe) exp (-; | ax (ve)?) (10.14) 


where the coordinate integrals are carried over the torus. Here A denotes the area 
of the torus, equal to Im (w2w), and go = A~'”” is the normalized eigenfunction 
of the zero-mode. The argument of the delta function is the coefficient of the 
zero-mode in an arbitrary field configuration; this delta function therefore ensures 
that the zero-mode is not integrated. The A in front was put there to make 
the whole expression dimensionless (in fact, the delta function with its properly 
normalized argument was introduced mainly in order to justify this factor). We 
have chosen the normalization g = 1 for the free-boson action, instead of our 
standard g = 1/47. However, changing this normalization would only result in a 
constant multiplicative factor, which we are ignoring anyway (only t-dependent 
multiplicative factors matter). 

We expand the field g along the normalized eigenfunctions ¢,, of the Laplacian 
operator V”, with eigenvalues —),,: 


g(x) =} cnGn(x) (10.15) 
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The functional integral over the nonzero modes (A,, # 0) is then 


Zoos(t) = VA [Tee exp 5 Do anch 
an\ 2 
- “ATI (Z) 


In general, this product diverges and must be regularized. We shall use the so- 
called ¢-function regularization technique, which is based upon the definition of 
the following function: 


(10.16) 


Gs)=) — (10.17) 


n n 


where the primed sum means that the eigenvalue A = 0 is excluded. The function 
G(s) is analytic for sufficiently large values of s, and may be analytically continued 
to lower values of s, in particular s = 0, for which the above series definition is 
no longer valid. The partition function is then formally equal to 


Zpos(t) = VA exp 560 (10.18) 


(we have discarded the irrelevant numeric factor (27r)!/? coming from each mode). 
In the case under consideration, the eigenvalues of the Laplacian are labeled by 
two integers m and n: 


Anm = (29)? |nk, + mk,|* (10.19) 


where k, 2 are the basis vectors of the lattice dual to the one defined by the periods 
1,2: 


ky => —1@/A ky = 1@,/A (10.20) 
It follows that 


=a G(s) = pa i 


A lm + nt|2s 


! 1 
= 2¢(2s) + ee (x wae a) 


aa) 


(10.21) 


where ¢(z) is the Riemann ¢-function. The second term of the last expression is a 
periodic function of nt with unit period, since all values of m2 are summed upon; 
it may therefore be Fourier expanded (we write t = t; +i T2): 


1 
DS eae 


m 
= Se i dy e72tipy y 


[(rm2 a + n2x2} 
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= 3 e2inpnn se / in dy e~2xivv 1 
Pp m m [y? aF Let 
ye / dy e2tip(nt Se 
—00 [y? +n? te IB 


I ee , S 
a d | dt tet’ +") 
ope 7 : 


RF is hep ee] : 
- dt ps—3/2p—ltn t)+7°p*/t—2nipnt,) 10.22 
T(s) » 0 ( ) 


where, in the fourth line, we have used the integral representation of the Euler 
function 


+00 
Ts) = aire 


0 


to rewrite 


a feria 
zs -F(s) Jo 


with z = y? +-n?t3. We separate the contribution of p = 0 from the rest. Atp = 0 
the above reduces to '(s — $)|nt|!-?s. Summing this term over n 4 0, we find 


MG 
ee 2D inn Pe a ye ED ie By26—1) 1023) 


We use, on the above expression, the following functional relation for the 
¢-function: 
m5 T(5/2)¢(s) = x9? 7((1 — s)/2)¢(1 — s) (10.24) 


We may therefore write the following relation, after changing the integration 
variable from ¢ to t7p/nt2: 


T s—1/2 21w 
ro(2) "P| oe 
1 \s—1/2 T \ 1/2-s 
— 2F(s)¢(2s) (=) +29P(1 — s)¢(2 — 2s) = (10.25) 
mu 
+ 25, ee i dt 1/2 E ae e-Tinpiea(t+1/t) 
This expression for G(s) has the merit of being explicitly even in s — 1 namely, 


it is symmetric under s > 1 — s. Since it is well-defined for s > 1 ant coincides 
then with the original series expansion, we shall use this expression to extract the 
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value of G(0) and G’(0). We need only expand G(s) to first order around s = 0. 


Since I'(s) ~ 1/s, the integral is needed only at s = 0: 


7 dt _1/24—nWmplea(t+Mlt) = 1 e727 lpnitz 
6 |p|" 


Using the special value ¢(2) = 1/6, we write 
iT 
G(s) = —1 — 2s In |A/@,| + 357% 


es as e2tipnt—2nipnit2 + C(s*) 


We still need to work on the double sum. It may be written as 
a 2 (Prine —2npntz ae eo 2mipnt Fama) 
n,p>0 Me 


= =(a" +4" 


Ape 


=-2)  (in(1 —g") + n(Q —@")) 


n>0 


1 
= —2 In |n(q)|? — 37 
Since VA/|a| = ./T2, one may finally write 
G'(0) = —21n (VAtaIn(2)/?) 


According to Eq. (10.18) the free-boson partition function is then 


1 


Zros(T) = Witaioe 


(10.26) 


(10.27) 


(10.28) 


(10.29) 


(10.30) 


which is the desired result, with the correct multiplicative factor ensuring modular 


invariance. 


§10.3. Free Fermions on the Torus 


The path-integral calculation of the free-fermion partition function could in princi- 
ple be obtained with the same method as for the free boson. Indeed, the free-fermion 


action may be written as (cf. Sect. 5.3.2) 


2s ta ee 
s= 5 fas (Wav + yay) 


(10.31) 
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Since the two fields y and w are decoupled, the partition function is simply the 
product of the Pfaffians (defined in App. 2.B) of the differential operators 0 and @: 


Z = Pf(d)Pf(d) (10.32) 


Since the Pfaffian is the square-root of the determinant, and since the product ad 
is the Laplacian, we find 


Z = (det V7)!2 (10.33) 


We have not yet specified the periodicity conditions to be imposed on the 
fermions. These conditions affect the admissible eigenvalues of the Laplacian 
and the associated determinant. We shall assume that the fermions pick up a phase 
when translated by a period: 


Wz+a) =e" Wz) We +a) = e”™ y(z) (10.34) 


We suppose that the same periodicity conditions are satisfied by the antiholomor- 
phic component y. Since the action must be periodic when the torus coordinate z 
is shifted by a period, we are restricted to the following four possibilities: 


(v,u) = (0,0) or (R,R) 

(vu) = (0,5) or (RNS) 

(vu) = 5,0) or (NS,R) io?) 
(,0) = (5,5) or (NS,NS) 


Again, we associate the names of Ramond (R) to the periodic boundary condition 
and Neveu-Schwarz (NS) to the antiperiodic one. We shall denote by Z,,,, the 
partition function associated with the periodicity condition (v, u). A set (v,u) of 
periodicity conditions is called a spin structure for the fermion. Because of the 
decoupling between y and y, we may consider the partition function obtained by 
integrating the holomorphic field only, which we call d,,,,. It follows that 


Luu = fyual” (10.36) 
If an eigenfunction of the Laplacian satisfies the periodicity conditions (v, u), 
YZ + kan + lan) = PO 9(2) (10.37) 


then the associated eigenvalue has the form 


“((m +u)o + (n+v)or) (10.38) 
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(A is the area of the torus). We could proceed as in the previous section, and 
consider the following function: 


A 1 
7 _. ee am. 10.39 
Gyuls) (= ) De Im +nt+(u+vt)|s ss 


mn 


The partition function, after this ¢-function regularization, is equal to 
1 / 
Lin = exp —5 Cou (0) (10.40) 


If (v,u) 4 (0,0), there is no Laplacian zero-mode, and the subtlety associated 
with it disappears. That zero-mode exists only for the (R, R) sector, in which case 
the partition function vanishes: Zoo = 0. Accordingly, we shall not use the path- 
integral method to calculate the partition functions, but rather the operator method, 
following Eq. (10.5). 

We need to implement the periodicity conditions in the time direction within 
the operator formalism. These conditions are rather unusual in the context of field 
theory, but may be expressed as conditions on correlation functions on the torus. 
Consider the generic correlation function of fermions 


(y(z)X) (10.41) 


where X stands for the product of an odd number of fermion fields at various 
positions, so that the correlator is nonzero (the correlator of an odd number of 
fermions is zero, since they are Grassmann numbers). We take this fermion from 
its position z to Z + @ 2 via some continuous path. Within the operator formalism, 
this means that the (z) will go through all the possible instants of time (modulo 
the periodicity) and will have to be passed over all the other fermions in X in 
succession, because of the time-ordering. Since a minus sign is generated each time, 
there will be an overall factor of —1 generated by this translation, and therefore 
the usual correspondence between the path-integral and the Hamiltonian approach 
leads naturally to the antiperiodic condition (u = » when the theory is defined on 
a torus. To implement the periodic condition (u = 0) we need to modify the usual 
correspondence by inserting in all the correlators an operator that anticommutes 
with y(z), whatever the value of z. Such an operator is (—1)*, where F is the 
fermion number 


F= > Fe F;,. = b_yby (k > 0) (10.42) 


k>0 


and where Fp is an operator defined in the space-periodic case, equal to 0 when 
acting on {0) and to 1 when acting on bo|0). A fermion number F is defined in the 
same way for the antiholomorphic component w. This amounts to multiplying the 
time-evolution operator over a time L by a factor exp —inF = (—1)’. To make 
sure that this feature is built into the partition function, we simply insert (—1)* 
in the definition of the partition function, within the trace, in the time-periodic 
case. 
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This prescription implies the following expressions for the holomorphic 
partition functions d,,,, associated with each periodicity condition: 


1 1 
dog = —=Tr(—1)¥g—/8 = — Tr(—1)¥ gq Xe kb-4be+1/24 
4 Wa Yq 


NB 
1 1 
d,i1 = —Trq"'/8 veer YD, kb_pbp+1/24 
eis yi (10.43) 
do = Tr (-1)'ge-’* = kt (—1)*q2« kb_,by—1/48 
dit = eq = Ti gue Pees 


The expressions (6.114) for Lo were used. The factors of /2 in the first two lines 
are conventional and are introduced in order to simplify the modular properties 
later on. 

These partition functions may easily be calculated, since g factorizes into 
an infinite product of operators, one for each fermion mode (the same is true of 
(—1)*). For instance, 


di = iba Tr ie ey 
k>0 
(10.44) 
= anes tat ieee (-1)*) 
k>0 


wherein we have used the fact the the trace Tr (AB) of a product of two operators 
acting on different factors of a tensor product is simply the product ( Tr A)( Tr B), 
the latter traces being taken only over the restricted spaces on which A and B 
specifically act. For a given fermion mode, there are only two states and the traces 
are trivially calculated: 


Trg? = 1+4* 
Tr q*?-+*(—1)F* =] a 


We may therefore write the following infinite products for the partition functions, 
and relate them to the theta functions defined in App. (10.A): 


(10.45) 


1 co 
Peete 1/24 1 n)— 0 
0,0 ved II q ) 
1 iat n 92(7) 
1 — —— 1 =f) sae 
dos = re 0+ = Vie 
(10.46) 
= 64(t) 
—— —1/48 | | ee iF = 


as Th Ta tes 
=e eed ) es 


r=1/2 
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How does this relate to the Virasoro characters? These characters are not defined 
with the torus in mind, and so they do not take into account the periodicity in the 
time direction: only the boundary condition on the cylinder matters; we therefore 
distinguish the R and NS sectors, and for each we define the characters according 
to Eq. (7.12) with the help of the expressions (6.114) for Lo. 


Table 10.1. Lowest energy states in the 


NS sector. 

Lo State(s) 

0 10) 

5 b_1/2\0) 

3 b_3/2|0) 

2 b_32b_1/2|0) 

3 b_s)2\0) 

3 b_s/2b_1/2|0) 

u b_7/2|0) 

4 b_s)2b_3/2|0) , b_72b-1/2|0) 


We first consider the NS sector. The lowest eigenstates of Lo are listed in 
Table 10.1. There are states with integral values of Lo, others with half-integral 
values. This means that the trace of g’° is not a pure character in this case, but 
the sum of two (or more) simple Virasoro characters. Since this system has c = 
c43)= , we know exactly what the allowed Verma modules are: they have 
conformal weights 0, 3 and i according to the Kac table. We therefore have a 
sum of the Virasoro characters x;,; and x2,;, occurring each with multiplicity one, 
as may be seen from the lowest two states. The states contributing to x;,; have an 
even fermion number and vice versa; this allows us to write the Virasoro characters 
as follows: 


1 
xia SE Tr (1 + (-1))g” 
i (10.47) 
x1 = q ae Te (1 — (—1)*)q” 


Comparing with the partition functions calculated above, we have the relations 
1 1 
Ait Gales (4, +19) a=; (d 


We then consider the Ramond sector. Here there are two degenerate ground 
states, differing by the fermion number F. Moreover, the eigenvalues of Lo in 


—d1) (10.48) 


iy 
272 ah 
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this case are integer offsets of xk according to Eq. (6.114). The character y; 2 is 


obtained by choosing one of the ground states, and obviously x12 = dy 1/2. 

From the expression (10.46) for the partition functions, it is a simple matter, 
with the help of App. 10.A, to determine their modular transformations: under 
t — —I/t, we have 


do, (-— 1/t) => di o(t) 
d o(—1/t) = do (t) (10.49) 
di 1(—1/t) = d1 1(r) 
Under the transformation t > 1 + 1, we have instead 
di g(t +1) =e""*d) 1 (r) (10.50) 
dii(t+1)= e741 g(t) 
Since the full partition functions are simply Z,,,, = |dy,,,|*, they transform exactly 
like the d,,,,’s, but without the phase factors. 
It is now evident that the only ways to obtain a modular-invariant partition 
function are (1) to impose periodic boundary conditions on the fermion (R,R), in 
which case the partition function vanishes because of the zero-mode, and (2) to 


include in the theory the three possibilities (NS,R), (R,NS) and (NS,NS), leading 
to the modular-invariant combination 


Z=Z114+291:4+Z19 

eu sad 27, 
|| 13) [04 
ni in| |n 
= 2 (Ixia? + 12,117 + 1x1,217) 


Thus, modular invariance requires that all three conformal fields associated with 
(fe 5 actually be present in the theory. Eq. (10.51) is merely twice the partition 
function of the Ising model on a torus. 


(10.51) 


§10.4. Models with c = 1 
10.4.1. Compactified Boson 


We have seen in Sect. 6.3.5 how the restriction of the domain of variation of a 
free boson to a circle of radius R restricts the allowed values of the charge a of 
the vertex operators, and how it allows new configurations with nonzero winding 
number. On the torus, such windings can occur when going from a point z to the 
equivalent points z + w; and Z + @». There are thus two types of winding, and we 
must generally consider configurations with the following boundary conditions: 


gz +ka, +k’w) = o(z)+2nR(km+k'm') kk eZ (10.52) 
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A doublet of integers (m, m’) then specifies a topological class of configurations 
obeying the above periodicity conditions, and a partition function Z,, , is defined 
by integrating over the configurations of such a class. The integration may be done 
by decomposing ¢ into a special configuration, which is also a classical solution 
to the equation of motion, Wie (with vanishing Laplacian, hence we take it to 
be the imaginary part of a holomorphic function), and a periodic field ¢ (the “free 
part” of yg). This reads 


Y = Pmym' ot g 
cl Zmt—m ZzZmt—-mMm' (10.53) 
ge ear | ee ae 
Ome tC — F @; T—T 


We check that the above configuration has indeed the right periodicity conditions 
and is real. The action S(g) is then the sum of S[@] (the action of the periodic 
field) plus the action S[y@! _,] of the classical linear configuration. Indeed, since 


m,m’ 


Aga = 0, the crossed terms in the action S[g] are proportional to 
l woz = acl 

/ PxV GC wVP = — ih Bx GAG. y = 0 (10.54) 

where we have performed an integration by parts. S [oe al is easily calculated as: 


1 Cc. 
Sige in] =a [es (V ae) 


1 SACI! 
= Qn / dzdz In m! OP! 


10. 
= 27R*A L_|mt~m' |’ ia 
iS la, |2| c—Tt 
_ ppeimt—m'? 

2Im t 


wherein A = Im (ww?) is the area of the torus. The functional integration over 
the periodic field @ gives a prefactor Zo; (cf. Eq. (10.13)), leading to the following 
partition function: 


mR? \mt — m’|? 


Zmnm'(t) = Zhos(t) exp — (10.56) 


Zim tr 

It is then a simple matter to determine the modular properties of this partition 

function, since Zpos is invariant under modular transformations. Under a general 

SL(2, Z) mapping t > (at + b)(cr + d), the t-dependent part of the exponent 
becomes 

|mt — m'|? _ |(mat + bm)(ct +d) — m'|’ |cr +d)? 

Im t Im [(at + b)(ct + d)] 
_ |mat + bm — m'ct —m’d/? 
Im t 


(10.57) 


§10.4. Models withc = 1 351 


wherein we have used 
Im {(at + b)(ct + d)] = Im (adt — bet) = Imt (ad — bc = 1) (10.58) 


Under modular transformations, the doublet (77, 1’) transforms like 


Cm) i ie il (”") (10.59) 


where the matrix is the inverse of the original SL(2, Z) matrix. The doublet (7m, ™m’) 
thus transforms like the periods (k,,k2) of the reciprocal lattice. That the set of 
modular transformations forms a group implies that a sum of the partition functions 
over all the doublets (7, m’) with equal weights is a modular invariant. Indeed, 
the J and S transformations on Z;» (tT) read 


Zim'(t + 1) = Zimm'—m 


(10.60) 
Zn am (— 1 /t) = LZ—m'yn 


hence the sum over all (772, 7’) € Z? forms a modular-invariant partition function 


R mR?2|\mt — m'|? 
— Zyo3(T) a exp Bd Si 


Z(R) = 
V2 m,m' 2Im t 


(10.61) 


The factor of R/./2 in front can actually be derived from a careful zero-mode 
integration of ¢. It also gives the correct normalization 1 of the Virasoro character of 
the identity atc = 1 in the transformed expression (10.62). Poisson’s resummation 
formula (cf. App. 10.A) may be used to reexpress this partition function in a 
different form. Setting 


a = R7/2n, b = amRay/m (t= +it) 


in Poisson’s formula (10.264) leads to 


] S 
Z(R) ~ - » goa FE BEE (10.62) 
Cee, 


In this form the partition function is manifestly compatible with the expressions 
(6.94) for Lo and Lo. It is simply the sum over all possible (electric) charges of 
vertex operators and all possible winding numbers (magnetic charges) of thec = 1 
Virasoro characters squared, with conformal dimensions 


: 1 
has 5(eR —RI2y hae 5(elR — mR/2)’ (10.63) 


These dimensions give the spectrum of primary fields in this model. The m # 0 
fields represent vortex configurations of the field yg, namely lines of defect along 
which g has a discontinuity of 27mR. The e # 0 fields correspond to electrically 
charged vertex operators expieg/R. A general field with e,m # 0 is a superposi- 
tion of these two. (The computation of some correlation functions of these fields 
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on the plane and on the torus will be presented in Chap. 12, Sect. 12:622)2The 
factor (Im t)~'/” has disappeared, since it resulted from the exclusion of the zero- 
mode, whereas the sum over charge and winding number sectors means that the 
zero-mode has been naturally incorporated. From the conformal dimensions we 
see that the scaling dimensions A,,,. and the spins Se, of the primary fields are 


(cf. Eq. (5.21)) 
Aem = @/R?4+m?R74 Sem = em (10.64) 


The spins thus take integral values, as they should for a boson. The scaling di- 
mensions are all positive (or zero) and vary continuously with R. As it stands, 
the model exhibits a remarkable electric-magnetic (e < m) duality, which results 
in the invariance of the partition function and the spectrum of states under the 
interchange R < 2/R 


| ZQIR) — Z(R) (10.65) 


10.4.2. Multi-Component Chiral Boson 


In this section we shall indicate how to form modular-invariant partition functions 
out of an assembly of compactified free bosons. We first need to introduce the 
notion of a multidimensional lattice. 

A lattice [ of dimension n is a set of points in IR” with the property that its 
elements may be expressed as an integer linear combination of a set of n basis 
vectors €;: 


r= |: =) xe | x) € z| (10.66) 


The lattice is said to be Lorentzian with signature (s,5) if it possesses (through 
IR”) an indefinite inner product with signature (+ ---+|—---—), withs (+) signs 
and 5 (—) signs. If s or 5 is zero the lattice is, of course, Euclidian; we shall denote 
by x -y the inner product between two elements x and y of R”. The volume vol(T’) 
of the unit cell is the determinant of the matrix formed by the components of the 
basis vectors: vol(I.) = det[e; - ¢;]. The lattice [* dual to I is the set of points p 
such that x -p € Z. Of course, I is also a lattice in the above sense, and may be 
generated by the dual basis {€*} satisfying the relation ¢; - €* = 4;;; the volume of 
its unit cell is vol(['*) = 1/vol(T)). A lattice is said to be self-dual if [ = I*; then, 
of course, vol() = 1. An integer lattice is defined to satisfy the property x-y € Z 
for all its elements x, y; it follows in that case that [ € I’*. An even-integer lattice 
is such that all its elements have even norm: x” € 2Z. 
Now we go back to the partition function (10.62), which may be written as 


1 we. 
R)= itp. —intp 
Z(R) = ror » e (10.67) 
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wherein we have defined 


p=eR+mRI2 p=elR—mRI (10.68) 


and the sum is taken over all integer values of e and m. The doublet (p, p) may be 
expressed as (p, p) = ee; + mez, with 


é; = (/RE VR) €2 = (R/2, —R/2) (10.69) 


After defining the Lorentzian product 
(x,y) +(x’, y’) = xx’ — yy’ (10.70) 


we see that the set of points (py, p) forms an even, self-dual, Lorentzian integer 
lattice, since €, -€; = e€2 -e€2 = O and e, -e2 = —1. As we shall now demonstrate, 
this fact is closely related to the modular invariance of the partition function. 

We consider a set of 1 bosons of which we keep only the holomorphic modes, 
and an a priori distinct set of 7 bosons of which we keep only the antiholomorphic 
modes. The theory is in fact defined by the following expression for the Virasoro 
generator: 


12+ yaad 


i=] k> 
i (10.71) 
ae se Desa 
i=l] k>0 


where p belongs to some lattice I’, and p to a lattice I. The partition function of 
such a system would then be 


1 hong 
A) — gine tap (10.72) 
n(t)"(r)" ae 


We are interested in knowing under what conditions this partition function is 
modular invariant. The effect of the modular transformation t — t + 1 is easily 
seen to be 
2ni(n —n) 

Zr(t + 1) = Z(t) exp << (10.73) 
provided that p* — p” be always an even integer. Thus the Lorentzian lattice 1 ® r 
must be an even-integer lattice. In order to investigate the transformation tT > 
—1/t, we need to use a generalization of Poisson’s resummation formula: 


1 b 
~ = == +— 10.74 
ye exp ( naq’ +q-b) = voItr) on Ee CEE = (p We :) ( ) 


wherein a is some constant with positive real part, and b is some constant n- 
component vector. This formula may be easily demonstrated by using the closure 
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relation* 


> 8(x -—q) = er > cae (10.75) 


gel per* 


and by integrating it over IR” against the function exp(—zax? + b - x). Applying 
Poisson’s formula to the partition function (10.72), we easily find that it is invariant 
under the mapping t > —1/r, provided r = I*, that is, provided the lattice is self- 
dual. We conclude that models built from 7 holomorphic and 7 antiholomorphic 
bosons are modular invariant provided the charge lattice (i.e., the lattice of the 
charge (or momentum) vectors (p,)) is an even-integer self-dual lattice, with 
n —n = 0 mod 24. 

This issue of modular invariance of a multicomponent boson system arises in the 
compactification of the bosonic string. Indeed, compactifying the extra dimensions 
in a consistent way is a task that has drawn a lot of attention in string theory. In that 
context the target space of the boson (the space in which the boson takes its values) 
is assumed to be physically very compact (of the order of the Planck length). The 
momenta of the string then take discrete values, and nonzero winding numbers 
must be considered. 


10.4.3. Z, Orbifold 


A variation of the compactified free boson theory is obtained by assuming that 
the field y does not take its values on the full circle, but on the object defined by 
identifying the angle g with —¢, namely, by performing a quotient by the natural 
action of Z2. Such an object is called a Z2 orbifold. When taken across a period 
Or W2, the field yg may then be “twisted”, resulting in the more general boundary 
condition 


Oz + ka, + lw) = e? +) 9(z) (10.76) 


already encountered when dealing with fermions, with u,v being equal either to 
0 or to 5: In the case of fermions, these boundary conditions were allowed by the 
fermionic nature of the fields, whereas here they follow from the topology of the 
space on which ¢ resides. Since the action for the free boson is symmetric under 
the interchange ¢ — —g, we may proceed as if the field were defined on the 
circle, except that we must integrate over half the range of ¢ in the path integral. 
Partition functions may then be calculated within the path-integral formalism, as 
before. 

However, we shall again work within the operator formalism and calculate 
traces in order to obtain explicit expressions for the partition functions. For 
(v,u) # (0,0), we shall denote the traces over the holomorphic modes by f,,,,,; 
the partition functions Z,,, are then equal to ional? The partition function Zoo 
in the untwisted sector is Z(R). In Sect. 6.3.4, we defined an operator G that 


4 See App.14.C for a detailed derivation. 
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takes y into —g. This operator anticommutes with g and may play a role sim- 
ilar to that played by (—1)* in the case of fermions, ea that it must be in- 
serted in the trace in the time-antiperiodic case (u = 5). It also anticommutes 
with the mode —— ay and a, and has the following action on the vacua: 
G|m,n) = | — m, —n). The Fock spaces built upon |mm, n) and | — m, —n) must 
be combined into sectors F, respectively symmetric and antisymmetric under the 
twist g > —g. Explicitly, F, is obtained by acting with an even number of cre- 
ation operators a, Or @,, on the symmetric combination |m,n) + | — m,—n), 
or with an odd number of creation operators on the antisymmetric combina- 
tion |m,n) — | — m,—n). F_ is built likewise, with the opposite combinations. 
The case m = n = 0 is special since the vacuum |0,0) is doubly degenerate: 
G\0,0). = =E/0; 0)... 

The holomorphic partition functions f,,,, may then be calculated like their 
fermionic counterparts: 


fot = =F 5h Gq 1/24 __ = Tr Gqu A_nAy—1/24 
fio= Trqe48 = Tr qent-nant 1/48 (10.77) 
fi ! me = TrGq- 1/48 __ = TrGq>"* A_n Oy +1/48 


Of course, the trace must also include a sum over the different vacua |vm,n), 
including the two vacua |0, 0)+ in the space-antiperiodic case (v = 4). Regarding 
fo,1/2, the insertion of G within the trace implies that only the sector m = n = 0 
will contribute; indeed, each state obtained by acting on |7,n) + | — m, —n) 
with creation operators has a counterpart with the same Lp eigenvalue obtained by 
acting on |m,n) — | — m, —n) with the same creation operators; however, these 
two states have opposite G values, and their contributions cancel in the trace. Thus, 
only the states obtained from the vacuum |0,0) contribute, and the sign of their 
contribution is —1 if they are obtained from an odd number of creation operators 
(G = —1) and +1 otherwise. It follows that 


g7 24 n(t) 
IN aa (i oF 1 yee) ee 


We now consider the space-antiperiodic case (v = 5): Here we need consider only 
the two vacua |0, 0), each giving identical results, resulting in a factor of 2. The 
difference here lies in the vacuum energy, and in the fact that the mode indices 
take half-integer values. We therefore have 


1 n(t) 
a = Pa hie - a9 
oa La Va ee 


5 1/48 ee ee) 
fy = 24 able (+4) VY a(2) 
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As in the case of fermions, the modular properties of these quantities are easily 
obtained: 


fos(-W/2) = fi of) 
fi o(-V/0) = fo.1@ (10.80) 
fi s(-V/t) =f 1) 
and 
fo, (r i= ef, (1) 
fiolt +) =e" fi 1x) (10.81) 
fiiuc+y= ef a(t) 
The only modular-invariant combinations are thus Zoo = Z(R) and 
foal? + Hi ol> + If 31? (10.82) 


What we call the orbifold partition function Z,(R) is obtained by summing 
over all types of boundary conditions and projecting on G-invariant states. This 
amounts to the calculation 


1 ai -wi21 if 
Zow(R) = ql"? 5 Tr (1 + Gling’? + IgiN > Tr (1 + G)ging” 


1 
3 Zoo + Ifo! + Hao? + tft.) 


1 In| In| 7) 
=_(ZR)e4 a ee 
= ®) |02| 03 | \04| 


(10.83) 
In the first line, Tr , means a trace in the space-periodic and space-antiperiodic 
sectors, respectively. By using the identity 6630, = 2n° proven in App. 10.A, 
Eq. (10.260), the result can be finally written in the form 


ZetR) = 5 (2@)+ (10.84) 


+ 
In|? \n|? \y|? 


\8203)  10264| ea 


§10.5. Minimal Models: Modular Invariance and 
Operator Content 


After having treated various free-field examples, we now tur to the study of 
modular invariance in the context of minimal models. In this section, we show 
that, for a theory to have only a finite number of primary fields, the modular 
invariance of the partition function forces its central charge to be strictly less than 
one. Conversely, we will prove that if c is not of the form 1 — 6(p — p’)*/pp’, for 
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relatively prime nonnegative integers p and p’, the model cannot be minimal, that 
is, it contains an infinite number of Virasoro primary fields. 

We recall that the Hilbert space of a minimal model with central charge c is a 
finite collection of irreducible left-right Virasoro modules 


H = @ MC,h) @M(c,h) (10.85) 
hh 


The modular invariance of the partition function of the theory on a torus turns out 
to be a very strong constraint on the operator content of the theory itself. The torus 
partition function reads, following Eq. (10.5), 


LQ) My OG) (10.86) 
hh 


where M,, ;, denotes the multiplicity of occurrence of M(c,h) @ M (c,h) in H, 
and we identified the left Virasoro characters 


x(t) = Tryen(q™) = g* > d(n)q” (10.87) 


n>0 


and their right counterparts. To make contact with Sect. 9.3.4, the characters can 
be viewed as the conformal blocks of the (nonnormalized) zero-point correlation 
function on the torus, namely the torus partition function (10.86), where the left- 
right decomposition is manifest. 

For the following discussion, we take Tt to be purely imaginary (corresponding 
to arectangular torus), namely t = 20, in order to make gq real. Due to the presence 
of singular vectors, the number d(7) of independent vectors at level n in M(c,h) 
is bounded by p(), the number of partitions of n. This results in the following 
upper bound on x;,: 


h—(e—1)/24 


x7,(i) < Ga >> p(n)q” = q 


7 (10.88) 
n>0 


Inthe limit@ + 0+ (henceg —> 17), and since n(i0) = V6 n(i/@) (cf. Eq. (10.12)), 
we have 


02 1 
10) < —— ~ G2e7! 128 10.89 
xn(i0) < WGI) € ( ) 


In the last step, we keep only the leading term of n. Consequently, the modular- 
invariant partition function satisfies the bound 


Z(i0) = Z(i/0) < 6” SY) Myj, (10.90) 
hh 
The last sum is the total number M of primary fields in the theory 


M = DI Mnj (10.91) 
hh 
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On the other hand, the leading behavior of Z(i/0) when 6 — O0* is given by the 
contribution of the smallest dimension operators. Defining 


hnin = ~min{h +h\M,; #0) 


: (10.92) 
= (he toh 
at Oise o) 
we have 
Z(i/0) ~ M,, ,.e° min —C/24) (10.93) 
With the above upper bound (10.90), this implies 
M, 5 en Ot min (C124) <0M (10.94) 
OFf0 


If the theory is minimal, the number /M is finite, and the r.h.s. of (10.94) goes 
to 0 in the limit 9 + 0+. The bound then forces the strict inequality 


(ec -—1) 


10.95 
24 ( 


Ani > 


or equivalently 
ec < 1+24hnin (10.96) 


Since the identity operator withh = h = O always belongs to the theory, min < 0 
(one would have ht pin = 0 in a unitary theory). As a consequence, we find that all 
minimal theories must have 


c%<yl (10.97) 


We now refine the analysis to find which values of c < 1 can lead to minimal 
theories. For this, we need a lower bound for the torus partition function of the 
theory. We consider a theory with central charge c not of the form 1—6(p—p’)*/pp’, 
and write again its modular-invariant partition function Z, in the form (10.86). Then 
two situations may occur for the Verma module V(c, h):° 
(i) The module is irreducible, and its character reads 


h—(c-1)/24 


n(t) 
(ii) There is a unique singular vector at some level N in V(c,h) (see Ex. 8.3)); 
therefore, the character of the associated irreducible module M(c, h) reads 

h—(c—1)/24 


— _AN 
x(t) = i (1-q") (10.99) 


In both cases, since N > 1, we have the following lower bound for the characters 
(with t = 16): 


Ghee (10.98) 


h—(c—1)/24 
(id) 


> This is a theorem of the representation theory of the Virasoro algebra (7.4). 


xn(id) > (1 —q) (10.100) 
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When @ — 0+, we find 


V 


xn 0) > (1 — e72"*)92¢@7/12 
> 210367126 (10.101) 


This yields a lower bound on any modular invariant partition function built from 
these characters, when 0 — 07: 


Z(i0) = Z(i/0) > 4n76%e”" M (10.102) 
Again, the leading behavior of Z(i/0) when 0 —> 0+ gives 
Mea eg min ~C/24) > 4n793e7/ AY (10. 103) 


Therefore, if the theory is assumed to be minimal, with c not of the form 1 — 6(p — 
p’)’/pp’, the r.h.s. of the relation (10.103) goes to +00, which imposes the strict 
inequality 


(e— 1) 


hmin < Jy 


(10.104) 


in contradiction with inequality (10.95). 
We have thus proven that all the minimal theories have a central charge of the 
form c = 1 — 6(p — p’)*/pp’, where p and p’ are two relatively prime integers. 


§10.6. Minimal Models: Modular Transformations 
of the Characters 


We recall the expression of the characters of the minimal models with central 
charge 


Bae ye 
6? P’) 
pp 


pertaining to the irreducible representation with Kac indices (r, s) in the range 


c(p,p’)=1- (10.105) 


1<r<p’-1 
l<s<p-1 (10.106) 
p's <pr 


From now on, we denote by E,, ,. the set of pairs (r,s) in the range (10.106). The 
characters can be written in the form (8.17) 


xrs(t) = x,,.(7) = K,,@ — Ki. (10.107) 
where 


Ars =pr—p’'s = pr P Ps (10.108) 
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and 
| 
1 Brey. 
K,() = ae qd (10.109) 
f neZ 
with 
N = 2pp’ (10.110) 


The transformation J : t > t+ 1 can be read directly from the expression of 
K, (1). Using the T transformation of n given by Eq. (10.12) and the fact that 


2 2 
ae a (10.111) 
2N 2N 
we readily obtain 
Ky (ct +1) = ethene ka) (10.112) 
The relation 
z 2 
a - a = rs = 0 mod 1 (10.113) 
allows us to write 
Ky (e+ lye re KG) (10.114) 


Hence both K,,, and K,,_, transform in the same way. The action of J on the 
minimal characters reads then 


tee lyenen ee) (10.115) 
Writing 
peak G1) ee Ege eel (10.116) 
(p,0)EE, 


we obtain the matrix element of 7 in the basis of minimal characters 


Trs:po = 6 6.96 ee (10.117) 


with the conformal dimension ,,, given by the Kac formula (7.65). Note that the 
original definition of characters (10.87) immediately yields (10.115). The use of 
functions K is, however, instrumental in the computation of the S transformation. 

In order to compute the action of S : t — —1/t, we first need a close look 
at the change of indices from (r,s) to A,;,; = pr — p’s. For two relatively prime 
integers p and p’, there exists a unique pair (79,5) in the range (10.106), such 


that® 
Pro — p'so= 1 (10.118) 


© This result is known in France as the Bezout lemma. See Ex. 10.1 for a detailed proof. 
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We define 
@o = pro t+p’so mod N (10.119) 
for which 
w, =1 mod 2N (10.120) 


The integer wp has been designed to generate the transformation s > —s in A 
namely 


FSi) 


hee ay 47s mod N (10.121) 
The minimal characters can then be reexpressed in the form 


K3(t) — Kaya(t) (10.122) 


x(t) 
From the obvious symmetries 
hon — Ky, = K_, (10.123) 


we see that K, defines a set of 5N + 1 independent functions. These relations 
immediately imply that 


Xa = XatN = X-a = —Xad (10.124) 

Therefore, x, takes (p — 1)(p’ — 1)/2 independent values, which can be taken in 
the fundamental domain {A,,,|(7,5) € Epp}. 

The modular transformation S will now be shown to act linearly on K,. 


For this we apply the Poisson resummation formula (10.264) to K,(—1/r), 
A, = 0), psean/al alle 


1 ss - [| 
J —itn(t) fez s t 2N 
din [kx - (e+ * xy 
= ane in| (x + —) 
7 nem | 
= Fans he o02|ank N ata N? 


1 c a | k2/2N 
= —— exp 2ee —— 1g 
V2N1(t) eB N 


Writing k = 1 +Nm,m e€ Z, pw € [0,N — 1], we get 


Ni 
K,(-/) = ls 


K,(—1/t) = 


(10.125) 


eo (a) (10.126) 


ae 
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We have changed the sign of the phase in the exponential factor, which does not 
affect the summation as K,, = K,4n = K_,. Likewise, we get 


N-1 1 : 
Ko(-1/t) = > = en rixondulN Ke () 
es (10.127) 


a 1 QinrviN 
= ne wae u(t) 
Ba Kew 


where we have performed the change of summation index v = woz, and changed 
the sign in the phase factor, using again K_,, = K,,. The minimal characters are 
therefore transformed as 


N-1 
1 : 
n(-/) = > me Xu(7) (10.128) 
p=0 


We are not quite finished since the range of summation is still not the desired 
one: we must restrict the sum over y on the r.h.s. of Eq. (10.128) to the fundamental 
domain E,,, associated with (10.106). In the interval over which yu is summed, 
there are points at which x, vanishes, namely when 


@u=+u mod N (10.129) 


a consequence of the (anti)symmetry relations of Eq. (10.124). This corresponds 
to the case when yz is a multiple of p or p’. The set of yz’s for which woA #4 +A 
mod N can be decomposed into four sets of an equal number of elements: (i) a 
fundamental domain for the action of wp, namely {A,.;|(r,s) € Ep p’}, (ii) its image 
under multiplication by wp) modulo N, and (iii) and (iv) their respective images 
under jz — N — wu. This enables to reorganize the r.h.s. of Eq. (10.128) into 


x(-1/t) = 
1 . ; : ; 
x @— e2tAuIN - e2imonp/N +e 2imauIN aa e~2itAwop/N (10.130) 
i | 
(0,0)€E, »/ 
Writing A = pr — p’s and u = pp — p’o, we get the sum of exponentials 


2 cos(27A(pp — p’o)/N) — 2 cos(2mA (pp + p’a)/N) 
f 10.131 
= 4(—1)! sete sin( 10) sin(xt 0) : 


This leads to the modular transformation 


2D , 
tt) =e | — SD 1) se sin(or 1p) sin(2+~-sa) Yee) 
Pp 


(2,0)€E, 
(10.132) 
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This is usually written in the form 


ea =") Sar Xpa(t) (10.133) 
(p,0)€E, p 
with 
2 1+sp+ro .: p : p’ 
Sts;p0 = 2,/—(-1) sin(z —rp) sin(x— so) (10.134) 
Pp Pp Pp 


The matrix elements of the transformation S on the basis of minimal characters 
are clearly symmetric and real. In addition, the transformation S is unitary, which 
implies that 


S = 1 (10.135) 

This can be checked directly on the expression (10.134) by simple trigonometric 
manipulations (see Ex. 10.4). Notice also that (see Ex. 10.5) 

Sii:p #0 forall (p,0)€ Epp (10.136) 


We conclude this section by giving the explicit form of the modular matrix S 
for the simplest minimal models. 
(i) The Yang-Lee model M(5, 2). As mentioned in Sect. (7.4.1), this nonunitary 
minimal model is built out of two primary fields: the identity I and ¢( 2), in this 
order. The modular matrix (10.134) is 


_ 2 (-—sin(27/5) _ sin(4x/5) 
eee ( sin(47/5) aan) ) ae” 


(ii) The Ising model M(4, 3). The three primary fields are, in this order, the identity 
I, the energy field ¢, and the spin field o. The modular matrix is 


me 1 9) 
S=5|1 | ewe (10.138) 
ee aa 


(iii) The tricritical Ising model M(5,4). The six primary fields are listed in 
Table 7.2, in that order. The corresponding modular matrix is 


$2 $} S} $2 J2s1 /2 s2 
S$} =>? —S2 S| J/2s. —V25; 
ic S| ay) — 5) Sj SAD S> 2S 


= 10.139 
52 $1 S|} 52 oS —J/2 52 ( ) 
J2s, V2s, —V2s. -V25) 0 0 
V2s. —V2s, V2s, —V252 0 0 


where 


S; = sin(27/5) S2 = sin(4z/5) (10.140) 


364 10. Modular Invariance 


§10.7. Minimal Models: Modular Invariant Partition 
Functions 


In this section, we exhibit the modular-invariant partition functions of the minimal 
models (p, p’). They turn out to be in one-to-one correspondence with pairs (G,H) 
of simply laced Lie algebras’ (A, Dn, Es, E7, Eg) with respective dual Coxeter 
numbers p’ and p. We do not intend to develop the Lie-algebraic interpretation at 
this point but merely wish to justify the notation Zc 4 adopted in the following 
discussion. 

The expression (10.86) for the partition function of a minimal theory reads 


ZD= Yo Mys:tu Xrs(D) Xu) (10.141) 


(r,s),(t,u)EE, py 


The multiplicities M,;-,, of occurrence of the corresponding left-right representa- 
tion modules V,, ® V;,, are nonnegative integers, and the identity is nondegenerate, 
that is, Mj 1.11 = 1. 

Constructing a modular-invariant partition function amounts to finding a set of 
multiplicities M,,;..,,, such that 


Mitaa = 1 
MT =TM (10.142) 
MS =SM 


The last two conditions express in matrix form the invariance of the partition 
function (10.141) under, respectively 


FA aed Cy) and S:Z(-1/t) = Z(t) (10.143) 


(The unitarity of the matrices TJ and S has been used.) 

In this section, the results are presented in a rather sketchy way since the detailed 
mechanism behind the construction of these invariants will be exposed in full length 
in Part C, where classification issues are also discussed. One of the main features of 
the classification of minimal models is that, except for p or p’ = 2, 4, there always 
exist more than one modular-invariant theory at a given value of the central charge 
c(p,p’) = 1 — 6(p — p’)*/pp’. This means that one can find different operator 
algebras, closed under OPE, and built out of the same set of primary fields. The 
conformal theories discussed so far correspond only to one of these invariants, 
namely the diagonal invariant, which we shall denote by Z4,,_,,_,. In particular, 
the fusion rules discussed in Chap. 8 apply only to these theories, and we expect 
different fusion rules for the other theories. Fusion rules will be addressed in all 
generality in Sect. 10.8 below. 


7 Simply-laced Lie algebras are fully discussed in relation to conformal field theory in Part C. 
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10.7.1. Diagonal Modular Invariants 


The weakest condition, the T invariance, restricts the possible left-ri ight association 
of modules (h, /) by the condition that 


h—-h =0 mod 1 (10.144) 


An obvious solution consists of only left-right symmetric states with h = h. The 
corresponding partition function reads® 


hee eee (10.145) 


(AScEy 


which is indeed a modular invariant, thanks to the unitarity of the matrix S, 
Eq. (10.134). This modular invariant is said to be diagonal. It is the partition 
function of the minimal M(p,p’) model on a torus. The operator content of 
such a theory is read off directly from the invariant (10.145): each field of the 
Kac table E(p, p’) appears exactly once in the spinless left-right combination 
Por,s) = Pirs) @ Pers). 


10.7.2. Nondiagonal Modular Invariants: Example of the 
Three-state Potts Model 


The modular invariants of the form (10.145) are the torus (doubly periodic) par- 
tition functions of the diagonal minimal conformal theories, referred to as the 
M(p, p’) models. However, there exist minimal theories in which not all the fields 
of the Kac table are present. This is the case for the three-state Potts model, al- 
ready mentioned in Sect. 7.4.4, whose (left or right) field content is a subset of 
the M(6,5) minimal model. It has been observed that only the fields ¢;,.,), with 
Ss = 1,3,5, are present in the (left or right) theory. In looking for a modular invari- 
ant corresponding to this theory, the simplest thing to do is to group the fields into 
blocks having nice modular transformation properties. In particular, for a block J 
of representations of the form €;-, V; to be invariant, up to a phase, under 7, it is 
necessary and sufficient that the CORBEp OTA dimensions h; be integer-spaced, 
i.e.,h; — hy € Z, for any i,j € I. Such blocks are easily found for the three-state 
Potts Rodel by noticing that 


hrs —h,, = 5—2r (10.146) 
The corresponding block-characters 


Ce — X.1() + ts) 


(10.147) 
Cake) = xr3(0 


8 The subscripts A,y_, and Ap_ refer to the Lie-algebraic interpretation mentioned before. Here 
they should be viewed only as labeling indices. 
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defined for r = 1,2, are invariant up to a phase under the action of T: 
Crier ks CEC ie) 
Ca@ael) = ees Gae) 2) 


Under the action of S, with the matrix elements (10.134), p = 6, p’ = 5, they 
transform as 


(10.148) 


Cr) = Ascii satiate) +2f610i300) + 52C2900) | 
nei F[sstia(0) ~s1Caa(0) + 266201300) ~ 5102300) | 
oni = False mie Cina s2Caa(0) | 
Coen aI s2Cin00 = sC\() GEO =a) 


(10.149) 
with the notation s} = sin 7/5, s7 = sin 27/5. In view of (10.149), and noting that 
s? + s3 = 5/4, the sesquilinear combination 


Y {iGa@r? +21C,@r} 


r= 2 


DY {lx + xsl? + 21x37] 
r=1,2 


Zpotts 3(t) 


(10.150) 


is seen to be a modular invariant. It is indeed the modular-invariant partition func- 
tion of the three-state Potts model on a torus. This partition function is differ- 
ent from that of the M(6,5) minimal model, of the form (10.145). It exhibits 
an operator content different from that of the A4(6,5) model. From the parti- 
tion function (10.150), we read that only the operators ¢(,,;), with s = 1,5 and 
r = 1,2, are present in the (left or right) theory, together with nwo copies of 
the operators ¢i,,3), 7 = 1,2. This last fact is crucial for the modular invariance 
of Eq. (10.150). This is the first occurrence of a multiplicity 2 in a modular- 
invariant combination of the form (10.86). This multiplicity shows that the three- 
state Potts model is not just a subtheory of the minimal M(6,5) model, as it 
contains more copies of some of its fields. This is reflected in the nontrivial 
structure of the three-state Potts fusion rules, which are not just a subset of the 
M(6, 5) fusion rules, as the naive analysis of Sect. 7.4.4 first suggested. More- 
over, two sets of nonsymmetric left-right combinations of fields occur, namely 
$r,1) ® Ps) and their complex conjugates, which have a nonvanishing spin 
+(2r — 5). 

To study the fusion rules of the three-state Potts model, we use the same no- 
tations as in Sect. 7.4.4. We must take into account the multiplicity 2 for the two 
operators denoted o and Z in Table 7.5. We denote by o), 02 and Z,, Z2 the corre- 
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sponding copies. This multiplicity can in fact be understood in relation to the Z; 
symmetry of the three-state Potts model, under which the fields are transformed 
as 


I> I 

E> € 

?, ae 

Y—> Y 

Pe Se (10.151) 
Ge. 05 

neue. Zy 

Dy eo? 7, 


The fusion rules of Table 7.6 do not preserve this symmetry. To account for 
Eq. (10.151), it is a simple matter to verify that they have to be changed into 
those appearing on Table 10.2. 


Table 10.2. Z3-invariant fusion rules of the 
three-state Potts model. 


EXE = [4X 

EX Oj = 0;+Z; = 12) 
ex x = 6€+Y 

exy = X 

ex Z; = Oj G7) 
ojXoo; = I+et+X+Y 

OXO; = 02-4+22-i (i = 1,2) 
Fix & = 0,+Z; = 122) 
a; x Y = 0; Cai?) 
o;XZo; = E+X Give 2) 
0; x Z; = 02; Gk?) 
XxX = [+X 

x Y = € 

xXx Z; = Oj; (1-2) 
Ge eo e = | 

YZ; = Li (i= 12) 
ZxZ2-i = 14+Y (i = 1,2) 
Z; 


a A ee 4 (i = 1,2) 
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10.7.3. Block-Diagonal Modular Invariants 


In the framework of a general minimal theory M(p,p’), the Potts example sug- 
gests looking for sets (blocks) of representations containing fields with dimensions 
differing by integers, which are linearly transformed among each other under the 
action of S, as in Eq. (10.149). If we let 


Ci) = DE xr) (10.152) 


(r,s)ely 


be the corresponding block-characters, then 


CRE AA en) (10.153) 
oT 


If the restriction of S to this space is still unitary, we get a modular invariant by 
taking the sum of the moduli square of these blocks C;,. This is indeed the case 
whenever p or p’ is of the form 47 + 2, for some integer 77. Using the Kac formula 
for the dimensions, one readily sees that, in either case, the field @y 1,1) = $a,p-1) 
has an integer dimension. In all these cases, the block-character of the identity 
operator can indeed be taken to be C),; = x1,1 + Xp’-1,1, and consequently all the 
other blocks are also made of two representations of the Virasoro algebra. However, 
when p or p’ = 12 or 30, a third modular invariant can be constructed with a 
different block of the identity C ;. The explicit form of all these block-diagonal 
modular invariants appears in Table 10.3. 

The partition function (10.150) of the three-state Potts model corresponds 
to Z4,,p, here. The next simplest nondiagonal modular invariant describes the 
tricritical three-state Potts model, and it reads 


Zoss = >, Ixis + Xsel +2lx3.l? (10.154) 
S=1p2e5 


We note the appearance of many fields with multiplicity 2, namely those of 
the central column (or line) of the Kac table, that is, with either r = p/2, 
s = 1,2,...,@ — D2 or s=p)2)r'= 1,2,..0(p = 1)/2. The case-by- 
case proof of J and S invariance of the partition functions of Table 10.3 is per- 
formed in Exs 10.6, 10.7 and 10.8, for, respectively, the (D241, Ap-1), (Ee, Ap=1), 
and (Eg,Ap-_) theories. The modular invariants of Table 10.3 are said to be 
block-diagonal. 

The fusion rules for the (D)/241, Ap-1) and (A,_1, Dp241) models can be in- 
ferred from the restrictions of the corresponding M(p, p’) diagonal models, with 
the extra constraint that they should be invariant under a generic Z) symmetry, 
which distinguishes between the two copies of each doubly degenerate field, while 
the other fields are left unchanged (see Ex. 10.12 for a complete derivation). This 
generic Z2 symmetry is hidden in the Potts example, as an artifact of the Z; symme- 
try: in that case, it corresponds to the charge conjugation, which indeed exchanges 
0) < 02 and Z; <= Z). 
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When p or p’ is a multiple of 4, we shall find another way of deriving a nondi- 
agonal modular invariant, using symmetries of the matrix S. This is the subject of 
the next section. 


10.7.4. Nondiagonal Modular Invariants Related to an 
Automorphism 


Starting from a block-diagonal modular invariant of the form 
Soe (10.155) 
nN 
where the C’s are either minimal characters or linear combinations thereof as in 
(10.152), it is sometimes possible to build a permutation modular invariant 


Zn = >) Chay (10.156) 
A 


for some special permutation (or automorphism) IT. In order to get Mj 1:1,1 = 1, 
II must satisfy I1(1, 1) = (1, 1). If the matrix elements S,_,, of the transformation 
S:t— —1/t of the C’s, 


Ge =) Sica) (10.157) 
u 


satisfy the property 
Sna)my) = Siu (10.158) 


for some automorphism I acting on the blocks, then the partition function Zp 
of Eq. (10.156) is invariant under the transformation S. The 7 invariance will be 
granted if in addition 


Ana) —h, = 0 mod 1 (10.159) 
for all A’s, which amounts to 


Tha).nw) = Thy (10.160) 


The modular invariants Zp are usually called permutation or automorphism 
invariants. 

The modular invariants appearing in Table 10.4 can all be described in this 
way. They are the respective conjugates of the modular invariants Z4,,_,4,_, when 
p’ = 4morp = 4m, of Zp,,,4,_, whenp’ = 18, andofZ,4,_,p,, whenp = 18.The 
ee of Z4,_,,A,-, leading to Zp,,,,,,,4,_, 18 studied in detail in Ex. 10.9 
below. 


10.7.5. D Series from Z, Orbifolds 


The Z2 orbifold method, applied previously to the c = 1 model described by a 
compactified boson (see Sect. 10.4.3), can equally be applied to the (Ay-1, Ap-1) 
minimal theory. The Zz symmetry of the diagonal minimal theories is identified as 


Syl 
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follows. Instead of taking the usual fundamental domain E, ,y for the Kac indices 
(r,s) of the irreducible representations that form the theory, we instead take the 
following equivalent set E7, ,: 
1<r<p'-l 
l1<s<p-l (10.161) 
r+s = 0 mod 2 
The equivalence to E,,,, is a consequence of the symmetry (r,s) > (p’—r,p—s) 
of the Kac table. 
For (r,s) € 2a, the Z2 symmetry acts as follows on the (chiral) primary fields 
P(r,s)% 


brs) > (-1)t! b¢5) (10.162) 


This leaves the minimal fusion rules (7.61) invariant, since the only nonzero struc- 
ture constants are of the type C,,, and C__; (the symbol + stands for the Z 
charge of the respective fields). In addition to the untwisted partition function? 


254) = Zee (10.163) 
we may construct a twisted one 
Ze) 1) (10.164) 
(r,S)EF py 


As in the c = 1 case of Sect. 10.4.3, the modular-invariant orbifold partition 
function is obtained by including also two other twisted sectors, images of (10.164) 
by modular transformations, namely 


22 = oe 
(10.165) 
Zee = Pores) => TS 2a 
The modular-invariant Z2 orbifold partition function finally reads 
1 
Zot = 2 (Za SF y +Z_,4 +2.) (10.166) 


Comparing the partition functions obtained by this procedure with those listed in 
Tables 10.3 and 10.4, we find that 


Lord = 2D gina when py = 0 mod 2 (10.167) 


ZAy-1Dpnx, When p=0O mod2 


10.7.6. The Classification of Minimal Models 


The mathematical classification of all modular invariants for minimal models can 
be carried out explicitly. The result is the list of block-diagonal and nondiagonal 


° We denote here by + and — the boundary conditions on the partition function according to the Z2 
charge. They correspond, respectively, to the labels 0 and 5 in the c = 1 bosonic case (10.84). 
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invariants given in Sect. 10.7.1 and Sect. 10.7.4 above: it is usually known as 
the ADE classification, for reasons to become clear later. This list exhausts the 
modular-invariant minimal conformal theories. The case c = | will be treated in 
Chap. 17 (see App. 17.B), and will also display a remarkable relation to the ADE 
classification. However, the classification of c > 1 theories, as well as nonminimal 
c < | theories, is still an open question.!° 


7° —@__°__ 


Figure 10.3. The A,,, D,,, &, €, and €; diagrams, with, respectively, n, n, 6, 7, and 8 
nodes. 


To understand at least how the labeling of these modular invariants goes, we 
illustrate on Fig. 10.3 a set of diagrams'! indexed by A,, Dy, &, E7 and Eg. To 
each diagram we associate an adjacency matrix Ga», with entries indexed by the 
nodes a, b of the diagram and such that 


G,» = # of links between a and b (10.168) 
For instance, the adjacency matrix for A3 reads 
O i @ 
Ae =P) 1 (10.169) 
OO 


The matrices corresponding to the diagrams of Fig. 10.3 are exactly all the ad- 
jacency matrices of connected diagrams, whose eigenvalues are strictly less than 
912 


10 More precise statements on the classification issues are given in Chap. 17. 

| These diagrams will appear naturally in the discussion of the classical simply laced Lie algebras 
in Chap. 13. Notice that the diagrams are denoted by calligraphic letters. 

12 This is one of the many occurrences of ADE in general classification problems. A few other 
occurrences of ADE will appear in Part C: classification of modular invanants of conformal theones 
with Lie-algebra symmetry, classification of c = 1 compactified bosonic theories, classification of the 
finite subgroups of SU(2), and so on. A proof of the present ADE graph classification is sketched in 
Ex. 10.10 below. 
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The eigenvalues of the A, D, and E matrices are of the form 


je (10.170) 
4 
where the values of g and m are listed in Table 10.5.!° 


Table 10.5. Values of g and m for the A, D, € diagrams. 


Diagram 54 Values of m 
A, n+1  1,2,3,-:-,n 
dD, 2n—2 1,3,5,---,2n—3,andn —1 
& 12 14,5, 758,11 
& 18 Loyd, ocl tis, i 
Es 30 1,7, 11,13, 17, 19,238,259 


This table provides the rationale for the previous labeling of the modular in- 
variants: the Kac indices (r,s) of the spinless (2 = h) operators in the modular- 
invariant theory (G, H) are exactly the values of m labeling the eigenvalues of 
the associated adjacency matrices G (values of r) and H (values of s). The cor- 
responding values of p’ and p match exactly the corresponding values of g for G 
and H, respectively. 


§10.8. Fusion Rules and Modular Invariance 


The fusion rules of the minimal theories have been studied in detail in Sect. 8.4, 
and revisited in the light of correlation functions in Sect. 9.2. Here we propose yet 
another approach, based on modular transformations. The whole idea might seem 
paradoxical at first sight. Modular invariance really states how the left and right 
representations of the Virasoro algebra should be paired. In contrast, the fusion 
tules are essentially chiral, namely they pertain to only the left (or right) part of the 
theory. This apparent incompatibility is resolved by the highly nontrivial and very 
constraining fact that the characters of the left (or right) Virasoro representations 
form a unitary linear representation of the modular group. This is actually the 
main reason for the relation between the modular transformation properties of the 
characters of these representations and the fusion rules. In this section, only the 
chiral properties of the theories will be used. 


13. For reference, we indicate their Lie-algebraic meaning: g is the dual Coxeter number and m runs 
over the Coxeter exponents of the algebra. 
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In the following discussion, we find an explicit relation between the modular 
transformation S of the characters and the fusion numbers NV. This proves to be a 
very general fact, and extends to the block-diagonal theories of Sect. 10.7.1. This 
leads naturally to the concept of rational conformal field theory (RCFT), namely, 
theories that are not necessarily minimal but whose (possibly infinite) collection 
of primary fields can be reorganized into a finite number of blocks corresponding 
to an extended symmetry algebra. 


10.8.1. Verlinde’s Formula for Minimal Theories 


The relation between the fusion numbers er of the minimal theories 
Eq. (8.131) and the S matrix elements of Sect. 10.6 reads 


Ca) ee ils (10.171) 
(je, py 1 ly 


(the division by Sj;.; is allowed, thanks to the positivity property (10.136)). 
Eq. (10.171) is known as the Verlinde formula for minimal models.'* Its particularly 
simple form is rooted in commutative algebra theory, as illustrated in Ex. 10.18 
in the case of the algebras of representations and classes of a finite group. This 
formula can be proven directly, by using the expression of S, Eq. (10.134), and 
some trigonometric sum rules. Another way consists in interpreting the Verlinde 
formula (10.171) as expressing the simultaneous diagonalization of the commuting 
matrices!> N(,,), with entries 


(Neier Noo man” (10.172) 


Indeed, Eq. (10.171) amounts to the eigenvector equation 


Sys, 
De [Newsy] ante Skl, po Le (= = ) Sinnipo (10.173) 
(k, DEE, p »po 


In order to prove this relation, we use the fact that the matrices Ni,,,) are entirely 
determined (polynomially) by the matrices X = Ni2,1) and Y = N; 2), acting as 


Nea Nis) = Noisy +No-is) with Nos) = News) =0 


(10.174) 
Naz) Nosy = Nosty +Nos-y with Noo) = Nop) = 9 


14 This is actually a specialized version of the Verlinde formula. The general form is presented in the 
next section. 

'S We recall that these matrices form a regular representation of the fusion algebra, as commutation 
of these matrices amounts to associativity of the fusion mules (see Sect. 8.4.2 for details). 
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(cf. Eqs. (8.96)-(8.97)). Thus, using Eq. (10.134), we have 


S XrsymnSian,po 
myn 
= Or+1,s539,0 SF Sr-1,5:0,0 
= 4 sptl+(r+lo o: p’ 
~ /2pp’ a = | (10.175) 


x (sin xa + | + sin ea — |) 
p’ p 
= 2(-—1)° cos fed Syaies 


Likewise, Y acts on S as 


a VY mone = 2 eos [reo] Sree 
m,n Pp 


Hence, the vectors v‘’ with components 
[v°r),.. = Sys ipa (10.176) 


are simultaneously eigenvectors of X and Y, and therefore of all the matrices 


Ns), since these are polynomials of X and Y. We finally compute the eigenval- 


ues of Nis) in this basis, denoted by yi2”. They satisfy the following condition 


(expressing that Ni 1) = I, Eqs. (8.87)-(8.95)) 


Nii = bm5sn = ye Sik ye Skin (10.177) 
(k DEE, y 


Using the unitarity of the matrix S (Eq. (10.135)), multiplying both sides of 
Eq. (10.177) by Syin,oo, and summing over m,n, we find 


Sys, po 
YO? = ee 


(10.178) 
Sit pe 
This completes the proof of Eq. (10.173). However, a more conceptual proof is 
certainly desirable. This will be the object of Sect. 10.8.3 below, which relies on 
some special transformations of the conformal blocks of the theory. In preparation 
for this, we first recall a few facts on conformal blocks. 


10.8.2. Counting Conformal Blocks 


In Chaps. 8 and 9, we have seen how the correlation functions of a minimal con- 
formal theory factorized into holomorphic x antiholomorphic conformal blocks 
corresponding to the various intermediate state projections allowed by OPE. More 
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precisely, to a correlation function of primary fields (¢;¢2 ---@y) on the plane, 
there correspond all the conformal blocks 


2 3 N-1 
10.17 
os pa ea hie alles N ( 2 
Jy da IN-3 


allowed by OPE, namely such that 


$), Ebi X fo 
e ih ee (10.180) 


On (= Pins x On-1 


In all generality, a basis of conformal blocks is associated with a ¢° diagram (i.e., 
a graph with only trivalent vertices), with external legs carrying the indices of the 
fields of the correlation function, and propagators carrying the indices of inter- 
mediate states allowed by OPE. The number of such allowed states ¢; € ; x $j 
is simply the fusion number Ni, counting the number of independent couplings 
(ijk). So the conformal blocks can be counted by associating a factor N;* to each 
vertex with legs carrying the indices (ijk), and summing over internal indices 
(intermediate states on the internal propagators). Of course, the number of inde- 
pendent conformal blocks should be the same in the various bases corresponding 
to the various ¢? diagrams. 

For a four-point function (¢;¢;¢,¢;) on the plane, the number of conformal 
blocks is 


NG (10.181) 


Equivalently, the correlator (¢;¢7¢,¢;) has 
NaN intt (10.182) 


conformal blocks in a different basis. The identity between these two numbers 
(10.181) and (10.182) expresses simply the associativity of the fusion algebra 


$x o = D> Ni be (10.183) 
k 


This is sufficient to ensure that any choice of basis for conformal blocks (hence 
any choice of ¢° diagram) leads to the same number of independent conformal 
blocks (see Ex. 10.19 for a simple proof). 

For the N-point function of Eq. (10.179), we find the following number of 
conformal blocks 


N= D> Nid'Nia? ++ Niyon-1" (10.184) 


Filos-- NES 
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Remarkably, this recipe goes over to correlations on a Riemann surface of arbitrary 
genus (the genus is then also that of the @° graph). Take, for instance, the one-point 
function of the field ¢; on the torus. The corresponding diagram yields immediately 


i 


> N=) AN (10.185) 
j 


10.8.3. A General Proof of Verlinde’s Formula 


We are now ready to prove Eq. (10.171) in all generality. Let a and b denote the 
two basic homotopy cycles of the torus, depicted on Fig. 10.4. They are exchanged 
under the action of S. For any cycle c on the torus and any primary field @j, let 
#;(C) denote an operator acting on the character x; of the representation associated 
with ¢; according to the following steps: 


; 
a 
~~ > Z 
il 


Figure 10.4. The homotopy cycles a and b on the torus. They are homotopically inequivalent 
(they cannot be continuously deformed into each other), and are exchanged under the 
modular transformation S : t > —1/t. 


(i) As mentioned above, the character x; is itself a conformal block for the zero- 
point correlation on the torus. As such, it is also equal to the corresponding con- 
formal block of the one-point function of the identity operator'® ¢) = I on the 


torus, namely 
0 
ie ©), = Trig?) = O (10.186) 
j 


(In the above graphical representation, the circle corresponds to a b cycle.) We 
now write the identity operator ¢y = I as the result of the fusion of an operator ¢; 
with its conjugate!’ I = ¢; x $+. This amounts to replacing the character x; by 


'6 Throughout this section, the identity operator is indexed by the label 0. For minimal theories, this 
would correspond to the double index 0 = (1, 1). 

'7 This is slightly more general than the minimal case we are used to, in which all representations 
are selfconjugate i = i*. The conjugation is defined by the normalization of the nonzero two-point 
functions on the plane: (#9) ~ 4; j+. 
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the conformal block 


Fz-w) = 0 (10.187) 


j 
for the two-point correlation (@;(Z)¢;-(w)) on the torus (by translational invariance, 


this is a function of z — w only). The character y; is recovered from the conformal 
block, in the limit when the two points coincide 


Xj = lim (2 —w)"5"(@ —w) 


The prefactor ensures that the limit is finite (1; is the conformal dimension of ¢;). 
(ii) In the conformal block (10.187), we move the operator ¢; around the torus, 
along the cycle c. This amounts to letting z circulate along the closed contour C 
in the conformal block (10.187), namely, to compute the monodromy of the block 
eeu along C. 

(111) We take again the limit of coinciding points. This yields 


Pi(C) x; (10.188) 


We shall study this operator for the special choices C = a or b. The interplay 
between the precise definition of ¢;(C) in terms of conformal blocks and the action 
of the modular group, through S, which exchanges a and b, will eventually give a 
relation between S and the fusion numbers NV. 

For C = a, when @; is moved along the space (horizontal) direction of the torus, 
step (ii) above amounts to the following operation: 


The representation j is not affected, and we simply get a proportionality factor: 


gia) x, = v° x (10.189) 


For the operator ¢;(b), step (ii) consists in taking the following path: 


(10.190) 
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The operator ¢;(b) acts on Xo, the character of the identity, in a simple way. It 
replaces the identity representation by 7. This enables us to fix the normalization 
of the operator ¢;(b) as 


Gi(D) Xo = Xi (10.191) 


We will now show that 


g:(b) xj = D> Ni* xe - (10.192) 
k 


The operator ¢;(b) is, up to a normalization factor fixed by (10.191), equal to 
the composition of the two elementary operators A and B 


a i* 
iE k 
B 
wgi(b)|,. : Ona (10.193) 
j s 
4} 1 4 


Here we write only the k-th component of this action. The full action of $;(D) is 
obtained by summing over all the possible intermediate states k. The operators 
A and B, as well as the normalization constant yz, act on conformal blocks of 
four-point functions as 


2 i : - 


u 1 
0 = DAs Be 
o - . 
j j* Jj Jj 
. + 2 a 
2 a 
rk ea a (10.194) 
k k* Ve Pe 
: 66 1 i 
t 7 
ean = td 0 
i* i i ; 


The Greek indices a, B label the different couplings!® of the three fields (ijk), hence 
Gp = levee. Nii. The action of the operators A, B, yu is to pick one particular 
component of the action of the crossing matrix or its inverse (see Sect. 9.3.3). Since 


18 Although for the minimal models, Nik = Oor 1, in more complicated theories there could be more 
than one distinct coupling among the three fields. That would correspond to a situation where there are 
distinct conformal blocks with the same asymptotic behavior. Many examples of theories with some 
N’s larger than 1 are considered in Part C. 
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a projection is implied, the transformations A and B are not invertible, whereas Lb 
is Just a scalar. In A, only a sum over the index @ is implied: this accounts for the 
fact that only @; is moved along the b cycle (¢;- remains fixed). We finally show 
that 
Nif 
jie >) Aves (10.195) 
| 


This is readily seen to be a consequence of the equality of the two sequences of 
transformations depicted on Fig. 10.5. 


Figure 10.5. Graphical proof of Eq. (10.195). The equality between the two bottom diagrams 
is aconsequence of the associativity of the OPE (crossing symmetry of the conformal blocks 
of the four-point function). Note that the coupling £ is fixed, whereas @ requires a summation. 


As the I.h.s. of (10.195) is independent of 6, we can sum over it from 1 to Nii, 
which gives 


Ny = >> Aap Bap (10.196) 
a,B 


Hence, by summing Eq. (10.193) over k, and taking the correct finite limit z — w 
of the last conformal block 


lim (z—w)™" Fe" (z—w) = xz (10.197) 
Zw 


we get the desired result (10.192). 
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The fact that S exchanges a and b, means that ¢;(a) (Eq. (10.189)) and ¢;(b) 
(Eq. (10.192)) are conjugate under the action of S 


di(b) = S g(a) S"' (10.198) 


By comparing Egs. (10.189) and (10.192), we see that the fusion numbers are 
diagonalized by S in the form)? 


Ne = DSi, sou (10.199) 
m 
where we used the unitarity of S. Setting i = 0 (the identity representation) in 
Eq. (10.199) and using the relation Nok = 5; ~ (Eq. (8.87)), we finally get 
Stay = iS (10.200) 


If the matrix element So,, vanished, we would have S;,, = 0 for all 7, which 
contradicts the fact that S is invertible. Hence, we can divide by So,,, in the above 
relation. Substituting this value in Eq. (10.199) yields the Verlinde formula 


(10.201) 


In this proof, only very general facts about conformal blocks have been used. 
In fact, formula (10.201) extends beyond the minimal theories. In the latter case, 
the S matrix elements are real, hence (10.201) reduces to (10.171). 

As a consequence of Eq. (10.201), we can directly recover the unitarity of S, 
and, in addition, prove that it is symmetric. Note first that one can lower the index 
kin Nij* by conjugation of the representation: 


Nik = Noite (10.202) 


meaning that the fusion ¢; € ¢; x ¢; is allowed iff (¢;0;¢,+) 4 0. More precisely, 
Nike is the number of copies of the identity I occurring in the fusion ¢; x ; x dx-. 
The numbers Vj, being symmetric, we get from (10.201) that 


Stam = Sinko (10.203) 
Using the conjugation matrix 
Ciz = Sie (10.204) 
such that C? = 1, we can rewrite this as 
CS = 1s) (10.205) 


On the other hand, we reexamine the action of S on the cycles a and b of the torus. 
The exact transformation is indeed given by Eq. (10.8) 


S : (a,b) > (—b,a) 


19 Here we do not assume that S is real symmetric, but just that it is unitary. This is responsible for 
the complex conjugation of the matrix element of S on the right. 
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In addition to the interchange of a and b, the direction of the cycle b has been 
reversed. This means that S? inverts the space and time directions (a > —a and 
b — —b) on the torus. Therefore, by CPT invariance, it transforms a character 
Xi into its conjugate x;-, pertaining to the conjugate representation. Hence we have 


(10.206 


This equation should be compared with the relation (10.9) satisfied by the repre- 
sentation S of the modular group. In general we have only S* = 1 but not S? = 1 
when acting on characters, but there is no contradiction with Eq. (10.9): this simply 
means that the characters form an unfaithful representation of the modular group 
(in which stricto sensu one should have S? = 1), but rather a representation of a 
double covering of the modular group, for which only (10.206) holds. 

Using (10.205) and (10.206) we finally obtain the unitarity condition 


(00.207 


The symmetry of S is readily seen from the relation 
Nie = Nise = NO = Nix (10.208) 


where, in the last step, we have used the fact that the numbers JV are integral, and 


therefore real. Hence 
E = §' (10.209) 


The Verlinde formula (10.201) shows that the matrices N;, with entries [Nj};, = 
Ni are simultaneously diagonalizable. Since they are integral matrices, they sat- 
isfy the Perron-Frobenius theorem. This means that their common eigenvector 
Sj, max, Whose eigenvalues y\ max) are maximal for all the N;’s (and this property 
uniquely characterizes S; max ), has only positive entries. This common maximal 
eigenvector is called the Perron-Frobenius eigenvector of the N;. (A sketch of the 
proof of the Perron-Frobenius theorem for any symmetric integral matrix G is pro- 
posed in Ex. 10.10.). We will prove that, in a unitary theory, the field label max 
must correspond to the identity, i.e., max = 0. The starting point is the equality 


x(—-V) = > Sim xm(2) (10.210) 


When evaluating in the limit t > ico (q — 0*), we can keep only the leading 
contribution of each character: 
xi(—Ut) ~ D0 Sim qi (10.211) 


m 


20 A reasonable field theory should always be invariant under simultaneous charge, parity, and time 
reversal. The three corresponding nilpotent operators C, P, and T satisfy thus CPT = 1. Here the time 
and parity have been reversed: the conjugation must act too. 
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Moreover, the leading contribution of this sum comes from the field with lowest 
dimension; in a unitary theory, this is the identity with h = 0 (the conformal 
dimension of all the other fields being strictly positive). Hence, we have 


xi(—1/t) ~ g™* Sin (10.212) 


When t —> ioo,g — 17 and the |.h.s. of (10.212) being an infinite sam of positive 
integers, diverges to +00. We deduce that Sjo > 0 for all i. This is simply the above 
mentioned Perron-Frobenius property, which enables us to identify max = 0. We 
have thus shown that in any unitary theory, 


Sio = Soi > 0 (10.213) 


In a nonunitary theory, the same argument leads to max = min, where min 
labels the representation with lowest conformal dimension hmin < 0. Indeed, the 
th.s. in the second line of (10.211) is dominated by the term with m2 = min, 
when g —> 0+; hence, we find that Sj min > 0 for all i. This characterizes the 
Perron-Frobenius eigenvector completely, and therefore proves that max = min. 
For a nonunitary theory with a unique field of lowest dimension, the positivity 
condition (10.213) therefore generalizes to 


re ee (10.214) 


This property is checked for the (p, p’) minimal theories in Ex. 10.5. If there is 
more than one field with lowest dimension, we have instead 


DIS. > 0 (10.215) 
memin 


Finally, we note that the relation between S and JT becomes 


(Se = C | (10.216) 


These general relations can be used to infer some constraints on conformal field 
theories, as illustrated in Ex. 10.16. 


10.8.4. Extended Symmetries and Fusion Rules 


As already mentioned, the Verlinde formula (10.201) applies to minimal diagonal 
theories, with modular invariants listed in Sect. 10.7.1 in the form (10.171). We 
now see to what extent we can describe the fusion rules of nondiagonal theories. 
The chiral fusion rules of the nondiagonal theories related to an automorphism 
(Sect. 10.7.4) are not distinguishable from those of their ancestor, which is always 
block-diagonal (Sect. 10.7.3). Indeed, the same chiral fields are present in both 
theories, the difference consisting only in their left-right association. Hence the 
present discussion is relevant only for the block-diagonal theories of Sect. 10.7.3. 

The minimal block-diagonal theories (G, H) (G # Ap; or H # Ap_ ), whose 
modular invariants are listed in Sect. 10.7.1, have an operator content different 
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from that of the (G,H) = (Ap_1,Ap-1) theories. The operators present in the 
block-diagonal theories are indicated in the modular invariant by the nonzero mul- 
tiplicities M,,, ;,, of Eq. (10.141). How can we find their fusion rules? In principle, 
to answer this question, one should reexamine those cases, compute the new cor- 
relation functions, and extract the fusion coefficients. But here the corresponding 
fusion rules must take into account the (nonsymmetric) left-right pairing of Vira- 
soro primary fields, and will not be chiral in general. On the other hand, motivated 
by the example of the three-state Potts model of Sect. 10.7.2, we shall proceed in 
a much simpler way, by describing the extended chiral fusion rules of the theory. 
The price to be paid for this simplification is that we get only a sort of average 
description of the fusion rules of the Virasoro primary fields, considered as blocks 
rather than as individual entities. 

The common feature to all the block-diagonal models is that one can define 
extended characters C,, through Eq. (10.152), to rewrite the modular invariant as 
A= V\Gi \*. The functions C, are characters of reducible representations of the 
Virasoro algebra, themselves direct sums of irreducible ones. They are believed 
to be the irreducible characters of some extended symmetry algebra, enhancing 
the Virasoro symmetry. As such, they correspond to some extended operators @,, 
for which the proof of the Verlinde formula (10.201) still applies: the conformal 
blocks are replaced by extended conformal blocks, sums of the former, and the 
proof essentially goes through, since the extended theory is diagonal. This means 
that the extended operators @, satisfy extended fusion rules 


Gb, = No, (10.217) 


v 


On the other hand, the extended characters transform modularly as 


Cel =o ss 6.) (10.218) 


bu 


with S*") as in (10.153). The extension of the Verlinde formula is simply 


sion S(ext) - 
Noe? ES, ye Sie) (10.219) 


(ext) pv 
(% So, 


Here the index 0 stands for the extended identity block. 

As explained in the beginning of Sect. 10.8, the Verlinde formula, as well as the 
fusion numbers, are essentially chiral and based on the chiral operator content of the 
theory. This means that the fusion rules associated with the nondiagonal modular- 
invariant theories of Sect. 10.7.4 should be the same as those of the associated 
block-diagonal ones. For instance, the fusion rules of the (E7, Ap-1) theories are 
the same as those of the (Dj9, Ap_1) theories. We recall that the link between the 
two is an automorphism I] acting on S and 7 as 


Sna).nu) = Sin Tha)n@) = Trin T1(0) = 0 (10.220) 


386 10. Modular Invariance 


The substitution of the first relation into the Verlinde formula (10.201) shows that 
Il is also an automorphism of the fusion rules, namely 


Nawnw” = My” (10.221) 


Therefore nondiagonal modular invariants are generally built using automorphisms 
of the fusion rules of a block-diagonal theory. However, it should be stressed that, 
although automorphisms are most easily identified as automorphisms of the fusion 
rules, Eq. (10.221) does not imply Eq. (10.220) (and there are cases where (10.221) 
is satisfied but Eq. (10.220) is not.2!) The construction is therefore valid only for 
those IT1’s that satisfy Eq. (10.220). 


10.8.5. Fusion Rules of the Extended Theory of the 
Three-State Potts Model 


In Sect. 10.7.2, we have already defined the extended characters of the three- 
state Potts model. We denote the extended fields corresponding to the extended 
characters C;,; of Eq. (10.147) as follows: 


I< Cis E<> C21 


Too eee) 7212 ee 


The modular transformations (10.149) do not suffice to completely determine 

the fusion of these fields, as the two doubly-degenerated blocks C‘’) appear only 

through their sums C“!) + C®), and not individually. We first have to split them 

into two distinct characters, in such a way that the symmetric 6 x 6 S matrix reads 
(im the basis Gian C21, C1 ,4@na GG) 


Sj AY) Sj A S2 52 
SS?) =S] $2 $2 —S| —Si 
Sener eC a ee (10.223) 
J15] 51 S2 @S; @S; @S2 ws, : 
$2. —S1 @S2 @WS2 —@S; —@S; 


$2 —S,; @S2 @S2 —@S; —asS 


As before, we have s; = sin(zi/S), i = 1,2, and w = e”>, This is the simplest 
way of splitting the S matrix entries (10.149), restoring the symmetry (10.209) 
and the unitarity (10.207) of the matrix S, and preserving the Z; symmetry of the 
model. Indeed, the conjugation matrix C = S? of Eq. (10.206) reads 


1 0 


ce) (10.224) 


oor OO 
=m OOo co & 
om Oooo }& 


0 
0 
1 
0 
0 
0 


SoS Se 
eS) (=) (=) (=) 


2! The Galois permutation invariants described in Chap. 17 provide many examples of sucha situation. 
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In other words, the only nonvanishing two-point correlation functions of extended 
fields are the Z3-neutral combinations 


NEE) (Z, Zz) , (0102) (10.225) 
The extended fusion rules of the three-state Potts model, displayed in Table 10.6, 
follow from the formula (10.219), with the extended S matrix (10.223). 


Table 10.6. Extended fusion rules of the 
three-state Potts model. 


EXE = [+e 

exZ; = Oj G = 1,2) 
EXC; = 0;+2Z,; (i = 1,2) 
Z; x Z; = ) A (i = ee) 
Z; x Z2_; = itl (i = 152) 
LE; xX Oj = O7-3 G= 1,2) 
Z;X02-; = I+e G = 1,2) 
0; X 0; = Z;+02; (i=1,2) 
O;X02-; = I+e (i= 1,2) 


A practical way of applying (10.219) is to write down its one-dimensional 
representations, indexed by the label a 


Ges 
pa) = = (10.226) 
Soa 
which satisfy 
Pe) p(w) = DENA?” eee) ee) 


In many cases, the fusion rules can be read off directly from these one-dimensional 
representations (see Exs. 10.13, 10.14, and 10.15 for the cases (Ag, D4), (Es, Ap-1), 
and (Ex, Ap-1 ), respectively). For instance, in the three-state Potts case, they read 


ee P11) led ds) 
ee (ae. Oe, eC) 
ae Sets Cosel 1 @ ® @ @ ) 
(eee) 1 ee eo & @ ) 
Cane ee, God on, ea ea.) 
ae Plo (apa. aafPon, Wa_ ) 


388 10. Modular Invariance 


where ax = (1 + /5)/2. Note that the conjugation matrix C acts on these one- 
dimensional representations as the complex conjugation, namely 


Cp = (ay (10.229) 


10.8.6. A Simple Example of Nonminimal Extended Theory: 
The Free Boson at the Self-Dual Radius 


The notion of extended symmetry applies also to nonminimal theories. Take the 
simplest example of the c = | bosonic theory compactified on a circle of radius 
R = ¥2, invariant under the duality transformation R — 2/R mentioned in 
Sect. 10.4.1 (Eq. (10.65)). This theory is certainly nonminimal,”” and the partition 
function on a torus reads 


1 [aR te 
Levee a (10.230) 


However, changing the summation variables to: 


n,meZ 


A=n+m 
wp=n—m (10.231) 
A-p=0 mod 2 , 
we can reexpress the partition function as 
2/2) = ar 2, gh #4 Gels (10.232) 
A—u=0 mod 2 


We define the extended characters 


1 2 1 P 
Co(t) = - »S q* Ua een ool Da gq”? = 63(2r) 


ean i n{t) 3 
.233) 
1 2 1 1y2 6 (21) 
CG) == ge =— yi gun’ = = 
1 ioad 1 mez n(t) 


where we have identified the Jacobi theta functions defined in App. 10.A. (Note 
that here the argument is 2t.) We can write the partition function as 


Z(V2) = |Col? + IC) (10.234) 


This has a finite block-diagonal form, although the theory is not minimal. The 
extended characters Co, C, transform under 7 as 


OG + ile" 7 Ci) 


: 10. 
Ci(tr+1) = e”'2C,(d). coz) 


22 We showed in Sect. 10.5 that the minimal theories can have only central charges c = 1 — 6(p — 
p'Plpp’ <1. 
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The S transformation is a special case of Eq. (10.126), with N = 2, upon the 
identification: 


Co(t) = Ko(t) Ci(t) = Ki(x) (10.236) 
so that 
C avis = ome 
(10.237) 
Bp OO ai) 
By) 
Hence, the extended S matrix reads 
1 ti 
(20) 
S = i c =) (10.238) 


and the associated extended fusion rules are again given by the obvious gener- 
alization (10.219) of Eq. (10.201), with @p = I, the extended identity. A simple 
calculation yields”* 


oi x d: = do (10.239) 


We can repeat this construction whenever the square of the radius R of the 
bosonic theory is a rational number (see Exs. 10.21 and 10.23 below). 


10.8.7. Rational Conformal Field Theory: A Definition 


A conformal field theory is said to be rational if its (possibly infinite) irreducible Vi- 
rasoro representations can be reorganized into a finite number of extended blocks, 
linearly transformed into each other under the modular group. More precisely, we 
let 


CQ = os Xi 4=1,2,...,N (10.240) 
tél, 


denote the corresponding finite set of extended characters, where i denotes the 
irreducible Virasoro representations, and J, some (possibly infinite) sets. Diagonal 
RCFTs have modular-invariant partition functions of the form 


N 
wale: (10.241) 
X=1 
whereas the nondiagonal RCFTs have partition functions of the form 


N 
a Cy Gan (10.242) 
x=1 


23 In part C, we shall identify the extended symmetry of the c = 1 bosonic theory on a circle of 


radius /2 as the affine Lie algebra Su(2),, whereas Co and C, will be identified as, respectively, the 


characters of the identity and spin } representations. 
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for some automorphism IT of the extended fusion rules. The latter are obtained 
through Eq. (10.219). 

The classification of all RCFTs is a formidable task, and it will probably re- 
main an open problem for a while. A possible attack would be to first start by 
classifying all the possible fusion rules, and to use the information provided by 
the Verlinde formula (10.219) to get some clues concerning the operator content 
of the theory. Only partial results have been obtained so far; more details can be 
found in Chap. 17. 


Appendix 10.A. Theta Functions 


This appendix describes some of the properties of theta functions. We begin by 
explaining Jacobi’s triple product formula; then we define the theta functions in 
terms of series and infinite products. We also express the Dedekind 7 function in 
terms of the theta functions. We finally derive the conformal properties of theta 
functions and of the Dedekind 7 function. 


10.A.1. The Jacobi Triple Product 


In order to prepare ourselves for some theta function manipulations, we consider 
Jacobi’s triple product identity: 


oO 
[ [a me gq") an go al Be Goa = >; grap (10.243) 
n=! neZ 
This identity is valid for |q| < 1 andt 4 0, and can be demonstrated by combinato- 
rial methods or in the context of Lie algebras (cf. Ex. 14.7). We shall argue that this 
identity is correct by analogy with a fermion-antifermion system. Consider a set of 
fermion oscillators b,, and their antifermion counterparts b,,, with the Hamiltonian 


H=E, > r(bib, + btb,) (10.244) 
reN+1/2 
The fermion number operator is 
N= > (bfb, — btb,) (10.245) 
reN+1/2 


Now we consider the grand partition function 


ZG) = Se ig =e ee (10.246) 


States 
We shall evaluate this quantity in two different ways, leading to the two sides of 
the following equation, which is manifestly equivalent to Eq. (10.243): 


fee) fo @) 1 


[] G+q)0 +4) = I] oer (10.247) 


reN+1/2 n=1 Lise q” neZ 
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First, the grand partition function factorizes into a product of grand partition 
functions, each associated with a single fermion oscillator. This, of course, follows 
from the fact that H and N decouple into sums over different fermion modes. Since 
the grand partition functions for a fermion and antifermion modes labeled r are, 
respectively, (1 +q’t) and (1 +q’/t) (there are two occupation states), the complete 
grand partition function coincides with the I.h.s. of Eq. (10.247). 

Second, the grand partition function may be written as 


ZG, — ot Za(q) (10.248) 


neZ 


where Z,,(q) is the ordinary partition function for a fixed fermion number n. We 
consider first Zo, the partition function with no net fermion number. The lowest 
energy states are given in Table 10.7. 


Table 10.7. Lowest energy states of the fermion system with N = 0. 


Energy Degeneracy States 


0 1 10) 

1 1 Bh /2b}/210) 

2 2 By .b}/10) » Bi2b4210) 

3 3 Bipbil0), ByoP4210) , bi ,b', 10) 
4 5 Bh pb} 210) » By2b 4210) , bib! 10) , 


bi 64,10) y oo AOA) 


The number of creation operators in these states is always even, and the sum of 
their indices is equal to the normalized energy level m = E/Eo. We notice so far 
that the degeneracy at level 7m is equal to the partition number p(7). This may be 
shown in general. Therefore Zp is equal to 


lo ¢) fo 2} 
1 

= m 10.249 

Zo pe rte 1 7 ( ) 


This confirms Eq. (10.247) as far as the t® term is concerned. We now consider Z,,. 
The lowest energy state with fermion number n is obtained by exciaing the lowest 
n oscillators: 


ee lemme, 
Bess ---B}_y)l0) E/E = Ue 7 B ma (10.250) 
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It turns out that the excitations on top of this ground state have exactly the same 
structure as the excitations of the n = 0 sector. Therefore 


co 
Zn Ge : (10.251) 
le 1—q™ 

m=1 


and Eq. (10.247) follows. 


10.A.2. Theta Functions 
Jacobi’s theta functions are defined as follows: 


6,(z}t) =-t a Ci 


reZ+1/2 
62(z|t) = oD yqr? 
reZ+1/2 (10 252) 
63(z|t) = pe a 
neZ 


64(z|t) =) \(-1)"y"q?"” 


neZ 


where z is a complex variable and t a complex parameter living on the upper 
half-plane. We have defined q = exp 2mit and y = exp 277z. 

Jacobi’s triple product allows us to rewrite these functions in the form of infinite 
products: 


co oo 
0 (z|t) = —iy'?g"* | [1 —¢") | [GQ -—yq"*") —y"q”) 
1 =0 


co co 
A2(z|t) = yg" | [a —¢") | [G +¥9"*)G +9719") 


n=) n=0 


. ” (10.253) 
ax(zit)=[]a-—4@") [] G+xq 0 +y7"9’) 

nt reN+1/2 
a(zit) =] [G-@") J] G-xa)G-y'q/) 

n—1 reN+1/2 


For instance, the equivalence of the two expressions for @, is obtained by setting 
t = yq'? in Eq. (10.243). 

By shifting their arguments, theta functions may all be related to each other; 
from their definitions it is a simple matter to check that 


1 
64(z|t) = 03(z + a!9) 


a 1 
0,(z|t) = —ie'@q"8o,(z + 5 tlt) (10.254) 
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62(z|t) = A(z + 510 


Theta functions are used to define doubly periodic functions on the complex 
plane. One sees that they are not periodic under z > z+ 1 or z > z+T, but obey 
the simple relations: 


O:(z + 1|t)= —6;(z\2) A(z+t\t) = -<-64(eH0) 


62(z + 1|t) = —62(z\|t) 62(z + t|t) = sel 


1 (10.255) 
03(z + It) = 03(z|t) 63(z + tz) = yqia Bl?) 

1 
64(z + 1|t) = O4(z|t) 04(z + t]t) = ~Fqia tel) 


It follows that doubly periodic functions may be easily constructed out of ra- 
tios or logarithmic derivatives of theta functions. The best-known example is the 
Weierstrass function: 


g2 
Plt) = ag In 6;(z|t) — 2m (10.256) 


where the constant 7, depends only on Tt 


1 030) (O|z) 


Bees ae ee 10.257 
6 9,6, (0|t) ( 


n= 
We shall also use the theta functions at z = 0: 
6;(t) = 9;(0|t) 


for i = 2,3, 4 (one easily checks that 6,(0|t) = 0). Their explicit expressions, in 
terms of sums and products, are 


co 
@n(t) = Doge rrr? = 2g'"® TT — gq" +4")? 
n=] 


neZ 
co 
ad=> 2? Sf [ameya+a" YP (10.258) 
neZ n=! 


Os) = pa = [ [a —q — gry? 
n=l 


neZ 
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10.A.3. Dedekind’s 7 Function 


Dedekind’s n function is defined as 
CO 
7(t) = q'*o(q) - quae [[a =i (10.259) 
i!) 


where ¢(q) is the Euler function. This function is related to theta functions as 
follows: 


7) = 582(0)83()64(0) (10.260) 


This identity is an immediate consequence of the infinite product expressions for 
the theta functions at z = 0; we simply need to show that the function 


fq) =T]G+4 0 +4"""7)G -—q"""”) (10.261) 
n=] 
is equal to unity. But we may write 
fq) =| ]a+q")-4¢"") (10.262) 
n=) 


The first factor may be written in the product as (1 + qg?”)(1 +.q?"~'). Combining 
the second factor of this last expression with (1 — q”~'), one finds 


fq) = [[a+4")a -4q”") = fq’) (10.263) 
© n=1 
Since f(0) = 1, it follows that f(q) = 1 if |q| < 1. 


10.A.4. Modular Transformations of Theta Functions 


We are now interested in the behavior of theta functions 6;(t) under the modular 
transformation t — —1/t. For this we need the following formula, called the 
Poisson resummation formula: 


1 FL 2 
SS exp(—zan? + bn) = — > exp ——(k+b/2ni (10.264) 
neZ va keZ yi ( ) 
This formula is easily demonstrated by using the identity* 
oe le en (10.265) 
neZ keZ 


and by integrating it over exp(—ax? + bx). 
We consider now the infinite series expression for 63(t). Applying the formula 
(10.264) with a = —it and b = 0, we immediately find 


63(—1/t) = V —it63(r) (10.266) 


24 A detailed derivation of a generalization of this identity is given in App. 14.B. 
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If we seta = —it and b = —im, we obtain the modular transformation of 02: 
6.(—1/t) = /—it6,(2) (10.267) 
Applying the modular transformation a second time, we find 
64(—1/t) = V—it2(r) (10.268) 


These simple transformation properties, as well as the relation (10.260) for the 
n function, give us directly the modular transformation of that function: 


n(—1/t) = V—it n(t) (10.269) 


The modular properties under the shift r — t+ 1 are easily derived from 
Eq. (10.258). The infinite product expression for 6 implies that 62(t + 1) = 
e'”/49,(r). On the other hand, the infinite series expressions for 63 and 6, yield: 


63(t ae 1) = DC a 


neZ 


= ig. 2" (=) (10.270) 


neZ 
= G4) 


Likewise, we find that 04,(t + 1) = 63(r). 
We can group these results, as well as the transformation of the Dedekind 7 
function, as follows: 


6,(t + 1) = e'”*6,(r) 6,(—1/t) = V—it6,4(t) 


63(t + 1) = 04(r) 63(—1/t) = JV —it03(r) (10.271) 
O4(t + 1) = 63(1) 64(—1/t) = V —it62(t) 


n(t+1)=e u(t) = (—1/t) = V—it (2) 


10.A.5. Doubling Identities 


The Jacobi theta functions satisfy the following doubling identities 


62(2t) a ae 


2 * 10.272 
6,(21) = /03(z) a ( ) 
64(2t) = V63(t)64(t) 
whereas 6, satisfies 
1 62(7)d,0;(t) 


2 /0s(0)84(7) 


8,0,(2t) = (10.273) 
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Exercises 


10.1 Euclidian division and the Bezout lemma 
For any two positive integers a,c, we denote by gcd(a,c) the greatest common divisor of 
aandc. 


a) Euclidian division: Show that for two given integers a > c > 0, there is a unique couple 
a, C, of integers, such that 

a= ayco+c, 

(0) ss vo SG 
b) Show that gcd(a,c) = ged(c,¢,). 


c) Bezout lemma: Show that there exist two integers ao and Co such that 
Coa — agc = gced(a,c) 


Hint: Repeat the Euclidian division, namely write c = aC, + C2, and so on. The sequence 
C > C; > C, > -:: > O is strictly decreasing, hence there exists a finite k, such that 
c. = gcd(a,c) and c,,, = 0. 

d) Deduce that the two integers a, c are coprime iff there exist two integers ap and Co such 
that Coa — aoc = 1. (Two integers are said to be coprime iff their only common divisor is 


1.) 


10.2 The modular group PSL(2, Z) 
The modular group is defined as 


PSL(2,Z) = {(¢ “ 


The elements of PSL(2, Z) are also often labeled by the fractions (at + b)/(ct + d). The 
aim of this exercise is to show that the transformations S and T of Eq. 10.8 generate the 
modular group. 


a) Prove that any product of S and T is an element of PSL(2, Z). 


b) In the following, we consider a generic element x = (at + b)/(ct + d) of PSL(2, Z). 
Show that a and c are coprime. 
Hint: Use the Bezout lemma of Ex. 10.1 above. 


) Bbed nie 1 


c) If a > c, show that there exists an integer po, such that 


att+b | a,t+b, 
ct+d = c\t+d, 
withc, = c,d, =d, and0 <a, <c. 
Hint: Perform the Euclidian division of a by c, to geta = poc +), and therefore b, = 


b — pod. 


d) If a; = 0, show that one can take —b, = c, = 1, and write x asa composition of S and 
T actions. 


Result: x = T°ST*!, with p; = d;. 


e) If a, > 0, write 
at+b (a8 
— = p-1 feat ea 
ct+d a,\t+b, 
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and repeat the above division procedure to rewrite 


at+b _ as ( 4 at th, 
Cred a es C2T + d2 


where C7 = a), d, = bj, and 0 < a2 <a}. 


f) Repeating this division procedure (leading to five sequences ;,a;,b;,c;,d;,i = 1,2,... 
of integers), show that there exists a finite integer k, such that a, = 0, ax_,; 4 0. Show 
that one can take —b, = cy = 1, and conclude that the element x may be written as a 
composition of S and T actions. 

Result: x = T°ST°S.--T% 1ST, where p, = d,. This completes the proof that 
PSL(2, Z) is generated by S and T actions. 


10.3 Smallest dimension in a minimal theory 


a) Find the smallest dimension in the Kac table of the minimal (p, p’) theory. 
Hint: Use the Bezout lemma of Ex. 10.1 ce. 


b) Check the strict inequality (10.95). 


10.4 S? = 1 for minimal models 
We wish to compute the matrix C 


Cae = eB Onan On per 


(nym)eE, pt 


for minimal models, with the S matrix elements given by (10.134). 


a) Write the transformations of S under (r,s) > (p’ —r,p — s), @’ +17,p —s), and 
(p’ — r,p +s), which correspond, respectively, to the transformations of 4 = A, = 
pr —p’s — —A, wod and —apA. 


b) Rewrite S,s nm as a function of Ay», = pn —p’m andr, s only. Call this function S,,(A). 
c) Deduce that for N = 2pp’ 


N-1 
tee, = pa S,s(w) Spo(H) 
pu=0 


d) Show that 


ine 
sy (i) Spi) =a ao (p(ar + ep) + pes + <10)) 


u=0 €,=+1 


where the delta function modulo N reads 


e) Conclude that 
Cen = 6; 09s,0 


by restricting C back to the fundamental domain E, ,’. 
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10.5 Positivity and nonvanishing of basic S matrix elements for minimal models 
a) Use the expression (10.134) to directly prove Eq. (10.136), for any minimal model. 
b) For unitary theories (i.e., with |p — p’| = 1), show further that 


Spi 2 for all (p,0) € E, py 
c) For nonunitary theories (i.e., with |p — p’| > 1), prove that the matrix elements 


Sporys) > 9 forall (p,0) € Epp 


where (ro, So) are the Kac labels of the smallest dimension of the theory (see Ex. 10.3). 


a) For p' = 4m + 2 and p an ea compute the quantities 
hy 2-15 — Marais for r=0,1,...,.m—1 and s= 1,2,...,@ —1)/2 
Deduce the 7 invariance of the partition function Zp _,,.,,.4,-;- 
b) Show that the extended characters 
Corts = Xarsis + Xp-w-is (=0,1,....m—1), (s=1,2,...,(@— 1/2) 


and 


10.6 Modular invariance of Zp / 


Cons = Knareeator S=—1,2,..0,0— We 


form an (m + 1)(p — 1)/2—dimensional space invariant under the linear action of S. Write 
the matrix elements of the restriction of S to this basis, and check that this restriction is 
unitary. Deduce the modular invariance of Zp, aera 


10.7 Modular invariance of Ze, A,_, 
a) For p’ = 12 and p an arbitrary odd integer, compute 
hy; —h;, hg; —hys, hiss —hs, 
Deduce the 7 invariance of the Zz, eel partition function of Table 10.3. 
b) Show that 
Cis=XistX7s, Cas=Xast+Xes, Css =X5s+ Xi 


for 1 < s < (p — 1)/2 form a basis of a 3(p — 1)/2-dimensional space invariant under the 
action of S. Write the matrix elements of the restriction of S to this basis, and check that 
this restriction is unitary. Deduce the modular invariance of Ze, 4... 


10.8 Modular invariance of Ze, a,_, 
a) For p’ = 30 and p an arbitrary odd integer, compute 
his —his, higs —h,., ho —h,., 
hiss = his, hits ra hy;, hos, = hy, 
fors = 1,...,p—1.Deduce the 7 invariance of the Zp, Ap-, Partition function of Table 10.3. 
b) Show that 
Cie = Xie + Xs + Kos + Xoo, 
Crs = X15 + X13s + Xi7s + X23s 


for 1 < s < (p — 1)/2 form a basis of a (p — 1)-dimensional space invariant under the 
action of S. Write the matrix elements of the restriction of S to this basis, and check that 
this restriction is unitary. Deduce the modular invariance of Lex pei 
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10.9 Modular invariance of Zp,,,,,,,a,_, for p’ = 4m 


a) From the expression of the matrix elements of S on minimal characters Eg. (10.134), 
show that 


Srir,s);p,0 =e Gyre Sis, p0 — (-1)'+? Sr.5:1(p,0) , 


where YT is the automorphism 


Y(r,s) = (p' —1,5) 
b) Find an automorphism TT leading from Z,4 a Ap=1 Z Donates and deduce the modular 
invariance of the latter. 
Result: I] = Y for even 7, II = I for oddr. 


c) Why does the construction fail in the case p’ = 2(2m + 1)? 


10.10 ADE classification of integer matrices with eigenvalues < 2 

Let G denote the adjacency matrix of a connected graph G (cf. Sect. 10.7.6). It is therefore a 
nondecomposable symmetric matrix with nonnegative integer entries G,, € N. We assume 
that the largest eigenvalue of G, denoted by A max , is strictly less than 2. We denote by V max 
the corresponding eigenvector. 


a) Show that the maximum eigenvalue A max of G is positive. 
Hint: Amax = max ,(x - Gx)/(x - x), where x is any nonzero vector. 


b) Prove that if a component of v max is strictly negative, say [V max], < 0, then there exists 
a, # Qo such that [Vmax ]a, < 0, and Ga,.a, # 0. (We assume that G is not made of a single 
point.) Show further that if G has at least 3 nodes, then there exists a2 4 @g,a, such that 
Wrnax lo, <0. 

Hint: Prove and use the fact that A max > Gaya). 

c) Deduce from this that the eigenvector v max for A max can be chosen with all components 
positive. It is called the Perron—Frobenius eigenvector of G, and is fully characterized, 
among the eigenvectors of G, by this positivity condition. 


d) Show that if a nonzero entry of G is reduced by a small quantity, namely G > G(e), 
where G,4(€) = Ga» — € for some particular pair of vertices (a,b) such that G,, > 1 
and G..a(€) = G.a for all other matrix elements of G(e), then Ajax is also reduced by a 
quantity of the order of €, namely A max (€) < Amax for small € > 0. We denote by V max (€) 
the Perron—Frobenius eigenvector of G(e). (The reasoning for (b) holds for any matrix G 
with nonnegative real entries.) 

Hint: Use the first-order perturbation theory of quantum mechanics. 


e) Using the result of (d), show that the removal of a link from the graph G has the effect of 
lowering the maximal eigenvalue of G. 

Hint: Suppose that A max has increased to A max(1) > Amax- Since it started by decreasing 
with €, there must exist a finite positive value €) of € such that A max (€o) = Amax- If we 
denote by vp = V max (€0), this amounts to 


0 Vo: (G(Eo) — imax Wo 
=> 0 = vo-(G—Amax Vo — 2€0lVolalvols 


where we use the explicit form of G(e9) 


G(é0)i; = Gij — 08:05 + 61b5;a) 
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We get a contradiction to the fact that x - (G —) imax x < 0 for all vectors x (see hint of (a)). 
f) Show that the following graphs A, D, E have 2 as eigenvalue: 


a ae SS 
Ree 


E, ° oe —«—- 
| 
Ee os 6 o . 2 
‘ 
e 
&, ¢ ° ¢—__°—__e —e—_e _ 


i 
g) From these graphs, deduce that: (1) G has no internal cycle, i.e., itis a tee; and (ii) except 
for at most one trivalent node, it only has one- or two-valent nodes. Conclude, by inspection 
of the last three cases, that G is necessarily of the form A, D or € of Fig. 10.3. 


10.11 Fusion rules of several minimal models 

Use the Verlinde formula (10.171) to compute the fusion rules of the following models. 
(The reader can write a simple computer program to generate the fusion numbers.) 

a) The Yang—Lee model M(5, 2). 

b) The Ising model M(4, 3). 

c) The tricritical Ising model M(5, 4). 

10.12 Fusion rules for the models (Ay—\, Dp241), p = 4m + 2 and (Dpyi241,Ap-1), PD’ = 
4m+2 

a) Letp = 4m +2. Write the fusion rules for the subset of fields $,,,2541),7 = 1,2,...,(@'- 
1)/2,s =0,1,...,p/2 — 1 of the M(p, p’) model. 

b) Taking into account the multiplicity 2 of the fields @(p2-1),7 = 1,2,...,(p’ — 19/2, 
obtain fusion rules that are invariant under the Z, symmetry, which leaves all the fields 


invariant except one of the two copies of each degenerate field, which 1s changed into its 
opposite. 


c) Repeat the above analysis with the (D,241, Ap_;) models, for p’ = 4m + 2. 


10.13 Extended fusion rules of the tricritical three-state Potts model from the Verlinde 
formula 


The tricritical three-state Potts model is the (Ag, D,) theory, with p’ = 7,p = 6. 
a) Write the modular transformations of the extended characters of the theory. 


b) Following the three-state Potts example treated in Sect. 10.8.5, split the doubly degenerate 
characters in such a way that the symmetry and unitarity of the S matrix are restored. 


c) Compute the conjugation matrix C = S?. Check that the conjugation interchanges the 
two copies of each degenerate field and leaves the other extended fields invariant. 


d) Write the one-dimensional representations p,(A) of the extended fusion rules of the 
model. 
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e) Compute the extended fusion rules of the tricritical three-state Potts model. 


10.14 Extended fusion rules of the (Es, Ap_1) model 


a) Compute the matrix elements of the modular transformation S of the extended characters 


Cis = Xs + X7s, Cas =Xast Xess C5s=Xs5+ Xi1s 
for 1 <s < (py — 1)/2. 


b) Write the corresponding one-dimensional representations of the extended fusion algebra 
of the model (cf. Sect. 10.8.5). 


c) Deduce the extended fusion rules of the (Es, A,_;) model. 
10.15 Extended fusion rules of the (Eg, Ap-,) model 


a) Compute the matrix elements of the modular transformation S of the extended characters 


Cis = X1s + Xs + X19 + X29,5 
Crs = X75 + Xi3s + Xi7s + X23 
for 1 <s < (p —1)/2. 


b) Write the corresponding one-dimensional representations of the extended fusion algebra 
of the model (cf. Sect. 10.8.5). 


c) Deduce the extended fusion rules of the (Eg, A,_;) model. 


10.16 Constraints on an RCFT from the data of its fusion rules 
We start with an RCFT having two (extended) primary fields I and ¢, satisfying the fusion 
rule 


9x g=I1+¢ 
a) Compute the matrix S using the Verlinde formula (10.201). 
Hint: The Verlinde formula should be used in the reverse order: The matrix S is the matrix 
of the change of basis that diagonalizes the above fusion rules. 


b) Use the condition (10.216) to find constraints on the central charge c and on the conformal 
dimension h of ¢. 

Result: 12h —c = 2 mod 8 andh = 7% mod 1, with m = 1, 2, 3, or 4. 

c) Check these constraints for the minimal model M(2, 5). 

Result: hy = hz, = —1/5 and 12h, —c = 2. 

d) Check these constraints on the extended theory of the (Ex, A2) model (cf. Ex. 10.15, with 
p = 3): First prove that the extended fusion rules of this theory are indeed @ x ¢ = 1+ ¢, 
where I and ¢ have the respective extended characters 


Crp = Cia = X11 + X11,1 + X19,1 + X29, 
Co Oy= X70 + X13 + X11 + XB 


Result: hy = h7,, = —9/5 and 12hg — c = 26. 


10.17 Constraints on a general RCFT 

We start from an arbitrary RCFT, with extended modular transformation matrices S and T. 
Let h;,i = 1,...,N denote the conformal dimensions of the corresponding blocks (h; is 
the smallest conformal dimension of the fields forming the i-th block). 
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a) Using the identity (ST)° = C, show that the matrix T satisfies 


det [7] =1 


b) Using the result of (a), derive the general sum rule 


N 
Nc/4 = 6) h; mod 1 
t=1 
c) Check this result for the (diagonal) minimal models M(p,p’), and for the three-state 
Potts model. 


d) Check the above sum rule for the extended theories of (D4, Az) (three-state Potts model), 
(E¢, Ap-1), and (Ex, Ap_1) (cf. Sect. 10.8.5, and Exs. 10.14, 10.15). 


e) Check the above sum rule for the extended (nonminimal) theory of the free boson 
compactified on a circle of self-dual radius (cf. Sect. 10.8.6). 
Result: 2c/4 = 1/2 = 6(0 + 1/4) mod 1. 


10.18 Verlinde formula for a finite group 
Let G be a finite group, with unit e and multiplication law o. The conjugacy class of an 
element g of G is defined as 


C(g) = {xe G| IyEG, x =ygy"} 


The irreducible linear unitary representations of G are denoted by p;,j = 1,2,...,dc. 
One can think of them as unitary matrices p;(x) attached to each element x of G (with size 
dim, x dim,, where dim; is the dimension of the representation) such that 


p(x) p(y) = p(xoy) 


for any two group elements x and y. In other words, a representation translates the group 
multiplication o into matrix multiplication. For a given representation »;, we define the 
corresponding character by the function 


dim; 


geG— x) = Treg) = Dolo @hi 


i=! 
where the trace yields a function independent of the choice of basis of the representation. 


a) Show that the distinct conjugacy classes of the elements of G (called simply the classes 
of G from now on) form a partition of G. We choose a representative a € G in each class 
and denote by C, the corresponding class. We take for granted that there are dc distinct 
classes, where dg is also the number of irreducible representations of G. As an illustrative 
example, enumerate the classes of the permutation group of three objects, S;, and compute 
the corresponding value of ds, . 


b) Show that the characters x; are constant functions on each class C,. We now denote by 
xj(a) the corresponding functions. Compute x;(e) and xo(a), where 0 denotes the identity 
representation. 


Result: x;(e) = dim,, the size of the corresponding matrix, and x9(a@) = 1 for all classes 
G.. 
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c) Assume the following orthogonality relations for characters 


dg 
YD x(a) (6) = ms a8 


j=l (10.274) 
YS ICal xi(@) xx(a) = |G] 4; 


where |G| and |C,,| denote, respectively, the orders of G and of the conjugacy class C,,. The 
last identity is actually a particular case of the following 


ue 


ys. ICal x(a) xe(oB) = 


(10.275) 


Prove the following relations 
dg 
> (im)? = |G| 
j=l 


leet 


and deduce the dimensions dim, of the irreducible representations of S3. Use the 
orthogonality relations (10.274) to compute all the characters of S3. 


d) The tensor product of two representations p;(a@) and p;(a) is a reducible representation 
of G of dimension dim; + dim;. It can be decomposed onto irreducible ones, as 


p: @ pw = DN" mo 
k 


where the \V;;«’s are nonnegative integer multiplicities, independent of the class (this is why 
we dropped the class index @ in the decomposition formula). From this relation, deduce a 
product decomposition formula for characters. Check it in the case of S;, and compute the 
numbers N;;*. 

Hint: Take the trace of the tensor product decomposition formula. This yields 


xia) x(a) = > Nj; xx (a) 
k 


for any class C,. 

e) From the orthogonality relations (10.274) between characters, deduce an expression 
for Ni; ji in terms of characters. This is the group Verlinde formula for tensor products of 
irreducible representations. 


Result: 
NiF = 7 a Ze ICalxi(o)xj(a) x(a) (10.276) 
f) We define the group S matrix as 
Cal \? 
Si(a) = ( GI ) xj(a) (10.277) 


Show that S is unitary. Rewrite the formula (10.276) in terms of S. Is the matrix S symmetric 
in the case of S;? 
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Result: 


So(@) 


g) Multiplying two classes C, and Cg just means performing the group product 


[Yo xJol} y] 


xECy yeCp 


ME = 1 Se) 250) 


Together with the usual addition of classes, this endows the group with an algebra structure, 
called the group algebra. We denote by C, * Cg, the corresponding product. Decompose 
this product in G and reorganize the result into sums of elements of G over classes to get 
the class algebra 


CL *¥Cs = es Nap” Cy 
if 


where Ng” are integer multiplicities. Find the numbers NV,” for S3. 


h) Using the class algebra of (g), find another decomposition formula for characters. 
Hint: Take first the representation p; of the class algebra relation, then compute its trace in 
terms of characters. The result reads 


x08) = D> Nap” x) 


i) Using the orthogonality relations for characters (10.275) and (10.274), deduce an expres- 
sion of the numbers \V,g” in terms of characters. This is the group Verlinde formula for 
products of classes. 

Result: 


| 
Jj) Rewrite this in terms of the group S matrix (10.277). 
Result: 


i ele S(B) 
Ne Gare © SZ 50) 


k) Conclude that, in general, the numbers 


' 5;(B) 
io eos SOc elt 


and the numbers Ng” cannot be simultaneously integers. Exemplify this with S;. Therefore 
in general the tensor product algebra for irreducible representations of a group G is a bad 
candidate for the fusion algebra of a conformal theory. Show however that when G is 
Abelian, then 


Ko = Mar 


In that case, representations and classes are isomorphic, and the matrix S is symmetric. 
Therefore only Abelian groups provide good candidates for conformal fusion rules. How- 
ever, many conformal fusion rules have no Abelian group interpretation. In this respect, one 


can think of the structure of the fusion rules in conformal theory as generalizing that of an 
Abelian group. 
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10.19 Conformal blocks and ¢? diagrams 


a) We study the crossing transformation acting on a given ¢° diagram of genus h. This is 
a local transformation, which acts on pairs of neighboring trivalent vertices, linked by a 
propagator, as 


Argue heuristically that this connects all the possible genus h @? diagrams. 

b) Prove that the number of conformal blocks in a basis for some correlation function on a 
surface of genus h is independent on the (genus h)-¢? diagram encoding the basis elements. 
10.20 Modular invariance of the c = 1 theory at the self-dual radius R = /2 


a) Express the extended characters Cp and C, of Eq. (10.233) in terms of Jacobi theta 
functions at the value t (instead of 2T) by using the doubling formulae (10.272). 


b) Using the fact that 
62(r)* = 03(1)* — 64(t)4 (10.278) 


deduce the modular invariance of the partition function, and check the modular transforma- 
tions of the characters Cp and C). 


10.21 Examples of RCFTs: the boson ona circle of rational square radius 


a) Prove that the c = 1 bosonic theory on a circle of radius R = ¥ 2n is rational. 
Hint: The extended characters are the functions K,, A = 0,1,...,N — 1 defined in 
Eg. (10.109), with N = 2n, and the partition function reads 


N-1 
ZJ2n) = DO IK)? 
»4=0 


b) Check the following sum rule for the dimensions of the extended operators (cf. Ex. 10.17) 


(1+N/2)c/4 = 6) oh, mod 1. 


c) Compute the conjugation matrix C = S?. 
Result: C,,, = 5,,v-, (A = 0 is self-conjugate). 


d) Compute the extended fusion rules of this RCFT. 
Result: Nj," = 8y,.+n mod N, for anyO <A,p,v<N—1. 


e) We now consider the bosonic c = 1 theory on a circle of radius R = /2p’'/p. Let 
N = 2pp’ and K, as in (10.109). Show that the partition function on the torus reads 


, N-1 
2 |) = > Ki) Kegsl®) 
14 =O 


with wo defined in Eqs. (10.118)-(10.119). Conclude that for peandepm-- il, “the 
corresponding RCFT is nondiagonal. 
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10.22 Bosonic representation of minimal theories on a torus 

Using the expression (10.122) for the minimal characters, prove that the partition function 
of the (Ap) ,Ap—1) minimal theory can be reexpressed as the half difference of twoc = 1 
bosonic theories on circles of respective radii ,/2pp’ and ./2p’/p. 

Hint: Use the results of the previous exercise. This representation may be generalized to all 
the modular invariants of the ADE classification. The results read 


Lay says = 5 (2/2) — 20/2") 


i: om 5 (2. 80") ~ 2(/3p'lp) — Z(/ppT2) + Z/2pp')) 


Lay 15 = 5 (ZV 6p) — 2 /6p) - Z2/7pI3) 
+ Z(,/2p/3) + Z(2,/6p/9) — Z(,/6p/9)) 

Zaye = 5(Z(6/B) ~ Z3VP) ~ Z2vp) 
+ 2(/p) — 2(2./p/3) + 2/3) 

Zaye = 5(Zl2/15p) — 2(/I5p) — Z2V5p/3) — Z2V 3915) 


+ Z(,/5p/3) + Z(./3p/5) + Z(2./p/15) — Z(/p/15)) 


10.23 Example of bosonic orbifold RCFT: orbifold at radius R = 1 
a) Prove the identity 

Ze = Zot) 
using the expression (10.51) for the partition function Z, of the free fermion (Ising model) 
on a torus, and the identity (10.260) on theta functions. 
b) Deduce that the orbifold bosonic theory on a circle of radius R = | is a RCFT. Compute 
the corresponding extended characters and fusion rules. 
10.24 The O(n) model on a torus, for —-2 <n <2 
It is possible to show that the partition function of the O(7) model on a rectangle of size 
L x T with periodic boundary conditions in both (time and space) directions has a well- 
defined thermodynamic limit when L,T — oo, while the (purely imaginary) parameter 
t = 1T7/L is kept fixed. The result reads 

1 

In(z)|? 


where gced((r7]|, |72’|) stands for the greatest common divisor of the two integers |772| and 
|m’|, 


Z,(t) = > cos (eoged( 7, jrm'l)) Zin ne(Rs T) 


mm’ eZ 


mR? \mt — m’|? 


Lute t) —| ie oe 
Vigtine * Sint 


and 


cos(me9) = n —2cos(xR?/2) = n 


with 0 < ée) < land /2 <R <2. 
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a) Check the modular invariance of this partition function. Hint: Show that gcd({r]|, |7’|) 
is invariant under the action of the modular group. 


b) Compute the central charge of the system. Compare the result with Eq. (7.108). Hint: Use 
the Poisson resummation formula (10.264) to extract the small-qg = exp(2izt) behavior of 
the partition function. 


c) Compute the partition function form = 2, 1,0. 


d) When R = \/2p'/p, with p’ > p two coprime integers, rewrite the partition function of 
the O(n) model as 


rate 5(2(V2pp") — 2(,/2p'lp)) 


Compare this with the results of Ex. 10.22. Conclude that for n = —2cos(zp’/p), 
the continuum limit of the O(n) model is described by the (diagonal) minimal model 
(Ap—1,Ap-1). 


e) Compute the one-polymer configuration sum on the torus, namely 


dZ,,(t) 


Notes 


The concept of modular invariance in conformal theory was first stressed as a fundamental 
requirement by Cardy [73], who studied the minimal models in a finite geometry (strip, 
torus), and derived constraints on the possible operator content. The hunt for modular in- 
variant partition functions started with Refs. {207, 172], and reached a climax with the 
conjecture of Cappelli, Itzykson, and Zuber on the ADE classification of modular invari- 
ants for minimal models [63], subsequently proved in Refs. [64] and [231]. A parallel 
construction of nondiagonal statistical RSOS models, indexed by the Dynkin ADE dia- 
grams, was performed by Pasquier [289]. It was argued that the continuum limit of the 
latter are described by the ADE minimal models. 

The Coulomb-gas models have been studied (Ref. [224]) in the description of the critical 
lines of the Ashkin-Teller statistical model (made of two interacting Ising models), and 
of various integrable lattice models, such as Baxter’s eight-vertex model [283]. Modular 
invariant partition functions for these c = | theories were built in Refs. [95, 96, 314, 362). 
The list of c = 1 modular invariant partition functions was further completed in Ref. [288], 
by the construction of RSOS lattice models based on extended Dynkin diagrams, and in 
Ref. [176] by using the orbifold procedure to build additional c = 1 theories that do not 
lie on the critical lines of the Ashkin-Teller model, and correspond to the continuum Jimit 
of the RSOS models based on the exceptional extended Dynkin diagrams. An extension of 
these results to arbitrary Riemann surfaces was also performed in Ref. [103]. 

Making the connection between the modular properties of the minimal characters and 
their fusion rules, E. Verlinde proposed the celebrated Verlinde formula [340] (Eq. 10.171), 
which expresses the fusion numbers as a function of the modular S matrix of the theory. A 
general proof was derived in the extended context of rational conformal theory in Refs. [102, 
272} and in Ref. [273] (see Sect. 10.8.3). This formula attracted much attention in the 
mathematical literature. 
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The natural notion of extended symmetry first arose in the context of modular invari- 
ance, in relation to block-diagonal modular invariants, and was further developed by explic- 
itly constructing enhanced symmetry algebras (called W-algebras) extending the Virasoro 
algebra, and governing the corresponding theories. The axiomatic definition of rational 
conformal theories is due to Moore and Seiberg [272]. 

Many identities on theta functions can be found in Refs. (27, 358]. The ADE classification 
of integer matrices with largest eigenvalue < 2 is due to Cartan, in the context of Lie algebras 
(see Ref. [185] for a graph-theoretic proof). Exs. 10.16 and 10.17 are based on Ref. [338]. 
Exs. 10.21, 10.22 and 10.23 are based on Refs. [95, 96]. 


CHAPTER 11 


Finite-Size Scaling and 
Boundaries 


Until now, with the notable exception of Chap. 10, we have concentrated our atten- 
tion on conformal field theories defined on the infinite plane, which is equivalent to 
a sphere. In this chapter we shall study the consequences of conformal invariance 
on models defined on portions of the plane delimited by one or more boundaries, 
with various types of boundary conditions. We shall proceed mainly by applying 
local conformal mappings from the infinite plane or the upper half-plane to these 
restricted geometries. This will prove to be a particularly useful application of lo- 
cal conformal invariance, as these mappings do not belong to the global conformal 
group. 

The relevance of studying models over a finite-size region is manifold. For 
instance, a lot of information on two-dimensional statistical models or one- 
dimensional quantum models is derived from computer simulations, which are 
necessarily limited to systems of finite size L. The properties of the model in the 
thermodynamic limit (L — oo) are inferred from the finite-size properties. Con- 
formal invariance can in many cases provide the L-dependence of these properties, 
thus allowing a more precise inference of the thermodynamic limit. This compari- 
son with numerical work may also provide an otherwise unknown correspondence 
between a model at criticality and a conformal field theory. In quantum systems 
(e.g., spin chains), the finite size may be in the (imaginary) time direction, which 
corresponds to finite temperature (cf. Sect. 3.1.2). Conformal invariance is then 
useful in studying the finite-temperature behavior of a 1D quantum model, which 
is critical at T = 0. 

Local conformal transformations may also provide the behavior of a critical 
system near a boundary, when free or fixed boundary conditions are used. The 
problem is then to find out the effect of the boundary on the decay of correlation 
functions. The prototype of a manifold with a boundary is the upper half-plane. 
From there, other geometries with boundaries may be obtained via conformal 
transformations. Often, such as in the study of percolation across a rectangle, the 
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boundary is part of the definition of the model itself, and not a limitation brought by 
the finite means of the investigator. The study of conformal field theories defined 
on an infinite strip has, of course, direct implications in open string theory, which 
will not be discussed in this work. 

This chapter is organized as follows. In Sect. 11.1, we come back to the issue of 
conformal theories defined on an infinite cylinder. Our aim is to illustrate the effect 
of the boundary on the two-point function of conformal fields, in particular how 
it introduces a correlation length along the direction of the cylinder. Section 11.2 
discusses the general issue of a conformal theory defined on the upper half-plane— 
or on a manifold with boundary that can be obtained from the upper half-plane 
via conformal mapping—with conformally invariant boundary conditions. We de- 
scribe such a theory with the ‘““method of images”, by which the holomorphic sector 
of a theory defined on the whole complex plane replaces the coupled holomorphic 
and antiholomorphic sectors of the theory defined on the upper half-plane, and 
where each field insertion in the physical region is compensated by the insertion of 
an “image” in the unphysical region. We apply this method to the Ising model and 
to the behavior of the spin field two-point function as one approaches the boundary. 
In Sect. 11.3 we introduce the notion of a boundary operator which, when inserted 
at a point on the boundary, changes the boundary condition from this point onward. 
These operators must belong to the same set as the bulk operators, a restriction 
imposed by the condition of conformal invariance on the boundary conditions. 
The significance of boundary operators is established by a close analogy with the 
Verlinde formula. Finally, in Sect. 11.4, we apply these ideas to the study of criti- 
cal percolation and obtain the aspect-ratio dependence of the crossing probability, 
an analytic result fully confirmed by numerical simulations and giving spectacular 
support to the hypothesis of local conformal invariance in two-dimensional critical 
systems. 


§11.1. Conformal Invariance on a Cylinder 


Before embarking on a study of critical systems with boundaries, we consider 
a field theory or statistical model at criticality defined on an infinite cylinder of 
circumference L. This geometry is useful in providing a physical motivation for 
the procedure of radial quantization (cf. Sect. 6.1.1) and for the quantization of 
free fields (cf. Sects. 6.3 and 6.4). Although the infinite cylinder has no boundary, 
it is the source of finite-size effects analogous to those observed on other manifolds 
with boundaries (e.g., the infinite strip). These effects have important implications 
in the practical study of critical quantum systems at finite temperature or of finite 
length. 

The mapping from the infinite plane (with holomorphic coordinate z) to the 
cylinder (with coordinate w) is 


g 
w= 7 Inz or Ze (11.1) 
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We have already performed a finite-size scaling analysis in this geometry when we 
obtained the expression (5.143) in Sect. 5.4.2 for the free energy per unit length 
F,, as a function of L: 


TIC 
Py = iob, 6L (U2) 
Here fo is the free energy per unit area in the L —> oo limit. 

Another quantity of interest is the two-point function of a primary field ¢ of 
conformal dimension h. Its form on the plane (Eq. (5.25)) was fixed by invariance 
under the global conformal transformations (5.12). Those were defined as one-to- 
one mappings from the infinite plane onto itself. In order to write the two-point 
function on the cylinder we need to use the covariance relation (5.24) for primary 
fields, with the mapping (11.1). Here we write the holomorphic part only: 


e a 
(oo )o6ova)) = (S) (=) (2 )6(20)) 


w=wW dz w=w2 
Ez. ey e2th(witw2)/L (11.3) 
L (z1 — Z2)* 


2h 
= (=) (2 sinh[x(w, — w2)/L}) 


The full correlator is the product of the above with its antiholomorphic counterpart: 


(o(w1, W1)(w2, W2)) = 


2h+2h ; 
(F) (2 sinh[z(w; — w2)/L}) (2 sinh[x(w, — W2)/L}) 


ig 
; (11.4) 
For simplicity, we assume that the field ¢ has no spin: h = h = A/2. Then the 
above reduces to 
on\24 w1-4 
(=) sinh aes sinh | (11.5) 


where w = w) — w2 and w = Ww — W? are the relative coordinates. We express 
this result in terms of real coordinates u and v, respectively, along and across 
the cylinder: w = u + iv and w = u — iv. After using standard identities for 
hyperbolic functions, we end up with 


aN 2 2nv]“ 
(b(t), V1 )@(utp, v2)) = (=) | 2cosh — ~2cos am (11.6) 


As expected, the effect of the finite size L disappears if the distance |u + iv| is 
much smaller than L. Then sinh(zw/L) ~ mw/L and we recover the infinite plane 


result (5.25). On the other hand, when u > L, then 2 cosh(27u/L) ~ ee aad 
the correlator becomes 
an \74 27uA 
(p(y, V1) (U2, V2)) ~ (F) exp — (u > L) (11.7) 
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Thus, correlations along the cylinder decay exponentially, with a correlation length 
£ = L/2nA, proportional to the size L. The appearance of a correlation length in 
a critical system is here entirely due to the existence of a macroscopic scale is 

When dealing with a quantum chain, the infinite cylinder geometry may corre- 
spond either to a finite chain at zero temperature with periodic boundary conditions, 
or to an infinite chain at a finite temperature T = 1/L (cf. Sect. 3.1.2). In the first 
case, the correlation length € = L/2zA in the time direction is the signature of an 
energy gap between the ground state and the first excited state, a gap induced by the 
system’s finite size, as routinely observed in numerical simulations. To make this 
point more explicit, we consider the two-point function (p(x, 0)p(x, t)), where x 
and rt are, respectively, the space and imaginary time coordinates. In the operator 
formalism, this two-point function may be expressed as a ground-state expectation 
value: 


(f(x, 0)O(x, t)) = (Olp(x, Oe" G(x, 0)e”" 10) 


- ase Hr 
= Lib, 0 lr) (n|p(x, O)e"*|0) (11.8) 


= Shen EF" (1px, 0) 1)? 


Here H is the Hamiltonian, the states |”) are the energy eigenstates (in increasing 
order of energy), and E,, is the eigenvalue of H associated with |). In the first line 
we have performed a time translation to make the two fields simultaneous. In the 
second line we have inserted a completeness relation for the basis of eigenstates 
of H. In the absence of spontaneous symmetry breaking—which is generally true 
at the critical point—the expectation value (0|@(x, 0)|0) vanishes. Otherwise, the 
above equation may be rewritten as follows for the connected two-point function: 


(P(x, O)P(x, t)) — (P(x, 0)) (P(x, 1) = }>e~Fr-F" | (OiG(x, 0)In)|?_ (11.9) 
n>0 


The term that dominates the above sum when f is large is associated with the first 
excited state |1), with an energy SE = E, — Ep above the ground state: 


(P(x, 0)P(x, t))c « eT = (tT + 00) (11.10) 
Comparing Eq. (11.10) with Eq. (11.7), we conclude that 
2nrA 
bE = —— 
L (11.11) 


Of course, this relation holds in “natural units’, in which Planck’s constant and 
the characteristic velocity v of the system—the equivalent of the speed of light 
in a Lorentz invariant theory—are set to unity. In order to restore the correct 
dimensions, one must multiply the r.h.s. byAv. 

If the finite extent of the system is in the imaginary time direction, the size L is 
equal to the inverse temperature 1/T and the correlation length € becomes 


1 


5 = OTA 


(11.12) 
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This length has the physical interpretation of a coherence length, giving the spatial 
extent over which quantum coherence is not destroyed by thermal fluctuations. It 
is the thermal de Broglie wavelength characterizing the system at a temperature 
T. The interpretation of Eq. (11.2) for the free energy is then different: In a one- 
dimensional quantum system, this formula gives the vacuum functional W per unit 
length, which is related to the free energy f by W = fL, L being the extent of the 
time direction. Thus, the free energy per unit length is 


1 
=fo- ger” (quantum chain) (11.13) 


From this we infer the specific heat C per unit length: 


1 
C = -—T— = -ncT (11.14) 


Of course, we must divide this result byAv to restore the correct units. 


§11.2. Surface Critical Behavior 


In this section we apply conformal invariance to a two-dimensional system with a 
boundary, of which the prototype is the upper half-plane. The goal is to determine 
the behavior of correlation functions near the boundary when the bulk is critical: 
we call this surface critical behavior—even though the surface (or boundary) is 
here a one-dimensional object. A given statistical or quantum model is character- 
ized by a set of boundary conditions at the surface. If the model is to have some 
form of conformal symmetry at criticality, conformal transformations must map 
the boundary onto itself and preserve the boundary conditions. This restricts the 
overall symmetry of the model: holomorphic and antiholomorphic fields no longer 
decouple and only half of the conformal generators remain. 


11.2.1. Conformal Field Theory on the Upper Half-Plane 


The simplest two-dimensional manifold with a boundary on which to apply the 
formalism of conformal field theory is the upper half-plane. A model defined 
on the upper half-plane may have conformal invariance only if the conformal 
transformations keep the boundary (the real axis) and the boundary conditions 
invariant. Among the conformal transformations (5.12), those that map the real 
axis onto itself are obtained by keeping the parameters a, b, and c real. Thus, 
the global conformal group is half as large as it is for the entire plane. Likewise, 
infinitesimal local conformal transformations of the form z + z+e(z) will map the 
real axis onto itself if and only if e€(Z) = €(z) (i.e., € is real on the real axis). This is a 
strong constraint that eliminates half of the conformal generators: the holomorphic 
and antiholomorphic sectors of the theory are no longer independent. 
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As for the boundary conditions on a scaling field ¢, invariance under conformal 
transformations requires them to be homogeneous, for instance as follows: 


dp 
dlp=9 » p= +» Flp=0 (11.15) 


Indeed, the transformation law (5.22) for primary fields is multiplicative and there- 
fore leaves the above boundary conditions unchanged. The Dirichlet boundary 
condition le = 0 is also referred to as the “free” boundary condition, since 
the vanishing of the order parameter at the boundary generally follows from the 
absence of constraints on the microscopic degrees of freedom. A critical system 
obeying such a boundary condition is said to undergo an ordinary transition. On 
the other hand, it may happen in some systems that the surface orders before the 
bulk, for instance because of stronger interactions at the boundary. In that case the 
order parameter is infinite’ at the boundary (¢|p = oo) and the system is said to 
undergo an extraordinary transition. 

The conformal Ward identity (5.46) embodies the effects of local conformal 
invariance on correlation functions: 


on oe f dz e(z)(T(2)X) + —- $ dzeZIT@X) —(11.16) 
21 Jc 2m Jc 


where, as usual, X stands for a product of local fields. Without loss of generality, 
we may assume that it is a product of primary fields: 


X = by 7, (21,21) +> bp, j,, Zn» 2n) (11.17) 


(the indices on each field are the holomorphic and antiholomorphic conformal 
dimensions). On the infinite plane, the infinitesimal coordinate variations €(z) and 
€(Z) are independent, and therefore this identity is in fact a pair of identities giving 
the independent variations 6, (X) and 5z(X) of a correlation function under an in- 
finitesimal conformal transformation. On the upper half-plane the conformal Ward 
identity is still applicable, except that the integration contour C must lie entirely in 
the upper half-plane and the coordinate variation € is the complex conjugate of e: 
we no longer have a decoupling into holomorphic and antiholomorphic identities. 

In order to apply the machinery developed in the previous chapters to a theory 
defined on the upper half-plane, we shall regard the dependence of the correlators 
on antiholomorphic coordinates z; on the upper half-plane as a dependence on 
holomorphic coordinates z* = Z; on the lower half-plane. We thus introduce a 
mirror image of the system on the lower half-plane, via a parity transformation. In 
going from the upper to the lower half-plane, vector and tensor fields change their 
holomorphic indices into antiholomorphic indices and vice versa. Thus T(z*) = 
T(z), T(z*) = Te), andiso on. Of course, such an extension is compatible with the 
boundary conditions only if T = T on the real axis (and likewise for all vector or 
tensor fields). The boundary condition T = T becomes T,., = 0 when expressed in 
terms of Cartesian coordinates, in which its meaning becomes clear: no energy or 


' In fact, the divergence of the order parameter near the boundary is cut off at a microscopic distance 
from the surface, of the order of the lattice spacing. 
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momentum flows across the real axis. This general condition is obviously satisfied 


in a physical system with a boundary, and in particular it is compatible with the 
homogeneous boundary conditions cited above. 


=— = Imz>0d0 


~« 
\ -_ 2 
a. imez << 0 


Figure 11.1. Contour used in the conformal Ward identity for two fields at points z, and z2 
on the upper half-plane, with the mirror contour and points on the lower half-plane. 


It is then possible to rewrite the conformal identity (11.16) on the upper half- 
plane as a purely holomorphic expression on the infinite plane. The second term 
of Eq. (11.16) becomes an integration along a mirror image of the contour C, as 
indicated in Fig. 11.1. That figure shows an example contour to be used with this 
identity, with singularities of the integrand at the locations z; and Z2 of two local 
fields. The “mirror images” of this contour and points on the lower-half plane are 
also shown. The direction of the mirror contour is reversed, because of the relative 
sign of the two integrals appearing in the conformal Ward identity (11.16). Since, 
by hypothesis, T = T on the real axis, the two disjoint contours may be fused 
into one, their horizontal parts canceling each other, and we end up with a single 
contour circling around twice the number of points. Thus the original conformal 
Ward identity now takes the simpler form 


6<(X) = me p az €(z)(T(z)X’) (11.18) 
271 GC 


where X’ stands for 
X' = bp, (21); (27) - +: Pn, Zn) Gj, (2h) (11.19) 


Here ¢;,(z) stands for the holomorphic part of the field @, ;(z,Z) and $7,(z*) 
stands for its antiholomorphic part, after a parity transformation on the lower 
half-plane making it a holomorphic field with holomorphic dimension h. For in- 
stance, the parity transformation has the following effect on the free boson and the 
free fermion: 


ag(Z) —> -+£09(z") 


4 (11.20) 
w(Z) — +¥(2") 
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In the free fermion case, the parity transformation interchanges the two components 
of the spinor V = (y, ). There is a certain freedom in the definition of the parity 
transformation, which translates into different boundary conditions on the real axis 
(cf. Ex. 11.6 and 11.8). 

In other words, the correlator (X) on the upper half-plane, as a function of the 2n 
variables Z;,Z1,°-°»Zn» Zn» Satisfies the same differential equation (coming from 
local conformal invariance) as the correlator (X’) on the entire plane, regarded as 
a function of the 2n holomorphic variables Z;,---,Z2n where Zn4i = z7. We have 
effectively replaced the antiholomorphic degrees of freedom on the upper half- 
plane by holomorphic degrees of freedom on the lower half-plane. An n-point 
function on the upper half-plane—the object of interest—is replaced here by the 
holomorphic part of a 2n-point function on the infinite plane.? The interaction 
of the local fields with the boundary (in the form of the boundary conditions) is 
simulated by the interaction between mirror images of the same holomorphic field. 
Considering Fig. 11.1 for the two-point function, we expect to feel the effect of 
the boundary when the separation |Z; — Z2| is larger than the distance from the 
real axis, while the bulk result is recovered in the other limit. Notice that, even for 
minimal models, the four-point function and higher correlators are not uniquely 
determined by conformal invariance and singular vectors: we need to specify some 
boundary or asymptotic conditions. Here, it is the role of the particular boundary 
condition on the real axis to determine which linear combinations of the conformal 
blocks of the 2n-point function is chosen. 

All this is reminiscent of the method of images used in electrostatics, in which 
fictitious electric charges are placed in an unphysical region of space in order to 
produce, in the physical region, a contribution to the electric potential that fulfills 
the boundary conditions, without affecting the differential equation obeyed by the 
potential in the presence of real charges (Poisson’s equation). Accordingly, we 
may call the procedure described above the “method of images.” 

The simplest application of the method of images is the determination of the 
order parameter profile near the boundary. By this we mean the dependence of the 
expectation value (¢(z)) on the distance from the boundary. It is assumed here that 
the local fields fluctuate about zero, that is, (¢(z)) = 0 in the bulk (no symmetry 
breaking at criticality). However, in an “extraordinary transition”, the boundary 
condition is that @ — oo on the real axis. According to the above analysis, the one- 
point function (¢(z, Z)) on the upper half-plane is given by the two-point function 
(p(z)(Z)) on the infinite plane. The latter is known to be equal to (z—Z)~~". Thus, 


2 Conformal invariance does not fix the overall normalization of correlation functions. The doubling 
of fields in going from X to X’ certainly affects this normalization: as an operation, the renormalization 
@ — const. x @ does not commute with it. Thus, the method explained here may fix the coordinate 
dependence of correlators on the upper half-plane from those on the entire plane, but not their overall 
normalization. 

3 Ifa primary field is purely holomorphic (h = 0), its antiholomorphic part is the identity and has no 
effect on the correlator. Thus, depending on the number of purely holomorphic (or antiholomorphic) 
fields, the effective number of points on the entire plane varies between n and 2n. 
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if y is the distance from the real axis and if h = h, the order parameter profile is 
1 
(@(y)) ~ as (11.21) 


where A =h +h is the scaling dimension of the field ¢. 


11.2.2. The Ising Model on the Upper Half-Plane 


An interesting, yet simple application of the method of images is the calculation 
of the spin-spin correlation function of the Ising model on the upper half-plane 
(UHP). This function may be written as 


G5(¥1,92, 0) = (0(21,21)0(Z2, Z2)) unP 
= (0(21 )o(Z2)o(zj)o(z3)) 
Here y, and y> are the distances of the two points from the real axis and p = x2—x, 


is the horizontal distance between the two points (cf. Fig. 11.2). The r.h.s. of the 
second line is the holomorphic part of the four-spin correlator on the infinite plane. 


CHi22) 


Figure 11.2. Real coordinates y,, y2, and p for the two-point function near the boundary. 


The Ising model is one of the minimal models discussed at length in Chaps. 7 
and 8. Its correlation functions satisfy special linear differential equations, which 
allow us, in principle, to write them down explicitly.* For the sake of computing 
the correlator (11.22), it is preferable to apply the differential equation rather 
than to borrow directly the result (12.61), because different boundary conditions 
are needed (cf. also Ex. 8.12). The differential equation obeyed by the four-spin 
correlation function is particularly simple: it is a special case of Eq. (7.47), in 
which X = o(z;)o(Z2)o(z3) and @ = o: 


iMe 


1 0 1/16 4 a 
| l= ae oo | = $3 (0(Z )o(Z2)0(z3)a(z)) =0 (11.23) 


1 


Indeed, the primary field o has conformal dimension h;,. = 77 and is precisely 
the null field studied in Sect. 7.3.1. 


4 This is not the way correlation functions are found when studying the Ising mode) in detail in 
Chap. 12, where other methods—in particular bosonization—are used. 
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We know from Chap. 5 (Eq. (5.31)) that the holomorphic part of the four-point 
function may be expressed as follows: 


idiqnaaeeae (x) F(x) (11.24) 
Z12Z23Z14234 


where F is some function of the anharmonic ratio x = Z12Z34/Z13Z24 and where 
2ij = 2i — 2 (here 24 = Z). If we substitute this form into Eq. (11.23), we end up 
with an ordinary differential equation in the variable x: 


2 dx 


This is a special case of the hypergeometric equation, which may be solved by a 
simple change of variables: x = sin? 6; this substitution yields 


ne 1 d 1 
[x4 055 +55 + 7g [Fe =0 (11.25) 


2 
E + ‘| F(6) =0 (11.26) 


The two linearly independent solutions are cos +6 and sin +0 or, equivalently, 


v71+cosé = ¥1+-/1 — x. Appropriate linear combinations of these two solu- 
tions” must be taken in order to satisfy the boundary conditions. Alternately, if one 
borrows directly the infinite-plane correlation function obtained by different means 
(e.g., bosonization), the two solutions correspond to two different definitions of 
the parity transformation on the Ising model (cf. Ex. 11.6). 

These boundary conditions are fixed by the asymptotic behavior of the spin- 
spin correlator (11.22) near the real axis. In a so-called “ordinary transition”’, the 
surface is disordered, which means that G,(y),¥2, 0) — 0 as p — oo for fixed 
values of y; and y2, which corresponds to x —> —oo. On the other hand, in an 
“extraordinary transition”, the surface orders before the bulk, which means that, 
in the same limit, 


G;(y1,92, 0) ~ (0(21,21)) up (0(2Z2, Z2)) Une 


1 ; 
P (112277) 
(yiy2)8 
It follows that the correct linear combinations are 
Fx) =yV1l—x+1F Vv¥1—-x-1 (11.28) 


where the upper (resp. lower) sign corresponds to the ordinary (resp. extraordinary) 


transition. If we express these four-point functions in terms of y;, y2, and p, we 
find 


J 1/4 ee qa 4 (11.29) 


G;(y1, 92, p) x 1 
(yiy2)® 


> These are the two conformal blocks of the Ising spin four-point function (see Ex. 12.7). 
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where 


2 2 
vcr 
omc ce Ya) (11.30) 
fat O — ya) 
The asymptotic behavior of the correlator as p — oo (y; and y2 fixed) is 
characterized by an exponent n, defined as 


1 
G;(y1,y2, p) ~ oer (p > y1,¥2) Ci3ty 


pu 
It follows from Eq. (11.29) that 


1 (ordinary) 
= (11.32) 
4 (extraordinary) 


11.2.3. The Infinite Strip 


We now consider the infinite strip of width L. It is understood that the strip does not 
support periodic or antiperiodic boundary conditions across its width, otherwise 
it would effectively be a cylinder. This manifold may be obtained from the upper 
half-plane by the following conformal map: 


L 
w= —Inz (11.33) 
1 


where w and z are the holomorphic coordinates on the strip and the upper half- 
plane, respectively. Notice the difference from the map (11.1), going from the 
infinite plane to the cylinder. Here the positive real axis is mapped onto the lower 
edge of the strip and the negative real axis onto the upper edge. Therefore the 
two edges must support the same boundary conditions (e.g., both fixed to the same 
value, or both free) if the results obtained on the upper half-plane are to be imported 
here. 

We first determine the order parameter profile near the boundary, in the case of 
an extraordinary transition. This is obtained by transforming the one-point function 


(P(z,Z)) une = (P(z)¢(Z)) 
1 (11.34) 
(z—z)* 


onto the strip, with the help of Eq. (5.24). The result is 


eth(w+w/L 


(p(w, W)) strip = Cr 


L emwilL _ exwil 


o—_— 
> hg [sin(v/L)]” 


le 
(11.35) 
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where we have used real coordinates u and v (respectively, longitudinal and trans- 
verse) defined by w = u + iv. This profile is symmetric about the middle of the 
strip, where it reaches its minimum. In the limit v < L, we may write 


(P(V))strip 0 a E + Sx AVIL) + -- ] (11.36) 
Vv 6 


This is compatible with a more general result of Fisher and de Gennes, obtained 
through a scaling analysis in dimension d: 


(ov) ~ + [1 +const(vity'] KL) (11.37) 
Vv 


It is also interesting to look at the two-point function of a primary field on the 
strip. We shall limit ourselves to the spin-spin correlation function in the Ising 
model, in the limit of large separation u along the strip. We let w, = uw; +1v; and 
W2 = U2 + 1V2 be the locations of the two points on the strip and u = u2 — uy. 
According to the covariance relation (5.24), the spin-spin correlation function is 


(o(w; , Wi )o(w2, W2)) strip — 


ee a ae — (11.38) 
(>) [ermre™™ | (0(Z1)0(Z2)0(Z Jo(Za)) 
The last factor is given by 
I 
t 
(000) = (=) F(x) 
212223214234 
(11.39) 
1 x3 “3 
= aol (=) F(x) 
(Z13Z24)* \1—x 
In terms of the strip coordinates, the anharmonic ratio x is 
— Zi2es4 ermull _ QenlL cosin(v, — v1 /L] 
= 213224 an AetulL (11.40) 
where 
A= 4sin— sin 7 (11.41) 
Likewise, 
213224 = —4Ae?™1/LoxulL (11.42) 


In the limit u >> L, x is proportional to e™“. Combining all the factors, we find, 
in this limit and for an ordinary transition, 


(0(w1,W)o(W2,W2))stip « CT (yy > L) (11.43) 


The two-point function decays exponentially in the longitudinal direction, with a 
correlation length € = 2L/m. This may be argued to be a special case of the more 
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general relation 
_ 2b 
TrNn| 
This is to be compared with the relation € = L/2xA = L/zn on the cylinder 
geometry. It is the surface exponent 7 that now determines the correlation length. 
Before leaving the strip geometry, we mention the finite-size correction to the 


free energy. The reasoning leading to Eq. (5.143) is still applicable here, except 
that the mapping is now slightly different (L is replaced by 2L). The net result is 


(11.44) 


TC 
F — — 
pio FAL (11.45) 
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11.3.1. Introduction 


In this section we shall see how the methods of conformal field theory may be 
applied to a system limited by two (or more) boundaries with possibly different 
boundary conditions. We shall find an explicit formula, in the operator formalism, 
for all the boundary conditions compatible with conformal symmetry. The key 
concept in the treatment of boundary conditions is that of a boundary operator, or 
boundary field. This will be applied to critical percolation later in this chapter. 

The existence of scaling fields living on the boundary appears naturally within 
the method of images. We consider a bulk scaling field ¢(z) on the upper half-plane, 
which we bring closer and closer to the boundary (the real axis). As it approaches 
the real axis, this field interacts with its mirror image $(z*) (i.e., with the boundary 
itself) and can be replaced by its OPE with its image: 


H(2)9(2") © DI — zt) 2) g(x) (11.46) 


where we have dropped the higher terms and where x = (z + z*)/2. The fields oy 
live on the boundary, but belong to the same operator algebra as the bulk fields. 
As we shall see, these boundary fields, when inserted at a point on the boundary, 
change the boundary condition thereafter. In fact, the goal of this section is to 
justify this interpretation. 

For the moment, we accept this interpretation of boundary operators and see 
how it applies in practice. We consider again the infinite strip of width L. We let 
t and o be the coordinates, respectively, along and across the strip, so that the 
complex coordinate is w = t + io. We denote the boundary conditions at o = 0 
and o = L, respectively, by the symbols a and . In a concrete system such as 
the Ising model, a and f could stand for fixed boundary conditions—under which 
the boundary spins are +1 or —1—or free boundary conditions. If we choose the 
time direction to be along the strip, then the Hamiltonian depends on the boundary 
conditions: we denote it (77/L)H 4, (the prefactor is inserted so that H,,, has the same 
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normalization as Lo on the plane). We assume that the system has local conformal 
invariance under those transformations that preserve the boundary conditions. 

If we map the strip back to the upper half-plane using the transformation (11.33), 
the boundary condition on the real axis changes from @ to f at the origin. According 
to the above interpretation of boundary operators, this change may be obtained 
from a uniform boundary condition by the insertion at the origin of a boundary 
operator ¢(0). In this notation, ¢yg(x) is a scaling field of dimension /igg living 
on the boundary and which, when inserted at a point x on the real axis, changes 
the boundary condition from a to B. In the context of radial quantization, this 
means that the vacuum is no longer invariant under translations (i.e., is no longer 
annihilated by L_,), but is obtained from the SL(2, Z)-invariant vacuum 10) by 
the application of ¢,(0). For an infinite strip, it is clear that a boundary operator 
#fa is also inserted at infinity. In fact, the fields gu and dg, are conjugate and the 
two-point function (.4(%1)bga(x2)) is nonzero. 


Figure 11.3. Bounded region with changing boundary conditions. 


The introduction of boundary operators allows us to relate the partition func- 
tion of a system with changing boundary conditions to a correlator of boundary 
operators on the upper half-plane. We consider a general bounded geometry, such 
as a rectangle or a circle. The interior of such a region may be mapped onto the 
upper half-plane, while its boundary is mapped onto the real axis. We suppose that 
the boundary condition is a on a segment [x, x2] of the boundary, 6 on a segment 
[x3,x4], and free (f) everywhere else (cf. Fig. 11.3). The partition function Zo, of 
this system will be expressed as 


Lop = Ly (PfalX1 Hat (X2)byp(x3 Ppp (x4)) (11.47) 


where Z; is the partition function for free boundary conditions throughout. 


11.3.2. Boundary States and the Verlinde Formula 


In this subsection we justify the interpretation of boundary operators described 
above. The basic idea is to describe a conformal field theory defined on a finite 
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cylinder within two equivalent quantization schemes, one in which time flows 
around the cylinder, another one in which it flows along the cylinder. In the first 
scheme, the Hamiltonian H,, depends on the boundary conditions on the edges 
of the cylinder. In the second scheme, the boundary conditions are embodied in 
initial and final states |a) and |6), while the Hamiltonian is obtained directly from 
the whole complex plane. 

If we go back to the strip and impose periodic boundary conditions in the time 
direction along the strip, after a period T, we have transformed the strip into a 
finite cylinder of circumference T and length L. The boundary conditions a and B 
are still imposed on the two edges of the cylinder. Because of the finite extent of 
the system it is now convenient to introduce a partition function 


Zap(q) = Tr exp—(xT/L) Hap 


=e" ) ¢=iT/2L 11.48 
= Trg : 


where we have borrowed the notation of Chap. 10. Local conformal invariance im- 
plies that the spectrum of Hg falls into irreducible representations of the Virasoro 
algebra (Verma modules). If we call ni, g the number of copies of the representation 
labeled 7 occurring in the spectrum, then the partition function may be written as 


Zup(q) =) MapXi(@) (11.49) 


where x; is the Virasoro character of the representation 1: 
nao ig? (11.50) 


Since the full theory resides on the holomorphic sector only, the partition function 
is a linear, not bilinear, combination of characters. 

In Chap. 10 it was pointed out that there are minimal conformal field theories, 
termed rational, which are made up of a finite number of Verma modules and for 
which, under a modular transformation t — —1/t, the holomorphic characters 
transform as follows: 


xi(g) = Y Sixi@) G=cr (11.51) 
] 


The partition function Z,(q) may therefore be expressed as 


Zap(4) = D0 Map SiXi@) (11.52) 


y 


In the present context, such a modular transformation interchanges the roles of L 
and T. It is therefore possible to switch axes and to regard the partition function 
as a trace of a Hamiltonian generating translations along a. To this end, we map 
the cylinder onto the plane via the coordinate transformation 


mg 
a exp { — 2ni(t + ioyT| or Mises Int (11.53) 
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The ¢-plane is, of course, distinct from the z-plane defined by the mapping (11.33). 
We let Li, and EB be the Virasoro generators on the ¢-plane. The Hamiltonian H 
needed to patton the translations in the o-direction is then 


ae = (15 +L5- =) (11.54) 


On the ¢-plane the boundaries are concentric circles centered at the origin. In radial 
quantization, the boundary conditions are imposed by propagating states from an 
initial state |\a) residing on the inner boundary, toward a final state |B) on the 
outer boundary. The precise form of these states depends on the specific boundary 
conditions used. The partition function is then expressed as 


Zuplq) = ale“ |B) 


g CLES) 
V2yL5+Lo —c/12 1B) 


= (alq 


The advantage of such a formulation is that we are familiar with the Hilbert space 
on the ¢-plane, where the holomorphic and antiholomorphic sectors propagate 
separately. 

For all boundary conditions, it is imperative that there be no flow of energy 
across the edges of the finite cylinder, a condition that translates into 


Tey (0,t) =Tey(0,t) and Toy (L,t) =Ta(L,d (11.56) 


Here 7,y), and Te are the holomorphic and antiholomorphic components of the 
energy-momentum tensor on the cylinder. If we map this condition onto the ¢-plane, 
it takes the form 


Tete ae) a —— (11.57) 


on the boundary. In terms of the Virasoro generators acting on the boundary state 
|a), this condition becomes 


(Li —L’,,)|a) =0 (11.58) 


A similar condition holds on the final state |8). We note that the condition (11.56) 
also enforces the invariance of the boundary condition (or boundary state) under 
conformal transformations that leave the boundary unchanged. 

It turns out that the constraint (11.58) is quite rigid and that very few states sat- 
isfy it. We will give the general solution here, without proving its uniqueness. We 
let |j; N) be aholomorphic state belonging to the Verma module j (N labels the dif- 
ferent states within that module) and |j; N) be the corresponding antiholomorphic 
state. We introduce an antiunitary operator U such that 


U\j; 0) = |j; 0)* UL, = Liv (11.59) 
Then the solution to (11.58) is 
li) = oN) @UYN) (11.60) 
N 
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In order to show that this state is indeed a solution to the constraint (11.58), it 
is enough to project the constraint onto each basis state of the Hilbert space (cf. 
Ex. 11.10). We thus have a complete list of boundary states compatible with local 
conformal invariance. 

The boundary states |@) and |f) will then be linear combinations of the states 
\j) associated with different Verma modules. Assuming the states |j) have been 
normalized in some way, we may then write the partition function as 


Zap(q) = Y(arli) i\(GU?yhorto-e? jj GiB) 
ij 


(11.61) 
= Dali) GIB) xi(@) 
i 


In the second line we have restricted ourselves to diagonal theories, that is, theories 
whose partition function on the torus is a diagonal combination of characters: 
Z = > xi(t)xi(7). Because of this, it is g that appears in the last line of the 
above equation, not g'/*. Comparing the above result with Eq. (11.51) leads to the 
following relation: 


ye Siig = (ar) GB) (11.62) 


To proceed, we first identify a boundary state \0) such that the only representa- 
tion occurring in the Hamiltonian 4, is the identity: n-. = 69. From Eq. (11.62), 


such a State satisfies the relation \(O\) |? = Sp. In a unitary model, So; can be 
shown to be positive (cf Ex. 10.5) and therefore this state indeed exists and can be 
taken as 


10) = >> / Soli) (11.63) 
j 


Likewise, we define a state 


. Si 
=> vj) (11.64) 


From Eq. (11.62), this state is such that ni. = 5: only the representation / propa- 
gates in H,;. We may then apply Eq. el 1.82) one last time and find the following 
relation: 


Do Sani = vi) iid 


— Si Si 
Soj 


Here the matrix S is real: the Virasoro representations are self-conjugate.° This 
relation is identical to the Verlinde formula, which relates fusion coefficients and 


(11.65) 


6 If this is not true, for instance if there are extended symmetries present, then the argument is only 
slightly modified, by replacing the representation k by its conjugate. 
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the modular matrix: 
Si Si 


Spa = (11.66) 
i Soj 
We conclude from this exercise that 
no=N'u (11.67) 


that is, the number of times representation i occurs in the Hamiltonian Hj; is 
precisely the fusion coefficient Nx). 

This result warrants the interpretation that boundary conditions may be changed 
by inserting a local operator on the boundary. Consider Fig. 11.4. Initially the 
Hamiltonian is Hj, and only the states belonging to representation 1 propagate. 


At time fg there is a change in boundary conditions to (/,k) and there will be 
Ny. copies of representation i that will propagate. Viewed differently, a boundary 
operator ¢,z has been applied at time fo on the states of representation /; since $5; 
transforms in the representation k of the Virasoro algebra, the resulting states will 
fall into a variety of representations, of which representation 7 occurs ‘7, times, 


according to the usual fusion rules. 


0 to k 
ee 
l ING 
o —_—> ———> 
i t 


Figure 11.4. Insertion of the boundary operator ga at an instant fo on the strip and 
consequence on the propagating modes. 


EXAMPLE: THE ISING MODEL 


In order to illustrate the above results, we apply them to the Ising model. According 
to Eq. (10.134) of Chap. 10, the modular matrix S is in this case 


i 


1 

2 
1 
2 


im Nl 


Ss = 


2 
I i 
fifi 


where the three rows correspond, respectively, to the representations with highest 
weights h = 0 (0),h = 5 (e), andh = 4 (0); we indicated within parentheses 
the symbols used for the corresponding bulk operators. The number of possible 


Nim Nie 


(11.68) 
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conformally invariant boundary conditions is equal to the number of admissible 
boundary states defined in Eq. (11.64): 


2 1 ] 1 

0) = —|0 a = 

8) = 0) + te) + Zo) 
0) ia) = io) (11.69) 
Zee pa 
i 

Ig) = 10) — Ie) 


Here we have designated by |0), |e), and |o) the three states defined in Eq. (11.60) 
for the three possible values of /. 

Each of the three states defined in Eq. (11.69) is the realization, in radial quan- 
tization on the ¢-plane, of a particular type of conformally invariant boundary 
condition. In the Ising model, the three possible boundary conditions are to fix the 
boundary spins at +, —, or to let them free. Since the first two states of (11.69) 
differ only by the sign of the state associated with the odd operator o, we infer 
that these two boundary states correspond to the two types of fixed boundary con- 
ditions, whereas the third state represents free boundary conditions. Which of the 
first two states of (11.69) represents the + boundary condition is really a matter 
of choice. 

Identifying the boundary operators ¢,, taking us from one boundary condition 
to the other is not difficult. The operator ¢,_ producing a transition from the (+) 
boundary condition to the (—) boundary condition could be written 95 in the 


notation of this subsection. Thus, it transforms under the representation of weight 
5 of the Virasoro algebra. In other words, it is the scaling field $(2,;) = (1,3). 
Likewise, the boundary operator $,, is identified with ¢( 2) = $(2,2)- 


§11.4. Critical Percolation 
11.4.1. Statement of the Problem 


We explain briefly the problem of bond percolation.’ We consider a finite lattice 
(for definiteness, a rectangular lattice) and call G the set of bonds (or links) between 
nearest-neighbor sites. We suppose now that each bond has a probability p of being 
“activated”—-graphically, one may represent activated bonds by thick lines, and 
“inert” bonds by thin lines (cf. Fig. 11.5). In a given configuration, activated bonds 
will fall into clusters. The greater the probability p, the bigger will be the average 
cluster. The central question of percolation theory is the following: for a given 
value of p, what is the probability 7;,(p) that there is a cluster spanning the whole 
lattice, from left to right? In other words, what is the probability that one can cross 
the lattice by walking continuously on activated bonds? Here the index h stands 


7 A detailed introduction to the general problem of percolation lies outside the scope of this work. 
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for horizontal: one also defines the probability 2,(p) for a vertical crossing of 
the lattice. In fact, more general probabilities may be defined for crossings from a 
definite portion of the boundary to another. These probabilities depend, of course, 
on the size and aspect ratio (i.e., width over height) of the lattice. The central result 
of percolation theory is that in the limit of infinite lattice size (the thermodynamic 
limit) there exists a critical value p, of the activation probability such that the 
crossing probability 2,(p) vanishes if p < pc and is unity if p > pc. Atp = Pe, 
the crossing probability depends on the shape (aspect ratio) of the lattice. 


Figure 11.5. Typical configuration of bonds on a finite rectangular lattice. In this specific 
case, there is a horizontal crossing but no vertical crossing. 


By critical percolation, we mean the study of percolation at the critical value 
P = Pc. For a square lattice, it is known exactly that p. = $8 Let r be the 
aspect ratio of the rectangular lattice. One of the main questions in the theory 
of critical percolation is then the calculation of the crossing probability z),(r) as 
a function of aspect ratio, in the thermodynamic limit. This function has been 
“measured” quite accurately by computer simulations. The goal of this section is 
to explain how to calculate it with the methods of conformal invariance. As we shall 
show, the agreement between the theoretical and the measured values is striking 
and provides a remarkable validation of the assumptions behind conformal field 
theory, in particular in the treatment of boundaries. 


8 We can also define percolation by site, in which sites, not bonds, are activated. Crossing is then pos- 
sible only by hopping between nearest-neighbor activated sites. The critical probabilities are different 
from those of the bond-percolation problem. Fora square lattice, one finds p- © 0.5927460+0.0000005 
with the help of computer simulations. 
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11.4.2. Bond Percolation and the Q-state Potts Model 


The bond percolation problem fits naturally into the family of Potts models. Recall 
that the Q-state Potts model is defined as follows: on each site of the lattice lives a 
discrete variable o;—call it spin—taking one of Q possible values, and the energy 
of a spin configuration is 


22 oes (11.70) 
(i) 
In other words, each bond linking two like-spins has an energy J, other bonds have 


no energy. The total energy being a sum over bonds, the partition function may be 
expressed as follows: 


Z— | 1 ( Pxéae) (11.71) 


{fo} @) 


where x = exp —f/. In a generic configuration of spins, the bonds are arranged 
in clusters containing like-spins. The expression (11.71) for the partition function 
allows a different interpretation of the Q-state Potts model, closer to the percolation 
problem: each bond has a probability p of being activated and 1 — p of being inert, 
with the ratio x = p/(1 — p). However, each activated bond has a “color” taking 
Q possible values, so that a given cluster of bonds is “colored” according to the 
value of o it supports. The partition function (11.71) may in fact be reformulated as 
follows, up to a multiplicative constant: If we let B be the total number of bonds on 
the lattice, R the subset of bonds that are activated, B(R) the number of activated 
bonds, and N.(R) the number of disjoint clusters in the subset R, then, up to a 
multiplicative constant, the partition function is 


ess eee a p)yP- BR) QNe(R) (11.72) 
R 


where the sum is taken over all possible sets of activated bonds. A given configura- 
tion of activated bonds has a probability p?®)(1 — p)®-) of being realized and, 
once it exists, there are Q\‘®) ways of distributing the Q colors among the N(R) 
clusters. In order to have a perfect correspondence with the Q-state Potts model, 
we must count clusters of size zero (i.e., isolated spins of any color). Thus, the 
usual bond percolation problem appears as a special case (Q = 1) of the Q-state 
Potts model.? We can easily check that the partition function (11.72) is normalized 
(Cé63.2 =) 1 Ora. 

This correspondence between the Q-state Potts model and the bond percolation 
problem allows us to formulate the problem of the crossing probability 7, (r) 
in terms of partition functions of the Q-state Potts model with different boundary 
conditions. Specifically, we let Z,g be the partition function on a rectangular lattice 
with fixed boundary conditions—spins in state a on the left edge and in state B 


9 The self-dual point x, of the Q-state Potts model is x. = 1 + /n. However, this represents a 
critical point only for 2 = 2, 3,4. The simple bond percolation problem has a critical point at x, = 1 
(or pc = 5), not x = 2. 
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on the right edge—while the boundary conditions are free on the top and bottom 
edges. We assert that the crossing probability zy, (r) is given by 


mp(r) = lim (Zaa ~ Zu) (11.73) 


where a # B. Indeed, the first term (Z,,.) is asum over colored-bond confi gurations 
containing clusters of color @ that cross from left to right, whereas the second term 
(Zug) excludes those very configurations (which fixed boundary conditions are 
chosen for a and B does not matter, provided they are different). The difference 
Zoa — Zap contains only configurations with crossings of color @, as expressed 
below with the primed sum: 


Le Zag py Pe (11.74) 


R 


Because of the normalization of Eq. (11.72) when Q = 1, this is indeed the crossing 
probability. Of course, this expression makes no sense if Q is set to one from the 
start (Zag has then no meaning), but it yields the correct answer if the limit is taken 
after having expressed the partition functions in terms of correlators of boundary 
operators. 


11.4.3. Boundary Operators and Crossing Probabilities 


We have seen earlier in this chapter that partition functions with specific boundary 
conditions can be expressed as correlators of boundary operators inserted at the 
points on the boundary where the boundary conditions change from one type to the 
other. If x; ...x4 are the coordinates of the four corners of the rectangular lattice 
in the thermodynamic limit—and, of course, at the critical point p,-—the above 
partition functions have the following representation: 


Loa = Zp (PfalX1) Pag (X2)bfa(x3 bag (x4)) 
Lap = Lz (PfalX1 Pag (X2) bya (x3 bpp (x4)) 


where Zy is the partition function for free boundary conditions. The problem is 
now to identify correctly the boundary operators. 

We have shown in Chap. 7 how the critical Q-state Potts model is related to the 
unitary minimal model M(m-+ 1,1) withm = 3 for Q = 2 (the Ising model) and 
m = 5 for Q = 3. It turns out that the four-state Potts model is related to thec = 1 
mode] obtained in the limit 72 — oo. The precise correspondence between Q and 
m is embodied in the relation Q = 4cos*(m/(m + 1)), the three cases m = 3,5 
and oo, corresponding, respectively, toQ = 2, 3 and 4. The bond percolation case 
(Q = 1) is thus associated with the minimal theory M(3, 2), with central charge 
c=—0: 

In the absence of any rigorous argument identifying the boundary operator Pha 
with a specific field ¢,,,,) of the minimal theory, one must proceed in a heuristic way. 
We suppose that the points x and x’ on the boundary where the boundary conditions 


(lis) 
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change from a tof, and then from f to £, are brought together. This procedure 
must be equivalent to the following schematic operator product expansion: 


haf Pip oa bap ay dap FR Ook (11.76) 


We notice that the operators a7, Ppp, Pfa and Py, are all equivalent in the limit 
n — |. We have established earlier that the operator ¢,g associated with a change 
of fixed boundary conditions in the Ising model is ¢(;,3). This turns out to be the 
case also in the three-state Potts model. The above OPE then leaves no choice but 
to take @yf = $(1,2). The conformal dimension of ¢(;,2) vanishes for c = 0, and 
this supports our choice. Indeed, the crossing probability should be invariant under 
uniform scalings of the lattice at p = p-, and the only way the four-point functions 
(poo) can be invariant under such rescaling is if h = 0. 

Since h, 2 = 0, the four-point functions (11.75) are truly invariant under local 
conformal transformations. We now map the rectangular boundary of the lattice 
onto the real axis. This can be done in many ways, in particular using a Schwarz- 
Christoffel transformation. We let z;...Z4 be the four points on the real axis 
corresponding to the four corners x; ...x4 of the rectangle. After transformation, 
the four-point function becomes simply 


(P(21)b(Z2)P(Z3 )(Z4)) (11.77) 


where ¢ = ¢(; 2). This function has been studied before, in particular in the context 
of the Ising model on the upper half-plane (cf. Sect. 11.2.2). In the present context, 
h = 0, and Eq. (7.47) becomes 


{0-2 — 52, } ler)o(e2)0(es)0e0) = (11.78) 
where the operator £_; stands for 0/dz4 and 
3 
] a 
a — 11.79) 
> 24 — 2 02; 
The differential equation obeyed by the correlator (11.77) is thus 
2) 1 1 
04+ 5 Ere ale sen 4 =] (P(Z1)P(Z2) (23) O(Z4)) = (11.80) 
Z14 24 


where, as usual, z;; = 2; — Zj. Since h = 0, the correlator on the infinite plane is 
simply a function g(x) of the anharmonic ratio x = (212Z34)/(Z13224). After some 
algebra, the above differential equation reduces to 


2 , 
x(1 —x)g” + 30 — 2x)g’ =0 (11.81) 


The two independent solutions to this linear equation are etx) "1 and e(x)) = 
x3 F( i ’ z, $3 x), where F is the hypergeometric function. It ee to determine 
wee linear combination of these two solutions is equal to Zea — Zag (the crossing 


probability) in the 2 — 1 limit. 
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7 we tis 


Z, 22 23 &4 a L va 
Figure 11.6. The Schwarz-Christoffel transformation mapping the upper half-plane to the 
interior of a rectangle. 


Before going further, we need the precise correspondence between the aspect 
ratio r of the rectangle and the anharmonic ratio x. A possible mapping from the 
upper half-plane to the interior of the rectangle is the following Schwarz-Christoffel 
transformation: 


dt 


v(t — 21)(t — Z2)(t — z3)(t — Zs) 


where the four points z; are the images of the four corners w; of the rectangle (cf. 
Fig. (11.6)) and A is a constant proportional to L. This transformation is singular 
at the four points z; and is not conformal precisely at these points, since it does 
not preserve angles there. We let these four points be respectively z} = —k7', 
22 = —1,23 = 1 and zq =k!" where 0 < k < 1. It follows that the height of the 
rectangle is 


(11.82) 


ee W3 = M2 
1 
2 zak dt (11.83) 
(1 — 72)(1 — k222) 
= 2AkK(k?) 
Likewise, the width is 
b= wy; 
Wk dt 
= Ak Jan PPG oi (11.84) 
= AkK(1 — k*) 


Here we have used the definitions of the complete elliptic integrals of the first kind 
K and K’: 


a a 
cian laze J0—-0 — 2) =i — kt?) pis ue 


Wk (11.85) 
i — k?) 
1 JO —-RP\(2—1) _ ae 
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Therefore, the aspect ratio r = L’/L is 


se) 11.86 
= OK®) a 
The anharmonic ratio x has a simpler expression: 
Z122 1—ky 
_ 212234 _ ( ) (11.87) 


Zi3Z2a Ss (1 +k)? 


When r — 0 (infinitely narrow lattice), k — 1 and x — 0. On the other hand, 
when r — oo (infinitely wide lattice), k > 0 andx —> 1. Obviously, the crossing 
probability 7;,(r) should be 1 if r = 0 (x = 0) and zero if r = 00 (x = 1). 
However, the hypergeometric function satisfies the following identity: 


3PG) vspi 2 4 Ie2 4 

=1-—(1—x)!"F 1- 11. 
TET PG 3g) =1- AFG, 5, gi1-2) (11.88) 
This identity makes it clear, from the the values at x = 0 and x = 1, that the 
appropriate combination describing 2, ae is 


Fs, z ee (11.89) 
side witue Ve . 


The comparison between this sini and the crossing probabilities obtained 
in numerical simulations’® is illustrated on Fig. 11.7. The striking agreement be- 
tween simulation and theory is one of the most convincing confirmations to date 
of the validity of the hypothesis of local conformal invariance in two-dimensional 
critical systems. 


Exercises 


11.1 Conformal theory on an infinite cylinder 


a) Show that any correlation function on the torus has a well-defined “infinite cylinder” limit 
by taking t = i7/L — ico (namely T — oo while L, the transverse size of the cylinder, 
remains fixed). 


b) Derive the infinite cylinder limit of the torus Ward identity (12.79). In particular, compute 
the expectation value of the energy-momentum tensor on the infinite cylinder in terms of 
the central charge c. 


c) Use Eqs. (12.93) and (12.108) to compute the energy and spin two-point functions of the 
Ising model on an infinite cylinder. 


d) Check that the result satisfies the infinite cylinder Ward identity derived in part (b). 


10 The simulations were done on percolation by sites, not by bonds. However, even if the critical value 
Pc Of the “activation” probability is different, the critical behavior—and thus the crossing probability 
are expected to be identical, because of universality. 
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0.2 0.4 0.6 0.8 1.0 ie? 1.4 1.6 1.8 
Inr 


Figure 11.7. Comparison between the crossing probability 7;,(r) measured in computer 
simulations (dots) and the prediction of Eq. (11.89). The errors on the simulation data 
are smaller than the point size used. The last point on the right deviates slightly from 
the theoretical curve, although this is barely visible on this graph. This deviation may be 
attributed to the finite number of sites used in the simulation. 


11.2 Compactified boson on an infinite cylinder 
We consider the free bosonic theory compactified on a circle of radius R, with partition 
function on the torus 


2R?|\m' — mt|? 


1 
ZAR) = ——— yy exp — >It 


Im t|n(t)? Aa, 
corresponding to the possible winding numbers (712, 1’) of the boson around the a and 
b-cycles of the torus (see Sect. 10.4.1 for details). 


a) In the infinite cylinder limit t = 17/L, T — oo, L fixed, show that the leading contribution 
to any correlation function comes from the doubly periodic sector (m,m’) = (0,0). 


b) Use Eq. (12.148) to compute the electromagnetic operator two-point function on the 
infinite cylinder. 


c) Compare this result with the cylinder limit of the same two-point function in the Z)- 
orbifold theory (Eq. (12.152)). 


d) Use Eq. (12.150) to compute the n-point function of electromagnetic operators on the 
cylinder. 


11.3 Verify all the steps leading to Eq. (11.29) and check the asymptotic result ks). 


11.4 Conformal invariance on the unit disk 


a) Show that the mapping w = (z — i)/(z +i) maps the upper half-plane (z) to the interior 
of the unit circle (w) centered at the origin. 
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b) Show that the order parameter profile on the unit disk is the following: 
. 1 
W,W)) disk = ->——- : 
(9(w, 0) ak = Gaye (11.90) 
where r is the distance from the origin. 


c) We denote a generic two-point function on the unit disk by G(r,, 1; r2, 2) where (7;, 0;) 
(t = 1,2) are the polar coordinates of the two points considered. Show that conformal 
invariance implies the following universal ratio: 
G(a,0; a,7) 
G(0, 0; 2a/(1 + a2), 0) 


(A is the scaling dimension of the local field under study). 


= (1+.a’)*4 (11.91) 


11.5 Ising energy correlator on the upper half-plane 
a) Show that the energy correlation function of the Ising model on the upper half-plane is 


1 1 1 


(e(z, Z)e(w, W)) une = Bigs as aw paw 


(11.92) 


up to a multiplicative factor. The energy operator is defined as e(z,z) = iW(z)W(Z). 

b) Show that the corresponding surface exponent 7, is equal to 4. 

c) Show that, once mapped onto the infinite strip, the energy-energy correlator decays with 
a correlation length € = 2L/n,. 


11.6 Parity transformation of the Ising model 

The effect of a parity transformation z — Z on the operators of the Ising model is not 
unique: it is possible to define two such parity transformations, which correspond to different 
boundary conditions on the real axis and distinguish between ordinary and extraordinary 
transitions. 


a) Show that the parity transformations 


v(z) > 2) o(z,Z) > w(Z,z) 

W(z) > WZ) wz, 2) > of, 2) 
leave unchanged the OPEs of w, , 0, and y.. These OPEs are given in Chap. 12 (Eq. (12.68) 
and the preceding one).'' Note that some of those OPEs are defined up to sign, because of 


a branch cut. This parity transformation amounts to a duality transformation of the Ising 
model. 


b) Show that the parity transformation 
¥(z) > —¥(2) o(z,Z) > of2,z) 
vYa> WA wz. u@,2 


also leaves unchanged the same OPEs, provided it is antiunitary, that is, provided the 
coefficients of the OPE are complex-conjugated. 


(11.93) 


(11.94) 


11 Note that it is not necessary to work through Chap. 12 in detail in order to do the exercises of the 
present chapter pertaining to the Ising model. The necessary identities of Chap. 12 may be borrowed 
without reference to their derivation. 


436 11. Finite-Size Scaling and Boundaries 


c) Let F(x) = V14<J1—<x. Show that the results (12.63) and (12.66) may be, 


respectively, written as 


213224 


1 

4 a a 
—_————| (F,F,+F_F_) 
212214223234 


1 
(o(2; ? zy); o(Z2, 22), o(Z3, 23), o(Z4, Z4)) = 2 


1 
2 f a 2 i Z13Z24— «| 4 = o 
(0(21,Z1), #(Z2,Z2), o(Z3,23), w(Z4,Z4)) = . —_—*_| (F.F_ -F-_F,) 
Z12Z14Z23Z34 


d) Referring to Sect. 11.2.2, argue that the holomorphic part of the above correlators cor- 
respond, respectively, to the extraordinary and ordinary transitions when applied to the 
spin-spin correlator on the upper half-plane, and are obtained, respectively, by applying the 
parity transformations (11.94) and (11.93). Of course, the infinite-plane correlator does not 
factorize into holomorphic x antiholomorphic factors, but rather like a sum thereof. By 
“holomorphic part”, we mean what is obtained by setting F..(X) to a constant (e.g., unity). 


11.7 Spin-energy correlator on the upper half-plane 

a) On the infinite plane, the spin-energy function (e(z,Z)o(w,w)) vanishes. In the case of 
an ordinary transition, show that this is again the case on the upper half-plane (you must 
use the parity transformation (11.93)). 

b) In the case of an extraordinary transition (with the parity transformation (11.94)), show 
that, on the upper half-plane, the spin-energy function is 


= 


Z—w 
Zw 


2 wy 


(Im z)(Im w)!/4 zZ—w 


(e(z, Z)o(w, W)) une & TS, OTE 


Hint: Use Eq. (12.30). 
Extract the corresponding surface exponent 7). 
Result: ny = 4. 


c) The result of part (b) is incompatible with spin-reversal symmetry 0 —> —a. Why is this 
acceptable here, for an extraordinary transition? 

11.8 Parity transformation of the free boson 

a) Show that, under parity, the free boson transforms as 


g(z,Z) > ng(Z,z) n= +1 


and that the choice n = +1 corresponds to the boundary condition d¢ = 0 on the real axis, 
while the choice 7 = —1 corresponds to the boundary condition y = 0 on the real axis. 


b) With the choice n = +1, show that the two-point function of vertex operators on the 
upper half-plane is 


Sonn Im zImw a , 
(ine PeiO rm =) eww) fF A=-B ais) 
0 otherwise 


and extract the surface exponent 7). Does this correspond to an ordinary or extraordinary 
transition? 


c) With the choice n = —1, show that 


il BOO 1 Zw 
eltl2.2) ,iBolw,w) a 
( )uHP Gma"(im wy dm w)F |Z ow (11.96) 
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and extract the surface exponent n,;. Does this correspond to an ordinary or extraordinary 
transition? Why is the neutrality condition a + 6 = 0 not necessary here? 


11.9 Free boson on a cylinder with fixed boundary conditions 

The aim of this exercise is to compute the partition function of the free boson on a cylinder 
of size L x T, that is, subject to the periodicity condition in the space direction g(x +L, y) = 
g(x,y), and with fixed boundary conditions (a, b) in the time direction, namely 


g(x,0) = 27Ra g(x, T) = 2nRb Vx eR 


(y is compactified on a circle of radius R, and a, b are two integers). The corresponding 
partition function Ziq4)(L, 7; R) will be computed using the zeta regularization scheme 
presented in Sect. 10.2. 


a) Write the eigenvalues of the Laplace operator A on the cylinder, with the boundary 
conditions (a,b) = (0,0). What is the main difference with the doubly periodic case of 
Sect. 10.2? 


b) Follow the lines of Sect. 10.2 to derive the partition function 
] 

n(iT/L) 

where 7 is the Dedekind eta function (see App. 10.A). 


c) Compute the partition function Z(,)(L, 7; R) with nonzero fixed boundary conditions 
(a,b). Show that 


Zooo)(L, Te R) = 


g®’ (b-a)?/2 


Lap Lh, T) = “nGTIL) 


where gq = exp(—2z7/I ). 

Hint: Use the path integral formulation, with action S(g) = (1/8) {(V@)?d?x, and write 
¢~ = + ¢", with @ subject to the (a,b) = (0,0) boundary condition, and gy" a classical 
solution of the equation of motion (Ag = 0), with the (a,b) boundary condition. When 
2R? is not the square of an integer, Z(.,)(L, 7; R) is just the irreducible character of the 
c = | representation with highest weight h = R*(b — a)*/2. This exhibits a collection of 
c = | characters as free-boson cylindric partition functions with fixed boundary conditions. 


11.10 Solution to the reparametrization constraint 

Show that the state |j) defined in Eq. (11.60) is indeed a solution to the constraint (11.58). 
Project the constraint on the generic basis state (k; N,| @ U (1; N2| and show that the result 
vanishes. 


11.11 Normalization of the percolation partition function 

Show that the partition function (11.72) is normalized (Z = 1) inthe stmple bond percolation 
problem (n = 1). This is a simple combinatoric problem, based on the expansion of (p+q)", 
where WN is the number of bonds, p is the activation probability of a bond, and q = 1 ~— p. 


Notes 


Finite-size corrections to the free energy and other thermodynamic quantities are discussed 
by Bléte, Cardy and Nightingale [49] and by Affleck [1]. The name of John Cardy is asso- 
ciated with most applications of conformal invariance to systems with boundaries. Surface 
critical behavior was discussed in [65] (see also the review article [68]). The restriction on 
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the operator content of a theory imposed by the boundary conditions (the coefficients 7’, 6 
of Sect. 11.3.2) were discussed in [67]. The relation with the Verlinde formula, described in 
Sect. 11.3.2, is described in [70]. The application of this formalism to critical percolation is 
found in [71]. Monte Carlo simulations of critical percolation were performed by Langlands 
and collaborators [251,252]. The data of Fig. 11.7 are borrowed from [252]. 

Exercise 11.9 is in part based on [315]. 


CHAPTER 12 


The Two-Dimensional Ising 
Model 


The two-dimensional Ising model is probably one of the most famous statisti- 
cal models, and it has been extensively studied in the literature. Our aim in this 
chapter is to present a detailed study of its continuum limit, in the framework of 
conformally invariant (free fermionic or bosonic) field theories. After reviewing 
basic facts on the statistical-mechanical model, we concentrate on its continuum 
fermionic representation. This framework is particularly suitable for the computa- 
tion of correlation functions of the energy operator on the plane. For correlations 
involving the spin operator, it is more convenient to consider a bosonic field the- 
ory, made of two independent Ising models. In this bosonic formulation, the spin 
operator has a simple realization in terms of the free field. To complete the study 
of correlators, we also present the solution of the continuum Ising model on the 
torus, and use it as an illustrative example of the general theory of conformal blocks 
covered in Chaps. 9 and 10. 


§12.1. The Statistical Model 


The two-dimensional Ising model is defined as follows (cf. Chap. 3). Spin variables 
o; € {—1, 1} sit at the nodes of a square lattice of size N x M, and interact through 
a nearest-neighbor energy! per link (ij) 


Ei) => —J0;6; (12.1) 
leading to the partition function 
a eT al) (12.2) 
{o} 


! More generally, the system can be submitted to an external magnetic field B, resulting in the energy 
Bo; per node. However, here and in the following, we concentrate on the zero magnetic field case 
BO 
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where B = 1/(kgT). This system undergoes a second-order phase transition at 
a critical value K. of the coupling K = AJ. We are interested mainly in the 
continuum limit formulation of the model at this critical point. The latter separates 
a low temperature ordered phase (K > K,) from a high-temperature disordered 
phase (K < K,). The partition function can be expanded in power series of 1/K 
and K, respectively, in these two phases. 

In the high-temperature phase (small K), we write 


Z = >- [ [cosh(K)(1 + ojo;tanh(K)) (12.3) 


{o} (i) 


and expand the product on the r.h.s. into monomials. When summing over all 
o; € {—1, 1}, the only monomials with a nonvanishing contribution are products 
of o? only (a term g; sums to 1 — 1 = 0). These monomials come thus from spins 
forming closed chains of neighbors. Hence, the sum over all spins can be replaced 
by asum over all closed (possibly disconnected) loops on the square lattice, namely 


Zrigh = [2cosh(K)]"™ } \ftanh(K)]""=" (12.4) 


loops 


This is the so-called high-temperature expansion of the Ising model. A typical term 
in this expansion is illustrated on Fig. 12.1(a). 


(a) (b) 


Figure 12.1. A typical term in the high- and low-temperature expansions of the Ising 
model. We display in (a) a loop configuration on the square lattice, with contribution 
[2coshK]™ [tanhK}'© in the high-temperature expansion, and in (b) a spin configura- 
tion corresponding to the same loop configuration in the low-temperature expansion, with 
contribution e®NM@e-32K | 


In the low-temperature phase (large K), a given spin configuration is character- 
ized by the borders of, say, all the spin +1 areas in a spin —1 background. Since 
the borders form loops, the sum (12.2) can be replaced by 


ZLiow = QeNMK eae (12.5) 


loops 
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where the contribution of all spins down has been factored out of the sum. The 
factor 2 accounts for the degeneracy under the reversal of all spins. This is the 
low-temperature expansion of the Ising model. A typical term in this expansion is 
illustrated on Fig. 12.1(b). 

From expressions (12.4) and (12.5), we see that the two phases are mapped into 
each other through the identification 


eK" — tanh K (12.6) 
which leads to 
Zig) = 2Xsinh 2K)i 2 Zhi (K) (12,7) 


At the phase transition point, where singular behavior is expected in the ther- 
modynamic limit (V,M — oo), we see that the two couplings K and K’ of 
Eq. (12.6) should be identical, since the r.h.s. and 1.h.s. of Eq. (12.7) must become 
simultaneously singular. This defines the critical coupling 


K. = — Fin — 1) ~ 0.440686... (12.8) 


as the self-dual point of the duality relation (12.6) between the high- and low- 
temperature phases of the Ising model. 

The duality transformation (12.6) relates the ordered and disordered phases 
of the Ising model. Actually it enables us to define an operator dual to the spin 
operator, called the disorder operator and denoted by 2, as follows. 

The correlation of two spin operators sitting at positions r; and r2 on the lattice, 
reads 


(o(r;)o(r2)) = ; a a(r; )o(r2) exp {x S, ca (12.9) 


{o} (ij) 


This is equivalent to picking an arbitrary path of n steps from r; to r2 along the 
lattice bonds and changing the coupling K — K + in/2 for each bond of the path. 
Indeed, this introduces a factor e'"”/? = i o;0; per bond (ij) of the path, leaving 
us with i” o(r )o(r2), as each intermediary spin 0; appears twice and o? =a The 
result is actually independent, up to a sign, of the path chosen (see Ex. 12.4 for a 
proof). 

In the spirit of the low-temperature expansion (12.5) we can also consider a 
correlation function of disorder operators (u(r|)u(r2)) defined as follows. We 
pick any path from 7, to r, and change K — —K on all the bonds along the 
path; then we compute the sum over spin configurations as in Eq. (12.2), and 
normalize the result by dividing it by the partition function Z. This operation 
yields a result independent of the path (see Ex. 12.5). Actually, it is easy to see 
that the duality transformation (12.6) maps (o(r; )o(r2)) into (u(r) )u(72)). This is 
a direct consequence of the transformations 


(—K)* = K* + i; (K + i=)" =i (12.10) 


442 12. The Two-Dimensional Ising Model 


where the duality transformation * is defined by Eq. (12.6): 
eo = tne (12.11) 


Therefore the high-low temperature duality of the Ising model exchanges the spin 
and disorder operators 0 <> jp. 

The actual study of the transition requires much more work. It is far beyond the 
scope of this chapter to describe the original solution of the model by Onsager, or 
its modern formulation as a particular case of the eight-vertex model due to Baxter. 

As our main task will be the study of the continuum limit of the model, we now 
briefly exhibit its fermionic character. The spin operator is actually not sufficient 
to describe the continuum limit of the model. The precise solution of the model 
involves some nonlocal observables, which are built out of the spin variables along 
a whole line, which crosses the lattice all the way to its border. This is the fermion 
operator, built out of the spin operator through the Jordan-Wigner transformation.” 
Whereas the spin operator is local (only defined at a point), the fermion operator is 
nonlocal because it depends on the values of the spin operator along a whole line 
starting from the boundary and ending at a given point. Moreover, the correlation 
function of two fermion operators must depend on their order of insertion, namely 
on the relative positions of the two lines defining them. It can be shown that the 
exchange of their positions results in an overall change of sign of the fermion 
correlator: this justifies the identification of the basic field in the continuum limit 
of the critical Ising model with a fermionic field. 

Moreover, the exact Jordan-Wigner transformation of the partition function re- 
sults, in the continuum limit, in a real free-fermion action functional. This action 
will be the subject of our study for the remainder of this chapter. We stress that, 
in this description, the spin operator is nonlocal with respect to the fermion op- 
erator. Although it does not appear explicitly in the free-fermion action, it has an 
expression (inverse Jordan-Wigner transformation) in terms of the values of the 
fermion operators along a line ending at the argument of the operator. The effects 
of nonlocality appear in the OPE of the spin and fermion operators. 


§12.2. The Underlying Fermionic Theory 


As mentioned before, the continuum critical Ising model is described by a free 
massless real fermion, governed by the action 


1 2 a 
S= = / d’z (way + wav) (12.12) 


2 This is best seen by performing the following sequence of transformations of the Ising model. Ina 
first step, the two-dimensional Ising model is related to the one-dimensional Ising quantum spin chain 
(see Ex. 12.1). In a second step, the Ising spin chain is shown to be equivalent to the XZ spin chain 


(see Ex. 12.1 for a proof). Finally, the Jordan-Wigner transformation is performed on the equivalent 
XY = XZ model (cf. Ex. 12.2). 
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The above action is conformally invariant and was studied in Sect. 5.3.2. Actually, 
the vicinity of the critical point is also described by a free fermionic action, but 
with the addition of a mass term my x (K —K.) ww, which spoils the conformal 
invariance. Here we concentrate on the massless case only. 

The conformally invariant action (12.12) leads to a theory with central charge 


1 
Cising = €(4,3) = a (12.13) 
and the various operators are identified as 
Fermions : Vz) & $21)(2) ® da(Z 
V(Z) & H1,1)(Z) @ G2,1)(Z) (12.14) 


Spin : a(Z,Z) x $1,2)(Z) ® o,2)(D 


12.2.1. Fermion: Energy and Energy-Momentum Tensor 
As shown in Sect. 5.3.2, the free fermion action (12.12) leads to the following 
propagators 


1 
2S Ww. 
1 
Z—w 


(v(z)W(w)) 


(12.15) 
(W(Z)Ww)) 


Both functions are antisymmetric under the exchange of arguments z <> w (resp. 
Z <> w), and exhibit the conformal dimensions of y (h = 5 h = 0)and y (h = 0, 
h a The energy operator is just a composite of the two fermionic fields (with 
h =h = }), namely? 


e(Z,Z) = i: WW: a $,1)(2) @ $2,1@) (12.16) 


with the usual convention for the normal-ordered product. The normal ordering is, 
however, purely formal here, as the OPE of ~ and yw is regular. 

The correlation functions of the energy operator on the plane are easily derived 
by means of the fermionic version of Wick’s theorem. Since the latter involves 
only pairings of the fermion operators, only correlators of an even number of 
energy operators survive. This is a manifestation of an underlying Zz symmetry 
under which the sign of the energy operator is reversed € > —e. This symmetry 
indeed reflects the high-low temperature duality discussed above: slightly away 
from criticality, the Ising action (12.12) acquires a mass term 


im | THO) x (tS) / oD (12.17) 


3 We recall that only left-right symmetric primary fields appear in the diagonal minimal theory 
M(4, 3). The fermion can be seen as a nondiagonal projection of the energy field. 
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This can be viewed as a perturbation of the free theory by the energy operator é. 
For K ~ K;, the high-low temperature duality (12.6) just amounts to Cae 
K, — K, that is, a change of sign in the perturbation, which can be absorbed into 
a change of sign of the energy operator. We thus wish to compute 


En, = (€(21,2Z1)-- + €(Z2n,Zan)) 
(—1)" (W(zi) WZ) - -- W(Zan)W (Zan) (12.18) 
= (W(z1)--- W(Zan)) (WR): + Wan) 


where we used the decoupling and anticommutation of y and y to factorize the 
correlator into holomorphic x antiholomorphic parts (the (—1)" disappeared in 
the third line after grouping the holomorphic fields together). According to Wick’s 
theorem, we have to sum over all the possible pairings of fermionic operators y 
(resp. y/), and weigh the contribution of each pairing with the signature of the 
corresponding permutation. We end up with 


En = PEW zWe))] <ijcon % PELWEIWEM cijeon ——-—*(12-19) 


where we used the notation Pf(A) for the Pfaffian of a (2n) x (2n) antisymmetric 
matrix Aj; = —A;i, defined as* 


n 


De sgn (77) I] Ax(2i-1),1(2i) (12.20) 


TES2y, — 


~ 9tgn 


where the sum extends over the permutation group of the 2n indices, S2,, and 
sgn (sr) denotes the signature of the permutation 2. The prefactor avoids over- 
counting pairs. In Eq. (12.19), it is understood that the matrix Aj = (¥(z;)W(z;)) 
has vanishing diagonal elements. By using the propagators (12.15), we finally 
obtain 


Z : 1 : 
(e(21,21) +++ €(Zan»Zan)) = Pt] (12.21) 
Zi — Sj Si<ij<on 
The energy-momentum tensor for the real free fermion reads 
1 
Tz) = —5 : W(2)d. We) : 
(12.22) 


ee 1 1 

5 tim | 5H) aevv) ~ AWWW) = —— | 
and a similar expression for T in terms of yy. Here the normal ordering prescription 
amounts to subtracting the divergence when the two points z and w coincide. It 
is easy to recover the Ward identities (5.41) of Chap. 5 expressing the insertion 
of the energy-momentum operator in an energy correlator by direct use of Wick’s 
theorem (see Ex. 12.6 below). 


4 Note that this definition is equivalent to Eq. 2.225, upon regrouping permutations in the r.h.s. of 
(12.20). 
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12.2.2. Spin 


The spin operator o(z, Z) is in many respects more subtle to deal with. From the 
knowledge of its conformal dimensions h = h = 1/16, we immediately write the 
two-point correlator 

(0(21,Z1)o(22,Z2)) = = (12.23) 

1Zy = 25) 

The Zz symmetry of the Ising model (under reversal of all spins) implies that the 
correlators should all be invariant under the change 0 — —o. Hence only the 
correlators involving an even number of spin operators will survive. To compute 
higher-order correlators, we need the OPE of the various fields. The fusion rules 
predicted by conformal theory, namely 


oo >I+e ee] (12.24) 
are expressed as 
= 7 1 
e(z,Z)e(w,w) = ———. --- 
IZ —w] 
1 ; (12.25) 
o(z,Z)o(w,w) = ee + CooelZ — w|4e(w, Ww) + --- 
Z—wi4 


The structure constant C,,- will be computed later as a limit of the four-spin 
correlator. The OPE with fermion operators expected from the statistical-model 
analysis read (up to some multiplicative factors, which will be derived later) 


Ween) = = Gop 


3 ey (12.26) 
¥(Z)u(w,w) ~ aE o(w, w) 
(z —w)2 
where yz denotes the disorder operator dual to the spin operator. has the same 
OPE and conformal dimensions as o, except for a sign: Cyye = —Cooe, since 


the sign of the thermal operator ¢ must change in the duality transformation. The 
relative nonlocality of the fermion and spin operators translates into the noninteger 
power (G) of the singular term. Inside a correlator, circulating the argument of the 
fermion around that of the spin, will result in a phase e”’/* = —1, hence a global 
change of sign. 

We now illustrate the use of the OPE (12.26) in the computation of the mixed 
correlator 


(Wz) W(w)o(Z1, Z1)o{Z2,Z2)) 


OPA 
(0(Z1, Z1)o(Z2,Z2)) 


G(z,w|z1,Z1,22,22) = 


When z — w, we should get the limit 


1 
ow 


G-> (12.28) 
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When z — Z1, we have 


ee, Oe OS) (12.29) 
(z — z1)2|z1 — 22/4 


and a similar expression when z — z2. Moreover, G must be antisymmetric under 
the exchange of z <> w. These properties fix the function G. By global conformal 
invariance, (z — w)G must be a function of the cross ratio of the four points. The 
precise dependence on the cross-ratio is completely determined by the above limits 
and the fact that G is antisymmetric under the exchange z <> w. We find 


ee. (= ziMw 22) | /(@ = za)(w = 21) (12.30) 


2(z ~w) | V (z — 22)(w — z1) (z — z1)(w — 22) 


As a nontrivial check of the coherence of the theory, we recover the dimension 
hz = 1/16 of the spin operator by computing 


(T(z)o(Z1,21)o(Z2,Z2)) lie 1 
Fr = —- lim (0,,G — 3,G — ———_) (12.31) 
(0(Z1,Z1)o(Z2, 2Z2)) 4 oe é (z —w)? 
and taking the z — 2, limit, with the leading term identified as 
he 
Y ammenE 12.32) 
@—2) 


A direct way of computing more general correlators is by solving the differential 
equations they satisfy. We recall that these differential equations are consequences 
of the singular vector structure of the Verma modules associated with the primary 
fields ¢,o. Actually, both the energy and the spin fields are degenerate at level 2, 
so that the associated highest weight vectors |h) have to satisfy the null vector 
condition 


3 2 - 
Zz ae Oe lla = (0) (1288) 
with 
ha i ogee 12 
aes aes Gee TED oe (12.34) 


Combined with the Ward identity (5.41), this yields a second-order differential 
equation of the form (8.71) for any correlator involving € or o (see Ex. 12.8 for an 
illustrative example). But, instead of pursuing this rather technical program, we 
present below a simpler alternative for computing Ising correlators on the plane. 
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§12.3. Correlation Functions on the Plane by 
Bosonization 


12.3.1. The Bosonization Rules 


The superposition of two critical continuum Ising models on the same square 
lattice must have central charge c = 5 aF 5 = 1. Indeed, since the two theories do 
not interact with each other, the total energy-momentum tensor is the sum of the 
energy-momentum tensors of each theory, and the central charges simply add up. 
This is the essence of the bosonization of the Ising model: to take two copies of 
the Ising model and to find a description of all the operators in terms of the free 
bosonic field atc = 1. 

One way of explicitly realizing this is to consider the theory of a free Dirac 
(complex) fermion, 


s\ _ D(z) es ea Yi + tyr 
Diez = (HS) ae, (¥ i (12.35) 


the components of which are expressed in terms of two real fermions (indexed by 1 
and 2). This theory is conformally invariant, with central charge c = 1: its energy- 
momentum tensor T is the sum of the energy-momentum tensors associated with 
the real fermions y, and wp (cf. Ex. 5.5): 


7@= 5(0D'D — D'aD) = — svi - svn (12.36) 


where Dt(z) = (yr) — if2)/V2. 

Since the Dirac fermion is ac = 1 theory, a relation with the free boson may 
seem reasonable. Such a representation of the free complex fermion in terms of a 
free boson is the object of bosonization. We write 


D(z) =e ~— D(z) = e#® (12.37) 
where $(z) is a chiral (holomorphic) bosonic field with propagator 
(9(z)¢(0)) = —Inz (12.38) 
The fields ¢ and ¢ are the chiral components of the free boson of Sect. Gee 
y(z, 2) = $(z) — 6) (plz, Z)g(w,w)) = —InJz—w)? (12.39) 


The properties of the chiral vertex operator e'“*) are those found in Sect. 6.3, 
except that they pertain to the holomorphic sector only: its conformal dimension 
iS sa (with the normalization chosen above for the propagator) and its OPiS 


eirh2) pio) — giladlz)+ bow) (2 _ yy)? (12.40) 


5 We ignore for the moment subtle issues related to the zero-mode of 9. 
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The vertex operators of Eq. (12.37) have conformal dimensions (4,0) and (0, 1) 
respectively and their OPEs are indeed compatible with those of complex fermions: 


iP) oihw) ee el H2+Hw))(z —w) 
1 (12.41) 


Zw 


ei@e-iMw) ei(P(z)-Hw)) 


In the limit z — w, the first equation corresponds to D(z)* = 0, whereas the 
second gives 


D(z)D'(w) ~ a + id¢(w) (12.42) 


The relation between the Dirac fermion and the boson g may also be expressed 
in terms of the Dirac current J”: 
JY = Dy"D = ie" do (12.43) 


where D = ‘piss Indeed, if we adopt the convention of Sect. 5.3.2 for Dirac 
matrices, then 


P=itiyn +ititr 


1 = (12.44) 
T=-Wihnat+ viv 
But 
1 
Whi (z)Y2(z) = —5i(D"@D@) — D(z)D*(z)) 
= ees lim le meee” = maar) (12.45) 
= i09(z) 


and, likewise, ¥1 2 = id@. Therefore, the holomorphic components of the current 
are (cf. Eqs. (5.7) and (5.8)) 


J, = 50° - i") = —ap = ~a9 
1 - (12.46) 
I= 40 +i") = ~36 = +3 


This confirms Eq. (12.43). 


12.3.2. Energy Correlators 


Two different mass terms may be considered for the Dirac fermion ‘D. The usual 
Dirac mass term is 


DD = DY D = D'D + D'D = i(Wi v2 + Vir) (12.47) 
On the other hand, another (pseudoscalar) mass term exists: 


DyD = Dy yD = D'D — D'D = —(Wih + Wo) (12.48) 
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where y? = iy°y! = —o3. This mass term is proportional to the total energy 
operator of the two copies of the Ising model: 

e1 + €2 =i(Wivi + Yoo) = -iDy°D (12.49) 
On the other hand, 


~iDyD = —i(D'D — D‘D) 
= —i(D'D + DD*) 
=-i (esse? + Enea) 


= —2i cos g(z, Z) 


(12.50) 


Hence we may represent the correlation functions of the energy operator using the 
bosonic field ¢ in the form 


2n 
(er + €2)(21, 21) + (€1 + €2)(Z2n, Zn) = Mn] [cos y(zi,2i)) (12.51) 
= 


Of course, the mixed correlators of €; and €2 factorize into a product of correlators 
pertaining to each Ising model. Hence, the I.h.s. of Eq. (12.51) decomposes into 
a sum of products of energy correlators of each theory. The normalization factor 
M,, is fixed by the short-distance limits (see Ex. 12.9). 

There is a more direct relation between the energy correlators of the Ising model 
and those of the free field y, which uses the result (12.19). Guided by the idea of 
duplication of the Ising model in order to bosonize it, we compute the square of 


the energy correlator 
1 
Pf 
LG) 1G) 


The square of the Pfaffian of an antisymmetric matrix A is equal to its determinant. 
Actually we can write 


cet| | he Ht| | (12.53) 
ay “ay (2; — 2) 


where Hf(B) denotes the Haffnian® of a symmetric matrix B 


4 


(e(Z1,Z1)---€(Zan»Z2n))? = (12.52) 


1 n 
HEB) = = De | Boi-nowai (12.54) 


GES3, 1=1 


The Haffnian expression for Eq. (12.52) enables us to rewrite the square of 
Eq. (12.19) as the free-field correlator 


=| 


2n 
(e(21,21) +++ (Zan, Z2n))” = Pr (Fever 2) (12.55) 


6 See Ex. 12.12 for a proof of this relation and more identities involving the fermion propagator. 
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where 
(Vg/2)? = dvpdy (12.56) 


Again, the normalization factor P,, is fixed by the short-distance behavior. This 
suggests that the composite energy operator €, x €2 should be identified with the 
operator (Vy)? in the bosonized Dirac theory. Indeed, a correlator of composite 
energies factorizes into the product of the corresponding correlators in the two 
Ising theories 
(e1€2(1)--+€182(2n)) = {€1(1)---e1(2n)) x (€2(1) -- - €2(2n)) 
= (e(1)---e(2n))? 
The identification of €;€2 with dpdg may also be obtained directly from the 
bosonization procedure. Since yy, 2 = id, we find 


£182 = (iti )(idad2) = Vivavive 
= —apad = apap 


II 


(12°57) 


(12.58) 


12.3.3. Spin and General Correlators 


A careful study of the Jordan-Wigner transformation (see Ex. 12.2) enables us to 
rewrite the correlation function of spin operators directly in terms of the bosonic 
field y. We do not work out the detail of this calculation here, but simply give the 
result. The spin-spin correlation function actually appears only squared, because of 
the duplication of the model, just like in the energy case: the correlation functions 
of the composite spin operator 0, x o2 factorize into a product of the correlators 
for each Ising theory. The result reads 


(o(z, Zo(w, w))? = Ny (cos ot 2) cos Sw, w)) (12.59) 
By using the free-field propagator (12.39) and the spin-spin OPE, we can fix the 
normalization constant N; = 2 and recover 
= _ 1 
(o(z,Z)o(w, w))*? = ———- (12.60) 
IZ—w2 


This generalizes to 


2n 
(0(Z1,21) Rcd O(Z2n, Zon))? = N, (Tl Cos = (ep :) 


j=1 


= Nn 7 ig(j)/2 —ig(j)/2 
= [le poe) (12.61) 


Nn 


_ : perej/2 
— Q2n 2 
Bpet lt er} 
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where we used the notation g(j) = (z;,Z;), and the last equation is simply the 
sum over all the charge-neutral products of vertex operators, computed by Wick’s 
theorem. The overall normalization is fixed to 


Ny = 2" (12.62) 


by the OPE. Note that we did not use all the information contained in the OPE 
(12.25). Actually we can compute the structure constant C,,. from the above result 
(12.61). We take the four-spin correlator (n = 2) and let z;} > z2 andz3 —> 24, 
then’ 


(0(21,21)o(Z2, Z2)0(Z3,Z3)o(Z4, Z4))? 


1 
TL [213224l? E 1Z12Z34| ees 
2 |244Z23212Z34}2 IZ13Z24) — |Z13Z2al 
eS, 1 E 1 seca) (12.63) 
_"— — 

|Z12Z34| 2 2 |Z24|? 


_ a = = = 
= E [Coo + 2lz12%341C2,. (€(Z2, Z2)e(Z4, Za) | 
Z12Z34| 2 


This shows that C2,, = 1 and C? 


coe = 1/4. Hence, up toa multiplicative redefinition 
of the operator ¢, we find 


1 
Coot =1 and Core = 5 (12.64) 


The high-low temperature duality of the Ising model reverses the sign of the 
energy operator, whereas it exchanges spin and disorder operators. It is therefore 
easily identified as ¢ — m — g in the bosonized Dirac fermion theory. Conse- 
quently, replacing o by w in the square of a correlator just amounts to replacing 
cos g/2 — sin g/2 in the corresponding free-field correlator. This results in 


(0(Z1,21) © --0(Z2n» Zan) (Wi, W1) +++ L(Wam, Wom)? 


2n 2m 
= gntm (i cos 5 (2,2) || sin So) 
t=} = 


Ie bee (12.65) 
= Ser Tn] eat 
Et ke i<j 
Lej+hn,=0 
x [ [we — wit"? TY ter — weer? 
kel r,s 


7 Notice that the first equality in Eq. (12.63) exhibits the dependence (5.31) on the cross-ratio of the 
four points. 
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For example, in the case m =n = 1, we find (see also Eq. (5.31)) 


(021, 21) 4(Z2, Z2)o(Z3, Z3)pw(Z4, Z4))? 


ee 1Z12Z3a| a (12.66) 
2 |z14223Z122341 IZ13Z24] —-[Z13Z2a| 


We note the change of sign for the first term when compared to the four-spin result 
(12.63). This again teaches us something about the OPE of o and yu. Considering 
for instance the above expression in the limit z; — Zz and z3 — Z4, we find 


e'”4(z — w)2 Ww) +e7"/4(Z — w)? vm) 


Nic wii 


Using the associativity of the OPE, we deduce the exact multiplicative 
normalization factors in the OPE (12.26), which read 


o(2,Z)u(w,w) = (12.67) 


im/4 


- e 
V(z)o(w,w) = me ,w) 
—in/4 
v(Z)uWw,w) = Goo) 
fgiliineaie ce (60 
W(Z)o(w,w) = Sem ———_—_u(w,W) 
aa 7 eit/4 
¥(Z)u(w,w) = cea ———o(w,w) 


Note that the phase factors agree with the definition of the energy operator as 
€ =1: wy :, and guarantee that the operators ¢, o, and yw are real. For instance, 
we recover 


e(z,Z)o(w,w) = iv(z)[W(Z)o(w, w)] 
—in/4 

= iv(z) - u(w, Ww) 

(z—w)? 
; en inl4 7 

= ‘Via ee 
evil entd4 

7 ‘Tig—w! V2(z — w)? a 
1 2 


hence, — =. 


§12.4. The Ising Model on the Torus 453 


The bosonization formulae for the Ising correlation functions may be summa- 
rized in a unique equation 


(o(1) ---o(2m) (2m + 1)-+- w(2n)e(2n + 1)--- e(2n + p))? 


2m 2n+p 
= = Nuof [Joos $0 I sin ~ 5) I] (vol2)*(0) 
j=2m+1 k=2n+1 
(12.70) 


where we used again the notation o(/) = o(z;,Z;) and similarly for jz and ¢. The 
normalization factor is again fixed to be 


Nig = (—1)2" (12.71) 


by the short-distance limit. 
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So far we have dealt with the Ising theory only on the complex plane. However, 
with this completely solvable case, it is interesting to study the effect of finite 
geometry. Actually, numerical calculations for spin models are always carried out, 
using the transfer matrix method, on strips of finite width (related to the size of 
the transfer matrix). If no transfer matrix is available, the calculations must be 
performed on some finite rectangle of size, say, N x M. In each case, various 
boundary conditions can be imposed. 

In fact, we can define the square Ising model on any closed Riemann surface 
by replacing the surface by a “quadrangulation”, namely, a tessellation with pos- 
sibly slightly deformed squares, which wraps around the handles of the surface, 
incorporating thus the effect of topology. To include also the effects of curvature, a 
given vertex of the tessellation may be common to an arbitrary number of deformed 
squares (not necessarily 4; for instance, a vertex common to only 3 squares in the 
tessellation looks like the vertex of a cube and therefore indicates some positive 
curvature, whereas a vertex common to 5 or more squares indicates negative cur- 
vature). Such spin models are instrumental in investigations of quantum gravity, 
more precisely of the coupling of a matter theory (here the Ising model) to fluc- 
tuations of space-time geometry (topology and curvature). These are actually toy 
models for quantum string theory. In this sense, conformal theories on the plane 
are often considered as string vacua, namely the nonfluctuating flat space version 
of some string theories. 

The simplest example of a surface with nontrivial topology (one handle) is the 
torus or, equivalently, a parallelogram with doubly periodic boundary conditions 
(cf. Chap. 10). One example is the rectangle of N x M bonds with the identifi- 
cation of the N horizontal bonds at the top and bottom of the rectangle and the 
identification of the M vertical ones at the left and nght of the rectangle. Such a 
torus is parametrized by a complex parameter, t = 1M/N. When taking a suitable 
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thermodynamic limit (M,N — oo, M/N finite), we end up with a continuum 
model with doubly periodic boundary conditions on the fields. The most general 
torus is characterized by a complex parameter t, with Im t > 0 (a nonvanishing 
real part of t means that the two lines, along which periodic boundary conditions 
are to be taken, form an angle a # 77/2). 


12.4.1. The Partition Function 


The partition function of the free real fermion on the torus was calculated in 
Chap. 10. We recall some relevant results. Along the two directions of the torus 
(1 and t), the fermions may have periodic (R) or antiperiodic (NS) boundary 
conditions. This leads to four sectors denoted by (v,u), u,v € {0, 5}, according 
to the boundary conditions 


viz+1) = c=” Wz) W(z +0) = e?™ Wz) (12.72) 


and hence four contributions Z,,, to the partition function. According to 
Eq. (10.46), Zoo vanishes identically, and we are left with 


Zising = Zo,! ag oy +Z19 
me 62(O|t)|  |43(O|z)| | @4(0|z) 
Z 


n(t) n(t) n(t) 
Ixia? + [x21(D/? + lx12(0)!? 


The notations for the 6 functions are defined in App. 10.A. The conformal 
characters of the identity, energy, and spin operators are respectively identified 
as 


(12273) 


i 


| 


1 
xii(t) = wey at 64(0|r)] 


X2,1(7) [V@3(O|z) — V64(0|z)] (12.74) 


2¥n(t) 
l 
v 02(0|t 
Tino (0|t) 
These are also the three conformal blocks of any correlation of the identity operator 
on the torus. 

The vanishing of the partition function Zp in the periodic-periodic sector is 
simply due to the zero-mode of the Laplacian in this sector, namely, the contribution 
of the Grassmannian integral { do = 0. However, some correlation functions will 
receive nonvanishing contributions from this sector whenever some field insertion 
compensates the zero-mode, simply because f{ Yodo = 1. This is the case for 
the expectation value of the energy operator in the periodic-periodic sector 


X12(t) = 


Zo,0(€(Z,Z))o0 = jh dydy yy e* (12.75) 
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The insertion of the fermions has the effect of canceling exactly the zero-mode 
contribution n = 0 responsible for the vanishing of doo (cf. Eq. (10.46)), and we 
are left with 

2 


bea = = ACe)|- (12.76) 


ge [Ia = q”) 
n—| 


Conversely, the insertion of € introduces zero-modes in the other sectors Gi) + 
(0, 0), causing their contributions to vanish. As a result, the expectation value of 
the energy operator receives contributions only from the (0,0) sector, so that 


Zising (E(Z,Z)) ox |n(x)? (12.77) 


We note that the expectation value (12.77) is identified with the modulus square 
of the only conformal block of the one-point function of the energy on the torus, 
namely 


ne (12.78) 
los 


also expressing the fusion rule o x o — e. In general, all four sectors are expected 
to contribute to correlation functions. 


12.4.2. General Ward Identities on the Torus 


The conformal Ward identity (5.41) of Chap. 5 admits an extension on any Rie- 
mann surface. It expresses the transformation of correlators under a change of 
coordinates. On the torus, two new ingredients must be incorporated: (i) since the 
correlation functions are now elliptic (doubly periodic) functions, short-distance 
singularities give rise to an infinite number of poles on a doubly periodic lattice; 
(ii) reparametrizations of the torus {i.e., changes of tT) have to be incorporated. A 
direct consequence of the presence of this new parameter T is that the expectation 
value of the energy-momentum tensor does not vanish on the torus. In fact, the 
energy-momentum tensor generates the reparametrizations of the torus itself and 
its expectation value is related to the variation of the partition function with respect 
to t. The torus Ward identity for the insertion of the energy-momentum tensor, in 
a correlator of primary fields ¢; with conformal dimensions /;;, reads 


(T(z)b1(21,21) ++ Pn(ZnsZn)) — (T)(b1 (21, 21) «+» bn (Zn Zn) 


= >> [hilo — zi) + 2m) + (Bz — zi) + 2m2:)0,] (12.79) 


I 


+ 2izd, (o1(Z1,Z1) -++@n iz; Zn)) 
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with 


| eae (12.80) 


where Z is the torus partition function of the theory. The zeta function ¢ and the 
Weierstrass function g are the elliptic generalizations of 1/z and 1/z7, respectively, 
namely 

9,6; (z|t) 


tO Fen (12.81) 


f(z) = —0,6(z) 
with 
Te NA a —q")} 6 4,6, (0|z) : 


We will not prove the Ward identities (12.79) here. However, it will be an instructive 
exercise for the reader to directly check that they are indeed satisfied by the Ising 
torus correlators calculated below (see, e.g., Ex. 12.20). In the Ising case, we have, 
sector by sector, 


6,(0|r) 
n(t) 


for v = 2,3, 4 (corresponding resp. to (v,u) = (0, 4), (3, 5), (,0)). Summing 
over all sectors yields 


(T), = 2ixd,InZ, = tren 


(12.83) 


(T) = 2170,1n Zising (12.84) 


We see that the periodic-periodic sector v = 1 does not contribute: Z;(T),; = 0. 

When combined with the singular-vector conditions for primary fields, the Ward 
identity (12.79) leads to elliptic differential equations for correlators on the torus. 
In the case of a field ¢ with conformal dimension h = h, or h2,;, where the 
highest weight vector |/) is degenerate at level 2, this leads to 


& ? n 
Fes fa We — 2n(h + 28,) — 2ixd, — DEC — 2) + 2m zi) d:, 


=| 


~ Llole — 2) +2m)|| 200, 2961621 21)---bn(@nE)} kd 
i=] 


(12.85) 
where the differential operator acts on Z x (---). Instead of trying to solve 
Eq. (12.85) directly, we will resort to other methods for computing the correlators. 
Checking that these equations are indeed satisfied will result from/in a variety of 
theta function identities. 
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§12.5. Correlation Functions on the Torus 


12.5.1. Fermion and Energy Correlators 


The fermion propagator 


G(z—w) = (v2)yw)), (12.86) 


on the torus in a given sector v = (v,u) has the following properties: 
(i) ithas a single pole at z > w, with residue | (at short distances, we must recover 
the propagator on the plane). 
(ii) it is a meromorphic function with periodicity conditions 


Guz + 1) =e*""G,(2) G,(z + 1) = e2G,(z) (12.87) 
The function 


6,(z|t)d,0; (O|z) 


BDA) = 4) (12.88) 


Ril) == 
satisfies (i) and (ii), due to the theta function transformation properties under 
Z—>2z+1,z+T (cf. App. 10.A). Therefore, the ratio 


Fo GO) (12.89) 


is an elliptic (doubly periodic) function, whose possible poles could come only 
from the zeros of 49,. But so, has only one zero on the torus, as a consequence of 
Eq. (12.190), hence the ratio r, has at most one pole. By the standard theory of 
elliptic functions,® this implies that the ratio r, is a constant, fixed by the residue 
condition (i) and hence r, = 1. Therefore, in the three sectors v = 2, 3,4, the 
fermion propagator reads 


9,(z — w|t)d,4; (0|t) 


ORE way (v =2,3,4) (12.90) 


Wz)y(w)), = e@—w) = 
The fermion propagator receives no contribution from the doubly periodic sector 
v = 1, because of the fermion zero-modes. Hence, the total propagator on the 
torus reads 


1 


4 
> Z.e.(2 — w) (12.91) 
Zising 5) 


(v(z)y(w)) = 


The propagator of w is simply the complex conjugate of that of y. It is instructive 
to check that, sector by sector, the propagator (12.90) satisfies the differential 
equation (12.85) for = 5 (cf. Ex. 12.13). 


8 Anelliptic function must have the same number of zeros and poles, and if it is not a constant, this 
number is at least 2. See App. 12.A and particularly Sect. 12.A.1 for a detailed proof of this statement. 
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From the expression (12.90), we derive the expectation value of the energy- 
momentum tensor in each sector v = 2, 3, 4, by applying the definition (12.22) 


ee I 
ir. = 5 (um [ (Hea. 900) a.veD¥OM) — GI) 


II 


Pe. i 
3 he [9,G,(z) = 2] (12.92) 


_ 1826,(0|r) 1:84, (Olr) 
~ 4 6,(0|t) 12. 4,6, (O|z) 
By using the results of App. 10.A, we can readily check Eq. (12.92) to be in 
agreement with Eq. (12.83). 

The torus correlators of an even number of energy operators follow directly 
from Wick’s theorem, using the propagators (12.90). Only the sectors v = 2, 3,4 
contribute. For the two-point function, this gives 


(e(z,Z)e(0,0)), = |pv(z)I? 


1 4 
(z,Z)e(0,0)) = Z.1@.(z)!" 
(e(z, 2)e(0, 0)) Pe Isv(z)| ees 
1 2-61(01) |" 5 6,(z|t)? 
~~ Zheng | Oi(Zie) | S¥ | 2He)ORO|z) 


We easily identify this equation as the sum of the moduli squared of the three con- 
formal blocks of the energy two-point function on the torus, which read respectively 


E E 
g = 1 aoe ( 63(z|t) ie 64(z|t) 
2/n(x) ACzIt) \JosOiz) /04(0iz) 
oO 
(S ( 


“Oe (42 __Galzir) ee 
2/n(t) ACID) \Va;(0\r) 040i) ne 


LL 1 8,6,(01t)_ (eI) 
V2n(t) A(ZIt) /A,(0\2) 


€ 


rei 


in agreement with the Ising fusion rules 
ext = 


exe=I1 (12.95) 
Exo = 6 


| 
™ 


§12.5. Correlation Functions on the Torus 459 


We note that the blocks (12.94) are normalized in such a way that the corresponding 
Ising characters (12.74) are recovered in the z > 0 limit. We also note that the 
monodromy properties of these blocks along the homology cycles a and b of 
the torus agree with the general analysis of Sect. 10.8.3. More precisely, using 
the transformations of ratios of 6 functions given in Eq. (12.188), we find that the 
monodromy is diagonal along the cycle a (i.e., the transformation z > z+1 leaves 
the blocks unchanged up to a multiplicative phase factor), whereas the monodromy 
along the cycle b (z — z+ T) exchanges the two first blocks in Eq. (12.94) and 
leaves the third one unchanged up to a multiplicative phase. The latter agrees 
with the interpretation of the circle as the time (cycle b) direction in the pictorial 
representation of the conformal blocks. Letting the variable z circulate along this 
cycle indeed results in the exchange of the upper and lower intermediate states. 
The torus generalization of Eq. (12.21) for the 2n-point function in each sector 
v= 2,3, 4, 18 
2 
EGE Cs, Ea) = Prost _z)] 


(12.96) 


where the matrix of propagators is understood to have vanishing diagonal entries, 
and the total energy correlator is then 


1 4 


(€(Z1,Z1) +++ €(Zan,Zan)) = Zu @iy 21) ean eon)) (12-97) 


Zising v=2 
As mentioned above, the one-point function of the energy on the torus receives a 
contribution only from the v = 1 doubly periodic sector. Actually, the computation 
of the correlator of an odd number of energy operators requires more work. This 
will be treated in the next section by means of bosonization techniques. 


12.5.2. Spin and Disorder-Field Correlators 


As pointed out previously, the spin correlations are more involved, due to the non- 
locality of the spin operator with respect to the fermion operator (cf. Eq. (12.26)). 
In this section, we use a trick, known as the energy-momentum-tensor technique, 
to compute directly the two-point function of the spin operator on the torus. It is 
some straightforward elliptic generalization of the plane calculation performed in 
Sect. 12.2.2. It is simpler to first compute the insertion of the energy-momentum 
tensor in the spin-spin correlator, and then deduce the spin-spin correlator by 
short-distance limits. 
The first step is the computation of the ratio of correlators 


(W(z)Ww)o(z1, Z1)o(Z2,Z2))v 
(0(Z1,Z1)o(Z2, Z2))v 
sector by sector, for v = 1,2,3,4. This function G, satisfies the following 

properties as a function of the complex variable z: 


(i) It is an analytic function, except for a single pole at Zz = w with residue 1, and 
some inverse square root branch cuts at Z = 21,22 (due to the OPE (12.26). 


(12:98) 


Gy(z, W,Z1, Z1 » £25 Z2) — 
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(ii) Under z > 2+ 1,z +, it transforms with the (anti-)periodic boundary con- 
ditions pertaining to the sector v, and is antisymmetric under the exchange 
Zew. 

These properties fix the value of G,. It is not too difficult to figure out how to 
modify the plane solution (12.30) in order to satisfy these conditions. We find the 
candidate 


18,607) 
2 0,(z — wt) 


; a —w + (212/2)|n) (eZ ~ 2,|D0,(w — z2|0) 


HG, W,Z)1, Zi »22, 22) = 


) +eow) 


(12.99) 
where 2;7 = Z] — Z2. The reader will easily check the properties (i)—(11) using 
Apps. 10.A and 12.A. We introduce the auxiliary function 


9,,(Z12/2|t) 6\(z — Z2|7)0;(w — z:|7) 


6,(z — 4(z1 + Z2)I) 


ay(z) = - (12.100) 
[A,(z — 2112) (2 — zalt)]? 
and consider the normalized difference 
G, —H, 
es 12.101 
at (z)ary(w) ( ) 


This is an elliptic function of z, with at most one pole, located at z = w. By 
standard elliptic function theory, this must be a constant. Due to the requirement 
of antisymmetry under the exchange z < w (property (ii)), this constant must 
vanish. We have thus proven that G, = H,. 

In a second step, we use the fermionic expression of the energy-momentum 
tensor (12.22) to derive 


(0(21,21)o(Z2,Z2))» 2 


1 


(z—w)? 
(12.102) 
The expansion of the I.h.s. of (12.102) around z — z, and the usual expression 


for the OPE of 7(z) with the primary field o lead to 


(T(z)o(Z1,21)o(Z2,22))) he 
(0(21,21)0(Z2,22))) (z—2z1)? 


lim |aGewrz » SeeSovze) + 
Zw 


(12.103) 
Bas In(o(z, »Z1)o(22, 22))v te reg. 
ae at 


Expanding the r-h.s. of (12.102) using the exact expression (12.99), we identify 
—— % (we recover the planar case) and the z,, Z2-dependence of the spin-spin 
correlator: 


C O(Z12/2|t)2 


(a(Z;,21)o(Z2,22))) a C, (12.104) 
(2121) 
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where C,, is a proportionality constant (possibly a function of 1), not fixed by the 
above limiting procedure. A similar argument yields the antiholomorphic part of 
the correlator. For v = 2, 3, 4, the normalization of the two-point function is fixed 
by the planar limit (12.23) when z; — 22, which fixes 


3.0, (O|r)|* 
Cf = : 
IC. 10, (01D) (12.105) 
We end up with 
a: _ | @,(z12/2|z)| | 8,61(012) |* 


This expression would lead naively to an infinite contribution of the v = 1 sector. 
However, in the full correlator, this should be weighed by Z,; = 0. Indeed, the 
v = 1 sector must contribute, because the OPE (12.25) of two spin operators 
contains the energy operator, and the latter has a nonvanishing expectation value 
(Eq. (12.77)). Therefore, the limit z} — Z2 of the total spin-spin correlator must 
lead to the energy expectation value (12.77), which receives contributions from 
the v = 1 sector only. To fix the contribution of the v = 1 sector to the spin-spin 
correlator, we first notice that the functions (a0) ,(Z\2, Z;2) are not periodic under 
Z1 > Z 41,21 +7 (cf. Ex. 12.15). This is again a manifestation of the nonlocality 
of the spin operator with respect to the fermion. Letting z} > z; + 1,21 +7 
creates a “frustration line” winding around the torus, which reverses the sign of 
the boundary condition for the fermion. As a result, this exchanges the various 
sectors v. This involves the v = 1 sector as well and fixes its normalization (see 
Ex. 12.15 for details). We finally get the general answer for v = 1, 2,3, 4: 


nt 1 |O,(Z12/2|7)| 


Zlaleys 2 )aleae22) ee (2m) |d,0;(O|z) 
10; (zi2I0)|4 


(12.107) 

This function is indeed a solution of the differential equation (12.85), sector by 

sector (see Ex. 12.16 for a proof). Furthermore, in the v = | sector, it gives the 

precise normalization of the energy expectation value (12.77) (see Ex. 12.17). 
Finally the complete spin-spin correlator on the torus reads 


0,0) (0|z) 
6, (z|t) 


ape 0, (01 


We identify the four conformal blocks of the spin-spin correlator on the torus as 


g 1 8,0;(0|t) \ * 
as 63(z/2 @a(zi2 
a wee oe [Vax(z/2in) + /Oa(c/210)] 


(a(z, Z)o(0, 0)) (12.108) 
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1 8,0,(O|z) \# 
z c 63(z/2|t) — V0a(z/2 
= Tes | va) [V8s(2/2lz 4(z/2|)| 


2 a ase: RT oe ee 
oe - yas (Gem ee 


ef oD: GAG ceo 
oO i. as (oer Le ea 


(12.109) 


Again the blocks are normalized so as to recover the corresponding characters in 
the limit z — 0 (anextra factor 1/ /2 is added in the two last blocks, each of which 
contributes to the spin character in this limit). The precise relative normalization 
of the terms ./@, in the two last blocks is fixed by the monodromy properties of the 
blocks, when z > z+ 1 andz — z+ T. We recall that, from the general analysis 
of Sect. 10.8.3, we expect the monodromy to be diagonal around the cycle a (i.e., 
under z — z+ 1), and to exchange the upper and lower intermediate states around 
the cycle b (i.e., under z > z+). To compute the monodromy of the conformal 
blocks of Eq. (12.109), we need the transformation properties of the @ functions 
under shifts of z by half periods listed in Eq. (12.189). Under the monodromy 
transformation z — z+ 1, we have 


V03(z/2|t) —> /64(z/2|T) 
VO4(z/2|t) —> V03(z/2\r) 


(12.110) 
V62(2/2|t) — iV, (2/2|2) 
VA(Z/2|t) > ¥62(2/2|r) 
This transformation is diagonalized by taking the combinations 
Vv 03(z/2|t) ae Vv 64(z/2|r) 
GQZ.11%) 


V62(z/2|t) + e'”*,/0; (2/21) 


which fix, up to a global normalization, the form of the four conformal blocks in 
Eq. (12.109). With these combinations, the monodromy transformation z > z+ 
is readily seen to exchange, up to global multiplicative phases, the first and second 
blocks in Eq. (12.109), as well as the third and the fourth. The above blocks agree 
with the conformal fusion rule o x o = 1+-e. 
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The two-point correlation function for the disorder operator on the torus is 
easily obtained from the function G,, (12.98). From the OPE (cf. Eq. (12.68)) 
in/4 ri 
s e'™"" lw, w) 
v(z)o(w, w) = —~———"—_ +. ... W112 
V2 (2 —w): 
we see that the ratio of the disorder-disorder correlator to the spin-spin correlator 
can be extracted by taking the limits z > z2 andw —> z, inG,(z,w, 2), Z1,Z2, Z2). 
The result is 


((Z1, 21) (Z2,Z2))v 


= = = sxe, 12S 
(0(Z1,Z1)0(Z2,Z2))y ( ) 
where €,, is the parity of the function 6, as a function of z, namely €; = —1 and 
€, = 1 for v = 2,3, 4. The overall sign is fixed to be (+) by the OPE 
_ s 1 1 a 
m(Z1,Z1)u(22,Z2) = ae lel — zal *e(Z2,%2) +--+ (12.114) 
IZ1—z2|2 2 


The OPE (12.114) is obtained from the spin-spin one (12.25) by the duality trans- 
formation o <> uz and ¢e — —e. This leads to the total disorder-disorder correlator 
on the torus: 


8,6;(O|z) |? 374_, €,16,(z/2I9)| 
6; (z\|r) ie |6,,(0|r)| 


This function, however, has a new peculiarity: it is not doubly periodic on the torus. 
Actually, the transformations z; > z,; + 1,z; +t and z, + 1+ 1 generate three 
other correlators. As pointed out in Sect. 12.1, the disorder-disorder correlator can 
be viewed as the ratio of a “frustrated” Ising partition function to the Ising partition 
function. Indeed, the insertion of the disorder operators creates a frustration line 
joining Z and Zp. In Eq. (12.115), this line is shrunk to a point when z; — Zp. 


tf Of de ar 
oe 
[x3f fof [pS/ [bf 
0 1 0 1 0 1 0 1 


(1) (2) (3) (4) 


Figure 12.2. The four possible frustration lines for the disorder-disorder correlator on 
the torus. In (1), the cycle is contractible. In (2), (3), and (4), we get, respectively, the 
noncontractible cycles a, b, and a + b, corresponding to the translations of z, by 1, t, and 
1 + T, respectively. 


N21, Zi (27, 22)) = G12. 115) 


However, after any of the above three translations, this line winds around the 
torus and can no longer be shrunk to a point. Actually, the three noncontractible 
frustration lines correspond respectively to the cycles a, b, and a + b of Fig. 12.2. 
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The resulting frustrated partition functions are therefore different, since the bound- 
ary conditions are affected by the presence of the frustration line. More precisely, 
letting z; — Z2 after each translation, we get the three limits (labeled by an index 
(i) 34): 


] Jee 


oo _ 
\Z) —Za|# Zising Soy 


(u(Z1, 21) 4(Z2, Z2)) EZ, (12.116) 


where € = —1 if = vand e“ = 1 otherwise. The numerator in Eq. (12.116) 
is identified as the corresponding frustrated partition function. 
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Except for the correlation functions of an even number of energy operators, for 
which Wick’s theorem can be applied directly, the techniques sketched so far 
are not powerful enough to yield the most general torus correlators. In this last 
section, we show how the bosonization techniques introduced in Sect. 12.3 go over 
to the torus. Given the relation between a theory made of two copies of the Ising 
model and a free bosonic field, the main question boils down to the calculation of 
correlations involving the bosonic field on a torus. 


12.6.1. The Two Bosonizations of the Ising Model: Partition 
Functions and Operators 


The Dirac field (12.35) is a linear combination of two real fermions yy, w2 and their 
antiholomorphic counterparts. However, due to the precise relation (12.35), the two 
real fermions turn out to be coupled in a subtle way. The partition function of the 
free Dirac fermion on a torus receives contributions from various (anti-)periodicity 
sectors, again labeled v = 1, 2, 3, 4. In each of these sectors, the partition function 
ZDirac is the determinant of the Laplace operator squared. It is thus expressed very 
simply in terms of the Ising partition functions Z, as 


Zk Zo 8A (12.117) 


we note that, if v = 1, the zero-modes of the Dirac fermion cause ZP"** to vanish. 
The result (12.117) shows how the two underlying copies of the Ising model turn 
out to be coupled in this scheme: the two real fermions yy; and yw must have the 
same boundary conditions on the torus. This phenomenon could not be observed on 
the plane, where the two fermions appeared totally decoupled. The total partition 
function Zpjrac exhibits the central charge c = 1 in its small-qg behavior: 


4 
Zpirec = 2°22 > (4g) "41 + O,9)) (12.118) 
bs 


The prefactor 2 normalizes the leading term to 1 (the identity operator is 
nondegenerate in the corresponding conformal theory). 
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We now show that the partition function (12.118) is equivalent to that of a free 
boson compactified on a circle of radius R = 1 (cf. Sect. 10.4.1). The partition 
function of the latter reads 


] . = 
WAG le Zi = er Ss qe tev ale—mi2y'r2 (12.119) 
emeZ 


We introduce the new summation variables 


r=e+m/2 S=e-—m/2 (m even) 


1 
rates =e+m/2 s—1/2=e—mi2 (m odd) Gee) 


The only constraint left on r and s is that they must have the same parity; hence 
we rewrite 


1 2D 2 1)2 1)2 
20) Tl2= 52/2 (r+5)7/2-(s—3)*/2 
Wee EOE il i } aaaz1 


5) 
r—s=0 mod 2 


On the other hand, using the expressions Z, = {@,(0|t)/2n(zt)| and the series 
expansions for the Jacobi theta function of App. 10.A, we have 


1 4 
Zpirec = =z >. 16,(0|2))? 
Dirac 2in(@)/2 — \0 (0|z)| 


2 2 2 

1 
oe ee (n+1/2)?/2 2/2 = 2/2 
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————— ed 

2\n(x)|? Ey: 2  ¢ 
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eZ) 


(12.122) 
by direct comparison with Eq. (12.121). 
This c = 1 conformal theory is somewhat different from the ordinary square 
of the Ising model, with partition function 


2 
4 
(i (»32.) (12.123) 


p—2 


since in this case the two real fermions are completely decoupled. The decoupling 
leads to 16 possible boundary conditions (among which only 9 contribute to the 
torus partition function) instead of 4 for the Dirac case (among which only 3 con- 
tribute to the torus partition function). The partition function (12.123) is actually 
the Z» orbifold partition function of the free boson compactified on a circle of 
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radius R = 1 introduced in Sect. 10.4.3. Indeed, from the expression (10.84), 


Zobel) 


l 
5 [Z(1) + 4(Z2Z3 + Z2Z4 + Z;Z,)| 
= Z 


Ising 


(12.124) 


where we used Z(1) = 2(Z3 + Z3 +Z7). In the following, we will use the notation 


z=4 [[ 4 (12.125) 
v’e({2,3,4} 
viAv 
for the partition function of the twisted v = (v, u) sector of the boson. 
Therefore, we have at our disposal two different ways of bosonizing the Ising 
model, which, of course, must lead to the same correlators. The operator cor- 
respondence with the Ising observables within the two bosonization schemes is 
summarized in Table 12.1. The main difference between the two schemes is that 
for the Dirac bosonization, the correlators will be obtained in the form of squares 
sector by sector (v = 1,2,3, 4), whereas for the Ising squared they will appear as 
a whole, and squared. 


Table 12.1. Ising model observables in the two bosonization 
schemes. 


Dirac: Operator Ising 1 and2 bosonatR = 1 


energy £1 X £2 (V/2)* 
spin 01 X 02 cos g/2 
disorder [ty X p2 sin g/2 


Ising’: | Operator Ising 1 and2__ orb. boson at R = 1 


tot.energy ¢&, + &2 COs Y 
energy £1 X &2 (Vg/2)? 
spin 0} X 02 cos g/2 
disorder Th a!) sin g/2 


12.6.2. Compactified Boson Correlations on the Plane and 
on the Torus 


Before applying the bosonization scheme, we must first explain how to compute 
correlators in ac = | bosonic theory on the torus. In this subsection, we derive 
the torus two-point functions of electromagnetic operators for the bosonic theory 
compactified on a circle of radius R, as well as for the Z, orbifold of this theory. 
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We start from the free boson compactified on a circle of radius R, with torus 
partition function (10.62) 


] = 
Z(R) = —~; Yqiemgiem (12.126) 
In(z)|? » 
which exhibits the “electromagnetic” operator content, namely an infinite col- 
lection of operators O,,,,, e, m arbitrary relative integers, with conformal 
dimensions 


1 : 1 
hem = 3C/R +mR2yY hem = 5 (eR — mR/2)? (124107) 


In Sect. 10.4.1, we have identified the integers e, 7 as the electric and magnetic 
charges in the following sense. Returning to the plane for a while, we see that the 
purely electric operator of charge e € Z is identified as 


O29 = elev/R (12.128) 


This is indeed a single-valued function on the range gy € IR/27Z for any integer e. 
On the other hand, the purely magnetic operator Oo ,,,(z, Z) creates a semi-infinite 
line of defect starting at the point z, along which the bosonic field g has a jump 
discontinuity of 27Rm. The general operator O, ,,, is a combination of these two 
basic operators. From this definition, we get very simple fusion rules, namely the 
charges are additive under the short-distance product 


Oem x Oem! 2 Oz+em4m! (12.129) 
The conformal dimensions (12.127) can be read off the two-point function on the 
plane 
1 


OP Zi ep 2m (22,22)) = (12.130) 


€,imn = em 


2h 
22-212 
In this correlator, the magnetic charges create a discontinuity of 27m along a 
segment joining Z; to Z2. Electric and magnetic neutrality force the total charges 
to be zero. 
We now prove Eq. (12.130). The correlator (12.130) has the following path- 
integral expression 


/ dy e St) Oz,m (z1 , 21 JO See: 22) 271311) 
with the usual free bosonic action 
S(g) = (1/87) / (Vo)*d?x (12,132) 


If m = 0 (Eq. (12.131)), we get the usual two-point function of vertex operators 


(eieelz 2b WR e—iege2.22/Ry is Izy —z) 2 (12.133) 


The difficulty arises when 7 + 0, as the boson ¢ is no longer free but constrained 
because it must have a discontinuity of 2xmR along the segment joining 2; to Z. 
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To incorporate this constraint in the path-integral calculation, we first decompose 
the bosonic field into” 


9 = 91,+¢ (12.134) 


The classical part g‘! has a vanishing Laplacian (we take it to be the imaginary 
part of an holomorphic function), and it incorporates the discontinuity condition. 


This classical solution of the equation of motion reads 


=z 
gi, (z,z) = mR Im In (: ') (12.135) 
YE — 7G) 


It has a branch cut joining z; to Z2, across which it satisfies the nen discontinuity 
property. @ is the “free part” of the boson (i.e., since the field gy‘) incorporates all 
the boundary conditions, ¢ is periodic), with propagator 


(2(z, Z)@(0, 0)) = —In|z|? (12.136) 


We have the following decomposition of the action 


S(y) 


\| 


S(g!) + S(@) — (1/4) if page 


S(gs!) + S(G) 


due to the vanishing of the Laplacian of g‘}. It is then straightforward to reproduce 
Eq. (12.130). 

For the purpose of this chapter, we will need to compute only correlations 
of purely electric operators of electric charges 1 and 2, at radius R = 1 (see Ta- 
ble 12.1), and correlations including square gradient terms (V¢/2)?. It is, however, 
instructive to compute the generalization of Eq. (12.130) on the torus. It can be 
expressed as 


(12.137) 


(Oz m(Z1,21)O-e, i 22)) 
2 2 12.138 
= aR Ree n’ Ooi ZNO Sane Z2)) rn! ( ) 


n,n! 
expressed as a sum over the periodicity sectors (”, 1’) of the compactified boson 
(n,n') : o(z+1) =9(z)+22Rn o(z+t) = o(z)+22Rn' (12.139) 


The partition functions Z,,,, were obtained in Sect. 10.4.1. To compute the 
corresponding path integral in the sector (n,n’), we again decompose ¢ into 


P= Gin +O, +¢ (12.140) 


° Here we use the same method as in Sect. 10.4.1, where we have incorporated the two winding 
conditions (77, 77’) in a classical solution to the equations of motion (10.53), leaving us with a path 
integral over the free part of the boson. 
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The g°!’s are the classical solutions of the Laplace equation Ag"! = 0 on the torus, 


which incorporate respectively the (7, 1’) boundary conditions, and the defect line 
condition m: 


7 n’ —nt 
go (2,2) = 2nRIm (: ; ‘) 


_ (12.141) 
: A(z — 2 ; 
G1(2.Z) = mR ig E ek Zi . zRe Z12 
OAz—Zalt) Imrt 
¢ is the doubly periodic free part of the boson, with propagator 
ja eS 6; (z|t) (Im z)? 2 
(9(z, Z)@(0, 0)) = —In | ————*~_e- tme 
aut 8,6,(0|z) (12.142) 
= In |E(z|r)/ 


This last expression is the doubly periodic elementary solution of the Laplacian 
on the torus, often called the prime form, namely 


by ee 4 
—A(G(z,ZG(0,0)) = 208 (z) — —— (12.143) 
Im t 
where 
8%(z)= > de¢-—n—n'2) (12.144) 
nreZ 


is the doubly periodic delta function on the torus, and the subtraction takes care 
of the zero modes of the Laplacian on the torus. This is just a more physical 
reformulation of the computation carried out in Sect. 10.4.1. We now compute the 
path integral (12.131) on the torus, with the total action 


SY) = SGhin) + SG) + SO (12.145) 
We obtain 
(Oe m(Z1,21)O-e,-m(Z2,Z2))nn' = (Oem(Z1,Z1)O-e,-m(Z2,22))0,0 
Im (212(n’ — nt)) 


R '_ nt (12.146) 
x exp a “oer ae : nt)) 


and the (0, 0) sector contribution reads 


ae 7” 


(Onn @isz Ox =n (Za923)) 00 a — 


(12.147) 


87 Me ss 2 
———(el — im— Re 
x exp Fe le LS a ae 212) 


where by “‘c.c.” we mean the corresponding antiholomorphic counterpart, with 
barred quantities. Applying the Poisson resummation formula (10.264) of 
App. 10.A in the final result, we can trade the sum over the winding numbers n’ 
for a sum over electric charges e’ (we also rename the winding numbers n —> 1’). 
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This enables us to write the final result for the correlator (12.138) in a symmetric 
form 


_ _ 8,6; (O|r) |" 
Z(R)(Os a (Z); ZO a 22, 22)) = 6; (i217) 
eae (12.148) 
Viet gt = Het yn! MILE! yn! be nZ12— He! yn! He mZ12) 
———————— em q em @e 
In(z)|? pee 
where 
1 1 
= —(e/R+Rm/2 @em = —-(e/R — Rm/2) (12.149) 
Gem a ) ‘e,m V2 


The formula (12.148) can be generalized to any number of electromagnetic oper- 
ators. We leave its detailed derivation as an exercise to the courageous reader. The 
result reads 
: : a.0:(0|t) |"°"* 
Z(R)(O1Zis21)--On En, en)) = [a 
igi 6; (zi|) 
(12.150) 

1 hem =h 4in[ Xp Oe mOKZk —Ge ym Ge mAKZ] 

<< — q og em e em em@em 
In(z)|? do 


with the obvious notations O, = Os, , and a, = Me,y», and the condition of 
global electric and magnetic neutrality 


See. = ym, a (12.150) 
fe ki 


Since the square of the Ising theory is described by a Z2 orbifold theory at 
c = 1, we must also explain how to calculate correlators in the twisted sectors 
v = 2,3, 4. More precisely, the total orbifold correlator decomposes into 


Zor(R) (Oem (21,21 = (22, 22))orb 


1 
Z 5 | ZR Oem (21 2190-1-m 2ae20) 


(12.152) 


4 
se SS Zi (O77 (z; AeA )O5S. (z2 , 22)) J 


v= 


The three sectors v = 2,3, 4 correspond to (anti-)periodic boundary conditions on 
the boson, namely 
1 
y= 2,(,u)=(0, 5): gz+1) =-9(z) oz@4+0D= (2) 


v=3,(v,u)= G ) > @z+1)=-g(z) go(z+1)=-(z) (12.153) 


v=4,(v,u)=(5,0): ge+1) = 2) oe +1) =—ol2) 
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The corresponding partition functions (12.125) read 


= n(t) 
Z, = 4 | | Zy = (12.154) 
Ve{2,3,4} 0,(0|r) 
Waa 


In order to compute the correlator of two electromagnetic operators in the sector v, 
we must perform the corresponding path integral, with twisted boundary conditions 
on g. As usual, we decompose ¢ into 


9=C,+& (12.155) 


where the classical part is a solution of the Laplace equation on the torus, with the 
(anti-)periodicity conditions pertaining to the sector v, that is 


0 ((z — 24)/2| 1/2), ((z — Z2)/2| 1/2) 
6; ((z — Z2)/2|1/2)0,((z — 21)/2| 1/2) 


and the free part of the boson in the sector v = (v, u) has the propagator 
E(z/2| 1/2) 
E(27/2 +v +ut|t/2) 
The prime form £(z|t) is defined in Eq. (12.142). We thus finally get 
(Ovm(Z1,21)O-e,-m(Z2,22))v 
6.(212/2\/2)8,01(O|) \*” ei 
. ae) a 
This has a straightforward generalization to the n-point correlator 
(O71 (21,21) «+ On(Zn»Zn))v 


I Gee a r (12.159) 
x C.C. 
26, (0|t/2)0; (z;j/2\1) 


gs) (z.Z) = mR Im in( ) (12.156) 


2 


(9(z,z)e(0,0)), = —In | (12.157) 


l<i<j<n 


with the same notations as in Eq. (12.150) and under the condition (12.151). 


12.6.3. Ising Correlators from the Bosonization of the Dirac 
Fermion 


In principle, the correspondence between operators in the Ising models and in the 
bosonized Dirac fermion theory (Table 12.1) enables us to compute, sector by 
sector, the square of any Ising correlator. The only problem is to relate a given 
sector v for the fermion to some particular subset of the boson winding modes. 
But this can be done easily by examining the partition function (12.118), sector 
by sector. We have 


6,(0|t) 
2n(t) 


1 P gitrtvt a) gtinlatyt +3) (12.160) 
2n(t) neZ 


vp aa 
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for all v = (v,u). This readily specifies the set of winding sectors of the boson 
that reproduces the sector v for the Dirac fermion and builds the corresponding 
piece of the boson partition function: 


gon 97? (12.161) 
with 
4 4 
2 = 2) ae) (12.162) 
p=2 v=2 


Z(1) is the compactified boson partition function at radius R = 1. In particular, a 
total correlator of observables in the bosonic theory can be expressed as the sum 
over the four sectors v = 1, 2, 3, 4 of the squares of the corresponding Ising model 
correlators (through Table 12.1) as 


4 
Z(1)(-+-) = DY 2ZiK---)v (12.163) 
v=1 


Instead of computing the total correlator in the bosonic theory, it is desirable to 
get it sector by sector. This is done by the so-called chiral bosonization procedure. 
Before we proceed any further, we should recall the duality R < 2/R of the 
bosonic theory on a circle of radius R, under which electric and magnetic charges 
are exchanged. Since this leaves the partition function invariant, we have 


LA) = Ze) (12.164) 


To represent the Ising correlation functions, according to Table 12.1, we will need 
only the electric operators 


ave and ee (12.165) 
Comparing Eq. (12.165) with Eq. (12.128), these operators correspond to electric 
charges of +1 and +2, respectively, provided we work in the framework of the 
R = 2 theory. For this reason, we shall use the R = 2 bosonic theory in the 
following discussion.!° 

Guided by the expression (12.160), we get a set of rules for computing the 
bosonic correlator in each sector v. We start from the bosonization formula 
(12.37). To compute any correlator in the sector v = (v, u), we expand the chiral 
(holomorphic) component ¢(z) of the boson y(z,Z) = $(z) — (2) into 


o(z) = 2nzP + (z) (12.166) 


The operator P has eigenvalues n + v + +, n € Z, and @ is the “free part” of the 
boson, with propagator 


é 


a 6; (z\r) 
(p(z)¢(0)) = —n——— (12.167) 
39; (0|t) 
10 If we insisted on using the R = | theory, these operators would be represented as purely magnetic 


operators of respective magnetic charges +1 and +2. 
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which approaches the plane expression (12.38) when z —> 0. We must weigh each 
eigenvalue n + v + 3 by the factor 


1 
2n(z) 


The operation is repeated for the antiholomorphic part of the boson ¢, and the 
total answer is the product of the two. This set of rules enables us to compute 
the bosonic correlators in each sector v. They have been defined in order to be 
compatible with the result of the direct calculation of the total correlators (12.163), 
using Sect. 12.6.2. 

For instance, for the purely electric correlator with e; + --- +e, =0,R = 2, 
we find 


1 H 12 
Ze ‘we , Z1)°°° O, n> Zn T= pS a 
v ( ,,0(Z1 21) 24 OZ z )) Ea ya" a 


qintyts) edininty+ jut) (12.168) 


(12.169) 


x etin(nty+ 5 Mu+4 Join(n+y+ 5 )(Leiz1) a (3 a“ xX CC. 
ign \ 1 (Zijl) 

We have decomposed the contributions according to the above rules into the weigh- 

ing factor (12.168), the contribution of the P operator, and the free part of the cor- 

relator obtained by using Wick’s theorem with the propagator (12.167). By xc.c., 

we mean the product by the corresponding antiholomorphic part with @ > @. The 

result (12.169) agrees with the total correlator (12.150) for m; = 0 and R = 2. 


We note in particular that when m = 2 and e, = —e2 = e, Eq. (12.169) takes the 
simple form 
ZS (O..0(Z1,Z1)O-e,0(Z2,Z2)) v 


- 8,0(0|t)\°" (12.170) 
= Ee ( ae y(@Z12/2|t (eee) ] xe 


As a first application of the above rules, we rederive the expression (12.107) 
for the spin-spin correlator in the sector v. In the bosonized version, it reads 


[Z.(ol21, 21022, 22) 


| 


2Z? (cos pe Z1) cos 5 (a, Z2))y 


me a (12.171) 


ae ? | a,0,(0lz) |? 
2n(t) 4; (Z12|T) 

where the first equality is simply Eq. (12.59), valid in each sector v with N; = 2. 
The second equality uses Eq. (12.161) and the definition of the purely electric 


operators (12.128). The last equality is a direct application of Eq. (12.170) for 
e = 1. This result agrees with the previous expression (12.107), due to the identity 


1/3 
On | (12.172) 


6,(Z12/2|t) 
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We are now in position to compute more general correlation functions. The 
square of the correlator of an arbitrary even number of spin operators reads, for 
Da WP Sp ce 


[Z, (o(21 , a ee o(Z2n» Zon))v] 


= 2" Zileos © (1,21) +++ COs 5 (an»Zan))v 
2 (12.173) 


sh 
0; (zij|z) 1°" 


0,0; (0| Tt) 


Sires Y> a((Ziezi/2I0)| I] 


Lye €2n=t1 
yie;—0 


Similarly, the square of the correlator of an even number of energy operators 1s 
easily obtained by direct application of the chiral bosonization rules and of Wick’s 
theorem: 


[Z.(e(z1,21)---€(Z2n,Z2n))v] 
= Z? (Volz, Z1)/2)? SE (Veo(22n»Zon/2)" 
ee (02) 


i oy 2n(t) 


0 


» Clas 


Dis ] [lor2i-1) — Za2i)) + 2m) 


o€ES2, i=) 


The last sum extends over the permutation group S2,, of the 2n indices. The identity 
between this result and the previous expression (12.96) follows from the torus 
version of the Cauchy determinant formula (see Ex. 12.19 for a detailed proof). 
The advantage of the chiral bosonization approach is that it gives the correlator of 
an odd number of energy operators as well. The latter receives contributions from 
the v = 1 sector only and reads 


[Z,(e(Z1,Z1) +++ €(Zant1, Zan41))1 lhe 
= —Zi((Ve(z1,21)/2)? ---(Ve(Zan41, Z2n41)/2)? 


> aen-2+19,(0}z) 
uC) 


so that the total energy correlator reads 


: zis) 
YS [ [leo Goai-1) — zor) + 21] 


OES241 =] 


(€(21, 21) +++ €(Z2n41, Z2n41)) 
E 1 n get OM On) 


= Zo(2i-1) — Zo(2i)) +2 
Zising |= 2n(t) De | [iwc o(2i~1) — Zo(2i)) + 271] 


CES2n 41 i=1 


(12.176) 
More generally, the square of the mixed spin and energy correlator reads 


[Z.(o(1)- - -of2n)e(2n + 1)---e(2n +p)).] 
= 2"(—1PZ2{ cos 5(1)-+ +008 F (2n) (12.177) 


x (Vo(2n + 19/2)? ---(Vo(2n + p)/2)°| 


v 
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and it is readily evaluated using the chiral bosonization prescriptions. 


12.6.4. Ising Correlators from the Bosonization of Two Real 
Fermions 


In this section, we use the direct bosonization scheme for the product of two 
decoupled Ising models. As already shown in Sect. 12.6.1, this is precisely the 
c = 1 orbifold model of a boson compactified on a circle of radius R = 1, 
quotiented by the extra Z, symmetry g — —g. As in the previous section, we 
shall work within the dual theory at radius R = 2, for which Zo4(2) = Zop(1). 
A first quantity of interest is the total energy operator which is, according to 
Table 12.1, €o = €;| + &2 = cosg. Using the bosonic correlators (12.148) in 
the untwisted sector and (12.158) in the twisted ones for v = 2, 3, 4, and setting 
e = 1,m = 0,R = 2, we obtain the respective contributions to the total two-point 
correlator of total energy: 


Zord(2) (Erot(Z1, Z1 Etot (Z2, Z2)) orb 


l i ’ a _ 
- 5 | 202) naz 20) Ss Yo 2621 21)6ele2, 22) 
D2 
(12.178) 
The contributing parts are 
Z(2)(Eror(Z1, Z1 Etor(Z2, Z2)) 
= 2Z(2)(cos g(Z1,Z1) cos (22, Z2)) 
PZ1,Z1 PIZ2,Z2 (12.179) 
1 9,6, (Ot) |? P 
= 6,(Z12|7)| 
4in(a)P | i (zi2it) I a 
and 
Zy(Eror(Z1, Z1)Etot(Z2,Z2))v 
__ 5 | [AeGra/2le/2)0,01(01e) |? | | __8e(Olz) (ral) | Ce) 
a, 6, (0/7) (2127) 0, (Z12/2|t/2)d,) (07) 


In the twisted sector, we have included both contributions exp —4(gg), and 
exp 4(yq), since neither of the two is periodic by itself, whereas the result must 
be periodic. This amounts to including electrically nonneutral contributions to the 
correlator, which are now allowed as we work in a twisted sector (with antiperiodic 
boundary conditions on the field y, which do not affect €;o¢ Oc COS ¢). 

We can check that this agrees with the interpretation of ¢ as the total energy 
operator, namely, that 


Zor(2)(Eror(Z1» Z1 Eto (Z2» Z2)) orb 


(12.181) 
= 2Ziing| (€(Z1,Z1)E(Z2,Z2))tsing + (€ Nene 
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The untwisted sector contribution of Eq. (12.180) is easily identified as 


Z(2)(Etot(Z1, Z1Eror(Z2, Z2)) 


3 ; (12.182) 
252 So Zi (e(z1,Z1)€(Z2,Z2))v + 2[Z, (e):] 


v2 


On the other hand, we can show that the twisted sectors contribute for 


Zy (Evor(Z1 Zi Et (Z2, Z2)) v 


1s - a 
= 52, = (€(21, Z1)e(Z2,22))v (12.183) 
ve(2,3,4} 
vv 


This is easily checked by means of the doubling identities of App. 12.A. For 
instance, in the sector v = 4, by substituting the values of 62(z|t) and 63(z|t) in 
terms of theta functions evaluated at 2/2, t (cf. Eq. (12.191)), we can rewrite 


(e(1)e(2))2 + (eC. e(2))3 


8-0; (0|t) |” lee > | @3(212/7) | 
6; (Z12|7) 62(O|t) | 63(0|t) 
>  |64(0|z)|? (12.184) 


= 21*—_—_—_\_ 
|62(0|r)63(0|z)|? 
J |02(Z12/2|1)03(Z12/2| 1) |* + 101 (Z12/2|7)O4(Z12/2|t)|* 
10, (Z12|7)|? 


By using the expressions of the theta functions of period t in terms of those of half 
period t/2 (Eq. (12.192)), we get the desired result (12.183) for v = 4. The other 
sectors are obtained by modular transformations of the variable t: tT + t+ 1 gives 
the v = 3 contribution, whereas t — —I/t gives the v = 2 one, up to an overall 
factor |t|?. This completes the general proof of Eq. (12.183). Together with the 
untwisted sector correspondence (12.182), this entails the compatibility (12.181) 
between the direct computation of one- and two-point functions of the Ising energy 
operator (12.77)—(12.93) and the c = | orbifold bosonization result. 

The comparison of the expressions obtained from the two bosonization methods 
leads to very interesting and nontrivial identities between theta functions. Clearly, 
higher correlators become more and more involved, although in principle the re- 
sults (12.150) and (12.159) can be used directly to write the most general Ising 
correlators, through the correspondence of Table 12.1. However the analysis of the 
resulting identities goes beyond the scope of this work. 
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Appendix 12.A. Elliptic and Theta Function Identities 
12.A.1. Generalities on Elliptic Functions 


A meromorphic!’ function f(z|t) of z is said to be elliptic if it is doubly periodic 
on the torus, namely 


fer p= fai fa tt) = felz) (12.185) 


The finite zero and pole structure of such a function on the torus is infinitely 
duplicated, by periodicity, in the whole complex plane. However, the Cauchy 
residue theorem holds, namely 


f dzflz|t) = 2ix )~ Res) (12.186) 
c j 


where the sum extends over all the residues of the poles encompassed by the closed 
(counterclockwise) contour C. What makes the use of this theorem particularly 
interesting on the torus is the possibility of nontrivial closed contours C. 

For instance, take C to be the closed boundary of the torus, made of the segments 
(0, 1], (1,1 + 7], [1 +1, t] and [t, 1]. Computing the above integral (12.186), we 


find 
f ms niall if, +f that fh, ferew 


=) (12.187) 
= 2Ut as Res,(f) 
j 


The second equality follows by grouping the first and third integrals and the second 
and fourth respectively: by periodicity, the value of the function is the same along 
any two opposed edges of C; but since the direction of circulation is opposite, the 
contributions cancel each other. This leads to a first theorem on elliptic functions: 
The sum of residues of the poles of an elliptic function on the torus vanishes. 

We now relate the numbers of zeros and poles of f. By applying the above result 
(12.187) to the elliptic function 0,f/f , we find 


a,f(z\t) _ 
fae flzit) : 


The pole structure of 4,f/f is entirely determined by the zeros and poles of f. More 
precisely, near a zero Zp of f, with order n, we have 


d,f(z\t) 21) 
fizit) = z-Zo 


+ reg. 


11 A meromorphic function is a function whose sole singularities in the complex plane are poles. 
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Near a pole z; of order m, we have 


d-f(z|t) rr 
f(z\t) - lig 72)\ 


Hence, applying the Cauchy formula (12.186), we find the second theorem on 
elliptic functions: 

An elliptic function has same number of zeros and poles, counted with their 
multiplicities. 

Combining the two above theorems, we see that a nonconstant elliptic function 
must have at least two poles. Indeed, if it has no pole, it is an analytic function, 
which is bounded on the compact fundamental domain of the torus. By periodicity, 
it is bounded on the whole complex plane; it is therefore a constant by Liouville’s 
theorem. An elliptic function cannot have a single pole, because the first theorem 
implies that its residue vanishes. So we get the third theorem: 

An elliptic function with at most one pole must be a constant. 


+ reg. 


12.A.2. Periodicity and Zeros of the Jacobi Theta Functions 


The Jacobi theta functions 6,(z|t) have been defined in App. 10.A. Here we list 
a number of their properties, as functions of the complex variable z, which are 
useful when dealing with torus correlation functions. 

The periodicity relations (10.255) induce the following behavior of the ratios 
r,(z|t) = 6,(z|r)/O;(z|t) under translations of z by 1 and t 


r{z+1\t) = ra{z|z) ro(z+ t|t) = —1r2(z{r) 
r3(z + 1\t) = —13(z\t) r3(z+t|t) = —13(z|z) (12.188) 
ra(z + 1\t) = —r4(z|z) FAZ t= ‘faleie) 


The 6 functions also have simple transformations under translations of half periods 
(see Eq. (10.254)). These transformations read 


1 : 
AZ + 510) = 6,(z|7) A(z + t/2|t) = ie q-"* 6,(z\z) 


1 : 
(z+ 51) = Aleit) = (z+ WI\t) = e™g- "8 @4(zIz) 
(12.189) 


| A 
03(z + 50) = 64(2|t) 63(2 4 2[z) = eg" ax(ziz) 


1 
O4(Z + ae = 63(z|t) O4(Z + t/2|t) = ie?™g-'® 9, (z)x) 


The expression of 6;(z|t) as an infinite product (10.253) shows explicitly that 
its zeros are all simple and lie on the lattice #2 + nt, for m,n arbitrary relative 
integers. Hence, when restricted to the torus, the function 6;(z|t) has only one 
single zero at z = 0. Together with the half-period translation identities (12.189), 
this shows immediately that the other 6,.(z/t) have one single zero on the torus 
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lying, respectively, at 


1 

o> 2 = 5 
1 

Gy 2 = s+2 (12.190) 
1 

4 3 2 = a* 


12.A.3. Doubling Identities 


The direct application of the theorems of Sect. 12.A.1 leads to anumber of identities 
between Jacobi theta functions. Of particular interest are the so-called doubling 
identities. Their proof is left as an exercise to the reader. It goes generically as 
follows: we first identify the zero and pole structure of the two expressions we 
want to equate. It is usually a straightforward calculation to get the exact residues 
and check that they coincide for the two expressions. In a second step, we study the 
periodicity of the functions, to finally conclude that the ratio of the two is elliptic 
and has no pole, hence it is a constant, fixed to be 1 by the residue identity. In this 
way, we get the following doubling identities: 


O(z\t) _ [82(z/2|t)03(z/2\2) I? — [61 (2/2 |) 64(z/2 |)? 


62(0|r) [62(0|r)63(0|z)]? 
A3(z|t) _ [02(z/2|t)03(z/2|r)}? + [01 (z/2\t)O4(z/2| 2)? 
63(O|t) [62(0|z)43(0|z)]2 (12.191) 
_ [03(z/2\r)04(z/2|r)}* — [0 (2/2|2)O2(2/2| 2)? 
7 [63(0|r)44(0|z)] 
O4(z\t) __ [03(2/2|t)O4(z/2|t)]° + [61 (z/2| 1) O2(z/2| 2)? 
4(O|t) [63(0|r)@4(0|z)} 
and 
Oy (z/2|1)03(z/2|t) = (SO) 6c) 
(12.192) 
6, (2/2|t)O4(z/2|t) = (SOE) erat 


The latter can also be derived directly by using the infinite product expressions 
(10.253) of App. 10.A. 


Exercises 


12.1 The correspondence between the quantum Ising spin chain and the XZ spin chain 
The transfer matrix of the two-dimensional Ising model is related to the one-dimensional 
quantum Ising spin-chain Hamiltonian in a transverse magnetic field. (Through Eq. (3.114), 
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the logarithm of the two-dimensional Ising transfer matrix is actually proportional to the 
Ising spin chain Hamiltonian in a scaling region around T,.) The latter mode] is defined 
as follows. On each site i = 1,...,N of a finite one-dimensional lattice, we consider a 
two-component spin-} variable S?, a = x,Z, where 


60) a. | lage 
s = (‘ #) s = (4 ) 


The Ising quantum spin-chain Hamiltonian reads 


N 
Aising — a KSiSa, AT yS; 
i=] 
(Si, ,; = 0). The aim of this exercise is to prove the equivalence of this model with the XZ 
spin chain, defined with the same spin variables by the Hamiltonian 


N 
Ay = w¢ SiSi,) + K, SiS; 


i=] 


In order to prove the equivalence, we define new spin variables T?,a = x, Z, as 


Fess), j=1i2eN— 1, “eo. 


i! eeit 1 


and 


i 
Zo x 
i OO 
k=) 
a) Show that these new variables have the same commutation relations as the S’s. 


b) Reexpress the Hamiltonian Hz in terms of these new variables. Show that, up to 
unimportant boundary terms, it reads 


N 
ise = es TY, oe RS, 
j=) 
c) Show that the Hamiltonian H,, obtained above splits into the sum of two noninteracting 
Hamiltonians of the form Hj,ing for the sets of spin variables T5; and T3- |» respectively. 


12.2 Jordan-Wigner transformation in the Heisenberg model 

The Heisenberg XY model is a one-dimensional guantum two-component spin chain. More 
precisely, on each site 1 = 1,...,N of a finite one-dimensional lattice, we consider a two- 
component spin 5 variable S,a = x,y, represented by Pauli matrices as: 


ge Oe) y _1f0 -i 
s = 3({ ‘) s = 3({ ea 


The XY model Hamiltonian contains only nearest-neighbor interactions. It reads 
N-1 
H = \(1+p)SiSi,, +(1— YS}SY,, 
i=l 
where y is a real parameter. 
a) Show that 
(22) a (Ga) 0 
(a) a)) = falea! le [apap Ome 2 j 
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Thea’s anda‘’s have both fermionic (anti-commuting) and bosonic (commuting) characters. 


b) The Jordan-Wigner transformation consists in rewriting the Hamiltonian H in terms of 
new variables c;, i defined as 


A leet 

cj = (es Deni 7iee) aj 
tet 

Cm=na (e724) 


(This is a nonlocal transformation; these fermionic operators go over to a free-fermion field 
in the continuum limit.) Show that 


ay para 
= aja; 


+ 
cjc j 


j 


c) Show further that c; and é are true fermionic operators, namely that 


ct; 
{ney ene) = {clic v0 
d) Show that 
; 
iGix1 = Cheiss 
a oe 
re 
e) Deduce that 
N=! 
H = a (cleiz: + yelel,, + h.c.) 
1 


— 
The Hamiltonian is therefore expressed, through the Jordan-Wigner transformation, as a 


bilinear form of the fermion operators c;, cl This transformation is instrumental in the 
diagonalization of H. 


12.3 Write explicitly the high-temperature expansion of the Ising model up to degree 8 in 
tanh K. Show that the corresponding infinite series expansion of the partition function is an 
even function of K. 


12.4 We consider the correlation function of two Ising spins (o(r;)o(r2)) (12.9) on the 
lattice, obtained by changing K — K + 17/2 for each bond of a path joining r; to r2. Show 
that the result is independent, up to a sign, of the choice of path joining 7; to r2. 

Hint: A path of length n contributes for i”o(r, )o(r2), i? = —1. Any two paths have lengths 
differing by a multiple of 2. 


12.5 Prove that the correlation function ((r,)2(72)) of disorder operators is actually 
independent of the choice of path from r; to r2 along which the couplings K are reversed. 
Hint: Consider two paths from r; to r2; the corresponding correlations are exchanged by 
reversing the sign of all spins along both paths, but this operation leaves the result invariant. 


12.6 Derive the Ward identity for the insertion of the energy-momentum tensor in a 
correlator of 2n energy operators. 


12.7 Ising energy and spin four-point correlation functions on the plane and conformal 
blocks 

a) Write the four-point energy correlator on the plane (12.21) in terms of the cross-ratio 
Z = 212234/Z13224 of the four points. Deduce the form of the corresponding unique conformal 
block. Compare this result with that of Ex. 8.12. 
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Result: 


2 
(e(1)e(2)e(3)e(4)) = ——— z a DE A(z)| 


with the conformal block H(z) = 1 — z +z”, corresponding to the fusion rule € x ¢ > I. 
b) Write the four-point spin correlator on the plane (12.63) in terms of the cross-ratio Z. 
Deduce the form of the corresponding two conformal blocks. Compare this result with that 


of Ex. 8.12. 
Result: 


(o(1)o(2)o(3)o(4)) = pene + a * ellHa(@)I) 
— Z)| 
with the conformal blocks 
( 1+/1—z 
2 


Aylz) = 


——V\3 
H,(z) = i=) 


12.8 Write a differential equation for the correlator (wwoo), expressing the presence of 
a singular vector of level 2 in the Verma module V2, of yw. Check that the function G of 
Eq. (12.30) is indeed a solution of this equation. 


12.9 Express the l.h.s. of Eq. (12.51) as a sum of products of energy correlators of one Ising 
model only. Using the expression (12.19), derive the most singular contribution of this sum 
when all arguments approach each other. Compute the free-field correlator on the r.h.s. of 
Eq. (12.51). Compare the two sides of the equation to deduce the value of the normalization 
factor M,, = 2”-' 


12.10 Along the lines of Ex. 12.9, check that the normalization factor P,, of Eq. (12.55) is 
ly. 

12.11 Ward identity for the plane 2n-spin correlator 

a) Express the Ising energy-momentum tensor in terms of the real fermion. 


b) Express the Dirac energy-momentum tensor in terms of the Dirac fermion. 


Result: We set D = al +i) and Dt = Amn — iy). The energy-momentum tensor 
reads 


: 1 1 
Tpir(z) = — lim = (D'(2)8D(w) —_ ,D"(2)D(w)) ——— (12.193) 
zw 2 (z = w)? 
c) Use the bosonization formulae (12.37) to reexpress Eq. (12.193) in terms of the free field 


Q. 
Result: 


I 1 
Tpi(z) = —= lim | 3,¢(z,2)8,e(w, w) + ——— ' 
D 5 jim P(Z, Z)dwo(w, W) + Guwe (12.194) 
d) Express the correlator of the (bosonized) Dirac theory with insertions of the Dirac fermion 
G(z,w) = (D'(z)D(w) cos (1) - += COS ¥ (2n)) 


in terms of Ising spam correlators with real fermion insertions only. 


Result: G(z,w) = 3, (W(z)¥(w)o(1)- --o(2n)) (o(1)---o(2n)). 
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e) Relate the insertion of the Ising energy-momentum tensor Tising(Z) in a correlator of 2n 
spins for the Ising model to that of the c = 1 energy-momentum tensor Tp;,(z) of the Dirac 
theory in the corresponding correlator of 2n cos(@) operators. 

Result: (Tpir(z) cos $(1)---cos $(2n)) = 2" (Tising(z)o(1) - --o(2n)). 

f) Deduce that the conformal Ward identity (5.41) of Chap. 5 is satisfied for the insertion 
of the Ising energy-momentum tensor in the Ising spin correlator iff it is satisfied for the 
insertion of the Dirac energy-momentum tensor in the cos ¢ correlator. Check the latter. 


12.12 Cauchy determinant formula, Pfaffian, and Haffnian. 


a) Prove the Cauchy determinant formula 


yrer-pe Ti. — zi — wi) 


1 
det [ | = (—] 
z= w; hitzen =‘ Te =a 


(12.195) 


Hint: Consider the above determinant as a function of the complex variable z = z, and 
analyze its pole and zero structures. Conclude by using Liouville’s theorem (a bounded 
analytic function is necessarily constant). 


b) Setting w; = z + « in Eq. (12.195), compute the limit when all ¢; + 0. Deduce the 
relation between determinant, Pfaffian, and Haffnian expressed in Eq. (12.53). 
12.13 Differential equation for the fermion propagator 


a) Write the differential equation satisfied by the nonnormalized fermion propagator 
Z, (W(z)w(0)), in any sector v € {2,3, 4}. 


b) From the definition of the Jacobi theta functions (App. 10.A) show that 
ind,0, = 076, 
c) Using 
(z) — 2mz = ,In 4, 9(z) + 2m = —#ln 6 


rewrite the differential equation of (a) in terms of theta functions only. 


d) Use the results for the partition function Z, and the expression for the fermion propagator 
(¥(z)W(0)), to rewrite the differential equation as a differential relation between 6, and 6,. 
Hint: For the differential equation to be satisfied, the following relation must hold 


|e (12.196) 


te End _ pea + 0,020, — 28,6,8.0, — 118, 


6,(O|r)? 6; 
e) Prove this last relation using the standard property of elliptic functions, namely that an 
elliptic function with at most one pole must be a constant. 


Hint: Show that the r.h.s. of Eq. (12.196) is doubly periodic in z and that the residue of the 
double pole at z > 0 vanishes. Conclude by the standard ellipticity argument. 


12.14 Torus conformal blocks and the proof of the Verlinde formula for the Ising model 
Notations are as in Chap. 10, Sect. 10.8.3. 


a) Using the conformal blocks (12.94) of the energy-energy correlation on the torus, compute 
the monodromy transformations ¢,(a) and ¢,(b) of Eq. (10.188) on any Ising character. 
Check Eggs. (10.189)-(10.192). 


b) Repeat the calculation with the conformal blocks (12.109) of the spin-spin correlation 
function. Recover the Ising fusion rules and the Verlinde formula. 
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Hint: The monodromy transformations ¢;(a) and ¢;(b) are generated by letting z > 2 a 1 
and z > z +T, respectively, in the conformal blocks of the torus two-point correlator (22), 
i = €,0. The action on characters is obtained by letting z — 0 in the end. 

12.15 Modular covariance of the spin-spin correlator 


a) Using App. 10.A, derive the transformations of the three functions 
Z,(o(z,Z)o(0,0)), (v=2,3,4) 


of Eq. (12.106) under z > z+ l andz > z+T. 

b) Show that (a) fixes Z, (oo), uniquely. Compare with Eq. (12.107). 

c) For v = 1,2,3,4, relate the functions Z,,(oc),(z,Z, t) to their “modular transforms” 
Z, (oa) ,(z/t; —1/t). Deduce the “modular covariance” of the spin-spin correlator 


(o(z/t, Z/%)o(0,0))-1e = |z|4 (o(z, Zo(0, 0)) 


12.16 Differential equation for the spin-spin correlator 


a) Write the differential equation for the torus spin-spin correlator Z,,(o),. in each sector 
Disa Aon 

b) Prove that this equation is indeed satisfied by Z, (a0), given by Eq. (12.107). 

Hint: The differential equation reduces to the identity 


Eo a cee 826, (zIr) 


Seer a? Siete erent a ia il i tii = 
6,(z/2|t) 6,(z/2|r) A(z\t) 8,(z/2|r) 6, (z\t) 70 


This identity is proven by standard elliptic function techniques: We show that the I.h.s. is 
doubly periodic, with at most one pole, hence a constant, which is readily evaluated. 
12.17 Energy expectation value from the spin-spin correlator 


a) In the sector v = 1, show that the short-distance limit 
, _3 . ie 
oe IZ1217 4Z; (o(Z1, 21 o(Z2, Z2))) 


is proportional to the energy one-point function Z; (e);. 
b) Deduce the energy expectation value (¢) on the torus. 
Result: (¢) = 2|n(t)|?/Zising. 


12.18 Correlators for rational c = 1 theories on the torus 

This exercise is a sequel of Ex. 10.21. Consider here the c = 1 theory of a boson compactified 
on a circle of radius R = ,/2p’/p. Recall that this theory is a rational conformal theory, 
namely it can be reorganized into a finite number of sectors indexed by 2pp’ integers 


d= Xem = pe—p’'m mod 2pp’. The torus conformal blocks have been derived in Ex. 10.21, 
and read 


1 f 2 0 
K,(t) = —~ (2pp'n+2)2/4pp 
‘ n(t) Ded 


for A = 0, 1,...,2pp’ — 1. The torus partition function can be reexpressed as a finite sum 


2p’ 2pp'—1 - 
Zi) = >> Ki) Kayal®) 
P A=0 
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where wp is defined by 


pro—p'so=1 and wp =protp’so mod 2pp’ 


a) Rewrite the correlator (12.148) as a finite sum over the conformal blocks of the 
corresponding rational conformal theory. 
Result: The conformal blocks of the torus two-point function read 


Opes QO, 


eT 


= Fi") = Ky(40emZial2) ee 


with @, , defined in Eq. (12.149), with R = ,/2p'/p, and 


K,(z|t) = 1 gia ey? eit(2pp'n-+a)z/2. /pp' 
G3) ce 
The correlator reads 


2p’ 2pp’—} a 
Z( | = Oerm(2s2)O-c--m(0,0)) = be BO ag 


—0 
b) Check that the monodromy of the conformal block ¥;"(z) along the a cycle is diagonal. 


c) Check that the monodromy transformation of ¥;""(z) along the cycle b exchanges the 
upper and lower intermediate states A <> A +Azm. 


d) Compute the torus conformal blocks of the n-point function (12.150). 


12.19 Energy correlators and Cauchy determinant formula on the torus. 
a) Prove the Cauchy determinant formula on the torus 


6,(22z; —Wwi |z) 


detip, (zi — w)isijen = (—1)™""??(8,0; (0|r))" 6,(0|z) 


T]j,; 91(z: — wjlz) 


(12.197) 


Hint: Examine the zero and pole structure of the |.h.s. of Eq. (12.197) using the short-distance 
behavior, given by Eq. (12.195). Conclude by the standard elliptic function argument. 


b) Prove the identity between Eqs. (12.96) and (12.174). 
Hint: Take the multiple limit €,,..., €,, > 0 after the substitution w; = z; +; in the Cauchy 
determinant formula (12.197). 


12.20 Ward identity for the torus 2n-spin correlator 
This is the torus version of Ex. 12.11, whose results are assumed here. 


a) First take 2 = 1. Using chiral bosonization, compute the insertion of the Dirac energy- 
momentum tensor in the correlation of two cos g operators in any sector v of the bosonized 
Dirac-fermion theory. 
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Result: 
2 Q rd 7) z))y = 2 i 8 O.(Z12/2|t) 
Z;;(Tpic(z) cos 3 i»2i) Cos 5 Cada i — eA “alzal2it) 
ib 8; 9,(Z12/2|) (ae — Z;|T) Z_ a:0;(z — a) (12.198) 
2 6,(212/2|t) 6,(z — z1|t) 6,(z — Z2|7) 


1 (3,0,(z—zlt) 9,0:(z — a es ee Q, «= 
= (| 2s OS ee) Zatcos — (a7, 21) COS ae 
a a ( 0,(z — 21 |t) 0,(z — 22|t) ( > ama 7 eaaieiaaa 


b) Prove the Ward identity (12.79) on the torus, in the case of the cos y two-point correlator. 
c) Deduce the analogous result for the Ising spin-spin correlator on the torus. 


d) Repeat the above calculation for arbitrary n. 


Notes 


The two-dimensional Ising model ona square lattice was solved by Onsager in 1944 [286] by 
diagonalization of the transfer matrix. Several combinatorial improvements, among which 
the rewriting of the partition function as a determinant, have simplified the solution and 
prepared the route for the contact with a fermionic theory in the continuum limit [211, 
229}. In the late 1970s, Baxter and Enting [32] gave yet another solution, based on some 
recursion relations for commuting transfer matrices, granting the integrability of the model. 
This treatment could actually be generalized [31] to a large class of models, including the 
six- and eight-vertex models. In this respect, the Ising model is the simplest example of an 
integrable lattice model. 

The fermionic continuum formulation arises from the use of the Jordan- Wigner transfor- 
mation of the original spin variables, to build a set of anticommuting variables [325, 262]. 
These were identified in the continuum as the two components of a free real (Majorana) 
fermion field. In this presentation, the spin operator is a nonlocal observable, as well as its 
dual operator under high/low temperature duality, the disorder operator [225]. Whereas the 
correlation functions for the fermionic operators, or composites such as the energy operator, 
are very easily calculated, the correlations of spin or disorder fields are more difficult to 
obtain. 

The conformal invariance of the free fermionic theory provides, however, a powerful 
machinery to unify all these results [36]. In this framework, the energy-momentum technique 
was introduced in Ref. [105]. The concept of bosonization was first applied to the Ising 
model in Ref. [206]. 

The continuum Ising model on a torus was extensively studied in Ref. [97], where most 
correlation functions were computed either using the chiral bosonization techniques of 
Refs. [119, 341] or some direct bosonization scheme in the framework of c = 1 Coulomb 
gas on the torus. In Ref. [97], use is also made of the torus version of the energy-momentum 
technique [15]. An interesting issue was the elliptic differential equations satisfied by the 
torus correlators, due to a combination of the torus Ward identities [120], and the singular 
vector structure of the energy and spin Virasoro modules. In fact, just like in the plane case, 
the general solutions of these differential equations can be written 4 la Feigin-Fuchs, as 
complex contour integrals, with screening operator insertions [128]. 


PART C 


CONFORMAL FIELD THEORIES 
WITH LIE-GROUP SYMMETRY 


CHAPTER 13 


Simple Lie Algebras 


This chapter presents a survey of the theory of Lie algebras. This might appear 
somewhat remote from our main subject of interest: affine Lie algebras and their 
applications to conformal field theory. However, it turns out that in many respects 
the theory of affine Lie algebras is a natural extension of the theory of simple Lie 
algebras, and as such cannot be studied efficiently in isolation. This is an immedi- 
ate motivation for devoting a complete chapter to Lie algebras. But as subsequent 
developments will show, conformal field theories with nonaffine additional sym- 
metries, such as W algebras, parafermions, and son on, as well as related exactly 
solvable statistical models, also have a deep Lie-algebraic underlying structure, 
which can only be appreciated with a minimal background on simple Lie algebras. 

No previous knowledge on Lie algebras is assumed except for a first encounter 
with su(2) and the theory of angular momentum in quantum mechanics. Admit- 
tedly, for those readers unfamiliar with the subject, this chapter will appear to be 
somewhat dense. Nevertheless the presentation is conceptually self-contained. This 
is not so at the technical level, since some statements and constructions are given 
without proofs. Furthermore, the choice of material is not completely standard, 
being dictated by our subsequent applications. 

Section 13.1 covers the basic elements of the theory of simple Lie algebras: 
roots, weights, Cartan matrices, Dynkin diagrams, and the Wey] group. The sub- 
sequent section is devoted to the study of highest-weight representations. This is 
followed by an explicit description of states in su(N) highest-weight representa- 
tions, in terms of tableaux and patterns. Characters of irreducible representations 
are introduced in Sect. 13.4. From the results of Part B, it should already be clear 
that characters play a central role in some aspects of conformal field theory, such 
as modular invariance. 

One of the central problems in conformal field theory is the calculation of fusion 
rules. Given that most conformal field theories have a Lie-algebraic core, the fusion 
rules are, to a large extent, determined by the tensor-product coefficients of this 
Lie algebra. It is thus mandatory to review in detail some methods for calculating 
tensor products. This is the subject of two sections, Sects 13.5 and 13.6. In the first 
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we present efficient techniques for tensor-product calculations, and in the second 
one we reconsider the problem from a conformal-field-theoretical angle. 

Quotienting two affine Lie algebras will prove to be one the key tools in con- 
structing conformal field theories. At the heart of this construction, there is a finite 
Lie algebra embedding, to which Sect. 13.7 is dedicated. 

The basic properties of simple Lie algebras are displayed in App. 13.A, ina form 
that should facilitate later consultation. Finally, all symbols used in this chapter 
are collected in App. 13.B. 

Readers familiar with Lie algebras may skip this chapter and use it only as 
a reference—except for a glance at App. 13.B in order to fix the notations. To 
those readers, we indicate that only Sects. 13.5.4 and 13.6 do not present standard 
material. On the other hand, those who wish to learn the basics of Lie algebra 
in this chapter should not necessarily read it linearly. Sections 13.1, 13.2, and 
13.4.1 are essential and must be read sequentially. But the rest can be consulted 
when needed. Furthermore, it is not essential to master all the techniques for 
calculating tensor products in order to proceed. The description in the main text of 
tools particular to su(N) (tableaux, the Littlewood-Richardson rule, Berenstein- 
Zelevinsky triangles) has the main purpose of lightening the presentation. 


§13.1. The Structure of Simple Lie Algebras 
13.1.1. The Cartan-Wey] Basis 


A Lie algebra g is a vector space equipped with an antisymmetric binary operation 
[, ], called a commutator, mapping g x g into g, and further constrained to satisfy 
the Jacobi identity 


(X, [Y, Z]) + (Z, (X, YI + [Y, [Z,X]] = 0 for X,Y,Z€2 tise) 


Roughly speaking, the exponential of g is the Lie group G (more precisely, its 
connected component containing the unit element): to X € g, there corresponds 
the group elements e’“* where a is some parameter and the exponential is defined 
from its power expansion. Hence, the algebra describes the group in the vicinity 
of the identity. 

A representation refers to the association of every element of g to a linear oper- 
ator acting on some vector space V, which respects the commutation relations of 
the algebra. The maximal number of linearly independent states that generate V 
is the dimension of the representation. Relative to a given basis, each element of g 
can thus be represented in terms of a square matrix and the basis vectors are rep- 
resented by column matrices. (In the representation, the commutator corresponds 
to the usual matrix commutation.) A representation is said to be irreducible if the 
matrices representing the elements of g cannot all be brought in a block-diagonal 
form by a change of basis. 

These elementary notions are sufficient to start analyzing the structure of Lie 
algebras. A Lie algebra can be specified by a set of generators {J*} and their 
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commutation relations 


el a (13.2) 
[e 
The number of generators is the dimension of the algebra. The constants f@”., are 
the structure constants, real parameters when (J“)' = J¢.! We are concerned with 
simple Lie algebras, that is, Lie algebras that contain no proper ideal (meaning no 
proper subset of generators {L“} such that [L¢,J°] © {L*} for any J’). A direct 
sum of simple algebras is said to be semisimple. 
In the standard Cartan-Weyl basis, the generators are constructed as follows. 
We first find the maximal set of commuting Hermitian generators H eee |<: 7 
(r is the rank of the algebra): 


[H', H’]=0 (13.3) 


This set of generators form the Cartan subalgebra h. The generators of the Cartan 
subalgebra can all be diagonalized simultaneously. The remaining generators are 
chosen to be those particular combinations of the J*’s that satisfy the following 
eigenvalue equation: 


[H', E*] = a’ E* (13.4) 


The vector a = (a!,---,@”) is called a root and E* is the corresponding ladder 
operator. Because h is the maximal Abelian subalgebra of g, the roots are non- 
degenerate. The root a naturally maps an element H ‘ € h to the number a’ by 
a(H') = a’. Hence, the roots are elements of the dual of the Cartan subalgebra: 
aeéeh*. 

Equation (13.4), through its Hermitian conjugate, shows that —a is necessarily 
a root whenever @ is, with 


E~* = (E?)' (13.5) 


In the following, A will denote the set of all roots. 

Root components can be regarded as the nonzero eigenvalues of the H ‘ in the 
particular representation, called the adjoint, for which the Lie algebra itself serves 
as the vector space on which the generators act. In this representation, we have an 
identification 


E* +> |E*) = Ie) 
Hi +> |) 
between the generators and the states of the representation. It follows from 


Eq. (13.4) that in the adjoint representation the action of a generator Xx ais 
represented by ad(X), defined as 


ad oY = [X,Y] iS.) 


(13.6) 


! Inphysics, it is usual to work with Hermitian operators; these are the observables, whose eigenvalues 
are real. 
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so that 
ad(H')E* = ai E* = H'|a) = a! |a) (13.8) 


The one-to-one correspondence between the states |@) and the ladder operators 
E* reflects the nondegenerate character of roots. In this representation, the zero 
eigenvalue has degeneracy r (associated with the different states |H’)). By con- 
struction, the dimension of the adjoint is equal to the dimension of the algebra, 
itself equal to the total number of roots plus 7. 

In view of specifying the remaining commutators, we first observe that the 
Jacobi identity implies 


[H', (E*, EP}) = (o! + p')IE*, E*) (13.9) 


If a+ B € A, the commutator [E%, E*] must be proportional to E***, and it must 
vanish ifa +B ¢ A. Whena = —f, [E*%, E~*] commutes with all H’, which is 
possible only if it is a linear combination of the generators of the Cartan subalgebra. 
The normalization of the ladder operators is fixed by setting this commutator equal 
to 2a - H/|a|*, where 


aH=) gH |= ioe (13.10) 
I = 
Summarizing, the full set of commutation relations in the Cartan-Wey] basis is 
(iro 
([H', E*] = a‘ E* 
[E*,E*}=NupE? if at+pea | (13.11) 
2 ; 
= jer -H ncn — =f 
==) otherwise 


where N,,g is a constant. 


13.1.2. The Killing Form 


The normalization used to fix the commutators is usually introduced by means of 
the Killing form 


K(X, Y) = Tr(adXadY) (13.12) 


which gives a sort of scalar product for the Lie algebra. To calculate this trace 
in some basis of generators {T' “}, we first evaluate [X,[Y,7?]] in terms of the 
elements of this basis; the coefficient of T° in the result gives the contribution of this 
term to the trace. For semisimple Lie algebras, the Killing form is nondegenerate: 
K(X, Y) = 0 for all Y implies that X = 0. This is in fact an alternate way of 
defining semisimplicity. 
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In the following, we will mainly use a renormalized version of the Killing form 
defined as 


1 
K(X, Y)= pee ae) (13315) 


where g is a constant that will be defined later (it is the dual Coxeter number of the 
algebra g). The standard basis {J*} is understood to be orthonormal with respect 
to K: 


KU? J") = 9" (13.14) 
The same normalization holds for the generators of the Cartan subalgebra 
K(H', H’) = 8 (13:15) 


Since the Killing form defines a scalar product, it can be used to lower or raise the 
indices, e.g., 


jee rel sf le (13.16) 
d 


We note that f,;. is antisymmetric in all three indices. In the {J“} orthonormal 
basis, the position of the indices (up or down) is thus irrelevant. 
The cyclic property of the trace yields the identity 


K((Z,X], Y) + K(X, [Z, Y]) =0 ci27) 


The Killing form is actually uniquely characterized by this property. With 
appropriate choices for X, Y, Z € g, it follows that 


(BB a Kees) oO i (13.18) 


(all other pairs involving a ladder operator have zero Killing form). Hence, the 
previously introduced normalization corresponds to 


2 
K(E*,E*) = — (13.19) 
jox|? 


However, the fundamental role of the Killing form is to establish an isomor- 
phism between the Cartan subalgebra h and its dual h*: the form K(H', -) (i fixed) 


maps every element of the Cartan subalgebra onto a number. Hence, to every 
element y € h*, there corresponds a H” € h through 


(H') = K(H',H”) (13.20) 


(in particular for a root a, H® = w-H = )°; a'H'). With this isomorphism, the 
Killing form can be transferred into a positive definite scalar product in the dual 
space 


(6) = KA”) (13.21) 
Since roots are elements of h*, this defines a scalar product in the root space. 


From now on, the scalar product between roots will be denoted as above, with the 
understanding that |a|* = (a, a). 
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13.1.3. Weights 


Up to this point, we have analyzed the structure of the algebra from the point of 
view of a particular representation (the adjoint), that for which the algebra itself 
plays the role of the vector space.” In this representation, the eigenvalues of the 
Cartan generators are called the roots and the scalar product between roots is 
induced by the Killing form. Since the essential structure of the algebra is coded in 
this representation, it needs to be studied in more detail. For this, it is useful to first 
recast the problem in the general context of a finite-dimensional representation. 
For an arbitrary representation, a basis {|A)} can always be found such that 


H'|a) = ala) (13.22) 


The eigenvalues A! build the vector A = (A!,---, A”), called a weight. Weights live 
in the space h*: A(H’) = 4/. Hence, the scalar product between weights is also fixed 
by the Killing form. In the adjoint representation, the weights deserve the special 
name of roots. The commutator (13.4) shows that E“ changes the eigenvalue of a 
state by a: 


H'E*|A) = [H', E%]|A) + EH’ |A) = (a! 4+ of EA) (13.23) 


so that E“|A), if nonzero, must be proportional to a state |A + a). This justifies the 
name ladder (or step) operator for E“. 

Representations of interest are the finite-dimensional ones. For these, we will 
derive an important relation, to be used shortly for the adjoint representation. 
For any state |A) in a finite-dimensional representation, there are necessarily two 
positive integers p and q, such that 


(E* PA) ~ E*|A + pa) =0 


(E-*)"4"),) ~ EA — ga) =0 (13.24) 


for any root a. Indeed, notice that the triplet of generators E*, E~*, and a - H/|a|* 
forms an su(2) subalgebra analogue to the set J+, J ~,J3}, with commutation 
relations 


ati 202 J? J*) = 43+ (13.25) 


Therefore, if |A) belongs to a finite-dimensional representation, its projection onto 
the su(2) subalgebra associated with the root a@ must also be finite dimensional. 
Let the dimension of the latter be 2j + 1; then from the state |A), the state with 
highest J? = a - H/|a|? projection (1 = j) can be reached by a finite number, say 
P, applications of Jt = E*, whereas, say, g applications of J- = E~° lead to the 


2 A matrix realization of the adjoint representation in the basis {J*} is given by 


Foc = —fabc 
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state with m = —7: 


ae) ._ (aA) 
— + ; —_j= a * 
mane lg |e (13.26) 
Eliminating j from the above two equations yields 
(a, A) 
ee -2) (13.27) 


This is the relation we were looking for: any weight A in a finite-dimensional 
representation is such that (a, A)/|a@|? is an integer. This is true in particular for 
A. = B, where £ is any root of the algebra. We now return to the analysis of the 
root properties. 


13.1.4. Simple Roots and the Cartan Matrix 


As already mentioned, the number of roots is equal to the dimension of the algebra 
minus its rank, and this number is in general much larger than the rank itself. This 
means that the roots are linearly dependent. We then fix a basis {6,, B2,---, B,} in 
the space h*, so that any root can be expanded as 


e= ) nib (13.28) 
—) 


In this basis, an ordering can be defined as follows: a is said to be positive if the 
first nonzero number in the sequence (n,,/2,---,”,) is positive. Denote by Ay 
the set of positive roots. The set of negative roots A_ is defined in the obvious 
way. We have already observed that whenever a is a root, —a@ is also a root; hence 
[Be = —A,. 

A simple root a; is defined to be a root that cannot be written as the sum of 
two positive roots. There are necessarily r simple roots, and their set {a),---,a,} 
provides the most convenient basis for the r-dimensional space of roots. Notice 
that the subindex is a labeling index: it does not refer to a root component. Two 
immediate consequences of the definition of simple roots are : (1) a; — a; ¢ A 
(otherwise, if a; — a; > 0, say, we would conclude that a; = a; + (a; — aj), a 
contradiction); (ii) any positive root is a sum of positive roots (indeed, if a positive 
root is not simple, it can be written as a sum of two positive roots, which, if not 
simple, can also be written as the sum of two positive roots, and so on).? 

The scalar products of simple roots define the Cartan matrix 
Ag = ira? 

i]s 9) 


e; 


(13.29) 


3 Jt should be clear from the construction that the choice of a set of simple roots is not unique since 
it depends upon the initial choice of basis {8;} and the ordering used. The precise relation between 
different sets of simple roots will be clarified later. 


496 13. Simple Lie Algebras 


In view of Eq. (13.27), the entries of this matrix are necessarily integers. Its diag- 
onal elements are all equal to 2 and it is not symmetric in general. The Schwarz 
inequality implies that AjAj; < 4 fort 4 7. Since a; — aj isnot aroot, E~” |a;) = 0, 
andq = 0 in Eq. (13.24) for A = a; anda = qj. Hence, from Eq. (13.27) it follows 
that 


(a;,0;)<0, iff (13.30) 


Thus for i 4 j, Ai; is a nonpositive integer, and in view of the above inequality, it 
can only be 0, —1, —2, or —3. If Aj A 0, the inequality forces at least one of Aj; 
or Aji to be —1. 

It can be shown that in the set of roots of a simple Lie algebra, at most two 
different lengths (long and short) are possible. The ratio of the length of the long 
roots over the short roots is bound to be 2 or 3, if different from 1. When all the 
roots have the same length, the algebra is said to be simply laced. 

It is convenient for us to introduce a special notation for the quantity 2a@;/|q; (2: 


yo 2a; 


a’= 
; jo; |? 


(13.31) 


a is called the coroot associated with the root a;. The scalar product between roots 
and coroots is thus always an integer. The Cartan matrix now takes the compact 
form 


Ai = (a,.0") | (13.32) 


A distinguished element of A is the highest root 6. It is the unique root for 
which, in the expansion )~ 172;a;, the sum )~ 1m; is maximized. All elements of A 
can be obtained by repeated subtraction of simple roots from 0. The coefficients 
of the decomposition of 6 in the bases {@;} and {a;”} bear special names, being 
called, respectively, the marks (a;) and the comarks (ay ):* 


C= 2 aia =) vayey, a;,afeN | (13.33) 
I= =I 


Marks and comarks are related by 


a; =a! "3 13.34 
©" jail? aa 
The dual Coxeter number is defined as 
Eee 
Leg | (13.35) 
(sil | 


4 These are also called Kac labels and dual Kac labels, respectively. 
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(The Coxeter number can be defined similarly, but it will not be used here. The 


superscript V, which would naturally appear in the notation for the dual Coxeter 
number, is thus omitted.) 


13.1.5. The Chevalley Basis 


As will be shown below, the full set of roots can be reconstructed from the set of 
simple roots, and the latter can be extracted from the Cartan matrix ina very simple 
way. Moreover, the Cartan matrix fixes completely the commutation relations of 
the algebra. This point is made fully manifest in the Chevalley basis where to each 
simple root a; there corresponds the three generators 


amt fing pig a (13.36) 
whose commutation relations are 
[h',h’]=0 
[he] = Ajiel 
(Hf) = Af" all 
le’, f?) = 6h 


The remaining step operators are obtained by repeated commutations of these basic 
generators, subject to the Serre relations 


[ad(e')}'~4%e/ = 0 
iad) a0 


For instance, [ad(e')]*e’ = {e’, [e', e’]]. These constraints—the analogues of rela- 
tions (13.24) for the adjoint representation—encode the rules for reconstructing 
the full root system from the simple roots. (For this specific problem, still another 
approach will be presented later.) The Serre relations do not mix the e'’s and the 
f‘’s and this reflects the separation of the roots into two disjoint sets A... That the 
Serre relations and the basic commutation relations can be expressed in terms of 
the Cartan matrix shows that A contains all the information on the structure of g. 
Actually, the abstract formulation of Lie algebras in terms of Cartan matrices is 
the most efficient starting point for generalizations. 

The Killing form of the generators of the Cartan subalgebra is easily transcribed 
from the Cartan-Wey] to the Chevalley basis: 


K(h',h’) = (ay, a) (13.39) 


(13.38) 


13.1.6. Dynkin Diagrams 


All the information contained in the Cartan matrix can be encapsulated in a simple 
planar diagram: the Dynkin diagram. To every simple root a@;, we associate a 
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node (white for a long root and black for a short one) and join the nodes 1 and 
j with A;;A;; lines. Hence orthogonal simple roots are disconnected, and those 
sustaining an angle of 120, 135, or 150 degrees are linked by one, two, or three 
lines, respectively. 

The classification of simple Lie algebras boils down to a classification of Dynkin 
diagrams. The complete list contains four infinite families, the algebras A,, B,, C, 
and D, (the classical algebras, whose compact real forms are respectively su(r + 
1),so(2r + 1), sp(2r), and so(2r)), and five exceptional cases: Es, F7, Eg, F4, and 
G2. The subscript gives the rank of the algebra. The Dynkin diagrams as well as 
basic properties of these Lie algebras are displayed in App. 13.A. Note that the 
A, D, E algebras are simply laced. (The classification of simply-laced algebras has 
already been considered in Ex. 10.10.) 


13.1.7. Fundamental Weights 


As already pointed out, weights and roots live in the same r-dimensional vec- 
tor space. The weights can thus be expanded in the basis of simple roots. How- 
ever, this expansion is not very useful since for irreducible finite-dimensional 
representations—the representations of interest—its coefficients are not integers. 
The convenient basis for weights is in fact the one dual to the simple coroot basis. 
It is denoted by {q@;} and defined by 


(w;, 0”) = 3, (13.40) 


The q; are called the fundamental weights. 
The expansion coefficients 4; of a weight A in the fundamental weight basis are 
called Dynkin labels. Hence, 


A= oko = = = (AY) (13.41) 
i—1 


The Dynkin labels of weights in finite-dimensional irreducible representations are 
always integers (this follows from Eq. (13.27) and it will be made explicit in the 
next section); such weights are said to be integral. From now on, whenever a weight 
is written in component form 


A= (4,2 2 5-Ay) (13.42) 


(with entries separated by commas) it is understood that these components are the 
Dynkin labels. Note that the elements of the Cartan matrix are the Dynkin labels 


> We have not been careful about the specification of the field over which g is a vector space. The result 
of this classification holds for the field C, which is algebraically closed. Hence, A, stands for s/,..,(C), 
the complex (r + 1) x (r + 1) traceless matrices. Among its real forms, only su,+,(R) = su(r + 1) 
is compact. 
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of the simple roots 
aj =) Ajay (13.43) 
] 


that is, the 7-th row of A is the set of Dynkin labels for the simple root a;. 
The Dynkin labels are the eigenvalues of the Chevalley generators of the Cartan 
subalgebra: 


hia) = a(h')|A) = (, ar) 1a) (13.44) 
that is 


h|a) = Aja) | (13.45) 


The position of the index has the following meaning: A; refers to an eigenvalue of 
h' (a Dynkin label), whereas A’ is an eigenvalue of H’.) 

A weight of special importance, thus deserving a special notation, is the one 
for which all Dynkin labels are unity: 


p= yor 1,--; 1) (13.46) 


This is called the Weyl vector (or principal vector) and has the following alternate 
definition (to be proved later): 


1 
p=5 Sig (13.47) 
aeA, 


The scalar product of weights can be expressed in terms of a symmetric 
quadratic form matrix F;; 


(o;,0;) =F; (13.48) 


The definition implies that Fj; is the transformation matrix relating the two bases 
{aaj} and {ar;"} 


Gi ya) (13.49) 
j 


Indeed, the product of this equation with at reproduces (13.48). Hence Fj is the 
inverse of the matrix whose rows are the Dynkin labels of the simple coroots, and 
these can be read off the following rescaled version of (13.43) 


2 
.— a Ajj; (13.50) 


This leads to an explicit relation between the quadratic form and the Cartan matrix: 


or? 
Fy = (A> (13.51) 
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The scalar product of the two weights A = )-A;@; and uw = 5° ja; reads 
Cn > Aiej(w, «) = So aii F iy (13.52) 
ij ij 


The quadratic form matrices of all the simple Lie algebras are tabulated in 
App. 13.A, with the normalization convention defined in Sect. 13.1.10. 


13.1.8. The Weyl Group 


We return for a moment to the projection of the adjoint representation onto the 
su(2) subalgebra associated with the root a. Let m be the eigenvalue of the J? 
operator a - H/|c|* on the state |); that is, 


2m = (a”, B) (13.55) 


If m + 0, this state must be paired with another one with J? eigenvalue —m. 
Therefore, there must exist another state in the multiplet, say |B + €a), whose 
projection on the J? axis is equal to 


(a, B + La) = (@”, B) + 22 = —(a”, B) (1854) 


This shows that if 6 is a root, 8B — (a@Y, B)a is also a root. 
The operation s, defined by 


Sap = B — (a, B) a (13.55) 


is areflection with respect to the hyperplane perpendicular to a. The set of all such 
reflections with respect to roots forms a group, called the Weyl group of the algebra, 
denoted W. It is generated by the r elements s;, the simple Weyl reflections, 


Si = So; (13.56) 


in the sense that every element w € W can be decomposed as 


W = SiSj+*+Sx (13357) 
For the simple Weyl reflections, the following relations are easily checked 
ss=1, sis; =sjs; if Ay =0 (13.58) 
These generalize to® 
2 if, 14 
(S;5;) 7 = II where mi = ates (13.59) 
| ie 6; 


with 6,; the angle between the simple root a; and ape Eq. (13.59) can be regarded 
as the defining relation of the Weyl group. We note again that it is expressed in 


© Any group having such a representation is called a Coxeter group . 


Thus mj; = 2,3, 4, or 6, corresponding to the number of lines joining the i-th and the j-th node 
being 0, 1, 2, or 3. 
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terms of data directly related to the Cartan matrix. On the simple roots, the action 
of s; takes the simple form 


SjQ; = Aj — AjiQ; (13.60) 


It has just been shown that W maps A into itself. In fact, it provides a simple 
way to generate the complete set A from the simple roots by acting with all the 
elements of W on the set {a;}: 


A = {way,---,wa,|w € W} (isl) 


From this construction, it is clear that any set {w’a;} with w’ fixed, could serve as 
a basis of simple roots. (This gives the announced relation between the different 
bases of simple roots.) 

As a short digression, we now prove, using the Weyl group, the equivalence 
between (13.46) and (13.47). From (13.46) it follows that (p,a@Y) = 1 for all 7. 
We want to show that the same result follows from the second definition. We set 
o = )~,.9 a/2 and consider s;o. Since s; permutes all the positive roots—that is, 
Aj < 0 if i #j (except a; which is mapped to —q@;), we can write 


1 1 1 
oe (13.62) 
axa; 
implying that 
(sjo, ay) = (o —a@;,a7) = (6,07) —2 (13.63) 


On the other hand, from the invariance of the scalar product with respect to Weyl 
transformations, the same product can be written as 


(sia, a’) = (0, sja;’) = —(0,') (13.64) 


The compatibility of these two equations gives the desired result, namely (a. = 
1 and thus o = p. 

The action of the Weyl group, defined so far only for roots, extends naturally 
to weights: 


Syd =A —(a”,A)a (13.65) 


It is straightforward to verify from the above relation that the Wey! group leaves 
the scalar product invariant 


(SA, Saft) = (A, H) (13.66) 
or more generally 


(wa, w) = (A,w' pw) (13.67) 
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The Wey] group induces a natural splitting of the r-dimensional weight vector 
space into chambers, whose number is equal to the order of W. These are simplicial 
cones defined as 


CoH fal wi, a) 20, 1=1,--" 1}, wewW (13.68) 


These chambers intersect only at their boundaries (WA,a@;) = 0, the reflecting 
hyperplanes of the s;’s. The chamber corresponding to the identity element of 
the Wey] group is called the fundamental chamber, and it will be denoted by Co. 
An obvious but fundamental consequence of this splitting is that for any weight 
A ¢ Co, there exists aw € W such that wA € Co. More precisely, the W orbit of 
every weight has exactly one point in the fundamental chamber. The W orbit of A 
is the set of all weights {wA| w € W}. A weight in the fundamental chamber and 
whose Dynkin labels are all integers, A; € Z+, is said to be dominant. (A dominant 
weight is thus understood to be integral.) 6 is an example of a dominant weight. 

To conclude this section, we present some notation that will be used extensively 
in the sequel. The modified Wey] reflection 


w-A=wa+p)—p (13.69) 


denoted by a dot, will be referred to as a shifted Weyl reflection. Here p is the Weyl 
vector. It is simple to verify that 


w-(w’-A) = (ww’)-a (13.70) 


The length of w, denoted ¢(w), is the minimum number of s; among all possible 
decompositions of w = []; s;. The signature of w is defined as 


e(w) = (-1)™ (13.71) 


In the linear representation of w, this is simply det(w) (cf. Ex. 13.3). Finally, the 
longest element of the Weyl group will be denoted by w. It is the unique element 
of W that maps A, to A_. 


13.1.9. Lattices 


In terms of a basis (€;,--- , €q) of the d-dimensional Euclidian space R?@, a lattice 
is the set of all points whose expansion coefficients, in terms of the specified basis, 
are all integers: 


Zé, + Zen +--+ + Zey (13.72) 


In other words, it is the Z span of {¢;}. Three r-dimensional lattices are important 
for Lie algebras. These are the weight lattice 


P= Za, +---+ Za, (43.73) 


the root lattice 


Q=Za,+---+Za, (13.74) 
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and the coroot lattice 
QY = Zay +---+Zav (1373) 


The relevance of the weight lattice lies in that the weights in finite-dimensional 
representations have integer Dynkin labels (cf. Eq. (13.27)), hence they belong to 
P. The connection between P and the generators of g is twofold. First, the integers 
specifying the position of a weight in P are the eigenvalues of the Chevalley 
generators h'. Second, the effect of the other generators is to shift the eigenvalues 
by an element of the root lattice Q. Since roots are weights in a particular finite- 
dimensional representation, Q C P. Hence, upon the action of E%, a point of P 
is translated to another point of P. In the following, we denote by P, the set of 
dominant weights 


Pe = Z4@ Sp 0004 Ls, (13.76) 


For the algebras G2, F4, and Eg, it turns out that Q = P. In all other cases, Q is 
a proper subset of P, and the ratio P/Q is a finite group. Its order, |P/Q|, is equal to 
the determinant of the Cartan matrix. Actually, it is isomorphic to the center of the 
group of the algebra under consideration (whose structure will be studied in more 
detail later). The distinct elements of the coset P/Q define the so-called congruence 
classes (often called conjugacy classes). A weight A lies in exactly one congruence 
class. For instance, for su(2) there are two congruence classes given by 4; mod 2 
(integer or half-integer spins). For su(3), there are three classes, defined by the 
triality: A; + 2A2 mod 3. The su(N) generalization is 


Ay Se 2A2 ae UCo SF (N = 1)An-1 mod N (13.77) 
For any algebra g, the congruence classes take the form 
A-v=) Aw mod |P/Q| (mod Z, for g=Dz) (13.78) 
=) 
where the vector (v;,---,v,), equal to (1,2,---,N — 1) for su(N), is called the 


congruence vector. The congruence classes are tabulated in App. 13.A for all 
simple Lie algebras. 

On the other hand, since the bases {w;} and {a} are dual, P and QY are dual 
lattices. A lattice is said to be self-dual if it is equal to its dual. For simple Lie 
algebras, the weight lattice is self-dual only for Eg. 


13.1.10. Normalization Convention 


Up to now, all the normalizations have been fixed with respect to the root square 
lengths. In order to fully fix the normalization, it is necessary to give a specific 
value to these lengths. We follow the standard convention in which the square 
length of the long roots is set equal to two. Given that @ is necessarily a long root, 
we thus fix our normalization by setting 


12 = 2 (13.79) 
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With |a;|* < 2, it follows from Eq. (13.34) that 


a; >a; > avy=1 if a=l (13.80) 
and similarly 
asa; == aY >a; (13.81) 
a 


13.1.11. Examples 


EXAMPLE 1: su(2) 


This is the only simple Lie algebra of rank 1. Its Cartan matrix is A = (2), meaning 
that the simple root @; is related to the fundamental weight w, by 


ae (13.82) 


Since |a|* = 2, it follows that 


(@,,@,) = ; (13.83) 


The Wey] group is generated by the simple reflection s;, whose action on a weight 
= Aj @ is 


$1(A\@)) = A1@) — hia) = —h\@) (13.84) 


Because si = 1, W contains only the two elements {1,5}. The full system of 
roots is then seen to be given by A = {a), —a;}. 

The weight and the root lattices are displayed in Fig. 13.1. The weight lattice 
is composed of all the nodes, whereas the root lattice contains only those with 
a cross. The fundamental Weyl chamber is the positive part of the weight lattice 
(here one-dimensional). 


aa 4 ( =< ree ~ as = 


ae ee 


a Team 8 pean 0 Wy Qa, Sw, 


Figure 13.1. Weight and root lattices for su(2). 


For subsequent reference, we give the explicit form of the commutation relations 
in different bases. In the Chevalley basis, it reads (dropping the superscript 1): 


efl=h , fhej=2 , [h,fl=-2f (13.85) 
On a state |A) of weight A, the action of / is: 
hj) = 4A) (13.86) 


In the Cartan-Wey] basis, the generators are (cf. Eq. (13.36) with a, = 2): 
H=hlJ2, E+=e, E =f (13.87) 
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with E+ = E+! The commutation relations are thus 
[E*,E-]=VJ2H , [H, E+] = +/2E* (13.88) 
and 
Ha) = AJA) = (Ay/V2)Ia) (13.89) 


Another frequently used basis in the case of su(2), which we call the spin basis, 
is defined by 


Paha Se (13.90) 
This yields 
U2 oy Wey ae (13.91) 
and on the state |A) = |j, 2), the action of the generators is 


J° |\j,m) =m |j,m) 


: (13.92) 
J* |j,m) = /GG +1) —m(m + 1) j,m+1) 


EXAMPLE 2: su(3) 
The Cartan matrix for this rank-2 algebra is 


2 -1 
Lag sl (13.93) 


The simple roots a; and a have the same length (the algebra is simply laced) and 
they are related to the fundamental weights by 


a) = ay = 2a) — a = (2,-1) 


2 = ay = —@; + 2a = (—1,2) See 
The scalar products between fundamental weights are 
(1,01) = (002) = 5, (wen) = 3 (13.95) 
The full Weyl group is given by 
W = {1,51,52, 5152, $251, 51S251} (13.96) 
This follows from the relation 
(s}5. =1 = 54S28) = $2S1S2 (13.97) 


a consequence of Eq. (13.59), which implies that there are no strings of s; with 
more than three elements. This identity can also be checked directly by acting on 
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an arbitrary weight: 
51(A1, A2) = (Ay, A2) — Arey = (—A1, Ai + A2) 
S2(A1,A2) = (Ay, A2) — Agarn = (Ar + A2, —A2) 
$1S2(A1,A2) = (—A1 — A2,A1) (13.98) 
5251(A1,A2) = (Az, —Ai — Aa) 
$18251(A1, Az) = $25152(A1, A2) = (—A2, —A1) 


The action of the different elements of the Weyl group on the two simple roots 
gives all possible roots. For instance, —a, and a; + a@2 are roots because 


S)Q; = —Q), S|Q2 = @) + a2 (13.99) 
In this way, A is found to be 
A = {a}, @2, @) + 2, —@), —@2, —@) — 2} (13.100) 
The highest root is 
=e, +0) => a4,=4.— 1, 2 (13.101) 


The root system and the Weyl chambers are presented in Fig. 13.2. The Weyl 
chambers are the regions separated by the dashed lines and they are specified here 
in terms of the elements of the Weyl group. 


(sms) 5251 


Figure 13.2. Root system and Weyl chambers su(3). 


EXAMPLE 3: sp(4) 


This is again a rank-2 algebra, but it is not simply laced. The Cartan matrix is 


2 
a=(7 | (13.102) 
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so that 


1 y 
a= 5m = 2@) — a) = 27-1) (13.103) 
a2 = ay = —2w) a 22 = (—2,2) 


Because the long root is a2, 


la.\>=2 = |a\|?=1 (13.104) 
The components of the quadratic form matrix are 
1 
(@), @) = (a, @2) = a (@2,@2) = 1 (13.105) 


On the other hand, the complete structure of the Weyl group is easily recovered 
from the equality 


(sis2)* = 1 (13.106) 
meaning that the longest element is s}525;52; hence, 
W = {1,5 1,S2,51S2, 5281, 51S2S}, 525152, 51S2S1S2} (13.107) 
Having determined the Weyl group, the set A can be constructed 
A = {a}, @2, | + @2, 2a; + a2, —@), —@2, —@) — @2, —2a; — a2} (13.108) 
The highest root is thus 
Cente 2e, oe 2) —2,0,=—0, =a, = 1 (13,109) 


In this case, the root vectors separate the Weyl chambers, as can be seen in Fig. 13.3. 


QA, + 9 


20,405 


—2 a, - Oy — Oy — Ay — Qo 
$1595 182 $2582] 


Figure 13.3. Root system and Weyl chambers sp(4). 
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§13.2. Highest-Weight Representations 


Any finite-dimensional irreducible representation has a unique highest-weight state 
|). Being nondegenerate, |A) is completely specified by its eigenvalues (Dynkin 
labels) A(h’) = A;. Among all the weights in the representation, the highest weight 
is the one for which the sum of the coefficient expansions in the basis of simple 
roots is maximal. As a result, for any w > 0, A + @ cannot be a weight in the 
representation, so that 


Eid) =0; Va>0 (13.110) 


From Eq. (13.27), it is clear that the highest weight of a finite-dimensional 
representation is necessarily dominant (i.e., with positive-integer Dynkin labels). 
Moreover, to each dominant weight A there corresponds a unique irreducible finite- 
dimensional representation L, whose highest weight is 4. By abuse of notation, 
we will often specify a representation by its highest weight. The highest weight 
for the adjoint representation is 0. 


13.2.1. Weights and Their Multiplicities 


Starting from the highest-weight state |A), all the states in the representation space 
(or irreducible module) L, can be obtained by the action of the lowering operators 
of g as 


E-®E-’..-E-"\a) for B,y,n © Ay (13a) 


The set of eigenvalues of all the states in L, is the weight system, written Q,. Any 
weight A’ in the set 22, is such that A — 4’ € A,. An immediate consequence is 
that all the weights of a given representation lie in exactly one congruence class, 
that is, one element of the coset P/Q. 

In order to find all the weights 4’ € Q,, the key relation is again Eq. (13.27), 
which can be rewritten as 


QW a@y)='4=—-@i-gi),  pigie Ze (13.112) 


As already mentioned, A’ is necessarily of the form A — }> nja;, with n; € Z,. If 
we call }> 1; the level of the weight 4’ in the representation 4, proceeding level 
by level, we know at each step the value of p;. Clearly, 4’ — a; is also a weight if 
qi is nonzero, that is, if A; — p; > 0. 

With this criterion, the systematic construction of all the weights in the represen- 
tation can be done by means of the following algorithm. We start with the highest 
weight A = (A1,---,A,). For each positive Dynkin label A; > 0, we construct the 
sequence of weights A — a;,A — 2aj,---,4 — Aj;a;, which all belong to Q,. The 
process is then repeated with 4 replaced by each of the weights just obtained, and 
iterated until no more weights with positive Dynkin labels are produced. Simple 
examples will clarify the method. Consider the adjoint representation of sz(3), 
whose highest weight is (1, 1). The weights obtained at each step can be read from 
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(-2,0) 


Figure 13.5. Weights in the adjoint representation of sp(4). 


Fig. 13.4. Similarly, Fig. 13.5 displays the weights in the adjoint representation of 
sp(4). 

However, this procedure does not keep track of multiplicities. For this, one 
can use the Freudenthal recursion formula, whose origin will be indicated in 
Sect. 13.2.3, and which gives the multiplicity of A’ in the representation 1 in 
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terms of the multiplicity of all the weights above it: 


co 
(\aecke pl? — (a pl7 | mula) = 2 Me nO! + ka, c«) mult,(A’ + ka) 
a>O k=] 


(13.113) 
To illustrate the formula, we calculate the multiplicity of the weight (0,0) in the 
adjoint representation of su(3). Having proceeded recursively, we know that k 
can only be | and the three weights above (0, 0) have multiplicity 1. Furthermore, 
(A’ + a, a) = 2 for the three positive roots. Then, using 4 = 6 = p = a + @2, we 
easily find that 


(8 — 2)mult,(0,0) = 2(2+2+2) = > mult,(0,0) =2 (13.114) 


Indeed, the zero eigenvalue in the adjoint representation always has multiplicity r, 
being associated with the generators of the Cartan subalgebra (whereas the nonzero 
weights (roots) are nondegenerate). Another multiplicity formula is presented in 
Ex. 13.17. 

We note that all the weights in a given W orbit have the same multiplicity: 


mult,(wA’) = mult,(A’) forall weW (13.115) 


This ultimately reflects the arbitrariness of the basis of simple roots, that is, that 
any set {wa;} with w fixed, could serve as a basis. 

Finally, we mention that a finite-dimensional irreducible module L, is always 
unitary. This means that, with (H')' = H' and (E%)' = E~*, the norm of any 
state |A’) in L, is positive definite: 


A) = B®--- EVA) ==> (0'[0') = (A|BY--- BPE... Ea) > 0 (130116) 


with B, y € A,. This also holds for linear combinations of such states. 


13.2.2. Conjugate Representations 


In an irreducible finite-dimensional representation, there is obviously a lowest 
state, also unique. It lies in the W orbit of the highest state, in the chamber exactly 
opposite to the fundamental one. This chamber is specified by the longest element 
of the Weyl group wo. In terms of the highest state 4, the lowest state is thus 
given by woA. Turning a representation “upside down” produces the conjugate 
representation, indicated by 4*. Its highest-weight state is the negative of the 
lowest state of the original representation 


A* = —(wWod) = (—wo)-A (13.117) 


since p is the highest weight of a self-conjugate representation: p = —wop. More 


generally, all the weights in 2). are the negatives of those in Q,. For su(N), Wo 
is given by 


Wo = $182 +++ SN—181S2°+*SN_-2°++S S251 (13.118) 
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With N = 3, it yields 
(—wWo) - (Ai, A2) = —81S281(a1 + 1,42 +1) — (1,1) = (2,1) (13.119) 


The conjugation is related to the reflection symmetry of the Dynkin dia- 
gram. This readily shows that for su(N), the conjugation amounts to revers- 
ing the order of the finite Dynkin labels. Because the Dynkin diagram of 
so(2r + 1),sp(2r),so(4r), G2, F4,E7, and Eg have no symmetry, all represen- 
tations of these algebras are self-conjugate. For the other algebras, self-conjugate 
representations are those with highest weight satisfying: 


su(r +1): Ap = Apes 
so(4r + 2): 7 emai ee (13.120) 
EG ii — AS) AD Aa 


13.2.3. Quadratic Casimir Operator 


A generalization of the su(2) quadratic Casimir operator Q can be constructed 
for any semisimple Lie algebra. Up to a scale factor, it is uniquely characterized 
by its commutativity with all the generators of the algebra. In a generic basis {L°}, 
it can be checked to be given by 


rs (R(t eis oe (13.121) 
a,b 


where K is the Killing form (which, as already mentioned, is nondegenerate for 
semisimple Lie algebras). In the orthonormal {J*} basis, it is thus 


C= i. (13.122) 
On the other hand, in the Cartan-Wey] basis, it reads 
ae |ar|? i 7 
= yo he —(R°E™ + E-°R* 1323 
Q pe + 2 ae + ) ( ) 


We note that Q is not an element of g itself; it lies in its universal enveloping 
algebra, which is the set of all formal power series in elements of g. 

Since Q commutes with all the generators of the algebra, its eigenvalue is the 
same on all the states of an irreducible representation. It is most easily evaluated 
on the highest-weight state, using the Cartan-Wey] basis. First, we have 


rH: (A) = rk |A) = (A, A)IA) (13.124) 


Because E®|A) = 0 for a > 0, the term E~“E% does not contribute . For the 
remaining term, we move E* to the right of E~® using 


Z Zz 
ae oe = : =o x 13:125 
fee 1A) | ao HT |aA) oo) | ) ( ) 
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The result is 


Qla) = ((A,a) + }o(@, A) 1A) (13.126) 


a>0 


By using the definition (13.47) of the Weyl vector, we can write 


3.127) 


| a1) pew yr: 


In the adjoint representation, the eigenvalue of the Casimir operator is 


(0,6 + 2p) =2+2(6,p) =2+2) ay (ay, a) 


2 (13.128) 
=2+2 po aY =2+2¢-1)=2% 
i 


The quadratic Casimir operator does not distinguish a representation from its 
conjugate 


QA") = QA) (13.129) 
This follows from the equality 
IA* + pl? = |A + pl? (13.130) 
which is itself a simple consequence of Eq. (13.117): 
A* + p = (—wWo)-A + p = —wo(A + p) (13.131) 


and of the invariance of the scalar product with respect to the Weyl group: |wu|? = 
[ul?. 

The Freudenthal formula (13.113) is obtained by evaluating the trace of Q in 
the subspace associated with the weight A’, first using the eigenvalue just obtained 
and then using the explicit form of Q in the Cartan-Wey] basis. 

For su(2), the quadratic Casimir operator is the unique operator that commutes 
with al] the generators. However, we mention that for higher-rank algebras there 
exist Casimir operators of higher degree. Their degrees minus one are called the 
exponents of the algebras (tabulated in App. 13.A).° 


13.2.4. Index of a Representation 


The quadratic Casimir operator enters in the definition of an important quantity, 
the index of a representation, which gives the relative normalization of invariant 
bilinear products taken in different representations. 

As already stressed, once a normalization is fixed for the length of the long 
roots, every product is uniquely determined. In particular, the normalization of 
the invariant bilinear form Tr,(RU*)RU?)), for RU?) standing for a matrix 


8 For simply laced Lie algebras, the exponents can be defined more simply in terms of the eigenvalues 


of the adjacency matrix G;; = 2 — Ajj: the eigenvalues are of the form 2 cos(n;7/g) where the n;’s are 
the exponents. 
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representation of the generator J“, must be fixed. Here the trace is evaluated in L,. 
The relative normalization of this product with respect to |6|? defines the Dynkin 
index x, of the representation A 


Try (RU*YRU)) = 1917x1525 = 20.82 (13.132) 


An explicit expression for x, can be easily obtained by setting a = b and summing 
over all values of a. The |.h.s. becomes equal to the trace of the quadratic Casimir, 
so that 


_ dim|A| (4,4 + 2p) 


on 2 dim g 


(13.133) 


We note that the Dynkin index of the adjoint representation, 4 = 6, is simply the 
dual Coxeter number 


ioe (13.134) 
since dim |6| = dim g and (6, p) = g — 1 (cf. Eq (13.128)). 


§13.3. Tableaux and Patterns (su(N)) 


In this section, we introduce a useful diagrammatic representation of highest 
weights, which will also turn out to be a powerful combinatorial tool, particu- 
larly efficient in tensor-product calculations. A refinement of this diagrammatic 
representation leads to the simple construction of a complete basis of states in a 
finite-dimensional representation. This will be shown to be equivalent to a descrip- 
tion of states in terms of triangular arrays of numbers, the so-called Gelfand-Tsetlin 
patterns. For simplicity, we restrict the whole discussion to su(N). 


13.3.1. Young Tableaux 
A su(N) integrable highest weight A, with Dynkin labels 


A= (04, -** Ani) Ci3=1/35) 
can equally well be specified in terms of its partition 
A = {£); £9; +>; €n-1} (13.136) 
where 
heap + ss + AN=1 (137137) 


To a partition, we associate a Young tableau, which is a box array of rows lined 
up on the left, such that the length of the 7-th row is equal to ¢;. For example, to 
the su(5) weight 


R= 0,072) 0) = {477 2} (13.138) 
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(zero entries in partitions being generally omitted) corresponds the Young tableau 


aoe (135139) 


Dynkin labels provide a dual description of the tableau: A; gives the number of 
columns of i boxes. The fundamental representation w, is described by a single 
column of £ boxes. To the scalar representation corresponds a void tableau or, 
equivalently, a single column of N boxes. Allowing for columns of N boxes, 
partitions are fixed by N integers. But clearly, when £, # 0, we can always 


subtract {€y; €y;---; £y} (N entries) from the partition, which just amounts to 
eliminating columns of N boxes; for instance, 

(5; 3; 39 12 44: 2: 2} (13.140) 
Tableaux with £) = 0 will be referred to as reduced tableaux, and likewise for 
partitions. 


The transpose of a Young tableau is obtained by interchanging rows and 
columns. We denote by A’ the corresponding weight. For instance, the transpose 
of A = {4; 2; 2} is 


> = (3:3; 1; 1} (13.141) 
With 
AM = {026 ==} (13.142) 
it is not difficult to see that 
€; = number of ¢; such that ¢; > i (13.143) 


13.3.2. Partitions and Orthonormal Bases 


The entries of the partition (13.136) are the expansion coefficients of a dominant 
weight in a certain basis, which we now describe. We also indicate how partitions 
can be associated with nondominant integral weights, providing a rationale for the 
construction of the next section. 

Elements of su(N) can be represented by N x N traceless matrices. In this 
representation, the Cartan subalgebra is spanned by the set of all diagonal traceless 
matrices. We let e;; stand for the matrix with 0 everywhere, except for a single | at 
position (1, 7) (i-th row, j-th column). With this notation, the elements of the Cartan 
subalgebra are of the form Ske, €;€;; with Vise €; = 0. The ladder operators are 
represented by the matrices e;;,1 4 j. The roots are then given by ¢; — 6,7 F j, 
and a basis of simple roots is 


a; = €| — E41, Pah «+ N= (13.144) 
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Generalizing this point of view, we can consider the €; as orthonormal vectors 
in an (r + 1)-dimensional space, and in terms of these vectors, the root lattice is 
simply 


N N 
Q=) ne; with njeZ and )n;=0 (13.145) 
i= i=l 
With €7 = 1 and ¢; - ¢ = 0 fori ¥ j, we see that |a|? = 2 for any root. The 
fundamental weights are related to the simple roots by the quadratic form matrix 
(since here roots are the same as coroots), which leads to 


> N 
1 
ty = e\-b en 42 «16 — say) é; (13.146) 
t=] 


Hence, the expansion coefficients of a highest weight in the {e;} basis are exactly 
the entries of the partition 


N-1 N 
es De hie = xe? — KE; (13.147) 
i=1 i=1 


where the @; are related to the Dynkin labels by Eq. (13.137) and x is 
y No! 
kK=5 De (13.148) 
j=l 


A well-defined partition is thus associated with the highest weight 4 of each 
representation. The other weights in the representation are obtained by subtracting 
from A the positive roots €; — €;, 1 < j. This construction gives directly their 
expansion coefficients in the {¢;} basis. A weight A’ can thus be described by a 
partition {€); €,;---; €\,}. We stress that the partition of a weight that is not a 
highest weight is not related to the shape of a Young tableau. In particular, such a 
partition is no longer bound to satisfy £; > £7, |. 


1 


13.3.3. Semistandard Tableaux 


We now indicate how tableau techniques can be used to explicitly describe all the 
states in a representation. This involves filling the boxes of a Young tableau with 
positive integers, generating the so-called semistandard tableaux. They are defined 
as follows. We let c;; be the integer appearing in the box on the 7-th row (from 
top) and the j-th column (from left), and satisfying 


Were eN |, Cpy= Cita” ¢. OR Se; (13.149) 


In other words, the numbers are nondecreasing from left to right and strictly 
increasing from top to bottom. 

Semistandard tableaux of shape A are in one-to-one correspondence with the 
states in the module L,. The numbering in the semistandard tableaux encodes the 
partition of the corresponding weight. We can think of a box with number 7 as 
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representing €;. The number of 1’s in the semistandard tableau of weight A’ = 
{€\;---3 ly} is given by @;. In the semistandard tableau representing the highest 
weight A, all boxes of the i-th row have number i. The weight of a semistandard 
tableau is clearly obtained by adding the weights of all its boxes. The weight of a 
box marked with ai is 


€j = @j — Wi-1; i=1,---,N (13.150) 


(modulo >- €;/N) with wo = wy = 0. 

The number of semistandard tableaux of a fixed shape that can be con- 
structed with a given partition gives the multiplicity of the corresponding weight 
in the representation. In other words, the rules for constructing semistandard 
tableaux provide a combinatorial realization of the Freudenthal multiplicity 
formula (13.113). 

We consider for example su(3). The semistandard tableaux of the three states 
in the representation @, are 


flet,o) , Ble(-1,1) , Bl) <+@—-1 (13.151) 


whereas those in the representation w are 


400 ; Hoa F 3 6 (1,0) (13.152) 


The adjoint representation (1, 1) contains the 8 semistandard tableaux: 


g) 3 é) 
(1) ©1,2) ©6) @,—1) .©@0) (-—2)) C208 Gil 
(13.153) 
Two distinct semistandard tableaux, that is, two distinct states, correspond to the 
doubly degenerate weight (0,0). Similarly, to the weight (0,0,0) of the sz(4) 
representation (2,0,2) (with partition {2; 2; 2;2}) correspond 6 semistandard 
tableaux: 


ijij4[4] (afa[3[4] [aya]3]3) ifaf2y4; $afai2[3)  ayayaj2 
2|3| |2|3| 
4]4| 4i4 4 


(13.154) 


A] Ww 


13.3.4. Gelfand-Tsetlin Patterns 


An equivalent representation of the basis of semistandard tableaux is given by 
the Gelfand-Tsetlin patterns. To a given semistandard tableau we associate the 
following triangular array of numbers: 


(N) g(N) (N) 
Pat, a N 
= N-1) 
B; N-1 
SOTO C (13.155) 
2 2 
Ap ie 


§13.4. Characters $17 


such that p? is the number of boxes containing numbers less or equal to 7 in 
the 1-th row (from top) of the semistandard tableau.? For instance, the following 
semistandard tableau and Gelfand-Tsetlin pattern corresponding to the weight 
(—2, 1,0) in the representation (1,2, 1) of su(4) are equivalent: 


7 peo 
an) (13.156) 


The first line in the Gelfand-Tsetlin pattern is common to all patterns in the 
representation, being simply the partition of the tableau 


BY = 6; (13.157) 

All the states in a representation are then generated by filling a triangular array of 
N lines with integers pe : satisfying 

BP > Bi BY > Bi? (13.158) 


with the first line fixed by the partition. In this way, the 8 patterns of the (1, 1) 
representation of su(3) are found to be 


OS ZO TO 270 210 210. 210 210 
21 real 11 20 20 10 20 10 
fe 1 1 2 1 1 0 0 


Their ordering corresponds to the semistandard tableaux (13.153). We note that 
the Gelfand-Tsetlin pattern of the highest-weight state in the representation is 
completely fixed by the partition, being 


(133159) 


ees (13.160) 


§13.4. Characters 
13.4.1. Weyl’s Character Formula 


A character is a useful functional way of coding the whole content of a represen- 
tation. The character of the representation of highest weight 4 is formally defined 


9 Stated more simply, the numbers in the first row of the triangular array give the lengths of the 
rows of the semistandard tableau (from top to bottom); the numbers aa ") in the second row give the 
lengths of the rows of the semistandard tableau obtained by deleting all the boxes marked by N; the 
third row of the pattern is obtained similarly by deleting all the boxes marked by N and N — 1, and so 


on; the last number pe is thus the number of 1’s in the semistandard tableau. 
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as 


x= >> mult, (A’)e* 73161) 


VNEQ, 


where the sum is over all the weights of the representation. e* denotes a formal 
exponential satisfying 
ere! — ett# 
a (13.162) 
ens —er 


On the r.h.s. of the last expression, e is a genuine exponential function, and € is an 
arbitrary element of the dual Cartan subalgebra (i.e., an arbitrary weight). 

This formal character is related to the familiar character in the representation 
theory of groups as follows. Let G be the Lie group of g and H an element of the 
Cartan subgroup of G. The character of H in some representation is simply its 
trace evaluated in the corresponding module V: 


TryH = ) > mult(y)[(H)) (13.163) 
¥ 


where (H) denotes the eigenvalues of H. Complete information about the rep- 
resentation is obtained by considering the group character as restricted to the full 
Cartan subgroup. Since H is associated with an element h of the Cartan subalgebra 
of g by H = exp(h), spanning the full Cartan subgroup amounts to replacing the 
single element h by the vector h = (h',h?,.--,h’). Thus 4H) is replaced by 
eX) = ei) where A is a weight. For a vector exponent, e must be regarded 
as a formal exponential. 

The expression (13.161) for the character can be brought into a more 
manageable form in two steps (we omit the details). At first, the auxiliary quantity 


Doe —en7") (13.164) 
a>0 
is introduced, and shown to be expressible as a sum over the elements of the Wey! 
group 
Dp = > ew) e”? (13.165) 
weW 

The second step (more involved) consists of showing, using the Freudenthal 

multiplicity formula (13.113), that 
Dox. = Disp (13.166) 


where D).,. is defined from Eq. (13.165) with p replaced by A + p. This last result 
is the famous Weyl character formula 


— Dito _ Lew ew) errr) 
"Dp Eve cee 


Xr 
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For su(2), with t = e®”', this becomes 
path _ p-Arl 
Sa rege = eae a (13.168) 
For some manipulations, it is more convenient to work with the character evaluated 
at a special but arbitrary value é 


peer e(w) e(wQA+p),é) 


xa (8) — ee eG) Aan 


(13.169) 


13.4.2. The Dimension and the Strange Formulae 


As an immediate application, we derive a formula for the dimension of a represen- 
tation. From Eq. (13.161), it is clear that this amounts to evaluating the character at 
the special point € = 0. But setting & = 0 in Eq. (13.169) leads to an indeterminate 
expression since )\ €(w) = 0 (W has the same number of even and odd elements). 
Rather, a limiting process must be used. For this we set € = to and consider the 
limit t — 0. For € proportional to p, the character takes the simple form 


— Displtp) — Dp(tat+p)) _ 77 sinh(@, (A + p)t/2) 
xa(tp) = Die) ~  °=DR) II sinh(a, pt/2) (eo) 
which yields 
; ap, 
dim |A| = lim x, (tp) = Il eee (13.171) 


a>0O 


For instance, the application of this formula to su(2), su(3), and sp(4) gives 


su(2): dim |A}=A,+4+1 
1 
sui): dim {A|= 5A + 1)(A2 + 1) + A2 + 2) (131172) 


20: ae 0h 4. 1)Q5 + 1)Qy 4 2dp + 3p Ae +2) 


Keeping track of the subleading term in Eq. (13.170) leads to another interesting 
formula. At first, we have 


xa(te) = ieee i Sv op) — (a, 01} 
‘- (13.173) 
= dim |A| {1-5 54 Dla. a + py? — (a, )] 1 
ao 


Now, as demonstrated in the following paragraph, we can always write 


(1) = = PG anla, w) = = YO, aa, 1) (13.174) 


acd acA, 
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where the constant y, evaluated below, depends upon the algebra. Thus we have 


t2 
xa(tp) = dim || { + S1a-+ pl? - | (13.175) 
The comparison of this expression with the ¢ expansion of 
x(t) = >~ mult, (a’)e™ (13.176) 
NEQ, 
yields 
1 
5 3 mult.) QW, p= Fedim [al [A+ pl? le] (13.177) 


NEQ, 


For the adjoint representation, A = 6, and the different nonzero weights X' are the 
roots, which all have multiplicity 1; the I.h.s. then becomes 


1 
1) multe’) @, 0? = 5 DC, )(a, 0) = 5910? 


ANENS acA 


where in the last step we used Eq. (13.174). The r.h.s. is 


ve YE 4. 
cae = 13.178 
“gam \0| (0,8 + 2p) 54cm g (13 ) 
(cf. Eq. (13.128)). This yields the Freudenthal-de Vries strange formula: 

2_ &.. 


We now return to Eq. (13.174). The product >... aa’ (where a’ stands for the 
transpose of a) is necessarily proportional to the r x r identity matrix /,: 


> aa! = yl, (13.180) 
acA 


Indeed, the 1.h.s. commutes with any element of the Wey] group since the action of 
the latter simply amounts to a permutation of the roots. Since the action of the Wey] 
group on >>... aa’ is irreducible, this latter quantity must then be proportional to 
the identity. The proportionality constant y is evaluated by taking the trace of this 
equation. With Tr aa = |a|”, this yields 


De lel — se (13.181) 


acA 


The |.h.s. can be evaluated from Eq. (13.132) restricted to the generators of the 
Cartan subalgebra: 


TreH'H! = 2g641 (13.182) 


Setting 7 = 7 and summing over i yields 


> ee ie (13.183) 


i aeA acA 
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This fixes the value of y: 


SS 
I| 
No 

va 


(13.184) 


13.4.3. Schur Functions 


In the su(N) orthogonal basis {¢;} introduced in Sect. 13.3.2, the characters are 
called Schur functions. In this basis, there is a simple combinatorial formula for 
the dimension of a representation. 

In the orthonormal basis, the Wey] group acts as the permutation group Sy of 
the N basis vectors. For instance, the action of s, with a = €; — €; simply amounts 
to interchanging €; and ¢;. This observation allows us to rewrite the character as a 
ratio of matrix determinants, that is, as a Schur function. To this end we introduce 
the variables 


Gi=e (13.185) 


subject to the constraint 


N 
[le=1 (13.186) 
t=} 


The formal exponential can thus be written as 


e =qi'qy + qyy (13.187) 
and we have 
N 
D,= ye” = >> eo) | fq’ = deta; (13.188) 
wew oESN i 


Since the i-th entry of the partition of p is N — 1, the character can be written as 


det gi tN 
aia 0d) ) = (13.189) 
m= Sq qn) det gq 


where S, stands for the Schur function. The above denominator is the ubiquitous 
Vandermonde determinant: 


F . q q2 rs GIN 
det qi = det gi! =det| * (13.190) 
qi Go qn 
which can also be written under the more familiar form 
Gig =— || Ga (13.191) 


1<i<j<N 
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The dimension of the representation is calculated by letting all g; approach | in 
the expression for the character, with the result 


Fey es es 
dim jai= [] a (13.192) 
1<i<j<N 


For su(2) and su(3) reduced tableaux, this is easily seen to reproduce Eq. (13.172). 
(See also Ex. 13.13 for another dimension formula.) 
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In principle, the problem of calculating tensor products is straightforward. In order 
to calculate the product L, @L,,, usually written as A@sz, we simply add together all 
pairs of weights )’, x’ (belonging respectively to the weight systems 2, and Ga), 
taking care of their multiplicities, and reorganize the full set of dim |A| x dim || 
resulting weights in irreducible representations. We write the result under the form 


4@ n= CPM," v (13.193) 
veP, 
where the sum is taken over all dominant weights, and N,,,", called a tensor-product 
coefficient, gives the multiplicity of the representation v in the decomposition of 
the tensor product A @ jy. 

In practice, this method is obviously too cumbersome, and more efficient tech- 
niques are required. Such methods are described in the next subsections. The first 
one follows directly from manipulations of the Weyl character formula and it is 
completely general. Although theoretically important, as a computational tool it is 
not very powerful. For this reason we introduce two other methods, which, how- 
ever, are presented more like recipes. These are the famous Littlewood-Richardson 
rule and the more novel Berenstein-Zelevinsky method of triangles. For these, 
however, the discussion is again restricted to su(N). Another motivation for intro- 
ducing these last two methods is that they allow us to determine precisely those 
very states that contribute to the tensor product, a point on which we will expand in 
due time. Furthermore, in their framework, a particular tensor-product coefficient 
can be studied in isolation, that is without necessarily having to compute the full 
tensor-product decomposition. 

But before turning to techniques, we list some general properties of tensor- 
product coefficients. It is clear that 


Nyo” = 8; (13.194) 


where 0 stands for the scalar representation (i.e., the representation whose highest 
weight has all Dynkin labels equal to zero and which thus contains a single state). 
On the other hand, the tensor product of a representation with its conjugate always 
contains the scalar representation. It is obtained from the pairing of all the states 
of 4 with their negatives, which necessarily lie in A*. In other words, 


Noe = (13.195) 
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These two relations show that lower and upper indices in NV can be interchanged 
by means of the conjugate operation: 


Nin” = Mv" (13.196) 


Let the coefficient V,,,,, with three lower indices, correspond to the multiplicity 
of the scalar representation in the triple product A @ pp @ o. We thus have 


ae NG ve (13.197) 


13.5.1. The Character Method 


The first method that will be described is based on the specification of a represen- 
tation by its character. In consequence, Eq. (13.193) must also hold in character 
form (since the trace of a tensor product is the product of the trace) 


ee, = NG oe (13.198) 
veP, 
Using this character equation, we can derive a simple relation between N,,," and 
the multiplicities of the weights jz’ in the representation 4, which will lead to an 
efficient way of calculating tensor-product coefficients. We rewrite Eq. (13.198) 
under the form 


perry comtt, ae" = >> Nis” D> ewe") (13.199) 
wew WEQy veP, wew 
(using Eq. (13.167) for x, and x, and Eq. (13.161) for x,,) and compare the 
contributions of both sides restricted to the fundamental chamber. Since v € P,, 
only the identity element of the Wey] group contributes on the r.h.s. IfA + yu’ € P+ 
on the |.h.s., then again only w = 1 contributes. Otherwise, we first rewrite the 
second sum on the I.h.s. as 


> mult, (we = > mult, (ue (13.200) 
WER, WeEQ, 
for any w,,, € W (the multiplicity being constant along a W orbit). The contributing 
element is the particular element of the Weyl group w,, that reflects the weight 
4+’ in the fundamental chamber; it contributes with the sign e(w,,). This proves 
the relation 


Nuy?= > ew) mutt, (w’) (13.201) 


wlEQy 
weW w(A+py’)=veP4 


where we dropped the index y’ from w for simplicity. There are two summations 
here: a sum over all the weights in the representation yz and a sum over those 
elements of the Weyl group that satisfy the condition w - (A + wu’) = v € P,. The 
result can be rewritten more simply, with a single summation, as 


Niu” = >> ew) mult, (w+ v—A) (13.202) 


wew | 
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This method will be referred to as the character method. Its theoretical interest 
lies in its generality and in that it has a direct extension for affine fusion rules. 


13.5.2. Algorithm for the Calculation of Tensor Products 


Formula (13.202) can be translated into the following algorithm. In order to calcu- 
late the product A ® yz, we first write down all the weights jz’ in the representation 
p and add each of them to A + p. Degenerate weights are treated separately. The 
resulting weights A + o + yw’ are of two types: 

(i) those that can be reflected into dominant weights by an element w € W of the 
finite Weyl group; 

(ii) those in the W orbit of a weight with some vanishing Dynkin labels. 

Weights of type (i) contribute e(w) to the tensor-product coefficient N,,,", 
where v is the resulting dominant weight. \V,,," is obtained from the sum of all 
these contributions. 

By definition, a weight € of type (ii) is such that there is aw € W for which 
w6 has at least one vanishing Dynkin label. If, for instance, (wé); = 0, then 
s;(w&) = 0. Such weights can be ignored since they could be counted with both 
€(w) and e(s;w) = —e(w). They are located at one boundary, or a Wey! reflection 
thereof, of the fundamental chamber. 

It should be stressed that reflecting a weight in the fundamental chamber is a 
finite process: at most |A4| (the number of positive roots) reflections are needed. 

Reformulated in terms of the shifted action of the Weyl group, the procedure is 
as follows: If 4 + yx’ can be reflected into a dominant weight by the shifted action 
of the Weyl group—that is, if there exists aw € W such thatw- (A+ y') € P,— 
it contributes e(w) to N;,,"; if it cannot, it is ignored. 


su(2) EXAMPLE 


As a simple illustration of this procedure, consider the sz(2) tensor product (2) @ 
(7). We display on the sw(2) weight lattice all the weights of the representation 
(7), (—7@, —5a,-++,7@), augmented by 2m). A shifted Wey] reflection here is 
a reflection with respect to the weight —a@, (as p = w;). The weight —a) is of type 
(ii) and it is thus ignored. By reflection, the nondominant weights —5a) and —3w 
are sent respectively onto 3a, and @,, and contribute with a minus sign, which 
cancels the contribution of the representations (1) and (3). This is illustrated in 
Fig. 13.6, from which the result of the tensor-product decomposition is directly 
read off: 


(2) @ (7) = (5) ® (7) © (9) (13.203) 
This agrees with the familiar rules of angular-momentum addition. 


su(3) EXAMPLE 


Consider the su(3) tensor product (1, 0) @ (2, 0). The six weights in the represen- 
tation (2,0) are {(2,0), (0, 1), (1, —1), (—2, 2), (—1,0), (0, —2)}. Adding (1,0) 
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2 , x \ 
. : ae ae 


sy =e) oe} Se meat a ye rf tae) 


Figure 13.6. The sz(2) tensor product (2) @ (7). The weights of the representation (7) 
are centered around 2w, and the nondominant weights are Wey] reflected back into the 
dominant sector. 


to each of them yields: 
G; 0), a LD: 2; —1), (-1, 2 (0, 0), Ce —2) (13.204) 


The third and fourth of the weights (13.204) are ignored since they are respectively 
invariant under the shifted action of s2 and s, (and are therefore of type (ii)). Acting 
on the sixth one with s- yields 


52 - (1, —2)=s2(2, -1)— (1,1) = Q, —1) + (-1,2) —(1,1) = 0,0) 


Hence the reflection of the sixth weight into the fundamental chamber contributes 


to €(s2)(0,0) = —(0,0), and consequently cancels the contribution of the fifth 
weight in (13.204). The final result is 
(1,0) @ (2,0) = (3,0) @ (1, 1) (13.205) 


as illustrated on Fig. 13.7. 


a fi 
“e 


(@e=2) 
Figure 13.7. The sz(3) tensor product (1,0) @ (2,0) by the method of Weyl reflections. 


In these two examples, it would have been wiser to interchange the roles of the 
two representations. For instance, adding (2, 0) to the three weights of the repre- 
sentation (1,0) gives directly (3,0), (1,1), (2, —1), and the last one is ignored. 
Choosing for yz the highest weight of the smallest of the two representations sim- 
plifies the calculation in two respects: fewer states need to be considered and most 
of the weights in the representation 4, when added to A, are dominant. 
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13.5.3. The Littlhewood-Richardson Rule 


The Littlewood-Richardson rule is a simple and powerful algorithm, formulated 

in terms of the product of Young tableaux. This algorithm proceeds as follows: 

In the second tableau, we fill the first row with 1’s, the second row with 2’s, and 

so on. Then we add all the boxes with a 1 to the first tableau and keep only the 

resulting tableaux that satisfy the following two conditions: 

(i) They must be regular: the number of boxes in a given row must be smaller or 
equal to the number of boxes in the row just above. 

(ii) They must not contain two boxes marked by 1 in the same column. 

Tableaux that do not satisfy these conditions are ignored. To the resulting 
tableaux, we then add all the boxes marked by a 2 and again we keep only the 
tableaux that satisfy (i) and (ii), where in (ii), 1 is replaced by 2. We continue until 
all the boxes of the second tableau in the original product have been used. In this 
process an additional rule must be respected: 

(iii) In counting from right to left and top to bottom, the number of 1’s must always 
be greater or equal to the number of 2’s, the number of 2’s must always be 
greater or equal to the number of 3’s, and so on. 

The resulting Littlewood-Richardson tableaux are the Young tableaux of the 

irreducible representations occurring in the decomposition. 

A warning: In this process, we do not construct semistandard tableaux! How- 
ever, in Litthkewood-Richardson tableaux it is clear that the numbers are strictly 
increasing in each column and they are nondecreasing in rows. 

For example, consider the sz(3) tensor product (2,0) @ (1, 1): 


Hept 


The tableaux obtained after the first step are 


| 1) 
Lom, _ HH, 


Adding now the box marked by a 2 yields!° 


een 1 i L 
; a allel , ae 
hat EP» ol 


from which we read off 
(2,0) ® (1, 1) = (3, 1) @ (1, 2) @ (2,0) @ (0, 1) (13.206) 


(for su(3), columns of three boxes are ignored). 

The multiplicity of a given representation v in the tensor product A ® yz can be 
evaluated directly, without necessarily having to calculate the full decomposition. 
For this we simply add to the Young tableau representing A all boxes of the tableau 
such that the resulting tableau has weight v. The added boxes are then filled 


0 Rule (ili) prevents us from adding a box marked by a 2 at the end of the first row. 
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with the following set of numbers: 1 (uw; +---+ n_1 times), 2 (u2+---+ UN_) 
times), up to N — 1 (jz_) times), in a way that respects the Littlkewood-Richardson 
rule. Nj au” 1s the number of distinct Littlewood-Richardson tableaux that can be 
produced in this way. 

For instance, to the su(4) tensor product (1,2, 1) @ (1,2, 1) D (1,2, 1), there 
correspond 5 Littlewood-Richardson tableaux: 


which means that the tensor-product coefficient M171) (121)'!7” is 5. 

In some applications, it is necessary to know which states contribute to the 
tensor product. It turns out that this information is coded in the Littlewood- 
Richardson tableaux. More precisely, there is a one-to-one correspondence be- 
tween a Littlewood-Richardson tableau associated with the productA@p D vanda 
Gelfand-Tsetlin pattern { B} of weight jz’ = v—A in the representation jz. The en- 
tries ae of the Gelfand-Tsetlin pattern can be read off the Littlewood-Richardson 
tableau as follows: 

Ba = number of j’s in the first 7 rows of 
(13.207) 
the Littkewood-Richardson tableau 


The states associated with each Littlewood-Richardson tableau in the previous 
example are 
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30 
o (13.208) 
3 


The weight pz’ = v — A = (0,0, 0) in the representation (1,2, 1) has multiplicity 
7. The two states that do not contribute to the tensor product are 


4310 
So. POP “coo, RR 
+ <> |3)3/4 
31 3 40 4 
2 2 bead 


For completeness, we mention that this relationship between states and 
Littlewood-Richardson tableaux can be used to obtain an algebraic description 
of the tensor-product coefficients: 


Nj,” = number of Gelfand-Tsetlin patterns { B } (13.209) 
of weight yz’ = v—A in the representation 
p that satisfy the conditions d\ ) <4; for 
all values of 7 , lej272 No 


where 


d® = >> (ait — 2p? + pi D) + (pet — p®) (13.210) 


l<ng 


For the first noncontributing pattern of the previous example: a eel 
and for the other one: d\” = 2 >A, = 1. 


13.5.4. Berenstein-Zelevinsky Triangles 


Berenstein-Zelevinsky triangles (BZ) provide a powerful way to calculate the mul- 
tiplicity of a triple product, that is, the multiplicity of the scalar representation in 
4 @ « @ v. (We point out the slight change in the notation for the third weight: 
we take it to be v instead of v* .) They also contain information on the states 
contributing to the product. We first describe the construction for sz(3). 

We consider the set of three sz(3) highest weights (A;,A2), (421, “2), and 
(v;, v2). We construct triangles according to the following rules: 


17143 
}2 1h; 
173 1112 
ni3 Lie nx by 


(138271) 


where the nine nonnegative integers Le, m;,j; are related to the Dynkin labels of 
the three integrable weights by 


mMatn2=A, m3the=m b3+m2=yv 


m3 +13 = dA2 n23 +13 = Is) ly +m => (13.212) 
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They must further satisfy the so-called hexagon conditions 


nNi2 + M3 = N73 + M42 
lia + m3 = b3 + m2 (13.213) 
h2+na3 =h3+n12 


This means that the length of opposite sides in the hexagon formed by 
112, [o3, 112, N23, [2 and m3 in (13.211) are equal, the length of a segment 
being defined as the sum of its two vertices. 

The number of such triangles gives the value of N4,,,. If it is not possible to 
construct such a triangle, it means that v* does not occur in the tensor product 
A®@ pw. 

The integers in the BZ triangles have the following origin. Each pair of indices 
ij, i <j, on the labels of the triangle is related to a positive root of su(3). We recall 
that the positive roots of su(N) can be written as €; —€;, 1 <i <j < N in terms of 
orthonormal vectors ¢; in R. The triangle encodes three sums of positive roots: 


wptv—-M= Ss Lj(€; — &) 
i<j 

vtA—pu* = >> mile —«) (13.214) 
i<j 

At+p—v* = >o nile —&) 


i<j 


The hexagon relations (13.213) can be seen as consistency conditions for these 
three expansions. 
The four triangles for the example (13.206) are 


i215 
0 0 0 ] 0 0 0 1 ( ) 


Omit ere |= lO LO Ogre s1Sa0 


On the other hand, corresponding to the coupling (2,2) ® (2,2) ® (2,2), three 
triangles can be constructed: 


PAS 1 1 0 0 
Zz 2 1 1 0 0 
Or2 52, 10 ee | LO 0" 2 


(13.216) 


and accordingly the multiplicity of the scalar representation in this triple product 
is 3. 

The states involved in a specific coupling can be read off a triangle as follows. 
Consider the product A ® uz D v* associated with the triangle (13.211). The state 
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of weight yz’ = v* — d in this coupling is described by the Gelfand-Tsetlin pattern 


Eee ti) H2 0 
Pi ri2—nNy Po Ms (13-217) 


Pier fe — 113 — F412 


For example, the Gelfand-Tsetlin patterns and corresponding semistandard 
tableaux in the representation 4 = (2,2) associated with the three triangles of 
the last example (13.216) are (in the same order) 


3 2 2 


2 2 2 


For su(4), the BZ triangles are defined in a similar way, in terms of eighteen 
nonnegative integers: 


11114 
1112 134 
m4 17113 
13.218 
143 log N73 Ly ( ) 
171134 m3 m2 
114 hy N24 Li 134 hig 
related to the Dynkin labels by 
Mati =A, mathe py ha+my2 =v 
Ma+ny3=A, nNaths=u2. lyatmy3=vw (13.219) 
mytna=Az n3yath,= ps3 I54 + 114 = v3 
Furthermore, a su(4) BZ triangle has 3 hexagons: 
nNi2+M24 = 43+N23 113+3 = l2+n24 logtn3 = l3+134 
Ny2+34 = l3+n23 1N13+M134 = N24+M23 123-123 = 1}12+N34 
M+ = batmy3 m3ath = l3+m2 h3+m3 = ba+my2 
(13.220) 


The su(N) generalization is straightforward; the triangles are built out of (N — 
1)(N — 2)/2 hexagons and three corner points. On the other hand, for su(2) there 
are no hexagons: the tensor products are described by the simple triangles 


hs = (13.221) 


written in terms of three nonnegative integers constrained by 
m2 +112 =r 


nthe = wy (132222) 
lo+my = Vy 
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With A, and j2; fixed, v; satisfies 
Vy = Ay + py — 2n)2 (13223) 


which reproduces the rule for su(2) tensor products in a very simple way. 

With the last two methods described, it is possible to study a particular triple 
product in isolation, that is, without necessarily computing the full product A @ jz. 
This is a clear advantage when reasonably large representations are involved. The 
BZ triangles have the further advantage of preserving most of the symmetries of 
the tensor-product coefficients. In fact, the only symmetry that is not manifest is 
ae == Vix 

We note finally that, in contradistinction with the Littlewood-Richardson rule, 
the generalization of the BZ triangles to so(N) and sp(N) is unknown at this time. 


§13.6. Tensor Products: A Fusion-Rule Point of 
View 


In this section we discuss tensor products from a point of view close in spirit to 
the approach used in fusion-rule calculations. At first, we indicate how generic 
tensor-product coefficients are fixed by associativity in terms of tensor-product 
coefficients involving the fundamental representations. We recall that for minimal 
models, the fusion ring was found to be generated by (;.2) and ¢i2,1). In that 
context, Chebyshev polynomials appeared naturally. These polynomials and their 
generalizations resurface here. In a second step, we derive the Lie algebra version 
of the Verlinde formula (10.201). 
The associativity of tensor products translates into the following condition 


Yo Miu? Nove = > Nw'* Nas (13.224) 
o i 


It is clear that if A and yz are fundamental! representations, any general coefficient 
Nove can be deduced from this condition whenever all tensor-product coefficients 
involving at least one fundamental representation are known. Again, by introducing 
a matrix N, with entries 


(Ny): Nua? (13.225) 


we see that the associativity requirement boils down to the commutativity of the 
matrices N: 


(N\Ny) ut a (NIN) )ye (13.226) 
These matrices provide a representation of the tensor-product algebra: 
NiNy = >) Nw? No (13.227) 
oeP, 


Here we did nothing but rewrite (13.224) in matrix form. We note that these 
matrices are infinite. 
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We will now see how Chebyshev-like polynomials arise in this picture. We 
consider first the su(2) case. From the Littlewood-Richardson rule (or the angular- 
momentum addition theory), we easily see that 


(Ne(n)=(n+1)e(n-1) (13.228) 


where it is understood that if the Dynkin label m — 1 is negative, the second 
representation on the r.h.s. is omitted. The comparison of this product rule with 
Eq. (13.227) shows that the matrix N; is simply: 


(Ny )f = Sika + 554-1 (13.229) 


Mutually commuting matrices associated with other representations can be con- 
structed as follows. One first observes that Eq. (13.228) translates into the following 
relation 


NiNn = Nnti + Nn-1 (13.230) 


which can be regarded as a recurrence relation to be solved for N,, in terms of N;. 
This becomes clearer if we replace N, by x, N,, by U,,(x) and rewrite the above 
equation in the form 


xUy = Uns + Un-1 (13.231) 


With Up = 1, U, =x, this is the defining relation for Chebyshev polynomials of 
the second kind, which already arose in the context of minimal-model fusion rules 
(cf. Eq. (8.101)). The desired expression for N,, is thus 


Nr = U,(N)) (13.232) 


For instance, given the matrix N,;—which fixes all tensor products with the fun- 
damental representation—the matrix N2 describing the products with the adjoint 
representation is 


N2=N?~-1 (13.233) 
That is, 
iii 006 ae | i Ua 0) 
[P05 5t 00 0. Be 10 > 1G 
Ne= 0 1 i © —— No 1 0 L- 08 
OO io 0 1 0eci Oo 
(13.234) 


from which we read off directly that 
(2) @ (0) = (2) 
(2)@ (1) = (1) @ (3) (13.235) 
(2) @ (2) = (0) @ (2) @ (4) 


and so on. Because they are all constructed out of polynomials in Nj, the matrices 
N,, necessarily commute among themselves. 
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It is interesting to construct the generating function of the Chebyshev polyno- 
mials. This is done in the standard way: one multiplies Eq. (13.231) by t” and 
sums the result from n = 0 to nm = 00; by simple manipulations, each term can be 
reexpressed in terms of 


Pa) =.) Ut" (13.236) 
n=0 
with the result 
xF = (F —1)/t+tF (13.237) 
that is, 
1 
eS SS a : 
(x; t) ae (13.238) 


A similar analysis can be done for any Lie algebra. For instance, for su(3), the 
Littlewood-Richardson rule immediately tells us that 


(1,0) @ (Ar, Az) = (Ay + 1,A2) © (Ay, A2 — 1) @ (Ay — 1,42 +1) 
(0, 1) @ (Ai, A2) = y,42 +1) OA — 1,42) 901+ LA2 - 1) 
Again, we can replace the representations in these expressions by their corre- 
sponding tensor-product matrices N(,,,,,). These matrices turn out be expressible 


in terms of some generalized Chebyshev polynomials U,,, ,,), a function of two 
variables x;,x2 associated respectively with N(;9) and Nio,;), as follows: 


(13.239) 


Noa) = Uo,,a2)(Na,0),No,1)) = Uy, ,r,)(%1,X2) (13.240) 
These polynomials are defined in terms of the generating function 
[e,¢) 
Peyance— > “Ogealenx.) OS 
tee (13.241) 


ars 
Y Oty + Px — PY — sxe + 52x; — 53) 
The details of this analysis are left to the reader (cf. Ex. 13.20). 
We now turn to a Lie algebra version of the Verlinde formula (10.201). The 
starting point is the character product form (13.198), in which all the characters 
are supposed to be evaluated at the particular point 


X =-2ni tia! (13.242) 
| 


where the f;’s are real numbers valued in the range [0, 1]. With x, = Dis ,/D,, 
this becomes 


Di+p (X)D,, +p(X) 


D,(X) _ Mu "D+ p(X) (13.243) 
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The D,.,,(X)’s satisfy the following orthogonality relation 


1 
i) (Tr) Dy 4 (X)Dy+o(X) = |W| Ou,4* (13.244) 
0 i 


where |W] is the order of the Weyl group. This follows directly from the definition 
(13.165) and the expression (13.117) for the conjugate of a representation, which 
implies that D,-1,(X) is the complex conjugate of D,,.(X). To proceed, we mul- 
tiply Eq. (13.243) by D,-+,(X) and integrate the result over X (i.e., integrate over 
all t;’s from 0 to 1). This gives the desired Verlinde-type formula 


we fain SS ae 
Nip =| NC oe (13.245) 
where 
1 
50) = Fe Dig(X) (13.246) 


Such an S matrix is analogous to the one obtained for a finite group in Ex. 10.18: 
it is indexed by r discrete numbers, the Dynkin labels 4;, and r continuous ones, 
the ¢;. This immediately tells us that such an S matrix cannot be a transformation 
matrix of characters into themselves, like the modular transformation matrix. For 
su(2), it takes the simple form 


Si, (t;) = —iv2 sin[2xt,(A; + 1)] (13.247) 


§13.7. Algebra Embeddings and Branching Rules 


As mentioned in the introduction, we will often encounter “‘affine” generalizations 
of simple Lie algebra embeddings. This fact motivates the general remarks of this 
section. 


13.7.1. Embedding Index 


We first present different ways of characterizing an embedding p C g, deferring 
classification issues to the next subsection. 

1) Branching rules: 
Viewed from the standpoint of the smaller algebra p, an irreducible representa- 
tion of g usually breaks down into many irreducible representations of p. Such 
decompositions are called branching rules and are noted as 


Le @bul, (13.248) 
peP, 
or simply as 
Ae DBdy u (13.249) 


neP, 
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The branching coefficient b,,, gives the multiplicity of the irreducible represen- 
tation yz of p in the decomposition of the irreducible representation 4 of g. The 
decomposition of the lowest-dimensional nontrivial representation is sufficient to 
characterize an embedding. To each of its inequivalent branching rules corresponds 
a distinct embedding. 

ii) Projection matrix: 
A projection matrix P gives the explicit projection of every weight of g onto a 
weight of p. Hence, to calculate the branching rules one first projects all the weights 
of a given irreducible representation of g into p-weights and reorganizes them into 
irreducible representations. Projection matrices are not unique: a Wey] reflection 
of the root diagram modifies them without affecting the embedding. 

iii) Embedding index: 
The embedding index x, is defined as the ratio of the square length of the projection 
of 6, the highest root of g, to the square length of the highest root of p, which is 
denoted by 2: 


\Pe| 
e 19? 


(13.250) 


Given a branching rule, the embedding index can also be calculated from 


og 
re = Dba 
Xy 


pweP, 


(13.251) 


where x, is the index of the representation A of g defined in Eq. (13.133). The 
proof of this relation is left as an exercise (cf. Ex. 13.22). 


° A e —_> on 
(21) / (000) (2,-1) eC 
ff &, -2 
J) bs (1,-2) ya 
/ / 


Figure 13.8. Projection of the su(3) adjoint representation onto su(2). 


Asanexample, we show how su(2) can be embedded into su(3). Fig. 13.8 shows 
how the sz(3) root system is projected along the highest root vector and gives a 
possible assignment of the su(2) weights. The representation (1, 1) of s(3) de- 
composes into the su(2) representations (2) ® (4) (of respective dimension 3 and 
5); it is thus characterized by the branching rule: 


(Dr (4)e(2) (13.252) 


536 13. Simple Lie Algebras 


The embedding index is easily found by noticing that the highest weight of su(3), 
@, + @2, is projected onto 2a). The ratio of highest roots is thus 4, andx, = 4. 
This can also be seen from Eq. (13.251) using the branching rule (13.252). The 
required representation indices are: 


su(3) : xa,1) =3 (13.253) 


su(2): x4) =10, xa) =2 


Their substitution in Eq. (13.251) reproduces the value x. = 4. The projection 
matrix for this embedding can be chosen as 


Puy = (2,2) (13.254) 


if the sw(3) weight is written in a column matrix whose entries are its Dynkin 
labels. Hence, the su(3) weight (A;,42) is projected into the su(2) weight of 
Dynkin label 24, + 2A2 (which is thus always even): 


(2,2) (as (Ona) (13.255) 


Using this matrix, the branching rules (1,0) +> (2), (0,1) +> (2) are easily 
derived." 

Dividing all su(2) Dynkin labels by 2 in Fig 13.8 leads to another possible 
assignment for the su(2) weights. The branching rule specifying this embedding 
is 


(1, 1) + (2) 6 2(1) @ (0) (13.256) 


Because a +a2 is projected onto a, the embedding index is equal to 1. A candidate 
projection matrix for this embedding is 


fy =e) (13.257) 


The basic branching rule is (1,0) + (1) + (0). 

These two embeddings are most conveniently described by means of the 
following generating functions: 

1 
(1 — L;M)(1 — L2M)(1 — £y)C1 — £2) 
aye (1 + L,L,M?) 
(= E:M2)0 — L,M2)(1 — 17)(1 — 22) 

where the subscript indicates the embedding index. To obtain the decomposition 
of the su(3) weight (A;, 42), we expand F and collect all the terms multiplying 


LL; its coefficient, of the form aM” + bM" + ---, codes the decomposition 
of (A1,A2): 


Fay = 
(13.258) 


(A1,A2) + a(m) @ b(n) @--- (13.259) 


'l This shows the simple origin of this embedding: The three-dimensional representation of su(2), 
which is the fundamental representation of so(3), can be realized in terms of 3 x 3 su(3) matrices. 
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We take for instance the embedding with x, = 4. In the power expansion of F(a), 
the term L}L° is multiplied by M° + M2, so that 
(3,0) + (6) @ (2) (13.260) 


A few remarks complete this discussion. An obvious necessary condition for 
the branching coefficient b,,, to be nonzero is 


PrA-pwePQ (13.261) 


where Q is the root lattice of g. This simply means that the integrable weight 
4 must lie somewhere in the integrable representation A, after projection; since 
any weight in £2, can be obtained from A by subtracting an appropriate number 
of positive roots, the condition follows. In the examples above, the root lattice 
projects as follows. For the first embedding, 


x= 4: PQsu(3) = Qsu(2) (13.262) 


since the su(3) roots a, and a2 are projected onto the su(2) weight 2a, that is, 
onto the su(2) simple root a. The condition (13.261) forces then 


(Pr); = pr mod 2 (13.263) 


where (PA), is the Dynkin label of the projected su(3) weight. For the other 
embedding, we find that both a; and a2 are mapped onto w, of su(2), so that 


eee POQsu(3) = P5u(2) (13.264) 


where, as usual, (noncalligraphic) P stands for the weight lattice. As a result 
Eq. (13.261) gives no constraint: both A and yz are integrable weights. 

We note finally that a useful tool for the computation of branching rules uses 
tensor products. If 


AH Dhy uv and E> Dba v (13.265) 
pu v 


then 
A@E> Pdiybe wOv (13.266) 
Hv 


For instance, given the branching rules (1,0) + (1) @ (0) and (0, 1) +> (1) @ (0) 
for su(2) C su(3) with x. = 1, we find the branching rule for (2,0) from 


(1,0) @ (1,0) = (2,0) @ (0, 1) & [C1) 6 (0)] @ [C) @ (0)] = (2) 6 211) 6 2(0) 
(13.267) 
that is, (2,0) + (2) @ (1) @ (0). 


13.7.2. Classification of Embeddings 


We now briefly address the question of classifying the possible embeddings. The 
following discussion is restricted to maximal embeddings, these are embeddings 
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p C g for which there is no p’ such that p C p’ C g. All nonmaximal embed- 
dings can be obtained from a chain of maximal ones. We also suppose that g is 
semisimple; that also makes p semisimple up to a possible u(1) factor. 

The simplest embeddings are those for which there exists a basis of g in which 
a subset of generators form the generators of p. In other words, if the p generators 
are denoted by a tilde, we have {E*} c {E*} and {H"} Cc {H"}. These are called 
the regular subalgebras. The maximal regular subalgebras have the same rank as 
the algebra g and they are easily described in terms of the root system of g. 

We first construct the extended Dynkin diagram of g by adding an extra node, 
associated with —6. The extended Dynkin diagrams are displayed in Fig. 14.1 of 
Chap. 14. Promoting —@ to a “simple root” preserves the characteristic property 
that the difference between two simple roots is not a root (1.e., @; +6 cannot be a root 
since 6 is the highest root). However in order to restore the linear independence of 
the simple roots, at least one a; has to be removed from this augmented set of simple 
roots. All semisimple maximal regular subalgebras are obtained by removing from 
the extended Dynkin diagram of g any node whose mark is a prime number.!? 
Maximal regular algebras that are not semisimple are constructed from the removal 
of two nodes with mark a; = 1 and the addition of a u(1) factor. The embedding 
su(2) C su(3) withx, = 1 is aregular embedding because it can be obtained from 
su(3) by dropping one simple root (hence two simple roots with unit mark from 
the extended su(3) diagram). However, it is not a maximal embedding, being 
associated with the regular chain su(2) C su(2) @ u(1) C su(3). As another 
example, consider the extended Dynkin diagram of Eg out of which one of the 
simple roots {a,@2,@4,@7, 0g} is removed. The resulting algebras in each case 
are, respectively, su(2) ® E7, su(3) ® Es, su(4) @ so(11), so(16) and su(9). 
Since Eg has no simple root with unit mark, its maximal regular subalgebras are 
all semisimple. 

The calculation of branching rules in a regular embedding proceeds as follows. 
We first add to all the weights in the representation L, an extra Dynkin label, 
associated with the extra simple root —0. Since the decomposition of 6 in terms of 
the simple coroots is known (the expansion coefficients being the comarks), this 
extra Dynkin label is simply 


hg =—) aya; (13.268) 


12 With the exceptional algebras, deleting a simple root from the extended diagram may give an 
algebra contained in one obtained from the removal of another simple root from the same extended 
diagram. The following list is exhaustive: 


Fyla3 C Faloeg, Ejle; Se Ej/o, Es/ag G Es/oy 
Es/as (e Es/a, E;/a3 GS Eg/oy 
Here g/a; stands for the algebra associated with the extended diagram with the simple root a; deleted. For 


each case in which the removed root does not lead to a maximal algebra, we see that the corresponding 
mark is not a prime number. 
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If the regular subalgebra p is obtained by deleting the simple root a;, we simply 
delete the Dynkin label A; from all the weights. The resulting weights are exactly 
the projected weights, and they can be reorganized into irreducible representations 
of p. This is illustrated in Ex. 13.25. The same procedure works for the semisimple 
algebra obtained from the removal of two nodes. 


Table 13.1. Maximal semisimple special algebras of exceptional Lie algebras. 
The upper index gives the value of the embedding index. 


Exceptional g Maximal special p 
es A?) 
F, . a) Gg? @A® 
Es AY.G!C), Geoawee 
ie Aa) yf). Gg? ec, FO @A®, 
eo eA”, A) @ At!» 
E. Ae) AO), (520) Ge @ F, Ae @ AM), Bo?) 


Nonregular subalgebras are called special subalgebras. There is still a gen- 
eral method for obtaining the special embeddings of the classical algebras, but 
the exceptional ones require a case-by-case analysis, whose result is given in Ta- 
ble 13.1. For the classical algebras, we use the realization of the corresponding 
compact groups as a group of matrices. This makes the following embeddings 
almost immediate: 


su(p) @su(q) Cc su(pq) 

so(p) ®so(q) Cc so(pq) 

sp(2p) ® sp(2q) C so(4pq) (13.269) 

sp(2p) ® so(q) Cc sp(2pq) 

so(p)®so(q) Cso(y+q) for p and q odd 
On the other hand, if the algebra p has an N-dimensional representation with an 
invariant bilinear form, p can be embedded in so(N) (resp. sp(N)) if this bilinear 
form is symmetric (resp. antisymmetric). If the representation has no invariant 
bilinear form, it realizes an embedding into su(N).!3 A necessary condition for L, 
to have an invariant bilinear form is that —A € 92,, which means that L, must be 
self-conjugate. These representations have already been identified in Sect. Suze. 


The symmetry of the bilinear form is determined by the height of the representation, 
defined in terms of a height vector u, tabulated in App. 13.A. The form is symmetric 


13 The subalgebra obtained in this way is generally maximal, but there are a few exceptions. 
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(resp. antisymmetric) if A-u = >) Apts =eO(resp...1) mod 2. For instance, all 
representations of su(2) are self-conjugate (u) = 1), so the representation L, 
is symmetric when A; is even, in which case it leads to the special embeddings 
su(2) C so(A; + 1). An interesting generic example is p C so(dim p). Indeed, 
the adjoint representation is always self-conjugate (i.e., the highest weight is 6 and 
—6 is also a root) and it has a symmetric bilinear form (the Killing form). 

In the following chapters we often encounter a special embedding, which, al- 
though not maximal, deserves a particular mention. This is the diagonal embedding 
g C g@g, in which the two weights (A, 2) of g @ g are projected onto the weight 
A + pu. Because the highest root is of the same length for the algebra and its 
subalgebra, the embedding index of a diagonal embedding is always equal to 1. 


Appendix 13.A. Properties of Simple Lie Algebras 


The following summaries present the essential information needed for all simple 
Lie algebras. The Cartan notation is used, and, for the classical algebras, the com- 
pact real form is also given in parentheses. For each algebra, we present the Dynkin 
diagram, a short list of basic properties, the Cartan matrix and the quadratic form 
matrix. Black nodes in the Dynkin diagrams refer to short roots. The numbers ap- 
pearing beside the nodes of the Dynkin diagrams give (in this order) the numbering 
of the corresponding simple root, its mark, and its comark. For simply laced alge- 
bras, the third entry is omitted (marks and comarks are identical). The numbering 
of the simple roots also gives the numbering of the fundamental weights; this is 
the numbering used when a weight is specified in terms of a sequence of Dynkin 
labels as A = (A;,---,A,). Marks and comarks are defined in Eq. (13.33). The list 
of properties includes the dimension of the algebra, the dual Coxeter number g, 
the order of the Weyl group |W], the highest root 6 (in Dynkin label notation), the 
finite group that corresponds to the ratio of the weight lattice P to the root lattice 
Q, the associated congruence vector (v, defined in Sect. 13.1.9), the height vector 
(u, defined in Sect. 13.7.2) and the exponents (defined at the end of Sect. 13.2.3). 
For some algebras, the entry “P/Q” and “congruence vector” do not appear; for 
those cases, P/Q = I. 


Ar>2 (su(r + 1)) 


usi 9 D) 
5) dim g =r + 2r 


Pe (24) g=rt+l 
1 |Wi=(@+1)! 
O  (3;1) C= (1, Ones) 
P/Q = Z,4 
, v =(1,2,---,n) 


b b= 2G 1),--3,7) 
(751) exponents = 1,2,---,r 
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Cartan matrix: 
Z 1 0 0 O 
-1 2 -1 0 O 
0 -1l 2 0 O 
0 O 0 2 -1 
0 oO O —1 2 
Quadratic form matrix: 
r r—1 r—2 nee 2, 1 
r—1 2r—1) 2(r—2) -:: 4 2 
1 F=2 020 —2)o e—2)) +=: 6 3 
r+1 : : ee : : 
2 4 2r—1) --- 2%r—-1) r-1 
1 2 r—1 see r—1 r 


B,>3 (so(2r + 1)) 


1;1;1 
i a? dim g = 2r7+r 
(2;2:2) g=2r-1 


a= 27! 
6 = (0,1,---,0) 
PO=Z, 
) (r-1;2;2) v= (0, 9--,0;1) 
i u = (2r,2(2r —1),---,(r — 1)(r +2), Ar(r + 1) 
(73231) exponents —1,5,-=>, 27 — 0 
Cartan matrix: 
2 —) 0 0 0 
-1 2 -1 Oe 
0 -1 2 08 
o> O77 50 2 -—2 
0-70) 50 —-1 2 
Quadratic form matrix: 
pe Les 2 1 
2 4 4 4 
mi 4 6 6 3 
2 : : 
PD ae. SA 0 2r—1) r-1 
ieee 3 r—1 Aue? 


C,>2 (sp(2r)) 
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i (r-1;231) 
(r51;1) 


Cartan matrix: 
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dim ¢=27-Er 

(pea ool 

(VF | 2 rt 

= (2,0)... 0) 

PiO= Zp 

v=(1,2,-,r—1,nr) 

u = ((2r — 2), 2(2r — 2), ---,r — 1) + 1), 7”) 
exponents = 1,3,---,2r —1 


Quadratic form matrix: 


D,>4 (so(2r)) 


2 -1 O -:--- 0 0 
-1 2 -1 -:-- O 0 
0 -1 2 -:--. O 0 
0 0 O --- 2 -1 
0 0 O --- —2 2 

| a | 1 1 

ee ae 2 

i 2S ) 3 

2 : : d 
i 2 Ss r—1 r-] 

il As r—1 r 


dim g = 2r? —r 
2=27—2 
[W| = 2'- Ir! 
6 = (0,1,---,0) 
P/Q = Zz, (r odd) 
= Z,y x Z, (r even) 
v = (2,4,---,2r—4,r—2,r) (r odd) 
= (0,---,0,1,1) (r even) 
u = ((2r — 2), 2(2r — 3),---, 
(7 — 2)(r + 1), $r(r — 1), Ar(r — 1) 


exponents = 1,3,---,27 —3,r—1 


ele ORO O 
= 32 =: 0 0 06 
O12. 0 0 6 
OmCo 50) e-eOee= i 24 
ORO Gos =] omg 


UR ee eS cms: 
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Quadratic form matrix: 


Dora? 2 1 1 
2 4 4 4 2 2 
1|2 4 6 6 3 3 
2 . . . . 
2 4 6 = 2) ar re? 
oe 2 ee r/2 (r —2)/2 
leoeesee +: fae (ry — 22 r/2 
Eg 
© (1;2) 
b (2;3) 
(3;4) 
OD (5) dim g = 248 
eC) a ee 
(8:3) |W| = 696729600 
O (64) ) = (1, 0,---;,0) 
i u = (58, 114, 168, 220, 270, 182, 92, 136) 
) (%2) exponents = 1,7, 11, 13, 17, 19, 23, 29 
Cartan matrix: 
20 a0eeeoe O° O 
SS Se A eee 
(ete 1.10 90° 0 0 
(poet 2 «1 0° “6 6 
Omn OO 1) 2 i On eet 
Oemi0l0 0) —1 22 lee 
OOo, «60 (COC = 2 
(amoeesO” 0. —1 0 2 


Quadratic form matrix: 


WNARNA MA BP WN 
— 
NP WHOADW 
— — 
oo i) 
ie) — 
- WN 
Ww — 
S) oo 
iw) — 
(=) N 
oe ARN 
— — 
oMN 


ON 
[oe] 
o 
~ 
np ~] 
CO Ww 
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E; 
O (1;2) 
| 
Cn (2:3) 
O84) 
(7;2) 
) (453) 
(5;2) 
O (61) 
Cartan matrix: 


dim g = 133 

c—a15 

|W| = 2903040 

9 =(1,0,---,0) 

P/Q = Zy 

v = (0,0,0,1,0,1, 1) 

u = (34, 66, 96, 75, 52, 27, 49) 
exponents = 1,5,7,9,11,13,17 


Quadratic form matrix: 


E¢ 


© (11) 
© (2;2) 


OO (GY 


(6;2) 


O (4;2) 
ONG) 


Cartan matrix: 


z =! 0 O O 0°58 
—1 2 -1 0 0 O 8 
Oo -1 2 -1 0 OO =l 
0550) 2-1 08 
0 oO O 2 aa ae 
02 O50) 0) = 152 ae 
00-1) 0 0 0 ae 
46. 8 6, 4 2:4 
G12) 16 12978 4.5% 
1] 8 16 24 18 12 6 12 
5 Oe 2arlS sly l0 5 
4 8 12 10 8 4 6 
2 ereiO- 5 4 383 
> gee 12 9 6 3 7 
dim g = 78 
g= 12 
|W| = 51840 
C= (070; ---, 1) 
P/Q = Z3 


» =e 0, 17270) 
1 = (16, 30:42, 30, 16,22) 
exponents = 1, 4,5,7,8, 11 


2 ae Oo gt GO 
| Za ab 50° 6 
i 2 —l © 


0 0 
OF ie =! 2 © 
0 2 


ooon$o! 
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Quadratic form matrix: 


fd GS em ae: ate es 
See: 12: Si oAes6 
1 G02, 18 12569 
Bae s e210 5 6 
2an4> OG Ses 53 
SG, 9  76Nr 5086 
F, 
: 22) dim g = 52 
eae) ad 
rt |W| = 1152 
@ (3;4;2) 6 = (1,0, 0,0) 
| u = (22, 42, 30, 16) 
@ (4;2;1) exponents = 1,5,7, 11 
Cartan matrix: 


Quadratic form matrix: 


2 So 2 
ao 4D 
2 4 3 3 
ee ee 
G2 
dim g = 14 
g=4 
We) == 2 
pl 2:2) 7—= (1,0) 
i u = (10,6) 
(2;3;1) exponents = 1,5 
Cartan matrix: 


Quadratic form matrix: 
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Appendix 13.B. Notation for Simple Lie Algebras 


g, h: finite Lie algebras 
G, H : corresponding Lie groups 
dim g : dimension of the algebra g 


r : rank 

J* (a = 1,---,dim g) : generators of g 

H' (i = 1,---,r): generators of the Cartan subalgebra in the Cartan-Wey] basis 
E* : ladder generators in the Cartan-Wey] basis 

hi (i = 1,---,r) : generators of the Cartan subalgebra in the Chevalley basis 
e',f' (i = 1,---,r) : raising and lowering operators associated with the simple 


roots in the Chevalley basis 
a, B : roots 
a! : i-th component of a in the Cartan-Weyl basis 
a; : simple roots 
ay : simple coroots = 2a;/a? 
Aj : Cartan matrix element = 2(a;, ay) 
A: set of roots 
A,, A_ : set of positive, negative roots 
|A|, |A,| : number of roots, number of positive roots 
@ : highest root 
a;, ay : marks and comarks; 6 = );_, aia; = )_;_, @; ay 
g : dual Coxeter number = )7;_, aY + 1 
A, #, Vv: finite weights (usually highest weights) 
dim|A| : dimension of the representation of highest weight A 
Q2, : weight system of the representation of highest weight A 
L, : irreducible module of highest weight A 
d’, A” : particular weights in Q) 
|A’) : particular state, of weight A’, in the module L, 
mult, (A’) : multiplicity of A’ in the highest-weight representation A 
p: Weyl vector (half-sum of positive roots) 
w; : fundamental weights 
F;; : quadratic form matrix = (@;, @;) 
4; : Dynkin labels: 4 = )°;_, Aiw; = (A1,...,A,); A! eigenvalues of |A) 
d! : H! eigenvalues of |A) 
€; : orthonormal vectors 
{€1; €2;...; €,} : partition of the Young tableau associated with the su(N) weight 


A=) Cie: = 30; Ai@; so that €; = Aj + Aig +... + Ay = length of the i-th 
row (from top) 
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(Ci be: ...: és}: transposed partition (change rows and columns) 
i! : transposed weight 

A* : conjugate of A 

X, : character of the representation A 

W : Weyl group 

|W | : order of the Weyl group 

Sq : reflection with respect to the root a 

$s; : reflection with respect to the simple root a; (a simple Wey] reflection) 
w : element of the Weyl group (a Wey] reflection) 

Wo : longest element of the Wey! group 

€(w) : signature of w 

£(w) : length of w 

w- : shifted Weyl reflection: w - A = w(A+ p) —p 

Cy : Weyl chamber associated with the element w 

Q: root lattice 

QY : coroot lattice 

P : weight lattice 


P. : set of dominant weights (= set of highest weights for irreducible representa- 
tions) 


Niyv = Mi” : tensor-product coefficients 

Q : quadratic Casimir operator 

ad : adjoint operator; ad(X)Y = [X,Y] 

K(, ): (normalized) Killing form; K(X, Y) = Tr(adX, adY)/2g 
K: Kostant partition function 

x, : Dynkin index of the representation A 

x. : embedding index 

b,,, : branching coefficient (multiplicity of L, in L,) 
v : congruence vector 

u : height vector 

B(G) : center of the group G4 


Exercises 


13.1 The Killing form 


a) Verify Eq. (13.18) and check that the only nonzero Killing norms are K(H', H') and 
KEE). 


14 Although the center of a group has not yet been defined, it has been included in order to make this 
list of symbols referring to Lie algebras complete. 
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b) Calculate the su(2) Killing form K in the Chevalley basis (13.85). 
Result: With the ordering e, h, f, it reads 


0 0 4 
i<= || @Q % 
4 0 0 
A rescaling by a factor i = 1/(2g) yields the standard normalization: 


K(e,f) = Kf,e) = 5Kth,h) = 


13.2 Weyl group for G2 and su(4) 
Starting from the corresponding Cartan matrix given in App. 13.A, find the Wey] group and 
the set of all roots for: 


a) G2 
b) su(4) 
13.3 Linear representation of the Weyl group 


The linear representation of the simple Wey] reflection s; is the r x r matrix that maps the 
column vector with components i; to that with components (s;A);. 


a) Show that det s; = —1. Deduce that for a general Wey] reflection w, 
det w = (—1)° 
where @ is the number of simple reflections in the decomposition of w. 


b) Find the matrix representation of the simple reflections of G2 and verify the relations 
@359): 


c) Same as (b) for the algebra F4. 
13.4 Order of the Weyl group 


Verify the following formula for the order of the Wey] group of a simple Lie algebra of rank 
r with marks {a;}: 


|W] = |P/Oir! | Ja: 
r—! 
Proceed case by case, using the data of App. 13.A. 
13.5 Weight systems 
Write all weights in the representation of highest weight: 
a) (1,0) of G2, 
b) (0, 0, 1) of so(7), 
c) (0, 0, 0, 0, 1) of so(10). 
13.6 Weight multiplicities 
Find the multiplicity of the su(4) weight (—2, 3, 0) in the representation (3, 1, 1) using: 
a) the Freudenthal formula (13.113); 
b) semistandard tableaux (cf. Sect. 13.3.3). 


Hint: The calculation in (a) is greatly simplified if the weight is first transformed into a 
dominant one. 
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13.7 su(3) Gelfand-Tsetlin patterns 

a) Write all the Gelfand-Tsetlin patterns for the su(3) representation of highest weight 
(2:2). 

b) For a su(3) weight 4’ € ,, there corresponds mult, (A’) Gelfand-Tsetlin patterns of the 
form 


Ai +Az Az 0 
a b 
Cc 
Relate the parameters a,b,c to the two Dynkin labels A’, 4. Find inequalities satisfied by 
the free parameter of the Gelfand-Tsetlin pattern, and deduce a simple formula for mult, (A’). 
Compare with the example of part (a ). 


13.8 The Demazure character formula 
An expression equivalent to Eq. (13.167) is given by 


x = M,,(e*) 


where wo is the longest element of the Weyl group, and for wo = s;---s;, My,(e*) is 
defined by 


My, = Mj--+M; 
with 

rs — eit 

M;(e*) = Saat 

= eh 


(notice that the Wey] reflection is shifted), where, as usual, a; stands for a simple root and 
M:M,(e*) = Mi(M,(e*)) 

This is called the Demazure character formula. 

a) Verify the following properties of M;: 


Mie*) = e +e! +--+. +e 4% if A; 20 
= 0 Aol 
— —phnnegreet! _ gh A,tile, pay, 
and 
(M;) — M: 


b) For sz(2), show that the Demazure formula is equivalent to the Wey] character formula. 
c) Check the formula for the s(3) representation (1, 2) (compare the result with 
Eq. (13.161)). For this representation, verify also that 

Mss, (e*) = Ms,5)57 (e*) 
d) Another version of the Demazure formula is 

1G = eS N(e*) 
weW 

where, in terms of a (minimal) decomposition of w in simple Wey] reflections, e.g.., if 
w = S1,---Sx, Nw is given by 

N,,(e*) = Ni---Nx(e’) 
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and 
esi* = e 
Ni(e*) = ——— 
| BH. 
Express N; as a sum, as done in part (a) for M;. 


e) Evaluate the different N,,(e*)’s for the su(3) highest weight A = (1,2). Observe that 
each N,,(e*) is a positive sum. 


f) Prove the relation: 


(1 + Ni)(e*) = Mife*) 


13.9 Dimension of G2 representations 
Derive the dimension formula for the irreducible representations of G2 and check that Lig) 
and L,,9) have respective dimensions 7 and 14. 


13.10 Another expression for the dual Coxeter number 
Equations (13.181) and (13.184) lead to the following expression for the dual Coxeter 
number: 


g= (2n,+ns)/2r for g#G, 
= (3n, + ns)/3r for G, 
where 77,5 denotes the number of long and short roots, respectively. Verify this result for 
sp(4) and G). 
Remark: For simply laced algebras, this reduces to the relation: |A| = gr. 
13.11 Cauchy determinant and Schur functions 
a) Show that 


A(y) 
ThetjzenG — x9) 


where A(x) = [])<:<j< (i — x;), is a generating function for the Schur functions (13.189), 
namely 


O({x}, }) = 


Hix) oy= So yi" .a"SiC,...an) 


11) ,17,....71y 20 
where A = {@;}, and 2; =m; +i-—N. 


b) By means of the Cauchy determinant formula (see Ex. 12.12 for a proof; take z; = 1/x; 
and w; = y,; in the formula (12.195)) 


ae 1 a A(x)A(Qy) 
1 — xiy; 1<ij<N Then — xiy;) 


rewrite the generating function $({x}, {y}) as the single determinant 


A(y) 
Theijev( = xiy;) 


P({x}, }) = 


N-j 
di 


= ea = 
Tx=1(1 — yixe) 1<ij<N 
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Hint: Represent the quantity A(y) as a determinant (13.191). 


c) The Schur polynomials of the variables t,,72,... are defined through the generating 
function 


FQ) = Doy"Pn(t.) = eb t 
m>0 
This definition is supplemented by the convention that P,,,(t.) = 0 form < —1. Show that 
ny 1 
Fy) = J] —— 
I] (1 — yxx) 


iff the ¢;, are expressed as 


for some integer N. 
d) Prove the following properties of the Schur polynomials 
a 


ant) = Preitt) 


1 
PQ) = al 


where 1 stands for t; = 1 for allk > 1. 


e) Express the generating function $({x}, {y}) in terms of Schur polynomials. Deduce the 
following formula expressing the Schur functions as determinants of Schur polynomials of 
the variable t, = x‘. 


SiG mtn) = det{ Pes] 
1sij<N 

13.12 Partitions and Schur functions 

a) Work out the details of the derivation of Eqs. (13.189) and (13.192). 

b) Prove directly the equivalence of Eqs. (13.192) and (13.172) by evaluating the scalar 

products in Eq. (13.172) in the orthogonal basis. 

c) Find the action of the s;’s on the partitions. 


13.13 Dimension of su(N) representations and hooks 

The dimension of a representation can be read off a Young tableau in a rather simple way 
using hooks. The hook associated with the box at position (i,7) (i-th row, j-th column) is 
composed of two lines joined at right angle in the box (i,j) and leaving the tableau downward 
and toward the right. Its length, denoted by h;,;, is the number of boxes it crosses. The 
following tableau is filled with the numbers h;; 


GABE 
hi; : 
[2 [1 


In terms of hooks, the dimension of a su(N) representation reads 


dim |A| =] ee 
ij 1] 
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where the product is taken over all the boxes of the tableau. 

a) Verify the equivalence of this formula with Eq. (13.192) for the above su(4) tableau. 
b) Using this expression, reproduce the su(2) and sw(3) dimension formulae (13.172). 
13.14 sp(4) tensor product: character method 


Calculate the sp(4) tensor product (1, 1) ® (2, 0) using the character method and check the 
result by calculating the total dimension of each sides. 


13.15 Weyl-group folding in the character method 
Extending the validity of Eq. (13.171) to nondominant weights, prove that 


dim |w - A| = e(w) dim [A| 


In the character method for tensor-product calculations, this shows that weights that are 
ignored have zero dimension, and two weights cancel each other if their dimensions add 
up to zero. Check this explicitly for the su(3) example (3, 2) @ (2, 4), to be worked out 
graphically using the algorithm underlying the character method. 


13.16 Littlewood-Richardson and Berenstein-Zelevinsky methods 
a) Using the Littlewood-Richardson method once and then the BZ triangles, calculate the 
following tensor products: 
su(3) : (3,2) @ (0, 3) 
su(4): (1,0, 1) @ (1,0, 1) 
b) Using Littlewood-Richardson tableaux once and then the BZ triangles, find the 
multiplicity of the scalar representation in the following triple tensor products 
su(3) : (4, 4) @ (4, 4) @ (4, 4) 
su(4) : (2,1,1)® (1,2, 1) @ (1, 1,2) 


c) Observe that all the su(3) triangles in (b) are related to each other by addition or 
subtraction of the “basic” triangle 


Hence, once a triangle is found, all the others are readily generated. Relate this to a one- 


parameter indeterminacy in (13.212). Find the analogous result for su(4) and compare with 
the example worked out in (b). 


d) Prove, using either Littlewood-Richardson tableaux or BZ triangles, that the sz(3) tensor- 


product coefficient N,,, is at most 1 if one of the three weights has at least one vanishing 
Dynkin label. 


13.17 Kostant’s multiplicity formula 

The Weyl character formula leads directly to a new expression for weight multiplicities, 
Kostant’s formula. For this, we introduce the partition function K(,2) defined to be the 
number of distinct decompositions of jz in terms of positive roots. In other words, (jz) is 


Exercises $53 


the number of solutions {k,}, a € A, of the equation oe ka eo vivallik, > 0) OF 
course, if there is no such decomposition, K() = 0. Setting K(0) = 1, we have 


Noes Dewe 


a>0 


In terms of this partition function, show that the multiplicity of the weight 4’ in the 
representation 4 is given by 


mult,(A’) = }> e(w)Kw(a + p) — A’ + p)) 
wew 
Hint: Use the product form of D;) to relate it to the partition function K. 
The advantage of Kostant’s formula over Freudenthal’s is that a given weight can be treated 
in isolation. The price that has to be paid is a sum over the whole Wey] group. Nevertheless, 
in favorable circumstances only a few terms contribute. Illustrate this by calculating the 
multiplicity of the weight (0,0) in the adjoint representation of su(3). 


13.18 Steinberg formula for tensor products 
Use the Kostant multiplicity formula to obtain the Steinberg formula for tensor-product 
coefficients: 


Nie = 3 e(ww’) K(w-A+w’-p—v) 


w,w'eW 


13.19 Associativity in tensor products 

Tensor product coefficients can be calculated from the fusion coefficients involving funda- 
mental weights, that is, {N,,°"} fort = 1,---,r and any A, , and the associativity condition 
(13.224). Illustrate this by calculating, from these data, the su(3) coefficient N(),1)1,3)"'. 


13.20 Generalized Chebyshev polynomials and tensor products 


a) Verify the relations (13.239), regarded as the defining recursion relations for the gener- 
alized Chebyshev polynomials U;,, ,,), associated with the tensor-product matrix Ni, ,,,)- 
Check further that 


Vos) = Voa,,0)U (0,2) — Voay-1,0) Vo,a2-1) 


for 4,,A2 > 1. Argue that the matrices N,;9) and Nio,1) must commute. Use these relations 
to obtain the generating function (13.241). 
b) Derive analogous results for sp(4). With Niio) = x; and Nig) = x2, the generating 
function F(x,, x; t,s) is 
14+ s(t? +1) +572? —tsx, 
(+224 t4—2x,\(8 +2) 4+ f2x2)(1 +5 +53 +54 —x2(s + 2s? +53) +.52x7) 


13.21 Verlinde formula for a Lie algebra 

Check carefully the derivation of the orthogonality relation (13.244). Use the Verlinde 
formula (13.245) to recover the su(2) tensor-product matrices N, and N>. 

13.22 Embedding index 


a) Prove the relation (13.251). 


554 13. Simple Lie Algebras 


b) For the embedding Eg D su(2) © su(3), calculate the embedding index, using the 
branching rule: 
(1,0,0,0,0,0,0,0) + {(6)@ (1, 1)} @ {(4) @ (3,0)} 


c) For the embedding so(7) > su(4), calculate the embedding index, using the projection 
matrix: 


aS) 
II 
Sy > =) 
— OO — 


1 
0 
0 


13.23 Embeddings of su(2) 


a) Describe all possible embeddings of su(2) in sp(4). In each case, find the branching rule 
for (1,0), the projection matrix and the embedding index. 


b) Same as (a) for the embeddings su(2) C Gz, using the representation (0,1). 


13.24 Regular maximal subalgebras 
Find all regular maximal subalgebras of F4, Ee, and E>. 


13.25 Branching rules in regular embeddings 


a) Consider the regular embedding su(3) C G2. Draw the extended Dynkin diagram of G, 
(i.e., calculate the number of links between the new root —6 and a, @2). Identify the node 
that must be deleted to recover the su(3) Dynkin diagram. Write all the weights in the (0, 1) 
representation of G2 and their extended Dynkin labels [A_», 1, A2], where 


A~9 = —2,) o- 2 


(cf. Eq. (13.268)). Delete the Dynkin label appropriate for the sz(3) embedding and reor- 
ganize the resulting szz(3) weights in irreducible representations. This gives the branching 
of the (0, 1) G2 representation into sz(3) ones. 


b) By proceeding similarly for the regular embedding sz(4) C so(7), find the branching 
of the so(7) representation (1, 0,0). 


Notes 


Except for some aspects of tensor-product calculations and tableaux techniques, the content 
of this chapter is rather standard. It is covered, for instance, in Cahn [61], Wybourne [361], 
Fulton and Harris [155], Jacobson [209], Humphreys [196], Bourbaki [56], and Zelobenko 
(368]. The book of Cahn provides a clear and concise first introduction to the subject, 
and that of Fulton and Harris is a particularly readable mathematical textbook; tableaux 
techniques are well covered there. A sharp focus on the material presented in Sects. 13.1 
and 13.2 can be found in those sections of Kass et al. [228] related to finite Lie algebras. 
The theory of semisimple Lie algebras is also well summarized in the first chapter of Fuchs 
{148]. The proof of the strange formula follows Freudenthal and de Vries [138]. The relation 
between semistandard tableaux and Gelfand-Tsetlin patterns can be found in Ref. [193]. 
The character method for tensor products is presented in Racah [301], Speiser [329], and 
Klimyk {239}. The relation between Littlewood-Richardson tableaux and Gelfand-Tsetlin 
patterns can be found in Gelfand and Zelevinsky [164]. It is equivalent to the method 
for calculating tensor-product coefficients by means of semistandard tableaux, which is 
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presented in (257, 354, 278]. Berenstein-Zelevinsky triangles were introduced in Ref. [38] 
and further developed in Refs. [74, 39]. 

The basics of algebra embeddings are explained in Cahn [61]. For a more detailed 
discussion, the reader is referred to the original articles of Dynkin [117, 118]. The generating 
functions for the embeddings of su(2) into su(3) (and many others) can be found in Patera 
and Sharp [291]. 

The Demazure formula of Ex. 13.8 is proved in Ref. [90] (see also Ref. [163)}). 

Our conventions and most of our notations follow mainly that of Patera and collaborators 
[268, 59], which makes easier the consultation of these extensive and very useful tables of 
weight multiplicities, dimensions of representations, branching rules, and so forth. 


CHAPTER 14 


Affine Lie Algebras 


This chapter is a basic introduction to affine Lie algebras, preparing the stage for 
their application to conformal field theory. In Sect. 14.1.1, after having introduced 
the affine Lie algebras per se, we show how the fundamental concepts of roots, 
weights, Cartan matrices, and Weyl groups are extended to the affine case. Sec- 
tion 14.2 introduces the outer automorphism group of affine Lie algebras, which 
is generated by the new symmetry transformations of the extended Dynkin dia- 
gram. The following section describes highest-weight representations, focusing 
on those whose highest weight is dominant. Characters for these representations 
are introduced in Sect. 14.4. Their modular properties are presented in the fol- 
lowing sections, where various properties of their modular S matrices are also 
reported. The affine extension of finite Lie algebra embeddings is presented in 
Sect. 14.7. Four appendices complete the chapter. The first one contains the proof 
of a technical identity related to outer automorphism groups. The second appendix 
displays an explicit basis (in terms of semi-infinite paths) for the states in integrable 
representations of affine sz(N). In the third one, the modular transformation prop- 
erties of the affine characters are derived. The final appendix lists all the symbols 
pertaining to affine Lie algebras. 

The minimal background required for proceeding to Chap. 15, which initiates 
the analysis of affine Lie algebras in the context of conformal field theory, is 
contained in Sects. 14.1.1, 14.3.1, 14.4.1, and 14.5. The remaining sections could 
be consulted when needed. 

The next few sentences give a flavor of the relevant aspects of the theory of affine 
Lie algebras. To every (finite) Lie algebra g, we associate an affine extension 
g by adding to the Dynkin diagram of g an extra node, related to the highest 
root 0. The introduction of this particular simple root has the immediate effect of 
making the root system (and thereby the Weyl group) of ¢ infinite. As a result, 
highest-weight representations are infinite dimensional. However, as a simplifying 
feature, these representations are organized in terms of a new parameter, called 
the level, which plays a role analogous to that of the central charge in the Virasoro 
algebra. The level of a weight, described now by r + 1 Dynkin labels, is the 
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sum of all its Dynkin labels, each multiplied by its corresponding comark. For 
affine algebras, comarks are thus data of prime importance. Integrable highest- 
weight representations occur for positive integer values of the level. Moreover, the 
corresponding highest weights have nonnegative integer Dynkin labels. For a fixed 
level, there is thus a finite number of integrable representations. Quite remarkably, 
their characters transform into each other under modular transformations. 


§14.1. The Structure of Affine Lie Algebras 
14.1.1. From Simple Lie Algebras to Affine Lie Algebras 


We consider the generalization of g in which the elements of the algebra are also 
Laurent polynomials in some variable ¢. The set of such polynomials is denoted 
by C[t, t~']. This generalization is called the Joop algebra g:! 


€=g@Clt,t"'] (14.1) 
with generators J? @ t”. The algebra multiplication rule extends naturally from g 
to g as 
ios ery = > fs ert (14.2) 
c 
A central extension is obtained by adjoining to g a central element 
Ver, er) = if IO" +knKI*, SF bnimo (14.3) 


c 


where k commutes with all J’s, and K is the Killing form of g. Assuming as usual 
that the generators J* are orthonormal with respect to the Killing form, and using 
the notation 


R=let" (14.4) 


we can rewrite the above commutation relation in the form 


: 
| Jel = > fle im + krSab8n+m0 (14.5) 


Cc 


This must be supplemented by 
4,k] =0 (14.6) 


The above introduction of the central extension may appear to be somewhat ad 
hoc. The following considerations demonstrate its uniqueness. We start with the 
generic commutator 


£ 
02, F81 = if Team + > GP am (14.7) 
HI] 


(s 


1 With t =e!” and y real, this yields a map from the circle S' to g, hence the name “loop.” 
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containing @ central terms. With the representation (14.4), it is clear that the cen- 
tral terms can occur only for nm + m = 0. (Otherwise they could be eliminated 
by a redefinition of the generators, exactly as in the finite case in which central 
extensions are trivial.) This shows that 
Liaise an acl (14.8) 
c 

meaning that the generators {/7} transform in the adjoint representation of g (i.e., 
under the action of ad(Jj), where ad(X)Y = [X,Y], Uf transforms exactly like 
ue ). That the central extensions commute with all the generators J? means that they 
are invariant tensors of the adjoint representation. But up to normalization, there 
is only one such tensor, the Killing form itself.?, Hence, only one central element 
can possibly be added to the loop extension of a simple Lie algebra. In a basis in 
which the generators are orthonormal with respect to the Killing form, it is simple 
to check that the only central extension compatible with the antisymmetry of the 
commutators and the Jacobi identities is the one given in Eq. (14.5). 

To analyze this new algebra, it is useful to rewrite the commutation relations 
(14.5) in the affine Cartan-Wey] basis. With the nonzero Killing norms being 


a - 2 
K(H', H’) = oe, Rs) _ me (14.9) 
(04 
the commutation relations read 
[Hi,, Hi.) = kn848,4m,0 | 
ek 22 | pea ar 
a pb) — 2 , | (4.10 
[FY £h1= ) (c Anim + kn8n4m0) if a=—B | (14.10) 
= Nap Enth, if OR eIAN 
= otherwise 


with the generators Hi. and E® defined as in Eq. (14.4) (A is the set of roots of g). 


The set of generators {Hj,---,H},k} is manifestly Abelian. In the adjoint 
representation, in which the action of a generator X is represented by ad(X), the 
eigenvalues of ad(H) and ad(k) on the generator E% are respectively a! and 0. 
Being independent of n, the eigenvector (a!, - -- , x”, 0) is thus infinitely degenerate 
(i.e., it is the same for all the Joey als (2 oes Yc , H,k} is not a maximal 
Abelian subalgebra. It must be augmented by the addition of anew grading operator 
Lo, whose eigenvalues in the adjoint representation depend upon n; it is defined 
as follows:3 


d 
Io = -t (14.11) 


y) ears . . - 
5 This invariance property is essentially Eq. (13.17), which characterizes K(., -) up to a rescaling. 
—Lp is usually denoted by d in the mathematical literature. 
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Its action on the generators is 
ad(Lo J? @t” = [Ly, J? @t"])=-—ni ear = (Lo, J7) = —nJ* (14.12) 


The maximal Cartan subalgebra is generated by {Ales Debele ray The other 
generators, EY for any n and H', for n # 0, play the role of ladder operators. 
With the addition of the operator Lo, the resulting algebra is denoted by & 


&=2O@CkK@CLy (14.13) 


It will be referred to as an affine Lie algebra.‘ It is clearly an infinite dimensional 
algebra, given that it has an infinite number of generators {J¢},n € Z. From the 
perspective of the affine algebra, g will be referred to as the corresponding finite 
algebra. Its generators are the zero modes {J5}. 

An already familiar infinite-dimensional algebra is the one generated by the 
modes of a free boson: 


[@n, Am] = Non+m,o (14.14) 


It is usually referred to as the Heisenberg algebra, and is simply the affine exten- 
sion of the (1) algebra generated by the element aj. Comparison of the above 
commutation relation with Eq. (14.5) seems to indicate that the level is equal to 
one. However, the central term can be changed at will by a rescaling of the modes: 
this shows that the level has no meaning in the “(1) case. 


14.1.2. The Killing Form 


To parallel the development of the theory of Lie algebra, we must first equip g with 
a scalar product. This amounts to extending the definition of the Killing form from 
g to g. Again the key relation is the extension of (13.17) to g, which expresses the 
& invariance of this bilinear form—with now X, Y,Z € g. With X,Y ¢€ {J%@} and 
Z— Loewe have 


K(J?,J?,)=0 wnless n+m=0 (14.15) 


The identification (14.4) shows that when n + m = 0 the ¢ factors disappear, we 
are thus left with the g Killing form, implying that 


ROS Te 28 oo a (14.16) 


m 


We note that the affine Killing form is still orthonormal with respect to the finite 
algebra indices; from now on, we will no longer care about the position of these 
indices. The choice X,Z € {J%} and Y = k yields 


K(VJ2,k) =0 and K(k, k) =0 (14.17) 


4 In the mathematical literature, it is called a nontwisted (or direct) affine Lie algebra. (Twisted 
algebras will not be considered here.) In the physics literature, they are often called Kac-Moody 
algebras. However, the name Kac-Moody is usually attached to a more general construction. 

5 In particular, we will identify f,,, and f' ab _ as in the finite case. 
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whereas Y = Lp leads to 
K(J2,Lo) =0 and K(lig.k)==1 (14.18) 


The only unspecified norm is K(Lo, Zo), which, by convention, is chosen to be 
zero 


K(EG, Lo) =0 (14.19) 
The arbitrariness of this norm is related to the possibility of redefining Lo as 
Ly > Li = Ly +ak (14.20) 


where a is some constant, without affecting the algebra. It changes its Killing norm 
by only —2a. 

As in the finite case, the Killing form leads to an isomorphism between the 
elements of the Cartan subalgebra and those of its dual, and defines for the latter 
a scalar product. Let the components of the vector i be the eigenvalues of a state 
that is a simultaneous eigenvector of all the generators of the Cartan subalgebra: 


A = (A(HQ), A(HG), ---, ACH): A(k); A(—Lo)) (14.21) 
The first r components characterize the finite part A of the weight Ise 
A= (As kism) (14.22) 


(We note that the last entry refers to —Lo). The scalar product induced by the 
extended Killing form is 


all 


GA=C,w) than, +kym | (14.23) 


i is called an affine weight. 

As for Lie algebras, weights in the adjoint representation are called roots. Since 
k commutes with all the generators of §, its eigenvalue on the states of the adjoint 
representation is equal to zero. Hence, affine roots are of the form 


B = (B;0;n) (14.24) 


Their scalar product is thus exactly the same as in the finite case 


(B, @) = (B, a) (14.25) 
The affine root associated with the generator E% is 
a@ = (a; 0; n) neZ, aen (14.26) 
If we let 
6 = (0; 0; 1) | (14.27) 


© The weight A is given here in terms of its components in the Cartan-Wey! basis of g. It could 
equally well be expressed in terms of its components in the Chevalley basis, in which case the first r 
components of A would be the Dynkin labels of A. 
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then, 726 is the root associated with H’.. In the following we write 
a = (a; 0; 0) (14.28) 


so that the roots (14.26) can be reexpressed as 


A = {a+nd|neZ,a€ A}U {nd|n € Zn £0} (14.30) 


The full set of roots is 


The root 6 is rather unusual since it has zero length 
(5,86) =0 (14.31) 


For this reason, it is often called an imaginary root. Likewise all the roots in the set 
{nd} are imaginary and (175,65) = 0 for all m, m. All these imaginary roots have 
multiplicity r. The other roots are then said to be real, and they have multiplicity 1. 


14.1.3. Simple Roots, the Cartan Matrix and Dynkin 
Diagrams 


The next step is the identification of a basis of simple roots for the affine algebra. 
In such a basis, the expansion coefficients of any root are either all positive or 
all negative. This basis must contain r + 1 elements, r of which are necessarily 
the finite simple roots a;, whereas the remaining simple root must be a linear 
combination involving 6. The proper choice for this extra simple root is 


| a = (—6;0; 1) =-04+5 (14.32) 


where 6 is the highest root of g. The correct basis of simple roots is thus {@;},7 = 
0,---,r. The set of positive roots is 


A, = {a+né|n>0,a € A}U {ala € Ay} (14.33) 


Indeed, form > O anda@e A, 
a+nd=a+nay+nd = nay +(n—1)0+(6+a) (14.34) 


and the expansion coefficients of the last two factors in terms of finite simple roots 
are necessarily nonnegative. Notice that in the affine case there is no highest root 
(i.e., the adjoint representation is not a highest-weight representation). 

Given a set of affine simple roots and a scalar product, we can define the extended 
Cartan matrix as 


Ay = (0,07) O<ij<r (14.35) 
where affine coroots are given by 
2 2 2 
a’ = ——(a;0;n) = —~(a; 0; n) = (a’; 0; —cn (14.36) 
ae ) a2 )=( ae ) 
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As for simple roots, the hat is omitted over the simple coroots, e.g., 
C—O a’ =(a7;0;0) if¢0 (14.37) 


Compared to the finite Cartan matrix, Ai contains an extra row and column. These 
additional entries are easily calculated in terms of the marks defined in Eq. (13.33) 
since (a, a) = |6|? = 2 and 


(ao, a¥) = —(6,0") = — ) aj(ai, a’) (14.38) 
i=] 


Again, all the information contained in extended Cartan matrices can be en- 
coded in extended Dynkin diagrams. The Dynkin diagram of g is obtained from 
that of g by the addition of an extra node representing ao. This extra node is 
linked to the a;-nodes by Ao;Ajo lines. Since the finite part of ao is not linearly 
independent of the finite simple roots, the product Ao;Aio can now take the value 
4 (although this occurs only for st(2)). The affine extension of the simple Lie 
Dynkin diagrams are displayed in Fig. 14.1. The numbers next to each node are 
respectively the numbering of the simple roots, the marks, and the comarks. For 
simply-laced algebras, for which marks and comarks are identical, the third entry 
is omitted. Extended Dynkin diagrams obviously have more symmetry than their 
finlite version, a point we will discuss in some detail later. 

For future reference, we mention that the zeroth mark apo is defined to be 1. 
Since the finite part of a is a long root, so that |ao|* = 2, the zeroth comark is 
also 1: 


2 
a 
ay = ay “ot =1 (14.39) 
By construction the extended Cartan matrix satisfies 
> aiAy = >> Ayay = (0) (14.40) 
i=0 i=0 


The linear dependence between the rows of the extended Cartan matrix means that 
it has one zero eigenvalue, a reflection of the semipositive character of the affine 
scalar product.’ The imaginary root can now be written in the form 


oe Dacia =) avay (14.41) 
t= i=0 


Similarly, the dual Coxeter number reads 


See: (14.42) 
i=0 


7 From the point of view of the Cartan matrix A, the generalization from simple to affine Lie algebras 
can be described as follows. Let D be the diagonal matrix with entries 2/|a,|*; the product DA is 
thus symmetric. For simple Lie algebras, DA is positive definite: this constraint is relaxed to positive 
semidefiniteness in the affine case (meaning then that DA has one zero eigenvalue). Affine Lie al gebras 
are special cases of Kac-Moody algebras, which allow for even more general Cartan matrices. 
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A, 
(0,1) (1.1) 
(0.1) 
ae pe aie Oe eens : 
(1:1) (2:1) (3:1) (r-1;1) (r31) 


(0.1.1) 
B. i. oe ee oma 


ae ee (3.2.2) (r 1.2.2) (r;2:1) 


Co C_—3—_e—e_e.------------ ye) 
(OA eae epee. 7 (E2511) (r:lit) 
(0:1) (r:1) 
108 
(1:1) (2:2) (3:2) (r-2;2) (r-1;1) 
E¢ 
(1:1) (2:2) (3:3) (4:2) (6:1) 
(7:2) 
Ey 
(O;1) (1:2) (2:3) (3:4) (4:3) (5:2) (6:2) 
(8;3) 
Ex 
(0:1) (1:2) (2:3) (3:4) (4:5) (5:6) (6:4) (7;2) 
F, O—O0—_c__3>——_-® Go O—o=s 


(O:1;1) (1:2:2) (2:3:3) (3:4;2) (4:2:1) (O:1:1) (1:2:2) (2:3:1) 


Figure 14.1. Affine Dynkin diagrams. The numbers give respectively the ordering of the 
simple roots, their mark, and comark (written only for the nonsimply-laced algebras). Black 
dots refer to short roots. 
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14.1.4. The Chevalley Basis 


The commutation relations of the generators in the Chevalley basis have the 
following affine extension 


me 4 
[hy Pin) = (a, 077 kndijbn+m,0 = aa kn biion+m.o 
F 


[hi old = Aji sm 
[hi f,] = —Ajif; tee, 


(14.43) 


| | 2 
leet. ]= Onis + 52k biin+m.o 


with i,j = 1,---,r. However, these relations are not really the affine analogues 
of the finite Chevalley commutation relations in the sense that they do not involve 
only the generators of the r + 1 simple roots of g and they are not expressed in 
terms of the g Cartan matrix. In order to construct a genuine affine Chevalley basis, 
we need only to add the generators 


e=-E?, f'=F,, h°=k-6-H (14.44) 


to the set of finite generators e' and f' (i.e., e° and f° are respectively the raising 
and lowering operators for ag). From now on, we will omit the mode index of el, 
and i with z 4 0 (the g Chevalley generators). The commutation relation for the 
generators associated with the simple roots of g can be written as 


[h',h’]=0 
[hie] = Aye’ 
(hi, fi) = —Ajf' 
len site 


(14.45) 


where now i,j = 0, 1,---,r. For instance, [e°, f'] = 0 if i 4 0 because —6 — a; 
is not a root. These are to be supplemented by the affine Serre relations 


[ad(e’)]}!-Ai'ei = 9 
[ad(f)y'-4#f7 = 0 


with i # j. This form makes manifest that A encodes the whole structure of g. 
However, it does not make apparent the infinite-dimensional nature of g. 


(14.46) 


14.1.5. Fundamental Weights 


As in the finite case, the fundamental weights {@;},0 <i <r are defined to be 
the elements of the basis dual to the simple coroots. The fundamental weights are 
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assumed to be eigenstates of Ly with zero eigenvalue. For i 4 0, these are 


Ma= (wa; 70) (i #0) (14.47) 


Their finite part makes them dual to the finite simple roots, while the k eigenvalue 
is fixed by the condition 


(Gras) = 0 (i £ 0) (14.48) 


The zeroth fundamental weight, on the other hand, must have zero scalar product 
with all finite @;’s and satisfy (@o, aj) = 1. Hence, it must be 


@ = (0; 1; 0) (14.49) 


It is called the basic fundamental weight. With 
aw; = (@;; 0; 0) (14.50) 
it follows that 
@; = Ay Bp + @; (14.51) 
The scalar product between the fundamental weights is 
(aa) —(@;,0)) — Fy (i,j # 0) 
(@o, Bi) = (@o, @) = 0 (i #0) 


where F;; is the quadratic form matrix of g. 
Affine weights can thus be expanded in terms of the affine fundamental weights 
and 6 as 


(14.52) 


r= So Ai +05 eR (14.53) 


Since each fundamental weight contributes to the k eigenvalue by a factor a;”, we 
have 


== a2 (14.54) 


i=0 


k is called the level. This relation could also have been derived directly as follows: 
(8) =1) =) aYGay) =) avai (14.55) 
i=0 i=0 


The first equality is obtained from 6 = (0; 0; 1), i defined by Eq. (14.21) and 
the scalar product (14.23), whereas the second one uses 6 = >; 9 4; ay and the 


566 14. Affine Lie Algebras 


expansion of 3 in terms of fundamental weights. It implies that the zeroth Dynkin 
Jabel Ag is related to the finite Dynkin labels {Aj}, i = 1,---,r and the level by 


ho = Ak) — Do aya (14.56) 
=i 
(because aj = 1), that is, 
ho = k-(G,9) | (14.57) 


Modulo a possible 6 factor, the relation between i and its finite counterpart is 
simply 


A=kao +r (14.58) 


We note that roots are weights at level zero. 
Affine weights will generally be given in terms of Dynkin labels under the form 


A= Po, Mises ael (14.59) 


(However, we stress that this notation does not keep track of the eigenvalue of Lo.) 
For instance, 


@p =([1,0,---,0], @,=[0,1,---,0], = [0,0,---,1] (14.60) 
The Dynkin labels of simple roots are given by the rows of the affine Cartan matrix 
oi; = (Ain, Aa, ---, Air] (14.61) 

Finally, the affine Weyl vector is defined as 


f= oxen, Sas (14.62) 
i=0 


We note that it cannot be written as the half sum of the positive affine roots. 

As in the finite case, affine weights whose Dynkin labels are all nonnegative 
integers will play a special role (cf. Sect. 14.3). These weights are called dominant. 
Since the zeroth Dynkin label is fixed by k and the finite Dynkin labels through 
Eq.(14.57), this characteristic is clearly level-dependent. The set of all dominant 
weights at level k is denoted Pe Clearly, the finite part of an affine dominant 
weight is itself a dominant weight: jwe pe implies that A € P, (but not vice 
versa). 


14.1.6. The Affine Weyl Group 


The Wey] reflection with respect to the real affine root & is defined exactly as in 
the finite case: 


saga =A—-(, 4’) (14.63) 
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and the set of all such reflections generates the affine Weyl group W. With i = 
(A; k; 2) and & = (a; 0; m), a direct calculation yields 


er SO Oana tn aie) +e) 


la|? 
De (14.64) 
= (Sa(A + kma’); k;n — (A, a) + ait 
a 
As a consistency check, we see that for i= a, 
Sa = (Sya; 0; m — (a, a’)m) = (—a; 0; —m) = —-& (14.65) 


On the other hand, since (5, @) = 0, imaginary roots are unaffected by affine Wey] 
reflections 


$35 = 58 (14.66) 
To analyze the structure of W, we rewrite Eq. (14.64) under the form 
Sah = Saltgv) i (14.67) 
with t,v defined as 
tov = S—a+8Sa = SaSats (14.68) 
That is, 
tovh = (A +kaY; kn + [|Al? — [A + koe’ |?1/2k) (14.69) 


The action of t,. on the finite part A of a corresponds to a translation by the coroot 
a’. Since 
(tav (tpv) = tov+py (14.70) 


(and in particular (t,.)’" = tov) the set of all tgv’s generates the coroot lattice 
QY. An affine Wey! reflection is thus a product of a finite Weyl reflection times a 
translation by an appropriate coroot. The group of such translations being infinite, 
the affine Weyl] group is infinite dimensional. Actually, the affine Weyl group has 
a semidirect product structure since QY and W have only the identity in common 
and Q’” is an invariant subgroup of W: 


W(te)wo! =tyv Wwew (14.71) 
a relation easily verified. We note its following implication: 
W' (tev) w (tay) = w'w (ty-tav) (tev) (14.72) 


The generators for the group W are the reflections s; with respect to the simple 
roots. For i # 0, the definition of s; does not differ from the finite case, whereas 
for So, Eq. (14.64) gives 


Sod = (A+kO— (A, 0)0; k; n —k + (A, 0)) = sot_o(A) (14.73) 
(Clearly s_g = So.) With sg9 = —8, the finite part of sod is SoA + kd. 
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The affine Weyl group divides the vector space of affine weights in an infinite 
number of affine Weyl chambers defined as 


Cy Sih (wi, ai) > 0, p20, lech, weWw (14.74) 
The fundamental chamber corresponds to the element w = 1. Weights in the 


fundamental chamber are then of the form 


i= ere + £6, with 4;>0, 2eER (14.75) 
1=0 


Once the 6 part of the weights is projected out, affine Weyl chambers have finite 
area, incontrast to the finite case where the chambers are simplicial cones extending 
to infinity. 

By definition, the affine Wey] group preserves the scalar product (14.23), e.g., 
using Eq. (14.64) 


(sah, sad) = (Sala +kma’), Sa(A + kma”)) + 2k(n — ((A,) + kena) 


= (A,A) 
(14.76) 
Thus, all the weights in a given Weyl orbit have the same length. A W orbit 
contains an infinite number of weights and it has a unique weight in the fundamental 
chamber. 
We note finally that shifted Weyl reflections are defined as in the finite case, but 
now in terms of the affine Weyl vector: 


w-h=wA+tp)—p (14.77) 


14.1.7. Examples 


EXAMPLE 1: S1(2) 


Here 6 = a, the only positive root of su(2). Since 


(a, a7) = (@1,@9) = (a;,a9) = —a? = -2 (14.78) 


the extended Cartan matrix reads 


~ 2 eae 
A= « 1 (14.79) 


The Dynkin labels of the simple roots are then 


Q@ = (2, —2], a; = [—2, 2] (14.80) 
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For su(N), all marks and comarks are one. The level is thus obtained from the 
sum of all Dynkin labels. For the si(2) simple roots, these add up to zero as they 
should. The complete set of roots is 


A = {+a), +a; +n8,nd|n € Z,n £0} (14.81) 
With 6 = ap + a, this is the same as 
A = {nay + may| jn —m| <1, n,meZ} (14.82) 


This structure is also encoded in the Serre relations (14.46). For instance, since 
a; + 3a, associated with the commutator [e°, [e°, [e°, e']]], is not a root, means 
that 


[e°, [e°, [e°, e'}]] = [ad(e®) Pe! = 0 (14.83) 


But this is a consequence of the Serre relations since 1 — A 1 = 3s 
The affine Weyl group is generated by the reflections so, s,, whose actions on 
a weight A = [Ao, A;] read 


A — Agato = [Ao, Ai] — Aol2, —2] = [—Ao, Ar + 2A] Gane 
Fe eal = hy |—2, 2g 2 —A,] 


The action of so amounts to subtracting Ao copies of ap from X. Since the Lo 
eigenvalue of ao is —1, SoA increases the Lo eigenvalue of 4 by Ao. Let the level 
of A be k. The zeroth Dynkin label is thus 


ho =k-A, (14.85) 
and the simple affine Weyl reflections can be written as 
sod =[-k+41,2k-A], 9 ssA = fk +41,-Al] (14.86) 
so that 
sosid = [-k — A1,2k +41] (14.87) 


This shows that sos| translates the finite part of i by 2kw, that is by ka, = Ka. 
Therefore, it is the basic translation operator f_v 


tv = SoS (14.88) 
The structure of the affine Weyl group is thus 
W = {(s0S1)",Si(Sos1)"| 1 € Z} (14.89) 


In the particular case of s1(2), Eq. (13.59) implies that the Wey] group is infinite: 
the angle between the finite parts of the simple roots is 7, and therefore (sos) has 
no finite order. 

A few affine chambers at various integer levels are displayed in Fig. 14.2 (mod- 
ulo R68). The affine Weyl chambers at level k € Z are the segments of the weight 
axis at level k that are separated by the dashed lines. The size of the chambers 
obviously increases with the level. In the limit k — 00, if we can restrict ourselves 
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Figure 14.2. Affine Weyl chambers for stui(2). 


to “small weights”, there is effectively no difference between the affine and the 
finite fundamental chambers. 


EXAMPLE 2: Sui(3) 
With 6 = a, + a2, the extended Cartan matrix is 


a ar) | 
Ce | | (14.90) 
=e: o 


so that 
@ = [2,—-1,—1], ay = [-1,2, —1], a2 = [—1,-1,2] (14.91) 


The full set of roots can be described by an infinite pile of hexagons, each layer 
representing the roots of szz(3), with two adjacent hexagons being separated by 6. 
The reflections of A = [Ao, A}, A2] with respect to the simple roots are 


Soke ae Ao +A1,A9 + Ap] 
sa= [Ap +A, —-Ay, A] + AQ] (14.92) 
Sod = [Ap + Ad, Ay + A2, —A2] 


With Ap = k — Ay — dy, the basic translation Operators are found to be 


tv = $2S0S2S 


(14.93) 
toy = $1S9S1S2 


The relations 


(sosiso)* = (SoS250)? = (sis2s1)? = 1 (14.94) 


are easily checked (cf. Eq. (13.59)). However they do not make manifest the infinite 
order of the Weyl group. 
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§14.2. Outer Automorphisms 


In this section, we introduce outer automorphisms from the symmetry properties 
of Dynkin diagrams. Although this is a somewhat technical issue, it will turn out 
to be an important tool in many applications. 


14.2.1. Symmetry of the Extended Diagram and Group of 
Outer Automorphisms 


We let D(g) and D(g) stand, respectively, for the symmetry group of the g and g¢ 
Dynkin diagrams. These are the sets of symmetry transformations of the simple 
roots that preserve the scalar products, hence the Cartan matrices. In the affine 
case, we need to consider only the finite projection of the system of simple roots 
since scalar products of roots depend only on their finite parts. This also implies 
that a simple root is mapped into another simple root having the same mark and 
comark. By inspection, we see that D(g) = 1 except for A,,,, D,54, E6, for which 
it is respectively Z2, D4, and S3, the permutation group of three objects. 


aa i 
Ce er ae ao uy See cig 
ia, 
ee 
Be iG a E, cooboce 


Figure 14.3. Outer automorphisms of affine Dynkin diagrams. 


Define the group of outer automorphisms of g, O(g), as 
O(8) = D(g)/D(g) (14.95) 


This quotient is sensible because D(g) is the set of elements of D(g) that leaves the 
zeroth node of the extended Dynkin diagram fixed, that is, D(g) is a subgroup of 
D(@). O(@) is thus the set of symmetry transformations of the Dynkin diagram of 
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é that are not symmetry transformations of the Dynkin diagram of g. For instance, 
for Su(N), we do not consider reflections leaving the zeroth root fixed; the only 
remaining symmetry transformations are the cyclic permutations. The symmetry 
transformations of the extended Dynkin diagrams are displayed in Fig. 14.3, when 
O(g) is not simply the identity. 

An explicit description of outer-automorphism groups of affine Lie algebras 
in terms of their generating element on an arbitrary weight A = Poy pps 
presented in Table 14.1. 


Table 14.1. Outer automorphisms of affine Lie algebras 


g O(g) Action of the O(g) generators 

A, Zr+1 aldo, Ai,ee*sAr—t) Ay] = [A,, Ao° -+,Ar—2; Ar-1] 
B, Zo a[Ao, A1,°°-,Ar—1,Ar] = [A1,A0,°°*Ar—1,Ar] 
cc Zy a[Ao, Ai,°-+,Ar—1,Ar] = [Ars Ar=1.° °° ol 


D,=2¢ Zy x Zn afAo, Ai, A2,°°°sAr—1, Ar] = [A1, Ao, hart? +s Ary Ar—1] 
A[Ao, A1,A2, rape, Ar-1,Ar] = [Ar, Ar—1,Ar—2, er ,A1,A0] 


Dr,a241 Ze al[Ao, At, A2,°** > Ar—1, Ar] = [Ar—1, Ar, Ar—2.°°*>A1,A0] 
Ee Z3 a[Ao, A1,--+,A6) = [A1,A5, 44,43, 6, Ao, Az] 
Ey Zy a[Ao, Ai,°-*,A7] = [A6,A5,A4,43,A2, 41, A0,A7] 


Since every fundamental weight is mapped into another fundamental weight 
having the same comark, the action of A does not change the level. Moreover, it is 
clear that O(&) maps the set of dominant weights P* into itself. It thus preserves 
the affine fundamental chamber. 


14.2.2. Action of Outer Automorphisms on Weights 


We let A@p denote the fundamental weight to which @ is mapped by the action 
of A, a generic element of O(g). Its action on an affine weight is written as 


Ai = kAdy + D~ A;A(G; — a¥ dp) (14.96) 


t=] 


where k is the level of A. This result follows directly from the definition of Ao as 
ho =k—) aya; (14.97) 
1 


The second term in the r.h.s. of Eq. (14.96) acts, on the finite part of A, like an 
automorphism of the finite weight lattice that leaves its origin fixed. It is actually 
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an element of the finite Weyl group.® We denote this element by ws (it is described 
below). The sum in Eq. (14.96) can then be written as w,4A. More precisely, it is 
the affine extension of w4A at level zero, which is equivalent to w4A — kao. This 
yields 


Ai =k(A —1)Oo-+ waa (14.98) 


This important relation will have many applications. 

It is usually easy to find the element wy associated with a given A by a simple 
calculation. But there is a general way of characterizing wy. Define w; to be the 
longest element of W(;), the subgroup of the finite Weyl group generated by all s; 
(Gj #1). Then 


Wa =WiWo forisuchthat Ad = 0; (14.99) 


(as before, wo stands for the longest element of W). In future calculations, we will 
often need to know the sign of the element wy. In App. 14.A, it is shown to be 


e(wa) = e?7Abo0) — e-migiAdol’ (14.100) 


Consider some examples. For su(2), the only nontrivial outer automorphism is 
a: @p <> @;. Since W = {1,5}, W, is simply s;. The comparison of 


a[Ao, Ai] = [A1, Ao] = [A1,k — Aa] (14.101) 
with 
alro, Ar] = k(a — 1)@ + 51[A0, A] 
= k(@ — @) + [Ao + 241, —Ai] (14.102) 
= [Ak —A1] 


shows that this is indeed correct. We turn to $u(3), in which the basic element a 
maps @) — @, — @ —> @p. Here i = 1 and the longest element of the group 
Wa) is S2. Recalling that wo = S)5251 = 525152, the above construction yields 


Wa = $282S1S2 = S1S2 (14.103) 
This is again easily confirmed by a direct calculation: 
aldo, Ai, A2] = k(a — 1)@ + 51S2[A0, A1,A2] 
= k(@, — @o) + [Ao + 2A2 + An, —At — Ad, Ad] 
= [Ak A= A241) 
= [A2,A0,A1] 


(14.104) 


It is also simple to verify that a* corresponds to the element S25): 


Wa2 = (Wa)? = (S152)? = 51825152 = $1$18281 = $251 = (Wa)! = Wa 
(14.105) 


8 A general automorphism of the finite weight lattice that leaves its origin fixed is a product of a 
Weyl reflection by a conjugation. 
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The general result for su(N) is 
Wa = S182°°°SN-1 (14.106) 


where the action of a is defined in Table 14.1. 

We finally stress that outer automorphisms must preserve the commutation 
relations of the algebra. We illustrate this feature by rederiving for su(2) the 
action of a on weights by enforcing the invariance of the commutator under the 
interchange a <> @;. We use the spin basis, in which the commutation relations 
read: 


(J? ,J°] = 2kmbmino 
J, , J+] = +J+,,, (14.107) 
was 1 2 ee a km6n+n0 


m? 


with 2J°|A) = A,|A). Acting on a weight, J adds a, whereas J; adds ap (the 
superscript — because the finite part of a» is —a@ and the subscript 1 because ao 
has grade 1). Hence, the interchange a < a; translates into J{ < J; , or more 


generally J; <+ J, , ,. The commutator [J J, ] is thus transformed into 


La hs hie 8 [3 
We |. ee et! (14.108) 
——— a er a k(m St 1)5:n-4n,0 


In order to preserve the third commutator, J°, must transform as 


Je => kbm.o — PM hs 


mn 


(14.109) 


which means that 4; —> k — A, under the action of a. (The other two commutators 
are also invariant under this transformation.) 
14.2.3. Relation with the Center of the Group 


It is easily checked, case by case, that O(g) is isomorphic to the center of the group 
of g, denoted B(G) 


O(g) = B(G) (14.110) 


The center B(G) is composed of those particular elements of G that commute 
with all the elements of the group. This set is easily obtained in terms of a matrix 
representation of the group. Consider, for instance, the group SU(N) represented 
by unitary matrices of determinant one. The elements of the center are the unit 
matrices multiplied by any N-th root of unity, so that B(SU(N)) = Z x. The centers 
of the other groups can be read from Table 14.1. 

The isomorphism between B(G) and O(g) can be realized as follows. To every 
element A € O(g), there corresponds an element b € B(G), given by 


b = 7 27tAGo-H (14.111) 


§14.3. Highest-Weight Representations S75 


This manifestly commutes with the generators of the Cartan subalgebra. Moreover, 
since 


Eee Gent) ep (14.112) 
commutativity with a ladder operator requires 
(Aap, B) € Z forany BeEQ (14.113) 


But this is certainly true, being a direct consequence of A@p having unit mark: the 
simple coroot to which it is dual is equal to its corresponding root. Thus, A@p is 
dual to the root lattice, from which the result follows. (We note here a special case 
of this relation, which will be used frequently in the following discussion: 


(Ad, & — wt) EZ (14.114) 


valid for any integral weight € and w € W.) The action of b on any state |A’) in 
the highest-weight module L, of g is given by 


pie ere 7112) (14.115) 
or equivalently 
DA = NeW PHAdod’) — y/e—2m1(Aao,d) (14.116) 


Indeed, all the states in the representation have the same eigenvalue because the 
generators of the algebra are unaffected by the action of the center. 

Since the center element b commutes also with all the affine generators, the 
action (14.116) extends uniquely to the affine case, with the same eigenvalue: 


DR! = Ven2milAdo,a) (14.117) 


If b corresponds to A, b? will correspond to A?. The comparison of Eq. (14.117), 
with b replaced by b?, with the same equation applied q times, yields the relation 


(A7@9,4) = q(A@o,A) mod 1 (14.118) 


If O(g) is acyclic group of order N, AN = 1 so that (A% @o, 4) = 0. Together with 
the above equation, this implies that 


N (A@o, A) € Z (14.119) 


This verifies that the eigenvalue of b is a N-th root of unity. 
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Highest-weight representations are characterized by a unique highest state A) 
annihilated by the action of all ladder operators for positive roots 


Et\i) = E**\A) = H'|A)=0, for n>0,a@>0 (14.120) 
The eigenvalue of this state, i, is the highest weight of the representation 


Hijiy = aii) G40), kA) =KIA), Lo A) =O (14.121) 
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Setting the Lo eigenvalue to zero is merely a matter of convention; a redefinition 
of Lo would yield any desired value. In the Chevalley basis, the eigenvalues are 
the Dynkin labels: 


Wijk) =aj|A) i=0,1,---,7 (14.122) 


All the states in the module are generated by the action of the lowering operators 
on |A). They obviously have the same k-eigenvalue, given that k commutes with 
all the generators. From now on, k will be identified with its eigenvalue k, the 
level. In most applications of interest, k is fixed from the outset. 


14.3.1. Integrable Highest-Weight Representations 


The analogues of the irreducible finite-dimensional representations of g are those 
representations whose projections onto the su(2) algebra associated with any real 
root are finite. It is clearly sufficient to concentrate on simple roots. An analysis in 
all points similar to the one that led to Eq. (13.27) shows that any weight i’ in the 
weight system &2; (the set of all weights in the representation of highest-weight 
state |A)) satisfies 


(’,aY)=-(i-gi) i=0,1,---,r (14.123) 
for some positive integers p;,q;, which thereby implies that 
A,EZ, t=0, 1, <=20r (14.124) 
For the highest weight i, all pi’s are zero, and therefore 
hi € Zy, t= Oot (14.125) 
This requires in particular that (cf. Eq. (14.57)) 
Ao =k-(,0) € Zy (14.126) 


With (A, 0) € Z,, this immediately shows thatk must be a positive integer, bounded 
from below by (A, 6): 


keZ,, k>(Q,6)| (14.127) 


As we already mentioned, an affine weight for which all Dynkin labels are non- 
negative integers is said to be dominant, and the set of all dominant weights will 
be denoted Pe, 

A far-reaching consequence of the constraints (14.127) is that for a fixed value 
of k, there can be only a finite number of dominant highest-weight representations. 
For instance, fork = 1, the only such representations are those with highest weight 
@; such that the corresponding simple root a; has unit comark. Since ay = torall 
&, @o is always dominant. The level-1 representation of highest weight @p is called 
the basic representation. For Su(N), all comarks are one: there are thus N possible 
dominant highest-weight representations at level 1 whose highest weights are the 
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@;'s,i = 0,---,r. As another example, the set of all dominant highest-weight 
representations of s7z(3) at level 2 is: 


[2,0,0], [0,2,0], [0,0,2}, [1,1,0], [1,0,1], [0,1,1] (14.128) 
On the other hand, the possibilities for & at level 2 are 
[2,0,0], [0,1,0], [0,0,2}, [1,0, 1] (14.129) 


since ay = 2ay = 2ay = 2. In the following, the algebra g at level k will be 
denoted g,. 

Representations that decompose into finite irreducible representations of su(2) 
and can further be written as a direct sum of finite-dimensional weight spaces are 
said to be integrable. The adjoint representation, although not a highest-weight 
representation, is integrable. The first condition is obviously satisfied and the 
direct-sum decomposition in the second requirement is simply the root-space de- 
composition (i.e., the decomposition of the root space into a sum of finite roots and 
imaginary roots). Dominant highest-weight representations are also integrable. We 


will show shortly that the second condition is verified. Moreover, if 
ae aa or (Hiyt= Hi, (EN'=E=* (14.130) 


dominant highest-weight representations are easily checked to be unitary. For 
instance, 


JA)? =(AIB77E*,, 1A) 


Er, 


aa (14.131) 
= Sink — (a, A)] (AJA) = 0 
since for m > 0, any a, and i dominant, 
—(a,A) = [k —(0,A)] + (n—1)k+(0-—a,A)>0 (14.132) 


For dominant highest weights, the conditions (13.27) are equivalent to the exis- 
tence of the following singular vectors in the Verma module V; of highest-weight 
State |A): 

E*'\i) = Ey*\A) =0 (14.133) 
and 
ey ey NA) 0 (14.134) 
with i # 0. In the Chevalley basis, these vectors read 
e' |) = (fiy+"1)) = 0, i=0,1,---,r (14.135) 


In sharp contrast with simple Lie algebras, when these singular vectors are 
quotiented out from the dominant highest-weight Verma module V; (modulo their 
intersections), the resulting irreducible module, to be denoted ee is not finite- 
dimensional. The imaginary root can be subtracted from any weight without leav- 
ing the representation, that is, if We Q2;, then K eayibee Q; for any n > 0. 
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The source of infinity clearly lies in the absence of a singular vector similar to 
Eq.(14.134) related to the imaginary root 6, that is, a singular vector that would 
involve H', forn < 0. 

We now show how the various weights in 2; can be obtained. The algorithm 
that gives the list of weights in irreducible highest-weight representations of g also 
works for g. We simply have to keep track of an additional Dynkin label. However, 
in the affine case this algorithm never terminates. f 

We define the grade to be the Lo eigenvalue, shifted so that Lo|A) = 0 for 
the highest state |X). At grade zero, the various states are obtained from |A) by 
applications of the finite Lie algebra generators (the only generators of g that do 
not change the Lo eigenvalue). Hence, the finite projection of weights at grade zero 
are all the weights in the g irreducible finite-dimensional representation of highest 
weight A. Weights at grade one are obtained from those weights at grade zero that 
have positive zeroth Dynkin labels, by the subtraction of a (which augments the 
Lo eigenvalue by one), followed again by all possible subtractions of the finite 
simple roots. The analysis of the higher grades proceeds along the same lines. 
An important point is that the finite projections of the affine weights at a fixed 
value of the grade are organized into a direct sum of irreducible finite-dimensional 
representations of g. 

Since at each grade there is a finite number of weights, the weight space de- 
composes into a direct sum of finite dimensional weight spaces, which shows that 
dominant highest-weight representations are integrable. 

To complete the description of the representation, we must give the multiplicity 
of each weight. The multiplicity of weights, when the Lo eigenvalue is taken 
into account, is clearly finite. In fact, it can be calculated from the following 
modification of the Freudenthal recursion formula, which keeps track of the root 
multiplicities, 


[IA + pl?—[A’ + pl?) mult;(4’) = 2 S > mult(@) 
a>0 

co . (14.136) 

x \°Q' + pa, &) mult; (4’ + pa) 

p=1 

We recall that real roots have multiplicity one whereas imaginary ones have mul- 
tiplicity r. (We stress that the scalar product in this formula is the one defined in 
Eq. (14.23).) With our convention for the Lo eigenvalue of highest-weight states, 
the scalar product of two affine highest weights does not differ from its finite form: 
Q, i) = (A, 4), for A(Lo) = fi(Lo) = 0 (14.137) 


Thus, with A = (A; k; 0) and p= (p32-0), 


[A+ pl? = [A+ pl? (14.138) 


However, for a weight at grade m, v= (A’; k; —m) and 


A’ + pl? = |a’ + pl? — 2m(k +g) (14.139) 
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14.3.2. The Basic Representation of st(2), 


We now consider a detailed example, the basic representation of Su(2),, of highest 
weight [1, 0]. Using the algorithm mentioned above, it is simple to write down the 
different weights at the first few grades. These are displayed in Fig. 14.4, with their 
multiplicities given by subscripts. The three weights at grade one can be reached 
in only one way. Their multiplicity is thus bounded to be one. The same applies 
for the weights at grade two, except for [1, 0] which can be obtained in two distinct 
ways. This means that its multiplicity can be either one or two. We can calculate 
it with the Freudenthal formula (14.136). With 4 = (0; 1; 0) and 1’ = (0; 1; —2), 
we have 


a 1 
A+ Al’ = lel? = 5 
: (14.140) 
|A’ + pl? = |p|? — 41 +2) = = 
Hence, the ].h.s. of Eq. (14.136) reads 
[JA + pl? — 4’ + pl?) mult; (4’) = 12 mult; (0; 1; —2) (14.141) 


To calculate the r.h.s., we need to consider all the weights A’ + pa for p,a>o, 
up to grade zero. We recall that the positive roots of su(2) are a,, +a, +6, nd 
with n > 0, and they all have multiplicity one. The list of all possible contributions 
is given in Table 14.2, with their multiplicities and the required scalar products. 
From it, the r.h.s. of Eq. (14.136) is seen to be 


Cc 
>> >OG + pa, &) mult; (4 + pa) = 24 (14.142) 


a>0 p=! 


We thus find that mult; (0; 1; —2) = 2. 


14.3.3. String Functions 


Needless to say, multiplicity calculations are rather involved. However, the con- 
stancy of the weight multiplicities along W orbits greatly simplifies the analysis. 
For instance, in the above example, all the weights in the representation can be 
obtained from the different weights (0; 1; —772) by Weyl reflections. This is easily 
seen, at least at the first few grades. Therefore, the information on the multiplic- 
ities of all the weights in the representation is coded in mult(0; 1; —772) for all 
m > 0. The generating function for such multiplicities is called a string function. 
More precisely, let 2 be a weight in Q; such that ~ + 6 ¢ Q;, and denote the 
set of such weights as Q7**. The multiplicity of the various weights in the string 
pL, 2 — 6, fA — 26, - -- is given by the string function 


oq) = > mult; (i — 8) q” (14.143) 
n=0 
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[1,0], 
J 
[1,2], > [1,0], > [3,-2], 
y 


Y 


[-1,2], [1,0], > [3,2], 
v4 va 
se WOR 
ra 


ye 


[-3,4], ae [-1,2], [1,0]. [3,-2], aes ae [5,4], 


3-21, 


Figure 14.4. Weights at the first few grades of the basic representation of stu(2),. The 
subscript gives the multiplicity. 


Table 14.2. Weights above (0; 1; —2) in the basic module of st(2); 


p @ i’ + pa (i' + pa,&)  mult;(i’ + pa) 
I {@1;0;0)  —" (@13 15. =-2) 2 1 
1 (@;0;1) = (a; 1; —1) 3 1 
tL (a@;;0;2) (aj; 1; 0) 4 0 
1 (—a1;0;1) (—e; 1; -1) 3 1 
1 (—a@;0;2) (—ay; 1; 0) 4 0 
(02051) (0; 1; —1) 1 1 
1 (0;0;2) (0; 1;0) 2 1 
2 (a@1;0;0) (2a; 1; —2) 4 0 
2 (ea0: 1) a2a;5180) 5 0 
2 (—a;0;1) (—2e; 1; 0) 5 0 
2 (0; 0; 1) (0; 1; 0) 2 1 


——————— ee ——————— 
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The string function for the weight [1,0] in our example turns out to be the inverse 
of the Euler function (this will be demonstrated later): 


co co 
1,0 a: 
oi16) 4) = oq)! =] Ja —-49")"' = So pindq" (14.144) 
n=1 n=0 
where p(n) is the number of inequivalent decompositions of 1 into positive 
integers. The first few coefficients are 1, 1,2,3,5,7, 11, 15,---. 

For more complicated representations, more than one string function will be 
required. We now see how many of them are actually needed. The complete infor- 
mation about the multiplicity of all the weights in the representation is contained 
in the set of string functions eo (q) for all @ € ge. However, since weight 
multiplicities are constant along. Weyl orbits, that is, 


oq) =0%(q) (14.145) 


it is sufficient to know the string functions for those weights in 2 that are also 
dominant. (Recall that a Wey] orbit contains exactly one element in the fundamental 
chamber.) We note further that all the weights in 82; must also be in the same 
congruence class as A (or A). The number of independent string functions required 
to fully specify the representation of highest weight i is thus equal to the number 
of integrable weights at level k that are in the same congruence class as i. Take 
for instance Su(2)2; there are three integrable weights: [2, 0], (0, 2], [1, 1]. The 
first two belong to the same class. Thus, two string functions are required for the 
module L(2,0). 

The consideration of string functions brings us naturally to the characters of the 
integrable representations. 
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14.4.1. Weyl-Kac Character Formula 


The character of an integrable highest-weight representation is defined as 


= \* mult; (i’)e" (14.146) 
NEQ; 


In terms of string functions, this is just 


cite oo, (en ye" (14.147) 


Hi max 
u EQ? 


This expression can be rewritten as 


y cash e(w)ew+?) 


Yew Ome"? ve 


ch; = 
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a formula known as the Weyl-Kac character formula. An alternate expression of 
the character is 


epee 
ch; = 


— 8 Tlasg(l — es) m@ (14.149) 


Since the character for the representation of highest weight A} = 0 is 1, there 
follows the famous Macdonald-Weyl denominator identity 


Ss e(w)e”? = e? [I 1 —e7 #7) (14.150) 


weW a>0 


which is the root of many combinatorial formulae. For instance, applying it to 
su(2), 


[e.¢) 

| [a =x Sy NG =a ly) = xe Oe amie’ aii (14.151) 

n=1 neZ 
with x = e~® and y = e-“'. Upon specialization, it reduces to various classical 
partition identities, including the Jacobi triple-product identity (cf. Exs. 14.7 and 
14.8). 

In terms of summations over the full affine Wey] group, the character formula 
(14.148) is not very useful. A more convenient expression is obtained by taking 
advantage of the semidirect product structure of the affine Weyl group, which 
allows factorization of a summation over the finite Weyl group: 


pS. «(we = oS e(w) 3S eleva Se e(w) ae ellav A (14.152) 


wew wew a’ €QY wew a’ €QV 
In the last equality, we have used the identity 
w(tay) = (twav w (14.153) 


and the invariance of the coroot lattice under the action of the finite Weyl group. 
Next, we introduce the generalized theta function 


Oy =e RMS \™ elterdh (14.154) 


a’ EQY | 


With A = (A; k; 0) and the explicit expression (14.69) for tgv, the above expression 
can be manipulated as follows: 
@; = ~ elatka’sk;— 3 |A+ka’ |?) 
a’ €QVY 
— pkin k(aY +A/k;0; — 4 JaY +0/k|?) 

em ye i (14.155) 
a’ eQVY 
= ekio > hla —fara 


a’ €QY +A/k 
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In the second and third equality we used @p = (0; 1; 0) and a’ = (a; 0; 0), aY 
being a finite coroot. This result has been obtained for a highest weight such that 
A(Lo) = 0. But since the action of an element of the finite Weyl group cannot 
change the Lo eigenvalue, we write 


S- ewe = YD e(wyex*, (14.156) 


weW wew 


If the level of A is k, that of A + p is k + g, and the character takes the compact 
form 


m;5 ey e(W)O 543) 


ch; =e (14.157) 
i Diwew €(W)Ows 
where the quantity 172; , the modular anomaly, is defined as 
t Aye aD. a 2 2 


mi Dk+e) mw  WUk+e) 2B 


As in the finite case, it is often useful to evaluate the characters at an arbitrary 
point, denoted 


& = —2ni(¢; 1; 1) (14.159) 
We then use the notation 
ch; (&) = ch; (¢; 1; £) (14.160) 
The explicit expression of the theta function at this point is 
@;(é) = en 2mikt DE eTHIZK(aY ,£)+2(A,0)—thlaY +A/k)7} (14.161) 
a €QY 


Another widely used form for the character evaluated at a special point follows 
from expanding ¢ as 


c=) za! (14.162) 
=| 
so that 
CA A2 =e aA; (14.163) 
i=) 


Since little information is contained in the ¢ dependence of the characters, they are 
usually presented as functions of the parameters t and z = (Za, eee 


F 
ch;(z; t) = ch; (> Aa 7 (14.164) 


i! 


584 14. Affine Lie Algebras 


This expression is the same as 


x’ 
& SS a mult,@);e0 72 
n v 


where, in the second equation, we used }’ = (N';k;—n), and denoted by 
mult;(A’)|, the multiplicity of i’ at grade n. More compactly, it reads 


(14.165) 


ch; (z; t) = Tr; ee 2 2 i (14.166) 


where h/ is a Chevalley generator, whose action on |A’) yields ij. For su(2), it is 
more standard to write 2z; = Z, since in the spin basis J 0 — f/2: 


$u(2): chs; ct) = Ir, e2titlog—2niz? (14.167) 
When evaluated at ¢ = t = 0, that is for E = —271T@p, the character is said to 
be specialized: 
ch;(t) = chy(0; t; 0) = ) > d(n)q” Gee) (14.168) 
n>0 


where d(n) gives the total number of states at grade n. Another useful specialization 
iS 


£ = —2mipx (14.169) 


where x is some constant. This is called the principal specialization. By means of 
the denominator identity, the principally specialized character can be expressed in 
a product form, hence its usefulness. 

Expression (14.157) makes natural the introduction of the normalized characters 
defined as 


e(w)®, >, - 
x; =e" ch; = Zwew WO wiir9) (14.170) 
Ret e(W)O,.5 
The specialized form of x; is 
xi(q) = 9" Trg” (14.171) 


From now on we will mostly use the normalized characters, and the epithet 
normalized will frequently be omitted. 
Extending the validity of the formula (14.170) to arbitrary weights (i.e., not 
necessarily dominant ones), and using the relation 
w-A+tp=wi+ p) (14.172) 
leads directly to 


a) x5 (14.173) 
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This simple formula will be used extensively. It has the following remarkable 
implication: if a weight A is fixed under the action of an odd element of the Weyl 
group, which means that there is aw € W with e(w) = —1 such thatA =w-), 
then; — 0: 


14.4.2. The su(2);, Characters 


The character of the s%(2), integrable module L; is 


@lk+2) _ @*+2) 


(k) _ ay —A,-1 
— seta Se 14.174) 
a (2) (2) ( 
0; a (2 ba | 
with the notation 
i A 
ie =X; and oe =O; (a=[k-A1,41]) (14.175) 


Although it is not manifest, the specialized form of this character is indeterminate. 
Indeed, consider the ene Gupression (14.161) for the su(2), theta function 
evaluated at BS where aY = na and C= == With 2a); 


= 2. 
OW (¢; t: t) -_ 2nikt S e2nikm e Qniknz 
né€Z+h,/2k 


(14.176) 
—2zikt 2 e2milknz+ 3d12—kn?x—nd t-Aj 14k] 


=e 
neZ 
For z = 0 andt = 0, changing the sign of A, affects only the sign of the exponent 
of e?*r4it- however, this is irrelevant given that 1 is summed over all integers. 
Therefore, both the numerator and the denominator of the specialized character 
vanish. The specialized form of Eq. (14.174) must be obtained in a limit process, 
with z — 0. We find 


= ela a 1 + 2ntk + 2)Je27itlA1 +142(k+2)n}"/4{k+2) 
n 


(k) 
ht) = Ynegll + 4nje2rl+4nr/8 (14.177) 
ne 
In terms of q, it reads: 
, 1 Da fe awed nr, +14+(k42)n] 
x@ = giritipiatia2y—} Lineal + 14 2n(k + 2)]q (14.178) 


Denezll ait 4njqnt!+2n) 


where the prefactor is recognized as being q’”". 
The first few terms of the simple case k = A; = 1 are: 


xi? s(Q2 =Aq eq 10g te) 


=q 3 (2 — 4q + 8q° — 10g* +---)(1 + 3q + 9q? + 2297 +--+) 


=q (2 + 2g + 697 + 84° +--+) 
(14.179) 
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The su(2) irreducible content of the module Lio,1) for the first four grades is: 
(1), (1), 3) @ (1), (3)  2(1), so that the number of states at these different grades 
is indeed 2, 2, 6, and 8. = 

We note finally that by means of the Jacobi identity 


fog? = D> (-1)"(2n + gn? (14.180) 


neZ, 


the su(2), characters can be written somewhat more compactly. First, we express 
the above sum with even and odd terms separated: 


[p(g@)P = D0 + 4n)grr*? (14.181) 


neZ 


Then, by using the relation between the Dedekind and the Euler functions 


n(q) = 42 9(q) (14.182) 


(Ay +1)?/4(k42) 
- ane = Slr $1 $ 2nlk + 2)iq’"tEHnT (14.183) 
Inger <& 


14.4.3. Characters of Heisenberg Algebra Modules 


To finalize the presentation of the affine algebra characters, we consider the u(1) 
case, also called the Heisenberg algebra. The module of the Heisenberg algebra is 
simply the usual Fock space of a free boson (cf. Sect. 6.3.3). The highest-weight 
state of the Fock space is |£; {0}) for any fixed eigenvalue @ of the operator ap. It 
is annihilated by all raising operators a@,,,9. Such modules are always irreducible, 
and states are of the form 


a™a™, ---\é; {0}) x |€;m1,n2,+-+) (14.184) 


As for affine simple Lie algebras, the differentiation operator Lo is included in the 
Cartan subalgebra of the affine extension of u(1). The Lo eigenvalue of a state in 
the Fock space is simply the sum of all occupation numbers n;.!° The number of 
states at a fixed grade mm is thus given by the number of partitions of 172 (written 
p(m)) into positive integers, the occupation numbers ;. The specialized character 
of the Heisenberg module is thus equal to the inverse of the Euler function: 


chay(q) = > ping” = oq) (14.185) 


n=0) 


9 A field-theoretical proof of the Jacobi identity is presented in App. 10.A, and the Lie-algebraic 
proof is sketched in Ex. 14.7. 

'© This is due to the convention that sets the Lo eigenvalue equal to zero for the highest state. In a 
field-theory context, this eigenvalue will be shifted by a factor €7/2. 
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We note that Eq. (14.185) is equal to the string function othe (q); this equivalence 
will be explained in Sect. 15.6.2. 


With r copies of Eq. (14.14), we construct an r-fold Heisenberg algebra, with 
the defining commutation relations 
[4,4] = 18n+m08,j LF = Vor (14.186) 


The restricted character for the module of a r-fold Heisenberg algebra is 
chav (g) = (cha (@)¥ = oq)" = > p-(n)q" (14.187) 
n=0 


where p,(172) is the number of ways of separating m into positive integers of “r 
colors.” This character is the same as the string function for the weight @po in the 
basic module of all simply-laced algebras of rank r. 


14.4.4. The “7(1) Characters Associated with the Free Boson 
on a Circle of Rational Square Radius 


A complete discussion of “(1) characters requires a brief field-theoretical digres- 
sion. A “(1) current algebra is simply the commutation relations for the modes of 
a free boson. However, if the boson is compactified on a circle of radius R, possible 
windings must be taken into account (cf. Sect. 10.4.1). The corresponding partition 
function has already been evaluated in Eq. (10.62). Writing it in the form 


2 iar) (14.188) 


nvm 


we can extract the chiral character x, (q) as 


Xnm(q) = ON la (14.189) 
This is a simple “(1) character, related to that of the previous section by 
Qa ag) (14.190) 
with 
hin = SR + mR/2)* (14.191) 


The extra power of g has to be equal to the modular anomaly for xX, to be a 
genuine affine normalized character. This is indeed the case, as indicated at the 
end of this section. 

It turns out that when R? is rational, say"! 


R= [2P" (14.192) 
p 


11 Due to the R < 2/R duality, this form is not restrictive: The case R = ,/p’/q’ with p’ odd is 
transformed to 2/R = ,/4q'/p’. 
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this infinite number of z(1) characters can be reorganized into a finite number of 
generalized characters (cf. also Ex. 10.21). With Eq. (14.192), the character reads: 


1 


- Care (14.193) 
Xn m(Q) a Se ie 
. nq) 


Introducing then the new integers 


n=2p'n'+r O<r<2p'-!1 neZ 


(14.194) 
m=2pm'+s O<s<2p-1 meZ 
and setting 
u=n'+m eZ 14.195) 
€=prt+ps €Z : 
so that 0 < £ < 4pp’ — p — p’, we find 
Xeu(q) = ayer (14.196) 
The announced reorganization is obtained by summing over u: 2 
= a Sgr cette? | (14.197) 
ueZ | 
The range of £ can be further restricted to 0 < £ < 2pp’, or equivalently 
—pp'+1<t<pp’ (14.198) 
since 
Xe+2pp'(q) = xe(q) (14.199) 


These generalized characters are no longer simple (1) characters. The latter 
have been rearranged in terms of an extended algebra. This extended algebra is 
generated by the (1) current idy, whose modes yield the Heisenberg algebra, 
together with some extra currents. These currents are necessarily vertex operators 
of the form e!“?, since these are the only available operators in a free-boson theory. 
Simple conditions fix the value of a. At first, these operators must be well defined 
when ¢ is replaced by g + 27R; this forces aR € Z. Moreover, the currents 
generating an extended algebra are required to have integer conformal dimension: 
\a|*/2 € Z. Finally, the dimension of these currents must be symmetric in p,p’ in 
order to respect the duality R <> 2/R, which amounts to the interchange p <= p’. 


Looking for the lowest nonzero dimensional solution of these requirements, we 
find 


a = +/2pp' (14.200) 


'2 The resulting characters are exactly the functions K, introduced in Eq. (10.109), with A replaced 
by @. 
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Hence, the generators of the extended algebras are 


idp =o and [+ =et!v7P'v (14.201) 


(For p = p’ = 1, this extended algebra is simply st1(2),, as shown in Sect. 15.6). 
The primary fields of the extended theory are those vertex operators e'”” whose 
operator product expansions with the generators are local. In other words, they 
must have trivial monodromy with the currents. This fixes y to be 


£ 
ne ee LEZ (14.202) 
2pp 
Their conformal dimension is 
e2 
he = gs (14.203) 
4pp 


For primary fields, the range of & must be restricted to Eq. (14.198) since a shift of 


€ by 2pp’ in eV???’ amounts to an insertion of the ladder operator P+, which 
thereby produces a descendant field. 

From the point of view of the extended conformal field theory, the characters are 
easily derived. A factor q’~'/24/n(q)—since the central charge is unity—takes care 
of the action of the free boson generators. To account for the effect of the distinct 
multiple applications of the generators [*, which yield shifts of the momentum £ 
by integer multiples of 2pp’, we must replace € by 2 + m2pp’ and sum over m. 
The net result is 


Ss gen E+ mpP » 
ia meZ 


pp'(m+t/2pp'y? 
=a) rae 


meZ 


x'"™|) = 
(14.204) 


This is exactly Eq. (14.197). 

In the following, the extended “(1) theory defined on a rational square radius 

= ,/2p’/p will be denoted by “(1)pp’. For an ordinary “(1) theory, there is no 
notion of level. 

We now reinterpret the extended chiral structure in a Lie-algebraic language. 
The action of [+ on e'” amounts to adding a “simple root” @ = ,/2pp’ to the 
weight y. There is thus a natural root lattice: 


=/z2pp' Z (14.205) 
whose dual is the weight lattice: 
P=F2pp' (14.206) 


The ratio P/Q = Z/2pp’ shows that there are 2pp’ congruence classes, which can 
be labeled by an integer £ restricted by Eq. (14.198). To £, we can associate the state 
|£; {0}), which is a highest-weight state with respect to the Heisenberg algebra. 
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The full representation is obtained by adding all positive and negative roots and 
taking into account all distinct actions of the @,,<9’s. _ 

There is still another Lie-algebraic approach to the construction of the U(1 )pp’ 
characters, this time rooted in a Su(2), framework. When positive, € can be viewed 
as the finite Dynkin label of an integrable si(2),, weight. This suggests evaluating 
the character ch? ” from the SU(2)pp» character ch;, by ignoring the finite roots 
and their corresponding Wey] reflections. Equation (14.156) with op = Oandw = 1 
as the only finite Weyl contribution gives 


S> ewe” =e" @; (14.207) 


weW 


For the denominator, we use the product form (14.150), with p = 0 and@ = nd: 


7.10 ef (Pe) (14.208) 
a>0 
When evaluated at = —2zi(za; tT; 0), this becomes g(q), and the full character 
iS 


quo ler" 
g(q) 


where @?(z; T) is oc; t; t) defined in Eq. (14.176), with k = pp’, A; = &, 
Gs anti) 

In the present context, the evaluation of the modular anomaly 71; = mm; looks 
ambiguous. By using a relation to be derived later (Eq. (15.122), with pp’ playing 
the role of k), we can show m, to be 


ch???(z; q) = 


of? (z; x) (14.209) 


ne= a (14.210) 
‘App’ 24 
The normalized character thus reads 
PP’). 1 
xe (gq) = — O/?''G; 2) 14.211 
£ q n( q) if ( ) 
This expression holds for £ negative as well. At z = 0, it takes the simple form 
, 1 ' 
RG) = i.) (14.212) 
4) meZ+U2pp! 


This is again the same as Eq. (14.197). 

This equivalence relies on the fact that the modular anomaly is simply h —c/24. 
As already mentioned, this links the nonnormalized u(1) characters derived in the 
previous section to the normalized (1) characters written at the beginning of the 
present section. However, to understand this relation, we must be able to associate 
a conformal dimension to the highest weight of an integrable representation of an 
affine algebra. This will be done in the following chapter. 
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§14.5. Modular Transformations 


The action of the modular group 


at+b 
ctt+d 


GC —> 


(14.213) 


on the weight (¢; 1; t) is defined as 
_ ¢  attb cig? 
(3 t;t) > (5 aett+ yes) (14.214) 


The modular transformation properties of the characters x; are derived in 
App. 14.B. They take the form 


mGst+io= >) Ke, xls it) 
ePe 
xy (Git; — Wt; t+ |g7/20) = D> Sia xa; 32) 
fePy, 


(14.215) 


Even before looking at the explicit expressions for the matrices J and S, the cru- 
cial observation we should make from these transformation properties is that the 
characters of dominant highest-weight representations at some fixed level k trans- 
form into each other under the action of the modular group, that is, the summation 
on the r.h.s. is restricted to weights in P<. This fact turns out to be at the core of 
modular covariance in (unitary) rational conformal field theories. 

The matrix 7 is given by 


(14.216) 


showing that the transformation t — t + | induces only a phase change. The 
matrix S reads 


Si, _ i!4+'|P/IQY |~2(k aeaene = e(w)e27wO+o).u+oitk+g) (14.217) 
wew 


where P/Q” stands for the set of lattice points of P lying in an elementary cell 
of QY; |P/QY| is the number of points in this set (e.g., for su(2), it is 2 since 
a = da, = 2w)). This number is easily calculated from the determinant of the 
matrix whose rows are the Dynkin labels of the coroots (cf. Eqs. (14.296)—(14.319) 
in App. 14.B): 


|P/QY | = det (a;’, a”) = det [(a;);] (14.218) 
For simply-laced algebras, this is the determinant of the Cartan matrix: 
(P/QY| = |P/Q| = det A; (simply-laced) (14.219) 


As before, | A.,| is the number of positive roots in the finite Lie algebra g. 
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Both matrices are unitary: 


jie le si=zsi (14.220) 


For the J matrix, this is obvious. For S, it follows from the unitarity of the S 
matrices of theta functions, a verification that is left as an exercise (cf. Ex. 14.13). 

Some simple examples of modular S matrices are presented next. For Su(2),, 
since |A,.| = 1, |P/QY| = 2, g = 2, and |w |? = 5, the S matrix becomes 


2 ee 1 
Si, = Fen ain pee [un = 


(k + 2) 
(14.221) 
On the other hand, the S matrix for s1(3), is 
a . 
S=—]|]1 x # K = e?m3 (14.222) 


where the fields are ordered as [1, 0, 0], [0, 1, 0], [0, 0, 1]. 

It should be stressed that these are the normalized characters that transform 
covariantly with respect to modular transformations. The string functions can be 
made modular covariant by a simple rescaling. These normalized string functions 
are defined as follows: 


+ 


cng) =a" oq) (14.223) 
—j 
where 771;({1) is the relative modular anomaly, 
m:(f) =m; — lel? (14.224) 
rt Xr 2k 


with mm; defined in Eq. (14.158). The various cq) with 1, i € PX transform 
into themselves under modular transformations. 


§14.6. Properties of the Modular S Matrix 
14.6.1. The S Matrix and the Charge Conjugation Matrix 


From the explicit form of the modular transformation S, we see that S? ¥ 1. 
Indeed, under two successive transformations tT —> —1/t, 


=] 2 
(t: 7 ee: —— ae 
T 18 


2T 
2 Searels (14.225) 
SC eh = + 3D 


=(O2: 1) 
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Evaluating x; at —2mi(—¢; 1; 1f) yields the same result as evaluating Xi» at 
—2ni(C; t; t): 

peat; i (C orf) (14.226) 


This can be seen from the expression (14.170): the minus sign in front of ¢ can be 
absorbed in a redefinition of the summation variable w — —wwp, so that 


w-A = (—two)-A = W-(—wo) A= w- i (14.227) 


This produces an extra phase €(wo) in both the numerator and the denominator, 
which cancels out. This shows that S? is indeed the charge conjugation matrix (cf. 


Eq. (10.206)) 
mre 
with 
Cx; = Xpe (14.229) 
This is simply illustrated with the s%(3), S matrix (14.222): 
1 O50 
S=|0 0 1 (14.230) 
it 


On S, the action of C is simply the usual complex conjugation: 


S=cs =SC (14.231) 
which is equivalent to 
SO Oh (14.232) 
An alternative direct check of the above relation is obtained by comparing 
Si, = (—i)l4+IC a e(w)e2iwAte) ut plk+8) (14.233) 
weW 
with 
Shug — jl4+l¢ a €(w)e 278+), ut oilk+a) (14.234) 
weWw 
where C is some real constant. With A* = —w - A, the change of the summation 


variable from w to ww yields a residual factor (wo). This factor is simply equal 
to (—1)!4+! (see App. 14.A), exactly what is needed to change (—i)!*+! into gael 


14.6.2. The S Matrix and the Asymptotic Form of 
Characters 
For restricted characters, the second part of Eq. (14.215) reduces to: 


x(-U) = SO Sia xa (14.235) 
fePe 
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which can also be written as 
eo > Sat) (14.236) 
jePS 
In this latter form, consider the limit t > i0*: 
Jim, xa(-1/t) = e~ 2nims!) dim |u| + O(e?”"")) (14.237) 
The dominant term in the sum (14.236) comes from the contribution of the repre- 


sentation with lowest modular anomaly, namely (2 = kao, whose representation 
contains only one term at grade zero. This yields 


lim, x;(t) = Sion | (14.238) 


where the parameter c is given by: 


(14.239) 


(for the second equality, we used the strange formula (13.179)). 

Equation (14.238) shows that the matrix element S;, is a real positive number 
(cf. the argument leading to Eq. (10.213)). That S;, is real is actually a simple 
consequence of Eq. (14.232) and the fact that the vacuum representation is self- 
conjugate. It can also be seen as follows. From Eq. (14.217), Sz, is seen to be 
proportional to the sum over the finite Weyl group of e(w)e"”, evaluated at the 
point &,: 


& = 


me 5 (14.240) 


This sum can be rewritten in product form by means of the Wey] denominator 
formula (13.165) (where D, is defined in Eq. (13.164)): 


Sig = |PIOY i(k +8)? T] 2 sin (a) rena 
aceA, at 


All factors of i have disappeared, as expected. Furthermore, for any positive root 
a, and A an integrable weight, we have 


O0<(@a,At+p)<k+g (14.242) 
which shows that 
Sig >U (14.243) 


Actually, the following, stronger result is also a direct consequence of Eq. (14.241): 


Sig 2 Soo > 0 | (14.244) 


We note that the 0-th row of S is the only positive one. 
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14.6.3. The S Matrix and Finite Characters 

By comparing the ratio 
©) — Ss _ Cavey elements i 
i SA ee e(w)e~27i(o+e,wevlk+g) F 


with the finite character formula for the g representation of highest weight v 
evaluated at ¢ 


= 14.246 
x(0) oy ewer ( ) 
we conclude that 
Vo? = xr(éo) (14.247) 


where the character is evaluated at the special point &, defined in Eq. (14.240). 
In due course, we will extract important consequences from this remarkable 
relationship. 


14.6.4. Outer Automorphisms and the Modular S Matrix 


We now evaluate the action of the outer-automorphism group on the S matrix. This 
will bring new light on the isomorphism between the center of the group B(G) and 
the outer-automorphism group O(g). 

We consider then the action of A € O(g) on the modular matrix S 


= 2 —27i(wA(A+p),u+p(k+g) 
AS; 5 = Sais 4 SS e(w)e sh PUETP 8 
wew 


o e(w)e 27k +e)wAdotwwalatp), m+ o(k+E) (sae) 
wew 

In the first step, we use the invariance of p under the action of A, so that 
Aik+p=A(A+ p) (14.249) 
We then apply the formula (14.98), with A replaced by A +p (whose level is k +g): 
A(h + p) = (k +g)(A — 1) + wah + A) (14.250) 

Since, from Eq. (14.114), 

(WAQ@, UW + p) = (A@o, wu + p) mod Z (14.251) 


the first exponential factor can be put outside the sum. Then, we let w = wwa, 
with 

e(w) = e(wwa) = €(w)e(wa) (14.252) 
and sum over w, to obtain 

AS}, = €(Wa)S; 6° APH) (14.253) 
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Recall that the signature of w, can be written explicitly as 
A Cie Ue (14.254) 


(cf. Eq. (14.100)), so that 


AS = Oe | (14.255) 


The remaining phase factor is exactly the eigenvalue b, the element of the center 
associated with A (cf. Sect. 14.2.3 and in particular Eq. (14.117)) on pu, the second 
label of the modular S matrix. In a matrix notation, we can thus write 


AS = Sb (14.256) 


S'TAS =b | (14.257) 


This shows that the outer-automorphism group O(g) and the center B(G) are not 
only isomorphic, they are also exactly S duals of each other! This key relation will 
be the cornerstone of a general method for the construction of modular-invariant 
partition functions in conformal field theories with Lie group symmetry. 


or, equivalently, 


§14.7. Affine Embeddings 
14.7.1. Level of the Embedded Algebra 


We consider an embedding of semisimple Lie algebras p C g. Since the generators 
of the Lie algebra p are linear combinations of those of g, this finite Lie algebra 
embedding has an affine extension of the form p; C g,. What has to be determined 


is the exact relationship between the levels k andk, which amounts to a comparison 
of normalizations in two different algebras. Hence, the first step is to reinsert the 
appropriate factors of |6| in the commutation relation (14.5). Recall that the level 
is obtained from the scalar product of d with 6 (see Eq. (14.55)), and that all 
scalar products have been normalized in terms of |6|? = 2. If we avoid fixing the 
normalization, we must write 


/ 19)? 
k=k ae (14.258) 
where now k’ is called the level. It is still an integer given by 
fs 
k=) ayn; eZ, (14.259) 
i=0 


With this modification, the commutator (14.5) takes the form 


"4 : , (6) 
3; 52) = if eek nba Bono (14.260) 
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We denote the p generators by J” (in an orthonormal basis), with a’! = 
1,---,dim p. They are generically related to the g generators through a linear 
combination of the form 


Go) Mal (14.261) 


Orthonormality with respect to the Killing form forces 


2 Ma'aMbia = Sa'b’ (14.262) 


These expressions together with Eq. (14.260) give the p commutation relations. The 
coefficient of the central term remains unaffected (now proportional to dq: 6'5n+1,0)- 
This coefficient can be expressed in terms of #, the highest root of p: 

plOP _ lO? 1a? _ 7,18? 


ee 


—— 14. 
5 2 oP 5) (14.263) 


In other words, the level k of the embedded affine algebra p is related to that of & 
by the simple relation 


- lal? 
ap 


Of course, in order to compare the length of the two roots, we should project the 
g root onto the p algebra. The ratio |P6|”/|1|* is simply the embedding index x, 


defined in Eq. (13.250): 
k = kx | (14.265) 


Clearly, x. > 1, which implies that k > k. (Note also that x, is always an integer, 
which is made manifest by Eq. (13.251).) 


(14.264) 


14.7.2. Affine Branching Rules 


The next point of interest is the calculation of affine branching rules, that is, the 
coefficients b; , in the decomposition 


tee D>; ; La (14.266) 
7 


In principle, this calculation is straightforward but tedious. We decompose grade 
by grade the module L; into irreducible representations of p and then reorganize 
the results into a direct sum of affine p modules L;. A few simple examples will 
clarify the procedure. 

Consider first the decomposition of the s7(3), module L,),9.0) into the su(2), 
modules Lj;,0) and Ljo,1). (This is the affine extension of the regular embedding 
su(2) C su(3) with x, = 1.) The first step is the construction of the modules 
under consideration. The result is presented in Tables 14.3 and 14.4, for the first five 
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grades. The third column of Table 14.3 gives the appropriate grade-by-grade su(2) 
decomposition of the irreducible su(3) representations of the module Lj; 0,0). These 
states should then be reorganized in terms of the two integrable su(2), modules 
Ly1,0; and Lo,1;. To proceed, it is convenient to express a module decomposition 
into irreducible representations of the corresponding finite Lie algebra: 


k= doa"? Dh» (14.267) 
where q is a parameter keeping track of the grade and the L,in’s denote the 
irreducible representations of g at grade n. For instance, 

[1, 0, 0] = (0,0) +g (1, 1) +.q” (20, 1) ® (0,0)] + --- (14.268) 
Hence, for the embedding under consideration, 
[1, 0,0] + (0) +g [(2) ® 2(1) @ (0)] +g” [2(2) 6 4(1) & 3(0)] + --- (14.269) 


This has to be reexpressed in terms of the Su(2), representations [1, 0] and [0, 1]. 
Using the decomposition presented in Table 14.4, we find 


[1,0, 0] (1 +4 + 2q* + 5q° + 6q* + ---) [1,0] 


(14.270) 
® (2g + 2q? + 4q° + 6q* + ---) (0, 1] 
The branching functions are thus: 
buooyo) = +4 + 2q? + 5q° + 6q* + ---) 
a a nS (14.271) 


bi1,0,0),(0,11 =(2q + 2q* + 4q? + 69* +--+) 


These are infinite series ing, meaning that there is an infinite number of terms in the 
decomposition of Li; 0,0). This is a generic feature. However, there are exceptions, 
as the next example demonstrates. 


Table 14.3. The su(2) decomposition of each grade of the sti(3), module Lj; 0.0) for 
the two embeddings su(2) C su(3). 


L11,0,0) module s1zi(2) decomposition 
Grade su(3) content : | it 
0 (0, 0) (0) (0) 
1 (1a) (2)6211)@(0) =(4)@(2) 
Je 2(1, 1) @ (0,0) 2(2)  4(1) @ 3(0)--2(4) @ 2(2) @ (0) 
3 (3,0) @ (0, 3) 2(3) @ 5(2) 2(6) @ 3(4) 
©3(1, 1) @ 2(0, 0) @8(1) @ 7(0) ®5(2) ® 2(0) 
4 (2,2) 6 (3,0) 6 (0,3) (4)64(3)@11(2) (8) 6 3(6) 6 8(4) 


6(1, 1)  3(0, 0) @16(1) ® 12(0) ©8(2) ® 4(0) 
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Table 14.4. The su(2) irreducible representations 
of the first five grades in the two integrable 
§u(2); modules. 


Grade Lio) Lio.) 

0 (0) (1) 

l (2) (1) 

2 (2) 6 (0) (3) @ (1) 

g 2(2) & (0) (3) 6 2(1) 
4 (4) @ 2(2) 6 2(0)  2(3) 6 3(1) 


Consider now the affine extension of the special embedding su(2) C su(3) 
(for which x, = 4) at level 1, that is, the affine embedding su(2)4 C Su(3)). 
We again concentrate our attention on the module L,; 90). The appropriate su(2) 
decomposition at the first five grades is given by the fourth column of Table 14.3. 
Since the corresponding finite embedding is really an embedding of so(3) into 
su(3), all su(3) weights are projected onto su(2) weights with even finite Dynkin 
labels. Hence, only the modules Lj4,0), Lio,4}, and Ly2,2) are relevant in the decom- 
position of Li1,0,0). Their su(2) decomposition is presented in Table (14.5). Quite 
remarkably, we find that 


[1,0,0] +> [4,0] @ g[0, 4] (14.272) 


so that the two branching functions contain a single term. A similar analysis with 
the other integrable modules su(3); Lyo,1,0; and Lyoo,1) yields 


{0, 1,0] > [2,2], [0,0, 1] +> [2,2] (14.273) 


This finite reducibility is particular to the level-1 decomposition of the s1(3) 
modules: for all k > 1, the branching functions for su(2)4 C Su(3), contain an 
infinite number of terms. The precise conditions under which finite reducibility is 
possible will be presented in Sect. 17.5. 


14.7.3. Branching of Outer Automorphism Groups 


The construction of conformal field theories in terms of affine Lie algebra embed- 
dings will raise a tricky issue concerning the precise determination of the physical 
spectra. To address this technicality, we need to know how group centers branch. 

To an element b € B(G), there corresponds an element b in the center of the 
group of p if, for any d € &, the eigenvalue of b on A equals the eigenvalue of b 
on the projection of A onto a p weight. This relation is noted as follows: 


bit bPi, Vieg (14.274) 
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Table 14.5. szs(2) irreducible representations of each grade for the three 
integrable su(2)4 modules with even finite Dynkin labels. 


Grade = Lyja0y Li0,4) Li2,2) 

0 (0) (4) (2) 

1 (2) (4) @ (2) (4) @ (2) @ (0) 

2 (4) @ (2) (6) @ 2(4) (6) © 2(4) 
@(0) @2(2) @ (0) ©3(2) ® (0) 

3 (6) @ (4) 2(6) @ 4(4) 2(6) © 5(4) 
©3(2) & (0) @4(2) @ (0) ®5(2) @ 3(0) 

4 (8) (6) 6 4(4) (8) 6 4(6) 6 8(4) (8) 6 5(6) 6 9(4) 


@4(2) @ 3(0) @7(2) @ 3(0) @11(2) @ 4(0) 


This implies 
Pohi=bPi, Vices (14.275) 

or, more compactly, 
Pb =bP (14.276) 


Let A (resp. A) be the element of O(&) (resp. O(p)) related to b (resp. b) through 
the eigenvalue equation 


ba. = Je2MiAao,a) 
BPR = PierriAen.Pr) (14.277) 


These eigenvalues are equal if and only if 
(Ad@o,A)=(A@,PA) modl Vieg (14.278) 


This correspondence between elements of O(g) and O(p) will be written under 
either the form 


AwA or PA=AP (14.279) 


We note that such relations are level independent. From the center point of view, 
they characterize the finite embeddings as well as their affine extensions. 

We look again at our familiar su(2) C su(3) embeddings. For su(3), A can be 
either 1,a, ora’, and 


a es 1 1 
(@,A) =0 (aa, A) = race) +2A2) (a?@po, 4) = 3A +2) (14.280) 
In the regular embedding (x, = 1), Paya = (A; +A2)@), and 


. a 1 
(@9,Paya)=0 (Gao, Paya) = 5 (a1 + Aa) (14.281) 
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since for su(2) Acan be 1 or @. The comparison of these results shows the nonex- 
istence of relations between O(su(2)) and O(su(3)) for the regular embedding, 
besides 1 +> 1. However, for the special embedding, Paya = 2(A, + Az)a so 
that 

(Gao, Prayd) =A; +A, =0mod 1 (14.282) 


which reveals a nontrivial branching 1 +> a@.'3 
There may exist more than one nontrivial relation, as the following diagonal 
embedding example shows. A diagonal embedding is of the form 


Bein C&O & (14.283) 


Here, the pair of weights A, 1 of & ®£,. is projected onto the weight A+ {i of Brak 
It is then easily checked that to any element A of O() corresponds the element 
A @A of O(g © 8), because in that case Eq. (14.278) becomes 


(A@p, A) + (Ado, 1) = (A@p, A + 1) (14.284) 


If O(g) has order N, this produces N — 1 nontrivial relations. 


Appendix 14.A. A Technical Identity 


In this appendix, we show that the signature of w4, the element of the Weyl group 
associated with the outer automorphism A through Eq. (14.98), is 


e(wa) = em A20r) — e-mieAanl? (14.285) 


We recall that w, = w;wWo, where wo is the longest element of W, w; is the longest 
element of W(;), andi is such that A@p = @;. The signature of wy is thus 


e(wa) = (-1) (=) (14.286) 
where £(w) stands for the length of w. It is clear that 
£(wo) = [A4| (14.287) 


where |A¥| is the number of positive roots. Indeed, the weight space is divided 
into 2|A,| chambers. The chamber that is the farthest from the fundamental one 
is associated with wo, which is thus an element of length | A, |. Similarly, €(w;) = 
WNe |, where ws? is the set of positive roots generated by all simple roots except 
Q;: 


A® = {a € A,| (a, a;) = 0} (14.288) 


'3 Since the full symmetry group of st(3) is the dihedral group D3 (generated by charge conjugation 
and the outer automorphism group), we found that D3 +» Z2. The Z2 part of D3 that survives the pro- 
jection must be the charge conjugation, so that * +> a (where the star indicates the charge conjugation 
operation); in the present case, this cannot be distinguished from 1 > @. 
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The roots of A, not belonging to A“ necessarily satisfy (a, wj) = 1 sincea; = ei? 
We can thus write 
[A?| =|A41— So (ei) 
no 
=|A,|— yy (a, «;) (14.289) 
aweA, 
=|A,| _ 2(p, «@) 


In the second equality we removed out the constraint (a, w;) = 1 since it does not 
affect the sum, and in the last step we used the definition of the Weyl vector as the 
half sum of positive roots. With @; = A@o, this verifies the first part of Eq. (14.285). 
Consider now Eq. (14.98) with A = ~ = )-)_» @;. Using the invariance of p under 
A, we find 


p —wap = g(A — 1)@ (14.290) 
Taking the scalar product of both sides with A@p yields 
(0 — wap, Ad) = gl|A@p|" (14.291) 


(We recall that in the scalar product of an affine weight with a finite one, only 
the finite part of the former weight contributes.) Another property of ¢ is that it is 
self-conjugate: 


p" = —Wop = p (14.292) 


so that p—wap = p+w7p. But since w; involves reflections with respect to roots 
orthogonal to w;, (w;p, @;) = (p, w;), and finally 


2(p, Ado) = g|Aao|* (14.293) 
completing the proof of Eq. (14.285). 


Appendix 14.B. Modular Transformation Properties of 
Affine Characters 


We recall that ad-dimensional Euclidian lattice I is defined in terms of some basis 
{e;} of R? as 


d 
r= bs niei\n; € at (14.294) 
i=] 


14 . . . . . . 
The mark associated with the i-th simple root is necessarily 1 because a; is related to the zeroth 
root by an outer automorphism. a; = 1 prevents 2a; + something from being a root (otherwise 6, 


whose expansion coefficient on a; is a; = 1, would not be the highest root), which justifies the above 
claim. 
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Its unit cell To is 
d 
Mo = [Yrxe0 <x; < i (14.295) 


=I 


so that the intersection 9 MT contains a single point, the origin. The volume of 


the cell is 
vol(T’) = ,/detg;; (14.296) 


(it is standard to not write the subindex zero in the volume) where the metric Gij IS 
naturally given by 


8ij = Gi G (14.297) 

The dual lattice [’* is similarly defined, in terms of the dual basis {e;}: 
6-6 = 3j (14.298) 

The volume of the unit cell of the dual lattice is related to that of T by 
vol(I*) = [vol(T)]}“! (14.299) 


The main tool in the analysis of modular properties of functions defined by a 
summation over a lattice is the Poisson resummation formula: 


1 zs 
2 fa) = Fer) dF) (14.300) 
where f (p) is the Fourier transform of f(x): 
ne) = i axe? f(x) (14.301) 
To prove this relation, we introduce the auxiliary function 
F@) =) fx +2) (14.302) 
xer 


This is manifestly a periodic function of z, which can thus be Fourier expanded as 


i@= > 6a) (14.303) 
pel* 
with 
L waa 2niy-p 
Fe) = or F(y) (14.304) 


We note that the range of integration is restricted to ['9, the fundamental period 
of F(z). Substituting Eq. (14.302) into Eq. (14.304) and feeding back the result in 
Eq. (14.303) yields 

—2ziz-p 


(2 stiy: 
F@) = woh) Jr, dy efx +y) (14.305) 


pelr* xeT 
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The integration over [9 combined with the summation over all lattice points 
produces an integration over the whole space Re 


[ Oo aad | ai ie iL dee f(x) =f @) (14.306) 


xer 


Here we used the fact thatx-p € Z to replace y-p by (x + y) -p in the exponential 
factor. Thus, 


_ 1 —2niz-pf 
Date +2= vonth) Poe” ?f (p) (14.307) 


and the desired result follows by setting z = 0. Applied to a Gaussian-like function 
of the form 


flee) = einetir¥aaiva (14.308) 
Eq. (14.307) yields 
Pp , ] Fs iz 
ao = a oy e p+a)’ (14.309) 
xe Pet 


We recall that x is a d-dimensional vector; the factor (—it)”* comes from the 
d-independent Gaussian integrals of the Fourier transform: 
+00 


d oe 
fee “ / ] [axle eit (—ir)?? (14.310) 
R —co j=] 


The use of Gaussian integrals is justified since the imaginary part of t is assumed 
to be positive. 
We are now in a position to study the modular properties of the theta function 


9, =o” (14.311) 
evaluated at E = —2mi(¢; t; t): 
ee; T; t) = e7 2nikt Ss e727ikK(aY +k,t) pinktla® +k |? (14.312) 
a’ €QY 


We consider first the S transformation: 


eS, a Ig? __ p—2mit —ink|aY +Vk+e/?/¢ 
lorries.) (14.313) 
av EQY 


The Fourier transform of the function f(a”) that follows the summation symbol is 


fp) = | dae?’ P)e- inka” akterhe 
rR 


. (14.314) 
x a iv \e-2xilP.t+Uk) eittlp Pik 


k 
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(The dimension of the Euclidian lattice is now r, the rank of g). A direct application 
of Eq. (14.309) yields 


it —2nikt 


aM, eee = t+ Be BE = (- <) om é 


ss 2 
vo) 4 ome 2ni(p,¢+A/k)+in|p|* ck (14.315) 


the weight lattice P being the dual of QY. Note that QY C Panda fortiorikQY Cc P 
for any positive integer k. This allows a separation of the summation over P into 
two parts: 


DfO= DV YS fH +wW= VY fe’ t+u) 14.316) 


peP BY ckOY peP/kQY a’ €QY peP/kQv 


In this way, the S transform of e can be reexpressed as 


—2nikt 


(k) 1g |? it ie e —2mi(2,A)/k 
ME 1+ By = (2 enn, 
ae = k) vol(QY ) ox 
(14.317) 
x 7 e~27i(@” A) g—2rik\aY +pk,£| gimkr la’ + yk)? 


a’ EQY 


Since A is an integrable weight, (w”, A) € Z and e~2*“"») = 1; the function that 
is summed over QY is then just oe (up to a multiplicative factor) evaluated at €: 


oe on eis _ttyrr ~2ni(y, AY @() t 
(= = = =) was oe (ee. 7) 


(14.318) 
The factor [vol(QY )]~! can be written as 


ee [ vol(P) ii = |P/QY|-2 (14.319) 


vol(QY) — L vol(QY) 
This is a direct consequence of Eq. (14.299). |P/Q”| is the number of points of P 


in a unit cell of QY. 
It turns out that the S matrix defined by 


am: == Py aul =)». Set) (14.320) 
pweP/kQv 


is unitary. This can be justified as follows (dropping the superscript k): 


Se = = ; 
(Soom). See INO ky ere (14321) 
a€P/kQy a€P/kQv 


The sum over o can be decomposed into different sums over roots of unity, which 
all vanish when A — pp = 0.'° In that case, the contribution of the sum is simply 


15. More precisely, the sum }~ exp(27i(u — A, 0)/k) with o € P/kQY splits into |P/kQY |/n identical 
sums over the 7 n-th roots of unity (when A — » # 0). Clearly, for w = e?7"", S™"_ | wi = 0. The 
number 17 is defined as the smallest integer such that n(yz — A, o)/k € Z for allo € PIkQY. Here is 
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the number of terms it contains, namely 


Vv Vv 
lS vol(kQ") = =k (14.322) 
sLgpen vol(P) vol(P) 
from which it follows that 
SS! =I (14.323) 
We are actually interested in the modular transformation properties of the sum: 
Fi,=>. we, (14.324) 
wew 
From Eq. (14.318) it follows that 
1T r/2 ai 
Fius(2s-- i pee a (- es ) |P/Q” | 2 DS e(w) 
. — (14.325) 
x e 2H Osage E EY (cs tr: t) 
pePi(k+g)QY 


Since uz € P, itis an integral weight. Further, it lives within a unit cell of (k+g)Q”, 
which, for convenience, is supposed to be centered on the origin of P. All yu in 
Pi(k + g)Q” satisfy (0, u) < (k +g). Notice that « = 0 does not contribute in 
Eq. (14.325) since in that case the summation over the finite Weyl group reduces 
to ew €(w) = 0. The sum over all « # O within P/(k + g)Q” can then be split 
into a sum over all jz in that part of the fundamental (finite) chamber delimited by 
(k + g)QY, plus a sum over the finite Weyl group 


Y fwW= > YS fw't op) (14.326) 


pePi(k+g)QvY hehe w'eW 


The weight v extends to integrable affine weight at level k. This yields 


c I¢|? 
F;.(—; —-;t+ 
tial C 25 Cee, 

: —2ni (w(A+p),w’(v+p)) @*ts) 

= S e(w) D e Ke) Ooty) 7 14.327 
w’ wew Gate . | | 

=K LY ewe osrowronesore, ce; 50) 
pee ae 

where 


> 


eee 


another argument: for the present purpose, jz — A can be restricted to P/kQY (because of the scalar 
product with an integrable weight); the result is thus equivalent to the orthogonality of the characters 
of the Abelian group of |P/kQY |, interpreted as a finite group under addition. 


(14.328) 
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To obtain the second equality, we set w” = (w’)~'w so that E(w) = e(w’ E(w”). 

This takes care of the modular transformation property of the numerator of the 
normalized character. For the denominator, A — 0, so that in Eq. (14.327) only 
v = O contributes: 


(alae 
oF 


(-2)"vierr! ios elwe wove Fa (¢; tt) 


wew 


] 
(5: on 
(14.329) 


Performing another S transformation yields F;(—¢; t; t), whose absolute value 
equals that of F'3(¢; 1; t). This forces 

ti 
2 ‘€(w)e~27iwe.pvig 2 


wewW 


(14.330) 


= |D,(—2niplg)| = g”?|PIQY 


where we used the notation (13.165). The phase of D,(—2zip/g) can be extracted 
as follows. From Eq. (13.165), 


D,(—2xiplg) = | [(—2%) sin(x(a, p)/g) (14.331) 


a>0 


For any positive root a, (a, p) > 0. Furthermore, since 
(a,p) <(@,p)=g-1 (14.332) 
it follows that 
0 < sin(z(a, p)/g) < 1 for a>O (14.333) 
This implies 


D,(—2nip/g) =(—i)'4+! IT] 2 sin(x(q, p)/g)| 
aS a (14.334) 
=(—i)|*+!|D,(—2ziplg)| 


and leads us to 


2 
FS; —= 30+ OL) = Ci A(e; 2:0) (14,335) 
Tait 27 
The final result is obtained from the ratio of Eqs. (14.327) and (14.335): 
Ig? 


Se! “1A4| ae -r/2 
poke 2 ate — j/4+l|py/ 2(k 
mC; ata ai |P/Q” |" 2(k +g) 


—2mi(w(At+p),v+p(k+Z) . fp. ae 
x es oo e(w)e GAG; Tid) 


beP weWw 


(14.336) 


The unitarity of this S matrix follows directly from that of S (cf. Ex. 14.13). 
For the 7 transformation, the analysis is much simpler. The replacement t > 
t + 1 in Eq. (14.312) produces the extra factor e’*!¢+*/*l’| which reduces to 
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eitiAPk because la” |? € 2Z and (a, A) € Z. Since this factor is unaffected by the 
replacement A — wa, we have 


Figg(ts bot 1; 1) elo Foe: 732) (14.337) 
and therefore 
KG 0+ ipo, C152) (14.338) 


where ™m; is given by Eq. (14.158). 


Appendix 14.C. Paths as a Basis of States 


14.C.1. Basis for the Integrable Representations of su(2); 


We now present an explicit basis for the st(2), representation of highest weight 
[1, 0]. The states are associated with the various integer-spin excitations of a semi- 
infinite spin-4 quantum Ising chain in the antiferromagnetic regime. One of the 
two possible ground states is 


)=-+-—-+—-—-+-—4+-:- (14.339) 


where + or — refer to spin up or down, respectively. We define the action of some 
generators f ‘ and é' on the semiinfinite spin chain as follows: 

f°: freezes all pairs (+ —) (in this order) and changes the rightmost (unfrozen) — 
into a +./6 

f': freezes all pairs (— +) (in this order) and changes the rightmost (unfrozen) + 
into a —. n 

In the first case, if there are no —’s left, the state is annihilated by f°. A similar 
statement applies for the action of f'. The action of the generators é° and é! 
is identical except that rightmost is replaced by leftmost and + by — (but the 
frozen pairs are the same). The freezing operation starts with adjacent pairs, but 
nonadjacent ones must also be considered. For instance, in order to calculate the 
action of f° on 


t++—-+-44+--4--- 
the pairs (+ —) must be frozen as follows 


=) = GG). 


so that only the initial + is left. | 
Applied on the highest state, the f'’s generate all the states in the representation. 
The highest state of the representation is the ground state |0) of the semiinfinite 


16 Parentheses can be fitted into each other, as illustrated below. 
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spin chain. Indeed, at grade zero this is the only state since |0) is annihilated by 
the action of f!: 


filo)=fl-+—-+-+4+-+4-- 


‘ (14.340) 
eG ew) 4) = 
The different states at grade one are 
f° 10) =f? — (+-)(4-)(4-)) =4+ 4-4 -4--- 
ff 0) =f! ++(-H C4 =t+--+- 4-5 
F'F° 10) =f! + —(-4)(-4)(- 4) =- -- + -4- 
(14.341) 


The action of f ° on the second state generates a string of three states at grade two 
PFA y= + —-+4+-4- 
APT) 4 4 4 (14.342) 
FY FFF 10) =--~+--4+-- 
The last state is annihilated by a further action of fi. ' However, there is another 
state at grade two, obtained from the action of f° on (f!)f° |0), 
AGF? 0) =--++—-4-- (14.343) 


We thus find two distinct states at grade two corresponding to the weight [1, 0], 
namely 


cS ee at AY a a (14.344) 


(The finite weight is given by twice the number of f°’s minus the number of f!’s.) 
Similarly, at grade three this weight is associated with the three different states: 


ee ae 
—-+4+-—-—+-—+4--- (14.345) 
Se ee 


The states of the other integrable representations of Su(2), are obtained by 
application of the operators f’ on the vacuum 


()=+-+-+-4--: (14.346) 


14.C.2. SU(N), Paths 


The semiinfinite spin chains provide examples of su(N), paths. Such a path is a 
sequence of positive integers taking values in the set {1,--- , N} (for su(2) replace 
— and + by 2 and 1, respectively) such that at large distances the path is a periodic 
repetition, in appropriate position, of the basic sequence N,N — 1,---, 1. These 
paths provide a basis for the integrable modules of SU(N). 
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Given a path representation for the highest state, the explicit path for the other 
states in the module can be obtained from the action of the operators f' defined as 
follows: 

f i: freezes all pairs (i + 1, i) (in this order) and changes the rightmost (unfrozen) 
iinto ai + 1. Y= 
Here i is defined modulo N, so that f° =f. 

Stripping off the ‘vacuum tail” of a path, (i.e., the repeated sequences of N,N- 
1,---, 1), leaves a finite sequence of numbers, called a word, which characterizes 
a particular state in an irreducible representation of su(N). Indeed, there is a 
one-to-one relation between a word and a semistandard tableau: the word of a 
semistandard tableau is the sequence of numbers appearing in the tableau, read 
column after column from bottom to top and from left to right. For instance, to the 
semistandard tableau 


21 3'5| 
3\4/14 
5) 
we associate the word [531414235]. On the other hand, given a word, we can 
reconstruct the corresponding semistandard tableau by the “bumping” method. We 
place the leftmost number in the upper left box of the tableau being constructed. 
For the next number we proceed as follows: If it is greater than, or equal to, the 
number already placed in the first box, it is put in the second box of the first 
row; otherwise it takes the place of the first number in the first box, the latter 
being bumped in the first box of the second row. Proceeding in this way for all 
numbers of the word and allowing bumping in every row, we easily reconstruct the 
corresponding semistandard tableau. This relation between semistandard tableaux 
and words is known as the Robinson-Schensted correspondence. The step-by-step 
reconstruction of the tableau associated with the word [3121] is thus: 


5 
—[lj = 2 


(3] [121] = 4 <p = 


Wi— 


In this way, the relation path + word — semistandard tableau for the two spin-zero 
states at grade two in the su(2), module Lj; oy is: 


1/1/2 
(2 PO lees ae pat _ e(2) 


9911219105 See OME <>: 4 E (0) 


. (14.347) 
This procedure provides a very nice way of recovering the irreducible su(N) 
content of the representation at a fixed grade. 

The path construction has a generalization for all positive levels but this will 
not be considered here. 
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Appendix 14.D. Notation for Affine Lie Algebras 


g : loop extension of g 

k : central extension 

k : level (k eigenvalue) 

&,., hy : affine Lie algebras at fixed level k 

J, : generators of the affine Lie algebra 

Es, H', (i = 1,-+-,r): generators in the Cartan-Wey] basis 

e', f', h' (i =0,---,r): generators in the affine Chevalley basis 
i, &, 0: affine weights; A = (A; Ak); \(—Lp)) where is a finite weight 
i = (@;; ay; 0), Gp = (0; 1; 0) : fundamental weights 

A = \oi-9 Ai@; = [Ao, A1,..., Ay] : affine Dynkin labels 

$2; : weight system for the representation of highest weight A 

L; : irreducible module of highest weight A 

pe : set of integrable affine weights at level k 

@ = (a; 0; n) (for a € A): real root 

5 = (0; 0; 1) : imaginary root 


>> 


a; = (a;; 0; 0), a = (—6; 0; 1) : simple roots 

A : set of affine roots 

A, : set of positive affine roots 

Ai : affine Cartan matrix 

W : affine Wey] group 

ch; , x; : character and normalized character of the module L; 
S, T : modular matrices 

C : charge conjugation matrix: C = S? 

O(g) : group of outer automorphisms 

a : generator of the outer-automorphism group (except for D2). 
A : generic element of the outer-automorphism group 

wa : element of the finite Weyl group associated with A 


Exercises 


14.1 Central extensions 

a) Prove that the central extension of a finite Lie algebra is necessarily trivial. 
b) Verify the uniqueness of the central term in Eq. (14.5). 

14.2 Translation generators 


For 5p(4) and Gy, express the translation generators tyv and fy in terms of the simple affine 
Wey] reflections So, 51,52. 
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14.3 Basic representation of Su(2), . 
Extend Fig. 14.4 up to Lp = 6 and relate together weights that are on the same Wey] orbit. 


14.4 Grade decompositions 
Find the finite Lie algebra irreducible content of the following representations at grade 1: 


a)(Gi)2: (0,1,0] 

b) (B;), : (0, 1, 0, Oj. 

14.5 Fixed points of the outer automorphisms , , g 

A fixed point of an outer automorphism A is a weight A such that AA = A. For instance, 
all s(2) weights of the form [n, 1] are fixed points of the outer-automorphism group. For 


each simple affine algebra, find the general form of all integrable weights that are fixed 
under the generating element a whose action is described in Table 14.1. 


14.6 Identity involving outer automorphisms 
Prove the identity (14.293) by a case-by-case analysis. 


14.7 Euler-Jacobi identities 

a) Check the expression (14.151), using Eqs. (14.152) and (14.69). 

b) By appropriate specialization of this identity, obtain the Jacobi triple-product identity, 
as well as 


g(q) = ME 


neZ 


[v(q@)P = >> (-1)"n a Lgrntia 


neZ, 
(respectively due to Euler and Jacobi). 


14.8 Rogers-Ramanujan-Gordon identities 

a) Evaluate Eq. (14.151) at the special point —2mit(A + £). Setting 1 = kd@p and =e" 
yields identities related to the Gordon identities (k > 3) and the Rogers-Ramanujan identity 
(k = 3). (Generalizations follow by considering aA € P* different from ka.) 


b) Show that the expression obtained in (a) is invariant under the action of the outer- 
automorphism group (i.e., under the substitution A, — k — A,). 


c) The character evaluated at the particular point —27ir/ is expressible as the ratio of the 
sum )o cw €(w)e”? evaluated once at the point —27i (A + f) and then at —2mi tp. Using 
the denominator identity, rewrite the characters for the modules L¢3.o) and Lj» 1) in a product 
form. (According to (b), these are the two independent irreducible characters for §u(2)3 in 
this particular specialization.) Compare the results with the characters of two irreducible 


representations of the Yang-Lee singularity (i.e., the Virasoro minimal model of central 


==2 
charge c = —). 


14.9 Macdonald identities for Su(2);, 
Given that the character of the representation with highest weight A = 0 atk = 0 is one: 
x10.(9) = 1 = 9 3(q) )7(1 + Ang 
neZ 
derive the following identity: 
p-l 


aS Xt2p2—1-(4}+1)p,(4+1)p-1)(Q) = je) 


j=0 
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(Hint: Set n = pm +] for some fixed positive integer p,m € Zandj =0,1,2,---,p—1.) 
If (47 + 1)p — 1 > k = 2p? — 2, we can perform a shifted Wey] reflection. Check then that 
the explicit form of this identity for the cases p = 2,3 reads: 


Xs.n(q) a Xu5)(q) =2 


X49) + X12,14(4) — x18,8)(¢) = 3 
Similar identities can be obtained for higher-rank algebras. 


14.10 Affine Kostant multiplicity formula 
The affine Kostant partition function is defined similarly as in the finite case: 


[] (i — e%)—mult(@) = YK (fie! 
@eAy B 


a) Show that for $11(2) it reads 


R (roar + men) = (1)! ps((k + Imo — ken — SRK +1) 


k>0 


where p3(7) is defined by }°.) p3()q” = [p(q)1?. 
b) Derive the affine form of the Kostant multiplicity formula and use it to calculate 
mult(0; 1; —2) in the module Lj; 9). 


14.11 String functions 
The three independent su(2). normalized string functions are 
C1 = Cy @) =F (1 +g + 39” + 5q? + 1094 +---) 
C2 = e199) (4) = 4% (q +.2q? + 4g? + 1° + 139° +---) 
C3 = chi) (g) = (1 +g +29? + 3q° + Sq* +++) 
a) Check the correctness of the prefactors and the coefficient of q” inc3 using the Freudenthal 
multiplicity formula. 


b) The exact form of these string functions is 


4 at ee ee Pager ACI, 


CC, =c; +c; = / =i 
a le Inq)? * n@F 
where 7) is the Dedekind function n(q) = q 7 I]; C1 —q”). Use the modular transformation 
properties of n(q) (cf. Eq. (10.12)) to derive those of c,,c_, and c3. 


14.12 Generalized and Jacobi theta functions 
Find the relation between the sz(2) version (14.176) of the generalized theta function and 
the Jacobi theta function 0; (z, t) defined in Eq. (10.252). 


14.13 Modular transformation matrices 

a) Using the unitarity of the modular transformation matrix S for the theta functions (given 
in Eq. (14.318)), prove the unitarity of the S matrix (14.217) for the affine characters. 

b) From the modular transformation matrices for the characters, derive those of the 
normalized string functions. 


14.14 su(3), modular matrix 
For st(3);, verify that the S matrix is indeed given by Eq. (14.222) and that (ST)? = C. 
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14.15 Action of outer automorphisms on the modular T matrix 
Find the relation between T,,;), and 7;;,, where A is an outer automorphism and T is the 
modular matrix (14.216). 


pi? 


14.16 Branching of outer automorphisms 
For the following embeddings, find relations between elements of the corresponding outer- 


automorphism groups: 
a) su(2) C sp(4), P = (3,4) 


o-=_ 


0 
b) su(4) C so(7), P=1|1 
0 


i 

0 

0 
LO i @ ii 
c) su(2) @ su(3) C su(6), P=!121 00 
(: Ona 


14.17 A regular embedding in E¢ 
Consider the regular embedding: 


su(2) @ su(6) C Eg 


obtained by deleting from the extended Dynkin diagram of E¢ the simple root a¢. The 
projection of an E, weight A onto su(2) @ su(6) is then easily described: the su(2) Dynkin 
label is the zeroth label of the affine extension of the E, weight at level zero, namely 
— °°, a¥Ai, and the first 5 Dynkin labels of 4 are the labels of the su(6) weight. For 
instance, it is easily checked that 


(100000) +> (1) — (10000) @ (0) — (00010) 
a) Calculate the embedding index, directly from Eq. (13.250). 


b) Show that the outer automorphism a of Es. which maps @ to @,, branches to 
ar 1@a' 
and moreover that 
lra’ ea 
where a’ and @ stand, respectively, for the si(2) and st(6) basic outer automorphisms. 


14.18 The special embedding S(2)g C Su(3)> 

Find the irreducible su(3) content of the si(3)2 modules Lj2,9,9) and Lj).;9) and the irre- 
ducible su(2) content of the sz1(2)g modules Lyg.o), Ly2.6), L(4.4. L(6,2), and Lyo.g) at grades 0, 
1, 2 and obtain the first few terms in the branching rule of [2, 0, 0] and [1, 1, O}. 


14.19 Branching functions 
a) Show that Eq. (14.266) implies the character identity: 


i) =e xara, 2.0) 
jerk 


with ¢ an element of the C span of the p weight lattice and where we have introduced the 
new notation 
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with mm; defined in Eq. ( 14.158). Argue that the normalized branching function Xi yD) 
must be independent of the parameters ¢ and t. With g = e?""", find 


X{(1,0,0}; [4,0]} and X{(1,0,0}; [0,4]} 


for the embedding stu(2), C su(3);, using the branching functions already calculated in 
Sect 4eje2e 


b) By using the simple modular transformation properties of the normalized affine charac- 
ters, find the relation between Xizay(t + 1) and X(i;a)(2)- From this result, obtain a simple 
necessary condition for having a constant normalized branching function. (This condition 
illustrates neatly the fact that finite reducibility depends crucially upon the level.) 


14.20 sx(3); paths 

For the three integrable s7(3), modules, write the path associated with each highest weight. 
(Hint: The highest weight ; is annihilated by all f’ with; 4 i.) Using the action of the f‘’s, 
obtain all the states at grade 0 and 1. Write the finite word and the semistandard tableau 
corresponding to each of these paths, and from this recover the irreducible su(3) content 
of three representations at grade 1. 


14.21 Paths and bicolored tableaux 
There exists a one-to-one correspondence between semiinfinite spin chains of the modules 
L119) and Lio,1), defined by the sequence (¢;),i > 1, withe; € {+, —},and bicolored tableaux. 
These are tableaux with boxes marked by 0 or 1, such that: 

(i) the first box (i.e., the box in the upper left corner) has 0 for tableaux in the module 

L11,0) and 1 for those in Lio,1); 

(ii) the box numbers must alternate in rows and in columns; 
(iii) the row lengths must be strictly decreasing. 
(Warning: These are not Young tableaux: even though we are dealing with su(2), columns 
of arbitrary length are allowed. Furthermore, rows of equal length are forbidden. The su(2) 
character of the construction lies in the number of colors.) The correspondence is simply: 


e = (—1)*# 
where g; is the length of the i-th column. 
a) Write down all bicolored tableaux associated with the states at the first few grades 
(Lo < 3) of the modules Le 0} and Lio). 
b) What is the weight and the grade of a bicolored tableau in terms of the number of boxes 
of each color? 
c) The bicolored tableau representation of states leads to a simple combinatorial description 
of the weight multiplicities. Let 1; stand for the number of boxes marked with an 1 in 
a given tableau. Then, the number of partitions of 7) + 7, into distinct positive integers 
and compatible with the coloring appropriate to the module under consideration gives the 
multiplicity of the weight characterized by the pair (m%,7;) in that module. In this way, 
check that in Ly;,9), the multiplicity of the weight [1, 0] at grade 6 is 7. 


Notes 


Affine Lie algebras were discovered independently in mathematics (by V. Kac [212] and 
R.V. Moody [270] in 1967) and in physics (by Bardacki and Halpern [25]) in the context 
of dual models, the string ancestors. Actually, the occurrence of affine Lie algebras in 
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physics (in disguised form) can be traced back to the early 1960s, with the introduction by 
Gell-Mann of charge algebras, later extended to current algebras. They were used to derive 
interaction-independent results, to circumvent the absence of suitable dynamical models 
for the description of nonelectromagnetic interactions. Curiously, the central extension was 
introduced even earlier (1959) by Schwinger. 

The standard mathematical reference on affine Lie algebras is the book of Kac [214], 
which also contains an extensive list of references to the mathematical literature. The recent 
book of Moody and Pianzola [271] provides detailed coverage of the more general Kac- 
Moody algebras. A good introduction to affine Lie algebras is the book of Fuchs [148]. 
Another very readable text is Kass et al. [228], in which the first part is a “physicist’s 
run”; the second volume provides extensive tables, in particular of string functions and 
branching rules (part of the latter can be interpreted as the decomposition of integrable 
affine representations into a sum of finite ones, grade by grade). A succinct survey of affine 
Lie algebras, which has been very influential in the physics literature, is the article of 
Goddard and Olive [183]. 

Modular transformation properties of characters of integrable representations were de- 
rived by Kac and Peterson in [215] (see also Ref. [214]). Related results on lattices are 
discussed thoroughly in the review paper of Lerche, Schellekens, and Warmer [254]. The 
group of outer automorphisms for extended Dynkin diagrams is described in Olive and 
Turok [285] and Bernard [41] (from which expressions for e(w, ) have first been obtained); 
the standard mathematical reference is Bourbaki [56]. Our presentation of the isomorphism 
between the group of outer automorphisms and the center of the group follows that of Ahn 
and Walton [5]. Further technical details can be found in the work of Felder, Gawedzki, and 
Kupiainen [129] (from which the result of App. 14.A has been extracted). The path basis for 
the integrable su(N) modules has been discovered by Date et al. [87] (Ex 14.21 on bicolored 
tableaux is adapted from this reference). However, the action of the tilde generators is the 
one appropriate for a crystal base—see, for instance, Ref. [132]. The Robinson-Schensted 
correspondence is described in Schensted [323] and Knuth [241]. 


CHAPTER 15 


WZW Models 


This chapter initiates the analysis of conformal field theories with Lie-algebraic 
symmetry, for which an affine Lie algebra g arises as the spectrum-generating 
algebra. Such models are somewhat peculiar among conformal field theories in that 
they can be formulated directly in terms of an action. We will thus introduce them 
by means of this action and show how to extract from it their algebraic structure, 
which provides them with an alternative algebraic definition. Special emphasis is 
placed on the formulation of the concept of primary field, and its relation with the 
integrable representations of the affine algebra g. A key construction along this 
program is that of the Sugawara energy-momentum tensor, which is presented in 
great detail. It leads directly to a differential equation for the correlation functions, 
the Knizhnik-Zamolodchikov equation, of which simple solutions are presented. 
In the second part of the chapter, we present various free-field representations. In 
addition to being extremely useful computational tools, they provide an illustration 
of the different concepts introduced in the first part. 


§15.1. Introducing WZW Models 
15.1.1. Nonlinear Sigma Models 


In searching for an explicit conformal field theory with additional conserved cur- 
rents generating an affine Lie algebra, it is natural to first consider the nonlinear 
sigma model 


1 


where a? is a positive, dimensionless coupling constant. This action describes a 
matrix bosonic field g(x) living on the (semisimple) group manifold G associated 
with the Lie algebra g. 

For the action to be real, g(x) must be valued in a unitary representation. The 
trace is thus taken in such a representation; the prime indicates a representation- 
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independent normalization, namely! 


Tr'(17t’) = 26,4 where [1.2] = > ifaset® (15.2) 


c 


and the f@’s stand for any matrix representation of the Lie algebra generators. This 
trace is related to the usual trace by 


1 
Tr’ = — Tr (15:3) 
rep 
where Xrep is the Dynkin index of the representation, which has been defined in 


Eq. (13.133). 
With g unitary, g~'d,,g is antihermitian: 


(g'd,.g)' = ae |g = —g dg (15.4) 
since 0,¢7! = —g~'d,,gg~!, a direct consequence of 4,(gg~') = 0. This in turn 
ensures the positivity of the action, since the Lagrangian density is proportional to 

Tr’(ag~'d,.g) = Tr’'((a“g)'d,g) = 0 (15.5) 


Although conformally invariant classically, it has been known for a while that 
this theory is effectively massive: the dimensionless coupling constant acquires a 
scale dependence at the quantum level. Therefore, the 8 function is nonzero and 
the quantum theory is not scale invariant. (In fact, it is asymptotically free.) 

That this is not the kind of theory we are looking for can also be seen classically, 
at the level of conserved currents. Due to the holomorphic factorization property 
of a conformal field theory, these conserved currents must similarly factorize into 
a holomorphic and an antiholomorphic part. From the equation of motion, it is 
simple to check that there are not two conserved currents, one independent of z 
and the other independent of Z, where as usual 

[al ea det See oo (15.6) 


Indeed, under the substitution g — g + dg, the variation of the action is 


1 pee soa 
8Sy = = / d*x Tr’ (g~'8ga"(g~'4,2)) (15.7) 
which results in the following equation of motion 
d“(g~'d,.2) =0 (15.8) 


Some technical aspects of the above derivation deserve clarification. First, to 
calculate ig Tt [Ag™ |B] for A, B independent of g, we should proceed as follows: 


éTr'[Ag'B] = —Tr'[Ag™'5gg7'B] = —Tr [dgg7'BAg™)}] (15.9) 


' We recall that once the Killing form has been defined, whether the indices are up or down is 
irrelevant in the orthonormal basis. 
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(since 5(gg~') = 0) so that 


) 2 1 

— Tr’ [Ag~'B] = -——g™'BAg™! (15.10) 

6g Xrep 

Also, we stress that we use a matrix notation; when we differentiate with respect 

to g, we mean differentiation with respect to a particular matrix element of g. 
The equation of motion implies the conservation of the currents 


J = Pape (1521) 
Thus, if we write J, = g~'0.g and J; = g~!d:g, we find 
0J; + 0:J, =0 (15.12) 


For the holomorphic and antiholomorphic currents to be separately conserved, the 
two terms of the above equation need to vanish separately. For this, the dual current 
e“"J,, must also be conserved (€“” is the rank-two antisymmetric tensor). However, 
the definition of J,, implies that 


[Fuodv| + Ody — OJ, =0 (3-13) 
which yields 
Oe) = —e OT dy 0 (15.14) 


Actually, the separate conservation of the two currents J, and J would be 
inconsistent in that 0,(g~!4;g) = 0 would force: 


0,a:g = 0g '.g (15,15) 


Since the I.h.s. is symmetric with respect to the interchange of z and Z, it implies 
that 


agg 'd,g = 0,gg | dg (15.16) 


This is an equality of the form abc = cba for some group elements, which is not 
expected to hold in general for a non-Abelian algebra. 
The correct choice for these conserved currents turns out to be: 


J,=0,.¢¢°' Ize=g tg (15:17) 


(or the dual of these expressions, obtained by interchanging z and Z.) The 
conservation of either J, or J; implies that of the other: 


0,(g~'d:g) = g';(8,gg')g (15.18) 


However, neither of these is conserved separately in the sigma model (15.1). 


15.1.2. Wess-Zumino-Witten Models 


A more complicated action must be considered in order to enhance the symmetry 
and recover the conserved currents (15.17). The solution is not entirely obvious: 


620 15. WZW Models 


we should add to the above action a Wess-Zumino term, 


a ee / dy Cap Te (G-18%BE 1 PBB 8B) (15.19) 
241 B 


This is defined on a three-dimensional manifold B, whose boundary is the compact- 
ification of our original two-dimensional space. We have denoted by g the extension 
of the field g to this three-dimensional manifold. However, this extension is not 
unique, hence there is a potential ambiguity in the definition of I’. Indeed, in a 
compactified three-dimensional space, a compact two-dimensional space delimits 
two distinct three-manifolds. The difference between these two choices quantifies 
the ambiguity. Taking the orientation into account, this difference AT is given by 
the r.h.s. of Eq. (15.19) but with the integration range extended over the whole 
compact three-dimensional space. Since the latter is topologically equivalent to 
the three-sphere, we can write 

—1 
24m 


It is shown in App. 15.A that our choice of normalization for Tr’ ensures that AT 
is defined modulo 27i (zi for SO(3)). Therefore the Euclidian functional integral, 
with weight exp(—I), is perfectly well defined. Clearly, any coupling constant 
multiplying this term must be “quantized”: it has to be an integer (or an even 
integer for SO(3)). 

We then consider the action 


Ar / dy €gpyTr (g-'a%ge | a"ge-'9"Z) (15.20) 
Ss} 


6S) Ser (15.21) 


where k is an integer. Although the Wess-Zumino term is expressed as a three- 
dimensional integral, its variation under g > g + 6g is a two-dimensional func- 
tional, because the variation of its density can be written as a total derivative 
and 


The details of this derivation are left as an exercise (see Ex. 15.1). The final result 
is 


i 
a a i d?x €yyTr’ (g~18ga"(g~1a"g)) (15.23) 


The equation of motion for the full action (15.21) is then 


. aik 
*(g7"d,g) + Fe kur" (G'd'g) =0 (15.24) 
In terms of the complex variables z, Z (with & — 20:,€-; = 1/2, etc.), the equation 
of motion becomes 
ys 


a’k 7 a’k 
(: =a =) 0.(g~'d:g) + (1 - =) a:(g7'd.g) = 0 (15.25) 
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Thus, for 
a* = 4n/k (15.26) 
we find the desired conservation law 
0,(g~1a:g) = 0 (15.27) 
Since a? is positive, k must be a positive integer. The other solution a2 = —4n/k, 


which requires k < 0, implies the conservation of the dual currents. 
The solution of the classical field equation is simply 


2(2,2) = ff (15.28) 


for arbitrary functions f(z) and f(Z). This factorization indicates that this model 
is very much like a free-field theory. Actually, it is reminiscent of a “bilinear” 
fermion free-field theory, a point that will be pursued below. 

The separate conservation of the currents J, and J; implies the invariance of the 
action under 


2(z,Z) > Q(z)g(z, DQ"(Z) (15.29) 


where Q and Q are two arbitrary matrices valued in G. Indeed, under the 
infinitesimal transformation 


Q(2)=1+0(z) L@)=1+4(%) (15.30) 
g transforms as follows 
602 = wg bag = —Z@ (1331) 
With a? = 4z/k, the variation of the action for g > g + 6.2 + dag is 


5S = - fox Tr (g'dg[9,(g~':g)}) 


= = [a Tr [w(z)d;(8,gg7') — @(Z)8,(g~'4:g)] 


IT 


(15:32) 


which clearly vanishes after an integration by parts. The global G x G invariance 
of the sigma model has thus been extended to a local G(z) x G(Z) invariance. 
The holomorphic factorization of the conserved currents is the first signal that 
Eq. (15.21), together with Eq. (15.26), is indeed the desired model. From now on 
this model will be referred to as the Wess-Zumino-Witten (WZW) model, or more 
precisely, the g. WZW model.” For later reference, we rewrite its action 


SWZW _ = / d?x Tr'(d"g7'd,2) +kP (15.33) 


We now carry the analysis to the quantum level. 


2 In the literature, it is also called the Wess-Zumino-Novikov-Witten model. 


622 15. WZW Models 


15.1.3. Ward Identity and Affine Lie Algebras 
By rescaling the conserved currents as 


JI(z) = —kJ,(z) = —kagg7* 


e (15.34) 
JZ = ki,(Z) = ke "ee 
we can rewrite Eq. (15.32) in the form 
58 = = / dx {8;(Tr'[o(2(2))) + 8.(Tr [ZI @) (15.35) 


We replace dx by (—i/2)dzdz, and, after integration by parts, take the holomorphic 
contour to be counterclockwise and the antiholomorphic contour to be clockwise 
(compare with Eq. (5.35)). This leads to 


Suse f de one f Tr (aQI@) (15.36) 
An 4x 


where both contours are understood to be counterclockwise, which explains the 
relative sign between the two terms. With 


J ee ee (15.37) 
a a 
and the normalization (15.2) for Tr’, this yields 


1 1 = 
ie Ss See : d aya = aya ‘ 
; af Fé 2 wd? + a § dz » ot (15.38) 
Finally, following the method of Sect. 5.2.2, we have 
5(X) = ((ds)X) (15:39), 


where ds means the density of 5S and as usual, (X) stands for the correlation 
function of a number of fields, which leads to the Ward identity 


1 


_ 
biolX) = —>— § dz Dot eX) + § az yoo) «= 0) 


The transformation law for the current follows from Eqs. (15.34) and (15.31): 


bud = —k [a.(d.g)g7" a ee 'b.gg "| 


= —k(8,wg + wd.g)g7' + kd.gg-'w (15.41) 
= [w, J] —kd.w 
It can be rewritten as 
bul? =) ifsac?I° — kd,c0" (15.42) 


boc 
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The substitution of this transformation into Eq. (15.40) leads to the OPE 


Heo) ~ + Soin 


Caine ey (15.43) 


This will be called a current algebra. Introducing the modes J’, from the Laurent 
expansion 


wa) — Yaga’ (15.44) 
neZ 
we can easily check (proceeding as in the analysis of the Virasoro case, 
cf. Eq. (6.25)) the equivalence between Eq. (15.43) and the commutation relations 
of the g affine Lie algebra at level k 


etre erent hred, Snot (15.45) 


The transformation property of J is 
6J = (0, J] —kd,@ (15.46) 


This yields another copy of the affine algebra (15.45) for the modes J®, . Since @(2) 
is independent of z, 


a0 (15.47) 


Eq. (15.47) implies that the OPE of J*(z) with J?(w) contains only regular terms, 
so that the corresponding modes commute: 


ae |=0 (15.48) 


The two algebras are thus independent. 

The occurrence of two independent conserved currents generating independent 
affine Lie algebras is the fundamental property of the model (15.33). As will be 
seen in the next section, this leads directly to conformal invariance. 

We conclude this section with a clarifying remark concerning the field g(z, Z). 
We mentioned earlier that g(z, Z) transforms in some unitary representation of G. 
In fact, we just said that it transforms independently with respect to left and right 
G transformations. However, we need not specify these representations since the 
WZW action is formulated in a representation-independent way. The full spec- 
trum of the quantum theory is uniquely fixed by the group G (which need not 
be simply connected). This spectrum can in principle be obtained by canonical 
quantization, and global considerations determine which combinations of left and 
right representations can appear in the physical spectrum. But this approach will 
not be followed here. Instead, we will turn to an algebraic formulation of WZW 
models that parallels the development of minimal models. Once primary fields are 
identified, physical spectra will be obtained from modular invariance. 

Nevertheless, it is useful to bear in mind some sort of effective description of 
WZW models (although not adequate for all cases) in which g(z, Z) is a basic field 
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and the different fields of the theory are obtained by appropriate multiple products 
of g(z,Z) with itself. In this view, it is natural to regard g(z, Z) as transforming in 
the lowest-dimensional fundamental representation of the algebra g. This repre- 
sentation will be called the minimal representation. In the following, g(z,Z) will 
be understood in this sense. 


§15.2. The Sugawara Construction 


In this section, we initiate the analysis of the conformal aspects of the WZW 
models. The starting point is the construction of the energy-momentum tensor, 
with classical form (1/2k) }°, J?J* (see Ex. 15.1). We look for a normal-ordered 
version thereof, namely 


T(z) = y )U7J7)@) (15.49) 


where, as usual, (- - -) stands for the normal ordering defined in Eq. (6.130). How- 
ever, the constant y cannot be fixed from the classical theory since it is renormal- 
ized by quantum effects (because the currents are not free fields). It can be fixed 
uniquely by requiring the OPE of the above 7 with itself to be of the form 


c/2 2T(w) aT(w) 
T(2)T(w) = —— , + ———; + —— 15:50 
@—wy * Gwe * G—w) — 
for some c, or, equivalently, by requiring J* to be a primary field of dimension 
1. Since this is both important and an interesting example of OPE techniques, we 
present this calculation in some detail. First, we need to calculate the contraction 


F@)T? P\w) = sal a J* (2)? (x)? (w) + J? (x) 4 (2? (w) 


= sian: 


_if{ & kSat a FCO lle 
= =a? a E Be: + DioeeS|2 (w) 


b kSan . J°(w) 
+ J°(x) E — wy iF dif @— 3, 

(S51) 
We recall that the remaining products are not just contractions but full OPEs, 
for which the first regular term contributes (cf. the discussion in App. 6.B). We 
recall also the simplification that arises for the OPE J?(x)J°(w). It produces field- 
dependent terms evaluated at w; hence nothing depends upon x except for inverse 
powers of (x — w). As a result, only the single pole gives a nonzero contribution, 
and since one factor of (x — w)~! is already present, only the first regular term 
in J? (x)J°(w) survives—i.e., (J°I°)\(w). Accordingly, after developing the OPEs, 
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we obtain: 
PE ak aid dx |k5yJ°(w) 
J (z)\J' J°’\(w) “aiins -" Gx 
d 
oe, (w) z od Bd 
Ber CY (@—w)? — wy ye Habe Fay) so) 


(i552) 
Due to the antisymmetry of the structure constants f,,,,., the term fabcSbe Vanishes. 
We now sum the result over b and use 


~) farefora = > faschite = 2880 (15.53) 
b,c b,c 


where g is the dual Coxeter number? (not to be confused with the field beraye 
Moreover, we also have 


> fabelI?I*) + II") = 0 (15.55) 
bic 


We thus end up with 


J*(w) 


DG eee ie ae (15.56) 


By inverting the order of the two contracted fields (with z <> w) and multiplying 
the result by y, we find that 


Tee ns ak+ 


(2—w)? (15.57) 


ve oo ae | 
Ze (z — w) 


For T to be a genuine energy-momentum tensor, the coefficient of the second term 
in the last expression must be 1, which fixes y to be 


1 


a (15.58) 
"> 2k +8) 
3 We recall that the matrices (t“);,. = —ifg,- generate the adjoint representation, whose Casimir 
LCM ea = = Orel ed = aetna ) tooubeien (15.54) 


a ae 


is twice the dual Coxeter number when the squared length of the highest root is normalized to 2 (cf. 


Eq. (13.128)). 
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that is, 


ow aya 15.59 
T(z) = oe) Eg J*)(z) | (15.59) 


A 


This also implies that /* has conformal dimension 1, as expected, and that it is a 
Virasoro primary field. 

It is clear from Eq. (15.51) that the factor g in Eq. (15.58) arises from a double 
contraction, which means that it is a quantum effect.* Hence, in the quantum 
case, the product J“J* becomes normal ordered and the multiplicative factor is 
renormalized byk > k +g. . 

Having calculated T(z)J“(w), we are in position to compute the singular terms 
in the product 7(z)T(w): 


ae i 1 dx Ne raed alates, 
TOT) = 2(k +g) 2ri f pare 0B | T(z)J? (x)? (w) 
+FETe@s ow} — 05.60) 
c/2 2T(w) aT(w) 


~ @=w)*' Gwe?” @—wW) 


with T given by Eq. (15.59) and 


k dim g 
=c(¢,) = IS263))) 
c (g,) zi +e ( 
(dim g = d,2). To obtain this last OPE, we used 
2104p , J°(w) 
ww) ee a 15.62 
CW") ~ —— Dail bet wp (15.62) 


and its analogue with the operators exchanged. 

Of course, the OPE of 7 with itself has the same form, with exactly the same 
value of the central charge. The above calculation establishes indirectly the scale 
invariance of WZW models. Actually, the expression (15.59) for the energy- 
momentum tensor can be regarded as an alternative definition of the & WZW 
model. 

It should be clear that the result we just proved goes much beyond WZW 
models. Stated in full generality, we have shown that the Virasoro algebra belongs 
to the enveloping algebra of the affine Lie algebra g,., a result known in the physics 
literature as the Sugawara construction. 


*Asanule, single contraction terms simply reproduce the classical contributions. 
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For later use, we will express the Sugawara energy-momentum tensor in terms 
of modes. Using Eq. (6.144), we obtain 


I 
Ly = 2k +g) >| a Dos m ye n—m a; (15.63) 


m<-l m>0 


Forn # 0, J%, and J?_,,, commute, and so the order of the terms is irrelevant. 
However, for n = 0 the above expression shows that the term with larger subindex 
must be placed at the rightmost position. But this is just the definition of the usual 
normal ordering for modes. We can thus write 


Le Fs A ae aa (15.64) 


WL 


In terms of modes, the complete affine Lie and Virasoro algebra is 


(te: 
[Lu tnl= Oa Lh) Oe ts at a 1)8n+4m,0 
ere es ral SIREN ey (15.65) 
Je. F2, | = Do ifabeleim + kn Bao8nsm.o 


The commutativity of the zero modes of the affine algebra with the Virasoro gen- 
erators (and in particular with Lo) reflects the built-in g invariance. However, the 
full affine Lie algebra is not a symmetry algebra since its generators do not all 
commute with Lo. It will turn out to be the spectrum-generating algebra of the 
theory. 

The Sugawara construction has been presented in terms of the particular currents 
J*(z) whose modes are orthonormal with respect to the Killing form, that is 


KG) = he I ean = 8 hemo (15.66) 
In a generic basis 7°, the affine Lie commutator is changed to 


[Fe TV oI FIER Ig on ten.0 (15.67) 


iC 


where f2, are the corresponding structure constants. The energy-momentum 
tensor reads then 


ee ae a by}-1 a 7b 
T(z) = sD 2K Jo Wee) (15.68) 


Indeed, Lo contains the (normal-ordered) quadratic Casimir operator of g, itself 
defined in terms of the inverse of the Killing form; this directly implies the above 
generalization. In the Cartan-Wey] basis, T becomes 


ING ee Da)» Dias: a [(E°E- neo +0") 


io a 2k +g) a>0 
(15.69) 
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For further illustration, the st(2), energy-momentum tensor in the Chevalley basis 
(13.85) is (cf. Eqs. a 3:39)) 


T(2) = 1; 1 hhN(e) + Cle) + HI} (15.70) 


aE. Oe) 


This could also have been written directly from the relation between the generators 
in the Chevalley and the Cartan-Wey] bases: 


h=J2H, e=E*t, f=E (15.71) 
with Et = E*”, and a, = V2. In the spin basis, defined by 
=Hiv2, J7=E* (15.72) 
the OPEs take the form 
POP) ~~ 
P(2)7*(w) ~ —_ a (15.73) 
T*(@I-w) a + ~~ 
and T reads 
T(z) = {2(7°°)(z) + It*I-V@) + TIMI} (15.74) 


Sy 2) 


The Sugawara construction generalizes directly to the case of a semisimple Lie 
algebra g = @;g;. Then, the energy-momentum tensor is the sum of the Sugawara 
energy-momentum tensors associated with each simple Lie algebra in the direct 
sum. Since these distinct energy-momentum tensors all commute among them- 
selves, the total central charge is the sum of the central charges of the contributing 
pieces. 

We note that the central charge (15.61) is bounded by 


r<c<dimg (GIS.7/5)), 


The lower bound is saturated only for the simply-laced algebras atk = 1. The 
upper bound is obtained in the limit k > oo. 


§15.3. WZW Primary Fields 
15.3.1. Primary Fields as Covariant Fields 


By analogy with the purely conformal case, where a primary field transforms 
covariantly with respect to a scale transformation, a WZW primary field is defined 
as a field that transforms covariantly with respect to a G(z) x G(Z) transformation, 
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exactly as g(z,Z) in Eq. (15.29). From Egs. (15.31) and (15.40), we reformulate 
this property for the field g(z, Z) in terms of the OPE 


F°(2) g(w,wv) ~ ee 
2 (15.76) 
J*(z) g(w, w) oo gw, w) 
Z—w 


The field g(z, Z) transforms in the minimal representation of g, to which ¢¢ refers, 
for both the z and Z sectors. More generally, any field @), uy transforming covariantly 
with respect to some representation specified by A in the holomorphic sector and 
by wu in the antiholomorphic sector (i.e., A and yz are the highest weights of the 
representations), will be a WZW primary field. It can be characterized by the OPE 


F°@) day(s) ~ A Pal) 
(15.77) 
F gain, io) ~ Seow En 
Ky) 


where ff is the matrix ¢ in the A representation and similarly for t’,- In principle, 
A and yz can be different, which is certainly the case for nonscalar fields (i.e., 
fields with nonzero spin). It should be stressed that here we use a compact matrix 
notation. With all indices reinserted, Eq. (15.77) would read 


IZ (w, w) ~~ SD (rs Orudsulw, w) 


: Z—w 


(15.78) 


withr,s = 1,---,dim |A| andu = 1,---,dim |p]. 

We have implicitly assumed that primary fields are associated with finite- 
dimensional representations of g. This is certainly natural in our effective descrip- 
tion: g(z, Z) is associated with a finite-dimensional matrix, and since the other fields 
are some sort of composites of g(z, Z), they also transform in finite-dimensional 
representations. More generally, we will show below that fields transforming in 
Lie algebra representations that are not finite dimensional simply decouple in 
correlation functions. 

By expanding the currents in terms of the modes evaluated at w, 


I) = ie - wy" Fw) (15.79) 


we write their OPE with an arbitrary field A as (cf. Eq. (6.134) in the Virasoro 
case): 


J*(2) Aw) = 0 —w) "07, Aw) (15.80) 


Thus, for the primary field ¢, (from now on we concentrate on the holomorphic 
sector) we have 


Vo gi) = fh bs 


15.81 
G2)=0 “tor n>0 \ 
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Associating the state |@,) to the field @, via 
$,(0)|0) = |¢,) (15.82) 


the conditions for a WZW primary field translate into° 


Jo \ba) = —fh Ihr) 


(15.83) 
J |fx) = 9 for n>0O 


A remarkable aspect of WZW models is that WZW primary fields are also 
Virasoro primary fields. Indeed, from Eq. (15.64) we see that in the expression for 
L, with n > 0, the rightmost factor J?, has m > 0, which implies that 


EAje@y =O tor n>0 (15.84) 


On the other hand, the action of Lo on |@,) becomes very simple since only the 
zero modes of the current contribute: 
1 
L = ———. JoI6 \¢3 15.85 
o Ibs) kip & oJ6 Ida) (15.85) 
Thus, Lo acting on |¢,) is proportional to the quadratic Casimir operator of the 
finite Lie algebra. Associating a conformal weight to |@,) according to 


Lo |ox) = hy \,) (15.86) 
we find 
eh OAD 
2(k +g) 2(k + g) 
In the last equality we used the explicit form of the quadratic Casimir eigenvalue 
obtained in Eq. (13.127). Equations (15.84) and (15.86) show that @, is indeed a 


Virasoro primary field. However, the inverse is not true: a Virasoro primary field 
can be a WZW descendant. The field J* is such an example: 


hy 


(15.87) 


J*(z) = U2, D(z) (15.88) 
The other states in the theory are then of the form 
dae et) (15.89) 


5 The minus sign may seem odd, but the following calculation testifies its naturalness: 
U5 Jods) = (Igth + JBth dibs) = (1856 + 878 )Ib.) = — 12, P 116) 
= — DV ifarctilba) = ifarcJS1¢x) 
ec 


c 


In the antiholomorphic sector, we have: 
UG Jolda) =Joloath — Ibidsye = lb yUe4, 21 
= DV ifabclt, = YifabcIS dx) 
c c 
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with 11,,%2,--- positive integers. These states are associated with descendant 
fields. The insertion of negative Virasoro modes is unnecessary because the 
energy-momentum tensor is constructed out of the currents. 


15.3.2. The Knizhnik-Zamolodchikov Equation 


As usual, the Virasoro primary nature of the fields ¢; (here i is used to denote the 
representation) leads directly to the Ward identities (see Eq. 5.51) 


" 


Sz?" (Zid, + Om + Dh)MOr(z1)---Gn(Zn)) =0 for m=0,+£1 (15.90) 


I 


expressing the global SL(2, C) invariance of the theory. On the other hand, the 
global G invariance requires that 


5 ($1 (Z1) ++ - Pn(Zn)) = 0 (15.91) 


for a constant w. From the Ward identity (15.40), one can rewrite this condition in 
the form 


$ dz 5 2 I4@)o1 (21) + -bn(Zn)) 


ny He (15.92) 
= ser Omi f —— ee tf (b1(Z1)--- On(Zn)) = 0 
Since w is independent of z and otherwise arbitrary, it becomes 
>> (biZ1)-+- bn @n)) = 0 (15.93) 
i=l 


Here ¢? is a matrix acting on the vector field ¢;, in the representation labeled by 1. 
These Ward identities fix the structure of the two- and three-point functions. 

We note that to avoid a contributing pole at infinity in Eq. (15.92), the following 
asymptotic behavior 


| 
J*(z) ~ Z as Z—>0O (15.94) 


needs to be assumed. 

Further constraints follow from the null fields in the primary field representation, 
that is, the affine singular vectors.° These will be considered later. 

Also, additional constraints are rooted in the very definition of the Sugawara 
energy-momentum tensor. In particular, acting ona state |¢;) satisfying Eq.(15.83), 


6 There can be no purely Virasoro singular vectors since these occur only for the Virasoro minimal 
models, that is, forc = 1 — 6(p — p’)*/pp’, which is clearly outside of the range (15.75). 
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Eg. (15.64) yields, forn = —1 
“1 10) = pg DEV 8) 0) = a Los ie 0595) 
We consider the insertion of the zero vector 
Pg) = —_ ae re re] li) = 0 (15.96) 


inside the correlation function of a set of primary fields. We note that the insertion 
of the operator J“ , in the correlator can be expressed as 


(pi (z1) an (J* bi )(Zi) a on(Zn)) 


=f ae = "(eb (21) + un) 
Ot J, 2 — Zi 

= i. i (@)(Z1)--- Pn (Zn)) 
dat Jajgi @— Ui Ga 2G 


=r Zag Pie -Gn(Zn)) 
” (15.97) 


For the second equality, the integration contour has been reversed in order to circle 
around all z; # z;. This produces a minus sign. Another minus sign comes from 
the use of the OPE (15.77). Therefore’ 


(b1(21) «++ x(Zi) ++ Gn(Zn)) 
1 ati Of 
= [a + k+g yo ; mney (01 (Z1) -- On (Zn )) 


j#i Zi = 
(15.98) 
and by construction this must vanish: 
1 4 8 
a Zz n(Zn)) = 0 15.99 
[a eee ee et eae Gn(2n)) =0| (15.99) 


This is the Knizhnik-Zamolodchikov equation. The solutions to this equation are 
the correlation functions of primary fields. However, in practice they are rather 
difficult to solve directly, except for the four-point functions, in which case the 
partial differential equation can be reduced to an ordinary differential equation by 
means of the global SL(2, C) invariance. An example is worked out in the next 


1 The necessity of the tensor product should be clear: we recall that t acts on the field ¢; at the point 
zi; thus, on the doublet (9;, ;), t/ ®t acts as t @ t/(¢,,9)) = (/',, t79;). Furthermore, we stress 
that there is an identity matrix with appropriate dimension multiplying the z, derivative. 
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section. As in the purely Virasoro case, the correlation functions involving the 
descendant fields (15.89) can be obtained directly from those of the primary fields. 


15.3.3. Primary Fields as Highest-Weight States 


Before analyzing the affine singular vectors, the concept of a WZW primary field 
has to be sharpened. Up to now we have characterized a primary field by two prop- 
erties: (7) it is annihilated by all the — operators for positive roots of nonzero 
grade, that is, by the operators H',, E%, (n > 0);° and (ii) it is valued in some Lie 
algebra representation. However, all the states in a highest-weight representation 
can be obtained from the highest-weight state by application of the various (zero- 
grade) lowering operators. (We note that the application of zero-grade operators 
on a State does not change its conformal dimension since such operators commute 
with Lo.) Hence the genuine primary fields, that is the fundamental fields from 
which all other fields can be obtained by application of the Virasoro or affine Lie 
generators, are those associated with the highest-weight states of g representations. 
Denote by |A) such a highest-weight state, and by |) its extension to g,. Since lA) 
can be used to characterize a primary field, we denote the corresponding field by 
the same symbol A(z): 
A(z)|0) = 1) (15.100) 
This state satisfies the following conditions, 
E**\}) = Hii) = E%\A)=0 for n,a>0 (15.101) 


which means that it is annihilated by all raising operators for positive roots, together 
with 


Hi\d) = alla) (15.102) 
or, in the Chevalley basis, 
hija) = aj|a) (15.103) 


(we recall that 4! is not a Dynkin label, but A; is.) 
From now on, by a WZW primary state we will mean a state that satisfies 
Egs. (15.101) and (15.102), and we write (cf. Eq. (15.87)) 


a A 2p) 


= 15.104 
2(k +g) ( ) 


With this clarification concerning primary fields, we see that the basic n-point 
functions of the theory, from which those incorporating positive-grade descendants 
can be derived, are of the form 


('(21) +++ O(n) (15.105) 


8 We recall thatw+n6 withn > Ois a positive root, irrespective of the positivity of a (cf. Eq. (14.33)). 


634 15. WZW Models 


where here the prime indicates a zero-grade descendant of the corresponding 
(unprimed) primary field, that is 


= ep ES Ie (15.106) 


for a,---,B > 0. In other words, ws’ is some finite weight in the highest-weight 
representation yu of g: uw’ € Q,,. That basic correlation functions contain zero-grade 
descendants and not just primary fields is forced by the requirement of global G 
invariance (cf. Eq. (15.93)). This implies the vanishing of the sum of the finite 
weights associated with the fields in the correlator: 


po+:--+v=0 (15.107) 


which is the non-Abelian analogue of the charge neutrality condition in the 
Coulomb-gas formalism (cf. Eq. (9.9)). This condition can be rederived directly 
from a global G transformation for which the only nonzero transformation param- 
eters w* are those associated with the generators of the Cartan subalgebra. The 
condition (15.107) can obviously not be satisfied when the Dynkin labels of all 
the fields are positive. 


15.3.4. Affine Lie Algebra Singular Vectors 


A special class of primary fields is formed by the highest-weight states of integrable 
representations A € Pe Those states generate finite representations with respect 
to any su(2) eubalsen of g,, which implies the conditions 


(Ey) 4) =0, a>0 (15.108) 


(ee y2knilal?—(a",A)-+1 (A) =}. n>0O (15.109) 


Equation (15.109) defines purely affine singular vectors in the Verma module of 
highest-weight state |A), for A € aa An example of such a state is provided by 
the vacuum |0) = |ka@p). 

Since all su(2) subalgebras of nonzero grade (i.e., with SeHeraters EE, 
and a-Ho/|a|) are equivalent, we can consider only the case n = | in Eq. (15.109), 
which gives the most stringent constraint (smallest number of applications of the 
lowering operator). In the same respect, the condition is obviously optimized for 
a = 0. Actually, all the conditions (15.109) are properly taken into account by 


(EP ,F-@441R) = 0 (15.110) 


together with the set (15.108). In other words, for singular vectors involving 


nonzero modes, it is sufficient to consider the generator associated with the simple 
root Qo. 


Consider the constraints on the correlation functions that follow from the 
singular vector (15.110). Inserting Eq. (15.110) into Eq. (15.105), we find 


(CEL, PA @)A'Z1)-+.H'()) =O with p>k-(,O41 (15.111) 
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Together with 
1 dt 
Ba) =. qi ——— 
a eee f = FEO (15.112) 
Eq. (15.111) can be rewritten as 
dh >is Uy 


(E°(S1) -- E°(Sp A(z) (21) +++ (Un) =O (15.113) 

OG ae 2yhpueeee 
We now deform the integration contour of every variable ¢; such that it circles 
around the singular points z;,---,Z,,. Hence, only the singular terms in the OPE 
of the various E°(¢;) with u’(z;) --- v'(z,) will contribute. By expanding the fields 
E*(¢;) in terms of their modes and performing the integrations (in which only the 
mode m = 0 contributes), we obtain 


>e p! 1 1 
— HleLig@—aye | (z—z,)" 
fees ° (15.114) 


x (A(z) (ES)? fe’ V(z1) - »- (EB) 01(zn)) = 0 


Let A(z) be the identity field: 4 = I. By multiplying the above result by (z-—z,)?"! 
and integrating with respect to z, we pick up the term with all /; = 0, except for 
L, = p, which finally yields 


('(21)--- 0"(Z,)) = 0 (15.115) 
where the state |”) is defined as 
ly") = (BSP) (15.116) 


This state |”), if nonzero, can be acted on with (Eo °)’, with an integer p as large as 
desired, without leaving the module L;. That means that |>”) does not belong to an 
integrable representation. Eq. (15.115) shows that correlation functions involving 
states in nonintegrable representations vanish. 

Starting with a correlation function of which all the fields belong to highest- 
weight representations, we thus obtain the very remarkable result that all the states 
in nonintegrable representations decouple from the theory; that is, their correlations 
with arbitrary fields vanish. 

We stress that the above derivation is quite general in that it requires only the 
existence in the theory of at least one field in an integrable representation. As 
already pointed out, the identity field is such an example. Therefore, the basic 
assumption boils down to the existence of a vacuum state. 

One more comment is warranted before leaving the analysis of general con- 
straints on correlation functions. By means of OPEs, an n-p»int function can be 
reduced to a sum of lower-point functions, and ultimately to a sum of one-point 
functions. From the global G invariance, we know that the only contributing one- 
point function is that associated with the scalar representation. Therefore, global 
G invariance entails a constraint slightly stronger than Eq. (15.107), namely that 


636 15. WZW Models 


the tensor product of all the fields involved in the correlator must contain at least 
one copy of the scalar representation, 


L@---@v=0@-::- (15.117) 


Condition (15.107) ensures that the zero weight will occur in the product of all the 
representations of the correlator, but Eq. (15.117) is stronger in that it forces at least 
one copy of the zero weight to be the highest weight of the scalar representation. 

We now look at the consequences of this for two-point functions. We consider 
(A'(z)o(w)), where i’ is in the integrable representation A, and look for the field @, 
which yields a nonzero correlator. Global SL(2, C) invariance requires hye =he, 
which implies that ¢ belongs to the highest-weight representation A or its conjugate 
(because h; = h;.). Condition (15.107) shows that @ must correspond to the finite 
weight —A’. But generically, if 4’ is in the representation 4, —A’ is in the conjugate 
representation A*. This thus fixes ¢, up to weight degeneracies. We note that the 
tensor product of a representation with its conjugate always contains the scalar 
representation, and Eqs. (15.107) and (15.117) are identical in this case. 

We have not exhausted all the information contained in Eq.(15.114). It leads 
to very interesting constraints on the OPE of primary fields, which, in favorable 
circumstances, allow us to determine completely the fusion rules of the theory. 
These additional implications of Eq. (15.114) will be analyzed in Chap. 16. 


15.3.5. WZW Models as Rational Conformal Field Theories 


We now come back to the description of the WZW primary fields. Having estab- 
lished the decoupling of all the states in nonintegrable representations, we con- 
clude that the only physically relevant fields are those in integrable representations. 
Therefore, for the WZW model with underlying g, affine structure, the primary 
fields are in correspondence with the weights X € P*, the highest weights of in- 
tegrable representations. Since there is a finite number of such weights for a fixed 
positive integer k, we end up with the important conclusion that there is a finite 
number of primary fields in the g, WZW model. 

We stress that, even though there is a finite number of WZW primary fields, that 
is, primary fields with respect to the affine Lie algebra, there is an infinite number 
of Virasoro primary fields. Indeed, as shown in Sect. 10.5, only for very special 
values of the central charge, all strictly less than 1, is a finite number of Virasoro 
primary fields possible. For WZW models, c is necessarily greater than or equal 
to 1 (ef, Equals. 75). 

But where are all these Virasoro primary fields? Take, for instance, the st1(2), 
model, for which the first few states in the vacuum module are displayed in Fig. 
14.4. In this representation, we can already see an infinite number of Virasoro 
primary states: these are the top states in each vertical strip of the module.’ Indeed, 
each vertical string of states (i.e., the set of all the states with the same finite weight 


9 . . . 
A more direct argument is presented in Ex. 15.17, based on the character expressions derived in 
Sect. 15.6. 
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at different grades) forms an irreducible Virasoro representation at c = 1. For 
instance, the state [—1, 2] at grade 1, that is, JSR) be is a Virasoro primary 
State: 


L, Jt |01,0)) =J*,Lnl[1, 01) +J*_,|[1,0]) =0 for n>1 (15.118) 


where we used the commutation relation (15.65). However, it is easily checked 
that the action of L, on the the state [—1, 2] at grade 2, which can be written as 
J* Jo J*,\U1, 0), is not zero, showing that it is not a Virasoro highest-weight state. 

That each vertical string of states corresponds to exactly one Virasoro module 
is particular to the s7(2), case. Generally, there is more than one Virasoro module 
in each string. But the key point is that all those states at the tip of vertical strings 
are necessarily Virasoro highest-weight states. These are the states whose weights 
fi in Q; are such that 2 + 6 ¢ Q;. And this set, called gene previously, is infinite: 
Fix a @ € 2™*; acting with the affine Weyl group (whose order is infinite) on 
still produces an element of Q7™. 

In WZW models, the infinite number of Virasoro primary fields are thus reorga- 
nized into a finite number of affine Lie algebra representations. The rational char- 
acter of a conformal theory with an additional symmetry entails a rearrangement 
of the fields with respect to the full extended algebra. In the present context, be- 
cause the Virasoro algebra belongs to the universal enveloping algebra of the affine 
algebra, it suffices to classify the fields in terms of the irreducible representations 
of the latter. 

Having identified the primary fields of the theory, we should inquire about 
modular covariance. In analogy with the Virasoro case, we introduce the character 
of the integrable representation of |X) as 


x3(t) = Tryel?tirlo—e/24)] (15.119) 


with Lo given by Eq. (15.64) and c by Eq. (15.61). Since the states at level 1 in 
the module of |A) have dimension h; + n, where h; is given by Eq. (15.104), we 
can rewrite the expression for the character as 


x3 (1) = el2zit(h; —c/24)] y-d(n) e2nint (15.120) 


where d(m) is the number of states at level m. Using the Freudenthal—de Vries 
strange formula 


12\|o|? =g dim g (15.121) 


it is easy to check that 


| 
h; —cl24=m,; | (15.122) 


Thus, Eq. (15.120) is simply the expression for the specialized (and normalized) 
characters of the irreducible highest-weight representations of the affine Lie alge- 
bra &,. We recall that in our study of affine Lie algebras, we found the Lo eigenvalue 
of the highest-weight states to be arbitrary, and conventionally chosen to be zero. 
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This is obviously no longer the case here since Lo also appears in the Virasoro 
algebra, and its eigenvalue is unambiguously fixed to be h;. To distinguish conju- 
gate representations, we introduce, as usual, a ¢ dependence; with ¢ = > ee, 
this gives 


H(z; 0) = Try e202) Pat 2h (15.123) 


where here hi; is a Chevalley generator. 

The identification of the WZW characters with those of the integrable represen- 
tations of g, readily tells us that the characters of WZW primary fields transform 
into each other under modular transformations, with the explicit form of the mod- 
ular matrices given by Eqs. (14.215), (14.216), and (14.217). Hence, the modular 
covariance of the , WZW model in each sector is established automatically. From 
the Verlinde formula, this also implies that the set of holomorphic and antiholomor- 
phic primary fields are closed independently under OPE. (The detailed analysis of 
fusion rules is reported in the next chapter.) 

A WZW model is thus very similar to a minimal Virasoro model. Actually, it 
is also a unitary theory. This follows from the unitarity of the integrable repre- 
sentations of an affine Lie algebra at integer level. This is also manifest from the 
positivity of the conformal dimensions of the WZW primary fields, Eq. (15.104): 
to each primary field there corresponds a module with h > 0 andc > 1, and these 
are always unitary (cf. Sect. 7.3.4). 

To obtain physical spectra, we have to determine how left and right representa- 
tions are tied together. This amounts to constructing a modular-invariant partition 
function. This subject will be studied in full in Chap. 17. However, from our 
past experience with modular invariants, we can guess that a diagonal theory, in 
which all the primary fields transform with respect to the same representation in 
the holomorphic and antiholomorphic sectors, with each integrable representation 
appearing exactly once, is always possible. 


§15.4. Four-Point Functions and the 
Knizhnik-Zamolodchikov Equation 


In this section we present the detailed calculation of the four-point function 
G(2;,2:) = (g(z1,21) 8 '(Z2,Z2) g '(Z3,23) g(Z4, Z4)) (15.124) 
for su(N),. We note that in order for correlations of g(z,Z) fields to be SU(N) 


invariants, g(z,Z) and g~'(z, Z) must appear in equal numbers. !° 


10 For instance, under the right action of SU(N), g(z, 2) transform as gQ with Q € SU(N), and 
the product gg~'g~'g is manifestly invariant. The invariance with respect to the left action of SU(N) 
follows from the invariance of the correlator with respect to the reordering of its fields. 
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15.4.1. Introductory Comments 


In preparation for this calculation, we present a series of preliminary remarks. 
First, we recall that g(z,Z) transforms in the fundamental representation a, in 
both sectors: 


B(2,Z): (@1; @) (15.125) 

Since g(z,Z) is unitary, g~' = g', g~'(z,Z) transforms in the representation 
conjugate to w): 

g'(z.2): (wt; of) = (@n-1; @n-1) (15.126) 


Moreover, in the Knizhnik-Zamolodchikov equation, a factor f* associated with 
a g(z,Z) factor acts from the left, whereas if it is associated with a ge factor, it 
acts from the right (and it is the same f“ in both cases because (f“)' = ft“); that is, 


Eee] (ares) ---) =e), 21)] (27 Ga, zt") ---) (15.127) 


The matrix g(z, Z) is actually a tensor product of a column vector made from 
the fields associated with all the states in the fundamental representation @ times 
a row vector made out of the same states: 


w)(Z) 
(@ — a; )(z) 
Rez) = vee ® (a (Z), (@1 — @)(Z),---, (@1 — 6)(Z)) (15.128) 
(a — 6)(z) 


Here fields and weights are denoted by the same symbol since all weights have 
multiplicity 1. Take, for instance, su(2),: in terms of the fields 


(95-1 m(Z); 1 m(@)) = (m; m) (15.129) 


g(z,Z) reads 


(ae G:=}) 
ea = ( 2 2) J (15.130) 
z 
From now on, the matrix entries of g(z;,Z;) will be written as gy, .7,(Zi, Zi) with 
m; (resp. m;) referring to the holomorphic (resp. antiholomorphic) sector. 
The group theoretical content of the correlator (15.124) is coded in the tensor 


product 
Q @ WN-1 © WN-1 ®@ @ (152031) 


Using the Littlewood-Richardson rule described in Sect. 13.5.3, it is easy to verify 
that: 


@, @an-1=901 (15.132) 
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where @ refers to the adjoint representation and I to the scalar representation of 
zero weight. The above four-term tensor product reduces then to 


(6618 (81 =16 266 (6 @86) 

=21620@::- 
since, in the product of two adjoint representations, the scalar representation ap- 
pears only once. Thus, in the product (15.131), the identity occurs twice. Equiv- 


alently, the two identities could be characterized as follows: one comes from the 
identity in each of the two products 


(13.133) 


2(21,21) 2 | (22, Z2) and g'(z3,23) 2(24, Z4) (15.134) 


and the other from similar terms with the indices 2 and 3 interchanged. Therefore, 
each conformal block of the four-point function, in addition to being decomposable 
into holomorphic and antiholomorphic sectors as 


F(2i, Zi) = F(z) FH) (15.135) 
also decomposes into the SU(N) invariant factors 
Le On gis Omamnes lo = bya One (15.136) 
(where, by an abuse of notation, we identify the matrix with its components) as 
F(zi) = 1, F(Z) + LF 2(z) (15,137) 


and likewise for ¥(Z;). 

The product (15.131) yields two copies of the identity, which means that the 
correlation function (15.124) will decompose into a linear combination of at most 
two conformal blocks. To obtain the precise number of contributing blocks, we 
need to evaluate the level k fusion rules 


Deo (15.138) 
with 
A =[k—1,1,0,---,0]} =(k— 1)a +; (15.139) 


Techniques for calculating fusion rules will be presented in the next chapter. 
However, it is not difficult to convince oneself that for k > 1s 


Axd*=14+6 (k>1) (15.140) 
with 
6 =kéy +0 (15.141) 


This means that there is no truncation of the tensor product. The complete four- 
term fusion rule then produces two copies of the identity. However, fork = 1, 
the field transforming in the adjoint representation decouples since it is no longer 
primary (i.e., 6 at level 1 is [—1,1,0,--- ,0, 1], and it has one negative Dynkin 
label); we thus have 


Axd*=I (k=1) (15.142) 
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or, equivalently, 
@, X Ovn-) = 1 (15.143) 


so that fork = 1 there is only one channel, that is, only one contributing conformal 
block. 


15.4.2. The Four-Point sti(N), Knizhnik-Zamolodchikov 
Equation 


As usual, the projective Ward identities allow us to write 
G(zi, Zi) = (21 — 24)(Z2 — 23)(Z1 — Z4)(Za — 23) "G(x, X) (15.144) 
where h: is the dimension of the field g(z, Z):!! 


- @1,@; +2 N?=1 
h=h= = ee 8D (15.145) 
and 

= (Z1 — Z2)(Z3 — Za) pe (Z; — Z2)(Z3 — Za) 
(Z; — Z4)(Z3 — Z2) (Z; — Z4)(Z3 — 23) 
In the following, we set 2; = Z; — Zj. 
In terms of the variables F;(x) defined by 
Fi(Zi) = [eratasl “Fi(x) f= 1,2 (15.147) 


the holomorphic part of the Knizhnik-Zamolodchikov equation (15.99) becomes 


(15.146) 


1 2 Ot ” 
@ a ay dX St) [214223] UF (x) + oF 2(x)) =0 (15.148) 


The next step is to transform these partial differential equations into an ordinary 
differential equation in the variable x. Consider the case i = 1; since 


an (= = =) 2 (15.149) 
Z12 214 
the equation takes the form 
—2h x 1 dial OF 
SS Nee) —0 
£14 412 ets k+ N53. 217 & 
(15.150) 


Once the z; derivative has been evaluated explicitly, and after taking out the com- 
mon factor Pare ee we can fix three values of the z;’s. A convenient choice 
iS 


71 =x, Z2 = 0, 3=1, COO (15.151) 


1 We recall that (w;,@;) = i(N —j)/N fori < j; we then have (w), p) = SL (N-[/N (Nios 
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This reduces the equation to 


pa : ae IF + IF =0 
{a k+N bs keeN ane a) 
(IS) J1S4) 


The next step is to evaluate the various terms )°, ff @ Si on the /;’s. For this, 
we must recall that when /“ is associated with a g (resp. g”') factor, it acts on the 
left (resp. right). Thus, for instance, 


(65 @ ti i= ye Ente 1 Om 28 1,173 =n, eto ons (15.153) 


m,m) mam 
mm’, 


On the other hand, if say i = 1 7 = 3, we should write: 


t Qe = a Cele Syn’, Omg, = SEAT (1Sa54) 


my nr, m3 
mim’, 


(We note the position of the repeated indices in each case.) To decompose the 
product ¢*7* in terms of J; and /, we need the formula: 


1 
> titi = 6:18)K — Nook (15.155) 
a 
which holds for su(N) matrices in the fundamental representation. The quadratic 


Casimir operator is 


N?-1 


DiC) = (1,01 + 2p) = Si (15.156) 


We are now in position to evaluate the different terms occurring in Eq. (15.152): 
is Qt q, = > CO mate. 


N?-1 N?-1 
= Oy ts Omatns = N qr, 


as: Qt 2h= Lt my,m3 Cin 


1 1 
Dy ors Sa, = qT; Fe 19 


a bm, m2 bm3,m, 


A ® b i= olen 


a 


(15-157) 


1 1 
= Sim, Omg, al py Orrin Sinsns = I, coe ae 
as Qt In = a ee 


_N?-1 ae N2-1 
aa ay i 2) ,1723912,m4 = 


I, 
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After substituting these results into Eq. (15.152), since the terms J, and /> are 
independent—so that their multiplying factors must vanish separately—, we obtain 
the two equations: 


opel [M@-DA Rm 1 
‘2 La N x x Nei 
(15.158) 
ape fW-dm mh IF 
<a fen NO 1 x= 1 ON & 


To proceed, we use the first of these equations to express F2 in terms of F; and 
substitute the result into the second equation. We then set 


F, =x'(1 —x)*f; (S159) 
to obtain the following second-order differential equation for f;: 
x(1 — x) 
qa — IN*x° aE + A(a)Ar + B(x)} fi = 0 (15.160) 


where k = kK+N, 


Oh De 
AC) = SS = ee) Ne (15.161) 
x 1-x 
and 
ower — 1) 7eNIN* —2) Fe N? = (N* — 1) 
(ese —1)+sKN(N2 — 2) + KN — (N?2 — ”) 
ames (15.162) 
=2rsnN* —(s 4 fFkNiN — 1) = <x) 
-. ee eee 
( x(1 — x) 
ew) N?2 
( x(1 — x) x(1 —x) 


Any solution of a linear second-order differential equation can be expressed in 
terms of two independent ones. Simple solutions can be obtained by making ap- 
propriate choices of the parameters r and s. In this way, the above equation can be 
transformed into the hypergeometric equation (cf. Ex. 8.9): 


x(1 —x)#f + [e-—(a +b +4 1)]d,f —abf =0 (15.163) 


For this, we must eliminate the coefficients of the x~? and (1 — x)~? terms; this 
fixes the possible values of r and s to be 


(15.164) 
and 


(157165) 
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Out of these four possible choices, two are independent. We then fix the value of 
s to be s,. For the two choices of r, the solutions are: 


ome | N 
r=r_: fee | sii) 


K K K 


— 1 N 
1 alee. ar(A tat +S) 
K K 


(15.166) 


where F(a, b; c; x) is the hypergeometric function (defined in Ex. 8.9). Notice that 
r_ = 2h, where h is the dimension of the field g(z, Z) given in Eq. (15.145). In the 
same vein, we can express r, in terms of the dimension of the adjoint field (with 
weight 6) and that of g(z, Z): Since 
(0,9+2p) WN 
2(N+k)  N+k 
where we used Eq. (13.128) with g = N, we can write 
f.=S p=, 2n (15.168) 

The two solutions for F are thus: 

ae N 

oe =x *(] — xe" F (<. —-;1l- ~.x) 
kK kK 


kK 


a (15.167) 


(15.169) 
—-1 N+1 N 
FU} = ahh] — xu (=. Au ~:*) 
K K 


Solutions for F, are obtained in exactly the same way. A suitable choice of solutions 
(incorporating a convenient normalization) is 


FS? = 1 2h( — xe E (: ce =i — S 1- =x) 
i rei (15.170) 


, ’ 


K K 


HP = -neaha -araie (NEHNAIN,,) 
K 


From the leading x power, we can identify the two conformal blocks, which have 
two components each, as follows: 


FO 
Fp=a FO = ( 5) (15.171) 
Fy 
is the identity conformal block, while 
) 
= Fh — Fy 15,072 
pe oe lec) (15.172) 
2 


is the adjoint-field conformal block. 


15.4.3. The Crossing-Symmetry Constraint 


The final step of the calculation consists in fixing the appropriate linear combination 
of our solutions making the correlator well-defined. As illustrated in Sect. 9.2.3, this 
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amounts to enforcing the monodromy invariance of the correlator. Equivalently, 
the emphasis can be placed on crossing symmetry. More precisely, we require the 
correlator to be single valued and invariant under the crossing symmetry: 


GG) = G1 —x, 1 —x) (15.173) 


where G(x, x) has been defined in Eq. (15.144). This is the point of view adopted 
in the present calculation. 


Let 
Ge, x) =m, 1:10; ;(4, 2) (15.174) 
ff D 
and 
G2) =) WX, FOG) B(x) (15.175) 
n,m=—,+ 


A first condition on the constants X,,,,, follows from the requirement of single- 
valuedness. Consider the sector where x is very small; for a single valued solution, 
a fractional power of x is permitted only if it appears in absolute value. This forces 


pF => » oe = 0 (15.176) 
Crossing symmetry requires: 
Gi j(x,x) = 93-13-11 — x, 1 —X) (15.177) 


This equality simply translates the fact x <> 1 — x interchanges the channels /, 
and /,. We now look for the particular linear combinations of our solutions which 
satisfy Eq. (15.177). For this, we need the following transformation property of 
the hypergeometric functions: 


F(a,b;c;x) =A; F@,b;a+b—c+1;1—x) 


+A, (=x) fle—ac—be—-a—b fii —~) 
(15.178) 
with 
I'(c)'(c —a —b) ie I(c)'(a+b—c) 
T(c —a)I'(c —b) AND 
To characterize the transformation properties of the conformal block, we introduce 
the coefficients Cy», defined by: 


Ce a Cnn Fs s(x) (15.180) 


mL 


A (15.179) 


They are determined from the explicit expressions of the conformal-block compo- 
nents and by Eq. (15.178). Consistency requirements on these coefficients follow 
from a double use of Eq. (15.178): 


C= == Ee CRG Grates: — 1 (15.181) 
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Hence, only two coefficients need to be evaluated. A simple calculation gives 
P(N/x)P(—N/k) 


pi aac ae (15.182) 
T(1/«K)P(-1/k) 


C= 


and 
T?(N/x) 
TN + 1)/Ke) P(N — 1)/k) 
The crossing-symmetry requirement takes the following form. To avoid terms 
mixing the two conformal blocks we must have: 


KG rae Ae, Ce (15.184) 


(15.183) 


(ER = 


and the equality of the nonmixed terms forces 
2 as 
Kae Cee + wee = X__ (15.185) 
Nercee + X44C44 => Dar 


In view of Eg. (15.181), all these requirements are compatible. We then set 


xe = Ko (15.186) 


With our choice of normalization for the solutions of the differential equations, 
the correlation function is properly normalized when 


> (15.187) 


The final result is then 


Gat) —F, OF 2 F(x) PO) (15.188) 
ra 
We have argued previously that fork = 1, the contribution of the second conformal 
block should decouple. It is indeed easily verified that for = ee =e). 
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15.5.1. Free-Field Representations and Quantum Equivalence 


In the study of the Virasoro algebra, we found various representations in terms 
of free fields, based on bosons, fermions, and ghosts. In particular, the free-boson 
representation, including vertex operators, proved to be very useful for practical 
calculations, especially for the evaluation of correlation functions. In this section 
and the next two, we show that similar representations exist for WZW models. The 
simplest ones are the free-fermion representations of the so(N), and su(N), x 
u(1) = u(N); WZW models, famous examples of non-Abelian bosonization. 
For models with simply-laced algebras at level 1, there is also a representation 
in terms of r (=rank) free bosons and vertex operators, the so-called vertex repre- 
sentation. Its extension to nonsimply-laced algebras requires the introduction of a 
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suitable set of fermionic fields. This type of representation also exists for k 4 1, 
but it is much more complicated and will not be discussed here. 

A generic representation for all g, WZW models, in terms of r free bosons and 
|A,| pairs of ghosts, will be described in Sect. 15.7. 

It is certainly a remarkable fact that two theories with completely different 
classical actions can be equivalent at the quantum level. We stress that the quan- 
tum equivalence of two theories means the equivalence of their correlation func- 
tions. This implies directly that the two theories have the same symmetry algebra 
(which means the same Ward identities associated with the symmetry) and the same 
primary-field spectrum (which is encoded in the two-point correlation functions). 

Although these last two characteristics are in general easily compared, this is 
not so for the full set of correlation functions. Even though it is sufficient to restrict 
ourselves to four-point correlation functions of primary fields (out of which the 
various operator coefficients can be extracted), the evaluation of these functions 
remains a tedious task. In practice, it appears that establishing the equivalence of 
the two (quantum) energy-momentum tensors is generally sufficient!* and from 
now on we will understand quantum equivalence in this weak sense. An easily 
verified necessary condition for the equivalence of the energy-momentum tensors 
of two theories is the equality of their central charges. 


15.5.2. The So(N), Current Algebra From Real Free 
Fermions 


Consider N real independent free fermions, with OPEs 


Vilz)yj(w) ~ (15.189) 


ij 
(z—w) 
transforming in the vector representation of so(N) (i.e., with highest weight @,), 
with transformation matrices ¢@.. In this case, the index a actually stands for a pair 
of integers (r,s) such that 1 < r < s < N and an explicit realization of these 
matrices is given by: 


Hh = ty” = i(6;85 — 8785) 
Tr(1"t°) 255., (15.190) 
> Gti = —5ix5j1 ar 6i15jK 


They satisfy [¢*,t?] = }>. ifapct® with 
fave = firs\pqynn) = SwplOngesp = dnpdsg) Te dnis(OrgOnp - SngSrp ) (15.191) 


DE lite = 2(N — 2)8ca (15.192) 
a,b 


12 There are simple counterexamples, however: free-boson theories defined on circles of different 
radii have the same energy-momentum tensor but different spectra. 
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This is indeed consistent with our normalization jo|* = 2 (see, for instance, 
Eq. (15.53)), since for so(N) g is equal to N — 2. 
Out of these fermions, a bosonic spin-1 field is easily constructed as 


J*(2) = BY iti WI@ (15.193) 
ij 


for some constant 8. We now check that this provides a realization of the OPE 
(15.43), thereby fixing 6 and the level. Since we have free fields, we can use 
Wick’s theorem to calculate contractions: 


F@Pw) = BS) titi | gy Be VVC) + Sul j(ODVROWD 


ijkl 


+ Sx (wilz)vilw)) — biz). w))} 


1 
as Gow fH + 6:5;x} ] 
(15.194) 
The two brackets result from the single and double contractions, respectively. (We 
recall that in order to contract y, with y;, we must pass yy over y;, and this 
induces a minus sign.) By Taylor-expanding the fields evaluated at z around the 
point w, we obtain 


(a | ° Cc b 
J*(z)F?(w) = 26> Tone + 2p (15.195) 


From the first term, we see that 6 must be equal to A and since by Eq. (15.190) 
the trace is 2 when a = b, we conclude from the second term that k = 1. The 
corresponding Sugawara central charge is given by (cf. Eq. (15.61)) 


tN(N-1) N 
C1 os 


This certainly looks natural at first sight since a real free fermion is known to con- 
tribute 5 to the Virasoro central charge. But this result has been derived previously 
from an energy-momentum tensor of the form 


c(so(N);) = (15.196) 


Te) = —5 Dviawdl2) (15.197) 


while here the energy-momentum tensor is given by the Sugawara construction, 
which is quartic in the fermion fields: 


Hie) aN jy De Dat Wi Wat WN) 


a ijkl 


(15.198) 
> ieee 1) ae Bindi + Side] (Hid ad) @) 
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In fact, these expressions are only superficially different. The exact equivalence 
of Eqs. (15.197) and (15.198) can be established by means of the rearrangement 
lemma of App. 6.C, which we reproduce for convenience: 


((AB)(CD)) =(A(B(CD))) + (A([(CD), B})) 
+((L(CD), A})B) + ([(AB), (CD)}) 


Note however that this result was derived for bosonic fields. Since it is to be applied 
to fermionic fields, the signs of the different terms must be reconsidered. But in the 
present context (CD) is bilinear in the fermionic fields, thus bosonic, and because 
the order of the factors A and B is nowhere changed, the formula is not modified. 
We then rewrite Eq. (15.199) as 
(hiv OD) = Wii aw) + (Qik), ew) 

+ (iw), vy) + Will), wD) 

From Eqs. (6.222) and (15.194), we find 


(with), Yew) = 8 [Sx (bidn) — Sbive) + bude) — bid] 


(15199) 


(15.200) 


(15.201) 
Similarly, with 
1 
Ww (z)vilw) ~ Fay ute) — dvi(w)) (15.202) 
we have 
(yew), Vil) = Obi — Sixwi) (15.203) 


Collecting all these results, a simple calculation shows that 


Yi sindit + Sidi ew) = S>—-4(N = I)(YidWi) (15.204) 


ip.kl i 


whose substitution into Eq. (15.198) reproduces exactly Eq. (15.197). 


15.5.3. Description of the So(N), Primary Fields 


As a first application of a current algebra free-field representation, we present 
a description of the WZW primary fields for the so(N); model in terms of the 
fields in the free-fermion theory. It turns out that not all the primary fields can be 
expressed directly in terms of the free fermions. But a free-fermion theory is in 
fact equivalent to the Ising model. It is then in terms of the primary fields of N 
decoupled Ising models that all the WZW primaries for the so(N), model can be 
written. The dimension spectrum of the so(N),; model is easily calculated, using 
the quadratic form matrix given in App. 13.A, to be 
NCR: ey, ok own, eld 

ip (15.205) 


iN =r a 
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together with the vacuum state, related to the weight @. (We recall that the only 
integrable representations of So(N)) are @p, @), and @, for B,, and @p, @), @-1, 
and ,, for D,. The corresponding nodes in the Dynkin diagram have comark equal 
to one.) The primary field transforming in the vector representation must be ehasz) 
itself. Since it has holomorphic and antiholomorphic dimension , it should be!? 


gu(z,Z) = vez) Wi(Z) (15.206) 


This must reproduce the OPE 


ease bon Enilw, Z) 
gxi(z,Z)J*(w) ~ ms eee (15.207) 
In terms of free fermions, this reads 
1 ivi) 
Vilas vith Ww) ~ de rs (15.208) 
ij 


and is indeed easily checked to be true. The remaining fields (transforming in 
the spinor representations of so(N)) all have conformal dimension iN . Hence, 
they must be made of N copies of the Ising spin field o(z, Z) or its dual y(z, Z), 
which both have conformal dimension x: The number of possible fields that can 
be constructed in this way from N copies of the Ising model is 2". This number 
matches exactly the dimension of the associated representations: 


B,: dim|@,| = 27+! D,: dim|@,_;| = dim|@,| = 277! (15.209) 


15.5.4. SO(N), Characters 


A free-field representation provides a simple way of finding an expression for 
the characters of the theory. Since SO(N), can be represented in terms of N free 
fermions with the same boundary conditions (ensuring the periodicity of the dif- 


ferent components g;;(z,Z) as given by Eq. (15.206)), its partition function must 
be of the form 


Ieee a (15.210) 
v=2,3,4 
where 
Ler 
bn SS = |= 
5 | , (i221) 


'3- Such a fermionic tepresentation of a WZW model makes natural the effective description presented 
at the end of Sect. 15.1.1. Here, the comparison of the §0(N)-WZW action with a free-fermion theory 
leads to a relation between the field g(z,Z) and the fermions that makes g(z, Z) transform in the vectorial 
representation (the minimal representation of so(N)) in both sectors. 
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(a notation used frequently in Chap. 12). The characters are obtained by rewriting 
this equality in the form 


Lit lx |" (15.212) 


x ! 
AGP. 


by requiring the x;’s to transform covariantly among themselves. For 50(2r),, the 
primary-field characters are thus found to be 


=; (42*) 


Xa = 5 
15 — 6, 
= = | = S28} 
x ] 5 ( n’ ) ( ) 
16; 
Mp5) = 1G = 27 


All functions are understood to be evaluated atq = e?"" and 6,(q) = 6,(0|t), v = 
2,3,4 stand for the Jacobi theta functions defined in App. 10.A. The relative 
normalizations of the characters are fixed by modular invariance, and the absolute 
normalization of x,, is fixed from the first two terms of its expansion: 


Xe» = 1+ [dim so(N)]q+--- (15.214) 
For S0(2r + 1); the characters are 
Me 2 
wet [eee 
Xi» 2 nits 
r+ r+ 
eg (15.215) 
wy; 9) nt? 
as 
Mn = Se NS 
S20 


For N = 1, we recover the Ising characters, as we should. 


15.5.5. SO(N) Representations at Higher Levels 


With N free fermions transforming in the vector representation of so(N), we have 
constructed a representation of the so(N), affine algebra. Is it possible to obtain 
higher levels, by considering other representations than the vectorial one? Clearly, 
the derivation of Eq. (15.195) is representation independent, so that the whole 
dependence upon a specific representation is encapsulated in the value of the level 
read off the equality: Tr tt? = 2k6,,. We know that this trace, evaluated in the 
highest-weight representation A, is related to the Dynkin index x, defined by 


Tr 20? = 2x, 85 (15.216) 
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and for which we already found the explicit expression (13.133). (For so(N), x 
is always an integer.) Therefore Eq. (15.193) with B = 5 aad? SS" yields*a 
representation of SO(N),, . 

A particularly interesting case is $0(3). It is equivalent to Su(2) with its repre- 
sentations restricted to those whose highest weights have even finite Dynkin label. 
For the adjoint representation, the index is found to be 2. Hence, Su(2)2 has a 
representation in terms of three real fermions. 


15.5.6. Complex Free-Fermion Representations: Uu(N)z 


Consider now N complex free fermions ¥;, yt , with OPEs 


vieofw)~ H— yf@ujlw) ~ es 
Wilz)yzj(w) ~ 0 Wi (z)v} (w) ~ 0 
They provide a natural realization of (1) by 
P(2) = BY WW (15.218) 


where B is some constant. The level is found to be B7N. It is clear that B is not 
fixed, which makes the value of the level arbitrary. In spite of this, the contribution 
of such a (1) factor to the Virasoro central charge is unambiguous and equal to 1. 
This can be seen from Eq. (15.61), with g = 0 and dim g = 1. The corresponding 
Sugawara energy-momentum tensor is 


i 
2B2N 


1 
Tay(z) = Ne) on SW ww w)@) (15.219) 
ij 


and the arbitrary factor 6 has disappeared. 
If these fields transform in the defining representation of sz(N) (i.e., with 
highest weight w,), with transformation matrices ti such that 


Tre?’ = Oab 
1 
Cita = Sidjk — > SijSxt 
2E } } N i] 


> | evehava = 2Ndey 
a,b 


(15.220) 


we can construct a representation of Su(N) with 


F(z) = Wj 4y)@) (15.221) 
ij 


This is readily checked, and the level is found to be 1. It is also simple to verify 
that 


J°(z\*(w) ~ 0 (15.222) 
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so that from N complex free fermions, we actually get a representation of 2(N)). 

The relation with a standard theory of complex free fermions can be obtained 
as in the so(N) case. The starting point is again the rearrangement lemma (6.226), 
which yields 


(VDD) = OGL) + a5uCUl wD — bad Wy] 
+ (Iv) Wb — (Wi aWn)d,; 


Notice that for N > 1, the quartic term is nonzero. Using this relation, the 7(1) 
Sugawara energy-momentum tensor (15.219) and that for st(N),, namely 


Tmo WW POM CA ACA De (15.224) 


a ijkl 


(15:223) 


can be reexpressed respectively as 


1 1 
Tay = sy Di Wi VW) + sq DVI) — Hava] (15.225) 
ie} 1 


/ i i nD ' i 
Pee = a LW (Wily YD) + HR mi vi) vi) — (Yaw) 
(15.226) 
Adding these, we find that the quartic piece cancels out, with the result 
] 
Taq) + Tun, = 5 DIGI v4) — AW] (15.227) 


This is exactly the energy-momentum tensor for N free complex fermions. Since 
a free complex fermion (which is equivalent to two real fermions) contributes to 
c = 1, the central charge for Eq. (15.227) is equal to N. This agrees with the sum 
of the Sugawara central charges 


N?—-1 
Neat 


Here again, higher levels can be obtained from su(N) representations larger than 
the defining representation. 


c(u(1)) + c(su(N)) = 1+ ay (15.228) 


§15.6. Vertex Representations 
15.6.1. The su(2),; Case 


Consider a theory with a single free boson g(z),'* where as usual 
p(z)p(w) ~ — In(z — w) (15.229) 


14 Tn this chapter and the following ones, when considering the free-boson theory, we will always 
refer to its chiral (holomorphic) part. 
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Clearly idg(z) defines a %(1) current. But as we know, this is not the only Tee! 
operator that can be constructed from this free boson: the vertex operators e*!¥?? 
also have conformal dimension 1 (cf. Sect. 6.3.2). It turns out that these three 
spin-1 operators 

Howe Bees (15.230) 


satisfy the Su(2) algebra at level 1. Using, for instance (cf. App. 6.A), 


E* ()E~(w) = exp{2.ol2)o(w)} expliV2(o(2) — ow))) 


1 (z—wy" (15.231) 
= GuwyP exp {way ae ae ew 
the full set of OPE is readily found to be 
jer eer | /2H 
ee (c-w)? z-—w 
H(aE*(w) ~ £Y2E=™) (15.232) 
ZW. 
fl 
A(z)H(w) ~ C= 


These are the expected OPE in the Cartan-Wey] basis (with E* = E*"), since a, 
is /2. (Unpleasant factors of /2 can be avoided by moving to either the Chevalley 
or the spin basis.) 

The Sugawara central charge is equal to 1 (cf. Eq. (15.61) with k = 1 and 
g = 2), as expected for a theory with a single boson. Indeed, a direct calculation 
shows that the Sugawara energy-momentum tensor reduces to that of a free boson: 


T(2) = = [(HH) + (E*E-) + (E-E*)] 


i i 


ele ie a - re 
=a (apa) + 39 — (apae) ~ 3» — (aeay)| (15.233) 


I 
= ——(dg0 
Bk pag) 
where (E*+E~) can be read off the first regular term in the OPE (15.231), and 
similarly for (E~ E*). 
For this WZW model, there is only one field beside the identity, and it is bound 


to be g(z, Z) itself, with conformal dimensionh = h = i. It has four components, 
two for each sector. Those in the holomorphic sector are e*!¥(2)/V? , corresponding, 
respectively, to the two states 7 = $m = +4 (where j = A,/2): 


Et (z)eiowv2 = (z a weiee)+5 ew) V2 m0) 
le (15.234) 


yy 


joe (z)eivw v2 zi) 
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In the first OPE, the absence of a pole and of a nonzero regular term as z > w 
implies that 


(Efe?) 0 (Et el#/v2) — 9 (15.235) 


They correspond respectively to the last condition in Eq. (15.101) (the other equal- 
ities of condition (15.101) are trivially checked) and the singular vector (15.110) 
(since here k = (A, 6) = 1). 


15.6.2. Fock Construction of the sv(2), Integrable Modules 


We now show that the above construction provides a representation of the integrable 
Su(2), modules. We start with a description of the identity module Erodes 
Ay = 0). 

We consider then the Fock space generated by the states 


Ip; {ni}) = Ngja™'a™, --- |p; {0}) (15.236) 


where N;,,,) is some constant, and |p; {0}) is obtained from the vacuum state |0; {0}) 
by 


lp; {0}) = (E*(0))” |0; {0}) if p=V2m>0 


CIS 237) 
lp; {0}) = (E~(0))" |0; {0}) if p=—-V2m <0 


for some positive integer mm. The Lo eigenvalue of these states is (cf. Eq. (6.72)): 


1 co 
Lo|p; {ni}) = Ea a Sim Ip; {ni}) 
me (15.238) 
= nt + Stn |\¥2m:; {ni}) 
k=1 


now with m e Z. For the first few values of m, the number of distinct states at 
each grade (i.e., at each eigenvalue of Lo) is given in Table 15.1. For instance, the 
five states with m = 0 and Lo = 4 are 


|0; 4,0, ---) 10:2 ,1,0) 3) |0; 1,0, 1,0, -->) 


(15.239) 
10; 0, 2,0, ---) |0; 0,0, 0, 1,0,---) 


The states |p; {;}) are seen to build up the module Lj; 9). They are associated with 
weights whose finite part is 272@ . (Note that since the su(2) root a; can be taken 
to be /2, we can reinterpret p = /2m as p = a;m = 2mw.) At each grade, the 
finite weights are easily reorganized into irreducible representations. 

This field theoretical construction of the module Ly; 9); shows clearly that the 
string function for the weight [1,0] is given by the inverse of the Euler function: 
the states with mm = 0 and Lo = N are in one-to-one correspondence with the 
various partitions of the integer N. This demonstrates the identity (14.144). 
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Table 15.1. States in the lowest grades of the su(2), 


module Ly 1,0]+ 
Lo m su(2) 

—2.5— ee O oer decomposition 
0 1 (0) 
1 1 1 1 (2) 
2 1 2 1 (2)+(0) 
3 2 a- 22 2(2)+(0) 
4 1 ay eee (4)+2(2)+2(0) 
5 1 5) ion 1 (4)+4(2)+2(0) 
6 et 1 ss ed 2(4)+5(2)+4(0) 


For the construction of the module Ljo,1), with highest weight state e'#”2Q) 


(i.e., A; = 1), the procedure is similar. We consider again states of the form 
(15.236) with now 
1 
> p'=p+— (15.240) 
perie J/2 


and p still living in the root lattice (i.e., the eigenvalue p has been shifted by @). 
The action of Lo is then 


Lolp's tni}) = (5 +m? — m+ Yk) Im + itm 5.240 
k=] 


There are two states of lowest energy, with Lo eigenvalue 5 they both have all 
n; = 0 and they are distinguished by their value of 72, which can be 0 or 1. The 
number of states and their su(2) decomposition at the first few values of Lo are 


given in Table 15.2. 


For these two representations, the vertex construction leads to a simple 
expression for the characters. Using 


x; (z; 1) = Tr; e27it(Lo—cl24) ,—2nizI® (15.242) 
with 
q=e* te (15.243) 
the characters read 
Xuan )=n@y So gx (15.244) 
meZ+i,/2 


Their specialized forms, obtained by setting z = 0, are exactly the extended 
characters of a free-boson theory compactified on a circle of radius R — J/2 
(compare with Eq. (10.233)). This is actually the only value of R that leaves both 
the generators and the primary fields invariant under g > p+ 2nR. 
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Table 15.2. States in the lowest grades of the su(2), module 


Loo. 

ie m su(2) 
—2e=-) 0 1 2 3 decomposition 

i 1 (1) 

I i (1) 

3 12s 1 (3)+(1) 

a eas nes a | (3)+2(1) 

u 2s 2 2(3)+3(1) 

a x gar! ae) 3(3)+4(1) 

= ieose 1 1 omen (5)+-43)+6(1) 


15.6.3. Generalization: Vertex Representations of 
Simply-Laced Algebras at Level 1 


The above construction has a natural generalization for all simply-laced algebras, 
where to every simple root we associate an independent free boson ¢', with 


g'(z)—'(w) ~ —8y In(z — w) (15.245) 
The Cartan currents are 
H(z) = iag’(z) (15.246) 
For the other generators, the natural guess is 
Eee eo (15.247) 


with!® 
a- p=) agi (15.248) 
i 


(This almost works, but since this is not the final story, we have put a tilde over 
E*.) For a simply-laced algebra, \a|* = 2 for all roots aw; the dimension of all the 
E®’s is thus 1. This vertex has the right OPE with H': 

al E*(w) 


H'(z)E*(w) ~ ———— (15.249) 
eM 


15 We recall that upper indices refer to eigenvalues in the Cartan-Wey] basis. 
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For the product E* and E%, proceeding as for E+(z)E(w) in Eq. (15.232), we 
find 
E*(2)E*(w) ~ (2 — w)"°P E(w) + (2 — w)' 1a - ip E(w) + 

(15.250) 
Singular terms can appear only if (a, 8) = —1, in which case a + B is a root (i.e., 
a + B # 0), or if (a, 8) = —2, which means that B = —a. When (a, 8) = -2, 
Eq. (15.250) yields the expected result 

1 a-H 


E*(2)E-*(w) ~ ——__— 15.251 
EQ) Ww) ~ eee (15.251) 
and when (a, f) = —1, it gives 
_ iS Ee2t+6 
E*(z)E?(w) ~ (15.252) 


Z—-w 
This may seem right at first sight. However, we note that the interchange of E*(z) 
and E(w), with z < w, should leave the result invariant, but that is not the 
case here since the simple pole picks up a minus sign. The cure is to introduce a 
correction factor Cy to compensate for the extra sign: 


E*(z) = cak*(z) (15.253) 


Cq iS an operator acting on the Fock space and it depends only upon the momentum 
part of the free-boson zero modes. Explicitly, if the mode expansion of g’ is written 
in the form (cf. Eq. (6.54)) 


j 
02) = 4 — iff mz +i 2 (15.254) 
n#0 
where in particular 
4") = —i8j, (15.255) 


then cy = Cy(H). As a result, when c,(%) passes over a vertex, its argument is 
shifted: 


e'*°ca(p) = cg(p — ae’? (15.256) 
To have all signs right in the OPE, we thus need 
Ca(B)eg(6 — «) = (—1)eg(6)ca(p — B) (15.257) 
Furthermore, in order to obtain a closed algebra, we also require that 
CalB)ep(p — or) = €(@, B)ca+pH) (15.258) 


with e(a@, 8) = +1.'° We now present a simple solution to these conditions. For 


a,BEQ, 
a=)inia;, B=) ma; nimeZ (15.259) 


16 The following result is used here: for simply-laced algebras, the constants N,,g that appear in 
Eg. (13.11) are equal to +1. 
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we introduce the product 


a * B= >> njmj(a;,0%) (15.260) 

i>j 
Now we denote by p = (p!,---,p") the eigenvalues of (p',---,p"). First we 
consider the basic representation (i.e., with highest weight @o). In that case, con- 


sistency forces p to lie in the root lattice Q. This makes the following definition 
sensible 


Ca(p) = (—1)9?** (15.261) 


Since @ * B € Z and |a;|? = 2 for all i, it is easy to check that Eq. (15.257) is 
satisfied, and that further 


e(a, B) = (—1)**8 (15.262) 


As indicated in Ex. 15.19, e(a, B) is a Z2-valued two-cocycle. 

For the other level-1 representations, the highest weight is a fundamental weight 
@; with unit comark. For these representations, the p eigenvalue must lie inQ+@;. 
This requires a slight modification of the correction factor, namely 


Co(p) = (—1)@-#* (15.263) 


The quantum equivalence between the theory of r free bosons and the (simply- 
laced) g, WZW model can again be established directly at the level of the energy- 
momentum tensors. For the WZW model, it reads 


Tay DAV) +) [EE V2) + EVE] 


a>O 
(15.264) 
The evaluation the first regular term in the OPE E*(z)E~*(w) shows that the 
second member in the r.h.s. of the above equation is equal to 


201 + ap 


>, ony = SH Qoalely = gH'H!s; =gH-H (15.265) 


aeA, ach 


For the last equality we have used Egs. (13.180) and (13.184). This readily implies 
that 


1 ee: 

T(z) = 5(H - E)@) = —5 (09d) (15.266) 
as expected. The equality of the corresponding central charges is a consequence 
of the identity 

dim g = 7r(g + 1) (15.267) 


valid for simply-laced algebras. 

For nonsimply-laced algebras, the situation is more complicated due to the 
presence of short roots. For these, the operators e+” have conformal dimension 
‘. To produce an operator of dimension 1, we must multiply it by a free fermion. 
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For instance, a vertex representation of the B, algebra requires r bosons and one 
fermion. 

For k > 1, vertex representations still exist. The level-k Cartan generators 
can be represented by H' = ivkag;. We then expect that E** will contain the 
piece et''v/ vk which indeed reproduces the OPE H'(z)E*“(w). However, this 
vertex operator has dimension |q|*/2k. In order to build a spin-1 current, it has 
to be combined with a field of spin 1 — |a|?/2k. This representation requires 
thus the introduction of fields that are neither fermions nor bosons (the so-called 
parafermions). We will not pursue this matter, and consider instead a third type of 
free-field representation, whose field content is level independent. 
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We now turn to the generic free-field representation of affine Lie algebras. This is 
the starting point for a systematic analysis of WZW models, which parallels the 
Coulomb-gas description of the Virasoro minimal models. 


15.7.1. From the su(2) Monomial Representation to the 
Affine Case 


The free-field representation to be introduced presently can be regarded as an affine 
extension of the monomial representation of finite Lie algebras. For s1(2), the spin- 
j irreducible representation is spanned by the 2j + 1 monomials {1,x,x2,---,x7/} 
in some complex variable x. In this basis, the Chevalley generators are represented 
as 


? 0 
Soe ax 
, r) 
ee hae ao 


and their action on the monomial x’~””, representing the state |j, +72), is 
egxi—™ = Gj aa m)xi-™"—1 
hg = 2m” (15.269) 
cael — Gj aa m)xi-"+1 
In view of constructing a Fock space, the operators x and d/dx can be interpreted 
as creation and annihilation operators denoted respectively by —yo and Bo, with 
(v0, Bo] = 1. In addition, we introduce a pair of canonical variables 6,g with 
commutation relation [p,q] = —i. A Fock space can be constructed by the repeated 


application of the creation operator Yo on the vacuum state |p; 0). This vacuum 
state is characterized by its momentum eigenvalue p, which takes its values in the 
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weight lattice (i.e., p = 2jw; < V2/), and its property of being annihilated by fo. 
Henceforth, with (x, 0/dx, 2) replaced by (—yo, Bo, W2p), the above relation for 
the generators reads 


€o = Bo 
hy = V2 p + 2yoBo (15.270) 
fo = —V2 B vo — %eBo 
When supplemented with the singular vector 
f,’*" |p; 0) =0 (15.271) 
the Fock space is equivalent to the representation space of the spin-j module of 
su(2). 

We consider the affine extension of this representation. In the same way as the 
finite Lie algebra generators correspond to the zero modes of the affine generators, 
we interpret the set of operators {yo, Bo,p,q} as the zero modes of appropriate 
free fields and replace these zero modes by the corresponding fields. In this way, 


the operators yo and fp are transformed into bosonic ghosts A(z) and {z) (of 
respective spins 1 and 0) (cf. Sect. 5.3.3) 


Ba ee ic) — ac (15.272) 


with 


1 
Hz)Bw) ~ arr (15.273) 


Similarly, the conjugate variables g and p are identified with the zero modes of a 
free-bosonic field y(z), whose mode expansion takes the form (cf. Eq. (6.54)) 


K aR 5 ayn _ 
yz) =4-ip nzt+iy 2" (15.274) 
n 
n#0 
The commutator [q, p] fixes the normalization of the OPE to be 


y(z)pw) ~ — In(z — w) (15.275) 


The affine extension consists in replacing p by 10g/a,, where a4 1s some multi- 
plicative factor to be fixed below. This process yields the following candidate for 
the sz(2), currents in the Chevalley basis 


EZ) = plz) 
: i/2 
h(z) = a, 002) + 2(yB)(z) (15.276) 


f(z) = Yona — (B(yy))){z) 
+ 
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where the tilde reminds us of their tentative character. Of course, as for the zero 
modes, the products are normal ordered. The OPE of h(z) with itself is 


2(a;? — 2) 
g=w}? 
In order to reproduce the desired factor 2k on the numerator (the 2 because we are 

in the Chevalley basis), we must set 
1 
ae 
ee GD 


h(z)h(w) ~ (15.277) 


(15.278) 


Next, calculating the OPE of é(z) with f (w), we find the correct first singular term, 
h(w)(z —w), but the central term is missing. To cure this, we add an extra term in 
f(z), proportional to dy (the proportionality factor is easily found to be —k). Such 
a term could not have been predicted from the finite representation since its zero 
mode contribution vanishes. The correct form of the currents is thus 


e(z) = Biz) 
h(z) = iN? ae) + 2(yB)(z) (15.279) 


ee 2 one) — kay — (B(yy))(z) 


$$ 


and the full set of OPEs reads 


h(z)h(w) ies @_w) 
h(z)e(w) ~ — 
i: =H (15.280) 

—w 


h(z)f(w) ~ 


™ h(w) 
PIES + ———— 
(Z—w)?  z-w 
This shows that the currents in Eq. (15.279) are indeed sti(2), generators. The 
representation (15.279) is usually referred to as a Wakimoto representation. 
Here again, it is possible to check, at the level of the energy-momentum ten- 


sor, the equivalence with a theory of free fields. With the (by now familiar) 
rearrangements 


e(z)f(w) ~ 


((yB)dy) = (8p(yB)) = (Ag(By)) = (B(agy)) 
((ya9)B) = (B(yag)) + dy 

((yB)(B)) = (B(B(yy))) + (By) — (Bay) 
((B(vy))B) = (B(B(yy))) + 2(aBy) + 2(Bay) 


(15.281) 
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the Sugawara energy-momentum tensor becomes 


1 1 
(pe CaP 
ae EK )+ (eh + | 
1 aa (15.282) 
= —(Bay) — — (aay) — 
a kaa v2 7 
If we express the free-boson part of the energy-momentum tensor as in Chap. 9 
(cf. Eq. (9.30)): 


i 
T, = —5 (8v89) +iV2aeo (15.283) 


(the tilde over a is designed to avoid confusion with a simple root), we see that for 
the bosonic field, there is a nonzero background charge —a@,/2. The contribution 
to the central charge of each term in the total energy-momentum tensor is 
3k 
c=24+1- 2465 = —— 15.284 


whose sum reproduces the Sugawara central charge. 


15.7.2. Su(2), Primary Fields 


We now turn to a description of the primary fields for the s(2), WZW model. From 
the su(2) monomial basis, we expect the spin-j irreducible vacuum representation 
to be spanned by the 2j + 1 monomials (—y)~’”. However, in order to have a 
nonzero conformal dimension (and actually, the correct su(2) spin as probed by 
the affine generators), it must be accompanied by a vertex operator. We recall that 
for a free boson with a background charge ao, the dimension of the vertex e'@” is 
a?/2 — ./2ad. To reproduce the conformal dimension (15.104), we require 


cea JG 1) 
Te Ra 


(15.285) 


which fixes a to be 
a = V2ja4 (15.286) 
The primary field of finite weight 2ja, at level k is then eiV2ie+” and successive 
OPEs with the field f(z) generate the fields 
1 SE aa i (15.287) 
The action of the currents on @;,» is 


OC a 


—— te 
2mj m(W) (15.288) 
—Ww 


om 


h(z)$jm(w) ~ 


€(2)4j m (w) ay 
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15.7.3. Calculation of Correlation Functions 


Since the Wakimoto representation provides the simplest way of evaluating 
correlation functions, we outline the calculation procedure for the Su(2), case. 

We recall that in the Coulomb-gas formalism, for calculating correlation func- 
tions, it proves convenient to introduce a dual description of the fields: a vertex 
operator V, = e' iV2a 9 ig equally well described by the dual vertex = = Vo4,-a: 
Hence the two-point correlation function (V, V, ) = (V,V2%-a) satisfies the charge 
neutrality condition. 

The first step in the su(2);, WZW model is to find the analogue of this dual 
description for the primary fields ¢;,,,. A simple calculation shows that 


yj = Pie Was SH) (15.289) 
with 
s=-k-1 (15.290) 
has dimension j(j + 1)/(kK + 2). Moreover, the OPE 
e(z)gj;(w) ~ 0 


; soe (15.291) 
h(z)¢;;(w) ~ 6 


indicates that it also transforms as the highest weight of a spin-j representation. 
dj, is uniquely determined by these requirements (cf. Ex. 15.22). The two-point 
correlation function is reproduced provided we project out (i.e., ignore) the extra 
B* factors: 


(bj, -j(2)0;(W)) ~ (v7/(2) 87 (W)) (Ve, j(Z) Va, (-s—)(W)) 
C (15.292) 
~ Gow 


where C is a constant. The different dy, mS are obtained by successive applications 
of f(z) on ¢j;. 
The dual of the vertex operator part of ¢; ; is found to be 


Vai = Va,(-s—j) = Voinsej (15.293) 


From the example of the two-point function, we see that the Coulomb-gas charge- 
neutrality condition (i.e., ya, @; = 2a) is now replaced by the requirement 


a a; = 295s (15.294) 


where s is the difference between the number of f and y factors: 


S=#B — #y (15.295) 


It is left as an exercise (see Ex. 15.23) to verify that the above prescription repro- 
duces the su(2), three- -point functions (in which one of the fields is represented by 


§15.7. The Wakimoto Free-Field Representation 665 


its dual). For four-point functions, as in the Coulomb-gas formalism, a screening 
charge is required. This is the integral of a dimension-1 field that commutes, up to 


a total derivative, with the three current generators. Such a field is easily found to 
be: 


V, = peviv2+9 (15.296) 


since it satisfies 


e(z)V.(w) ~ 0 
en? (15.297) 

—iV2a04¢(w) ‘ 
f(z)Vi(w) ~ (k + 2)a, (=) 


6 


The method for calculating four-point functions with proper insertions of screening 
charges is then essentially the same as for Virasoro primary fields and it will not 
be detailed. 


15.7.4. Wakimoto Representation for s7(3), 


We now consider the generalization of the Wakimoto free-field representation to 
the s1(3) case. 

The finite-dimensional description of the su(3) states requires three variables 
X1,X2, and x3, one for each positive root (with x;,2 associated with a@1,2, and x3 
with a; + a2). We can start by looking at the simplest possible form for the raising 
operator ei, satisfying the commutation relations 


(en en] ee, [eneal—lep,enl—0 (15.298) 
with e!, = 0/ax; + ---. A simple solution is 


C) 0 ) 

] 2 3) 
= ee ee e. = — 15.299 
“0 Ox) “o ax 0x3 e 0x3 ( 


By searching for the Cartan generators hi, in the form c,;x;0/dx; + a; -p, for some 
constants c; and p = (p1,p2), we readily find 


sf a). 
9— 1° P- X17 ie ees 

mi ee (15.300) 
, 9 a a 
ho = 02° p +x eS Lae 


ax 
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The lowering operators are now completely determined by the remaining 
commutators: 


‘ @ x? 2 —X\x d + X\X2—— 
a 2 Jha sram ae ire ee Ae 
a 
f2 = 02 - px. +43 —X3— 
a ax2 ; (15.301) 
fo = (1 +02) - p x3 — a2 XiX2 ~ A1%35— 
3 2? 
BPP ie Nae + aie 


With this choice of basis, the states are generated by monomials of the form x}5x5 
withr +¢ <a, -p ands < @-p. It is easily verified that when the bounds are 
saturated, the action of f; on such monomials vanishes. 

With the relabeling x; — —y}, 3/dx; — Bj, and the replacement 


(4, Bip) > ('@), B@), — 9) (15.302) 
+ 
with 
is igs (15.303) 
yi(2) p(w) ~ —— Hees ame 
2— Ww 


we lift this representation to a representation of the full affine Lie algebra, up to 
a finite number of terms of the form y”dy (for some power 7) in f;, which are 
uniquely determined by forcing the OPEs to reproduce the su(3), algebra. The 
final result is (cf. Ex.15.26): 


e| = Bp} 
e? = p* — y'p? 
e=p 


hl = ay dp + 2y'p- Br +B 
ay 
i 
h? = —an-d9—y'p' + 2B +B (15.304) 
+ 
i 
— e . dy y) a kay! ah yp’ ars y'y'B! ar yy? Bp? eal y' ye 
1 
oleae ay y* — (k + 1)ay* — y*p! — yy? 


1 
pre ay eee ap y° — —an - ay y'y* — kay? — (k + 1)y' dy? 
Oy ay 


§15.7. The Wakimoto Free-Field Representation 667 
—y PB -Y VR -—vy Be —y' Ye 


where now Oe = 1/(k +3). Here, in order to lighten the notation, we have omitted 
the parentheses indicating the normal ordering, but these are understood, with the 
usual nesting toward the right. We note further that since the bosonic fields are 
orthogonal, the scalar products are naturally evaluated in the orthonormal basis, 
where 


1 1 
oe wale ¥3), oe w.-v3) (15.305) 


15.7.5. Generalization 


Representations similar to those described for su(2) and su(3) exist for any finite 
Lie algebra: it requires |A,| variables x, and r pairs of conjugate variables pj, qj. 
For the Fock space construction, we also need vacua that are eigenstates of p; and 
annihilated by the modes f,,>9 and y,,.9. The passage from the finite Lie algebra 
representation to the free-field representation is done in the general case exactly 
as in the above two examples. Although this will not be proven in full generality, 
the Sugawara form of the energy-momentum tensor can be reduced to that of the 
corresponding free fields, as 


1 : 
T = ~(a9- a9) —iap- p+ >) (Yuba) (15.306) 


acA, 


where the generic expression of a+ is 


1 
2S 
= ae (15.307) 
and 
ria : 64 ba a’ 
ag’ (z)ag/ (w) ~ oy Ya(Z) Bo (w) ~ a (15.308) 


We will be content here with a simple “numerical” check, at the level of the central 
charge. The respective contribution of each term in the above expression of T is 


c =r —12a7 |p|? + 2|A,| (15.309) 


By using the Freudenthal—de Vries strange formula (15.121) and the obvious 
equality 


dung —2\A, (+r (15.310) 


we see that these terms add up to the expected value of c, namely k dim g/(k +g). 
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Appendix 15.A. Normalization of the Wess-Zumino 
Term 


In this appendix, we demonstrate that the ambiguity in the Wess-Zumino term 


ara ef ay eat (EeRE FRE 2) (15.311) 
24 3 


is an integer multiple of 2771. It is sufficient to focus on a SU(2) subgroup of the 
symmetry group G.'’ We take a point y € S? (assumed to be of radius 1) to be 
parametrized by the variables y°!° satisfying (y°)? + (G')? = 1 and introduce 
the uniform map 


Bly) = y° — iy* ox (15.312) 


appropriate to the su(2) lowest-dimensional representation: here the o’s are the 
usual Pauli matrices 


a=( 0) a=(% fy) a=(5 Pn (15.313) 


The index of the su(2) fundamental representation (cf. Eq. (13.133)) iS: 
i 3 ] 
pe dim lanier, @) ud (15.314) 
2 dim [su(2)] 2 
so that 
Tr’0;0; — 7A by ojo; = 46; (15.315) 


The uniformity of the map allows us to evaluate the integrand at one particular 
point, say y° = 1 and all y' = 0, where it is 


1 : i 
De ~~ Six EY (o;0;0%) => (15.316) 
ak 241 4 


Since 


/ d°y = 2n? (15.317) 
Ss 
the anticipated result follows: 


Al 2 (15.318) 


Here we have considered a situation in which the physical space S* is mapped 
once onto the group SU(2), itself topologically equivalent to S*. The n-th power 
of this application would have described n coverings of S? by S°, affecting AT by 
an extra multiplicative factor n. 

The argument fails when G has no SU(2) subgroup, namely for SO(3). That 
case can be dealt with easily by noticing that SO(3) is like SU(2), but with a 


'7 This relies on a theorem of Bott, which states that any continuous mapping of S? into a general 
simple Lie group G can be continuously deformed into a mapping of S? into an SU(2) subgroup of G. 
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short root, so that |@|* = 1. Referring to Eq. (15.216), we see that the index of the 
representation is proportional to 1/|9|?. Hence for SO(3), AT = zi. 


Exercises 


15.1 Classical aspects of WZW models 


a) Derive explicitly the equations of motion for the %, WZW model, obtaining first 
Ege 15323): 


b) Derive the classical energy-momentum tensor in terms of the currents (15.34). 


15.2 Polyakov-Wiegman identity 
Writing the action (15.33) as S(g), show that 


S(gh™') = S(g) + S(h7!) + = / d’x Tr’ (g~'a.gh7'a,h) 


which makes manifest the invariance property (15.29). 


15.3 Sugawara construction in terms of modes 

Verify the Sugawara construction directly at the level of modes, that is, check that the L,,’s 
given by Eq. (15.64) satisfy the Virasoro algebra with central charge (15.61), where the 
commutation relation for the current modes is given by Eq. (15.45). 

15.4 Normalization of the energy-momentum tensor in the Sugawara construction 


a) Given that J® is a primary field of conformal dimension 1, which translates into 


[Ln J@,] = —mJ? 


n+m 


obtain the value of y in 
1S: = sp ip amma ee 


simply from the application or L Sy on a state |@,) satisfying Eq. (15.83). 


b) Similarly, obtain the central charge by evaluating the norm of L_.|0), first using the 
Virasoro commutation relations and then using the expression of L_, in terms of the affine 
modes. 


15.5 Action of the 2; outer automorphism on the energy-momentum tensor 
Find the action of the st1(2), outer automorphism a on the Sugawara Virasoro modes. Note 
that on the affine generators, this action is (see the end of Sect. 14.2.2): 


Teg MD) > kh ose (15.319) 


m+)? m 


15.6 Generalized Sugawara construction 


a) Show that the following deformed Sugawara construction 


l 
= ee (72 74') Aaya 
‘i D eile )+p 


where the p® are some constants, still defines an energy-momentum tensor. Calculate the 
corresponding central charge. 
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b) In its full generality, this construction is not physically interesting. Why? For the relevant 

specialization, the constants p* are nonzero only for the generators of the Cartan subalgebra: 
T = T8 + p'aH! 

Evaluate the change in the conformal dimension of primary fields induced by this 


modification. 


15.7 Current four-point function 
Calculate the current four-point function (J2(z, J? (22° (z3 4 (z4)). 


15.8 Ward identities and the Knizhnik-Zamolodchikov equation 

Show that the Knizhnik-Zamolodchikov equation (15.99), with Eq. (15.91) expressing the 
global G invariance of the correlation functions, implies the projective Ward identities 
(15.90). 


15.9 Integrability of the Knizhnik-Zamolodchikov equation 
Check the integrability condition of the Knizhnik-Zamolodchikov equation, i.e., that 
[d,, , 3;;] = 0 


when evaluated on a correlation of primary fields. This integrability condition is equivalent 
to the infinitesimal braiding relations: 


(Ay, A] = 0 [Ay, Aix + Aj] = 0 
for i,j, k, 1 all distinct, where here Aj = t; ® tj. 


15.10 The Su(N), Knizhnik-Zamolodchikov equation 


a) Derive the i = 2, 3, 4 analogue of Eq. (15.152) and show that the resulting equations are 
not independent. 


b) Work out the details of the derivation of the F, and F2 solutions. 
c) Verify that the normalization used for the F, solutions makes the correlation function 
(15.188) compatible with 

(g(z,Z)g~"(0, 0)) = (2z)™ 
d) Determine the leading behavior of the correlation function (15.188) in the limit x — oo. 
Identify the contribution of the conformal blocks of fields with finite weights 2w, and a». 
(The corresponding conformal dimensions will then have to be determined.) 
15.11 Su(N), correlators and complex free fermions 
a) Write down explicitly the correlation function (15.188) for k = 1. Redefine each field 
g(z, Z) by a free-boson vertex, that is 

fizz) = e??™ 2(z, 2) 

and find the expression for the correlation function (ff ~'f~'f). 


b) Find the representation of the field f in terms of the complex free fermions described in 
Sect. 15.5.6, and fix the value of p. (To fix the fermionic dependence of g(z, Z), and thereby 


f, force the OPE of the currents with g(z, Z) to be of the form (15.76). The parameter p is 
fixed by the dimension.) 


c) Recalculate the correlator of four f -fields in terms of complex free fermions and compare 
with the result of part (a). 
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15.12 The su(2), four-point correlation and free boson 
Compare the correlation function (15.188) for the st(2), case with that obtained from the 
vertex representation of Sect. 15.6. 


15.13 The S0(N), Knizhnik-Zamolodchikov equation and real fermions 


a) Calculate the correlation functions for four fields in the defining (w,) representation of 
SO(N),, by solving the Knizhnik-Zamolodchikov equation. 


b) Compare the result with the correlation function calculated in terms of the free-fermion 
representation of Sect. 15.5.2. 


15.14 Free-fermion representation of So(N), 
Verify that real free fermions transforming in the adjoint representation of so(N) realize 
the OPE (15.43) for k = g. Consider 


J*(2) = BY fave Wo We)(2) 
bic 


for some constant 8, and check the equivalence with a theory of IN(N — 1) free fermions. 


15.15 Free-fermion representation of Su(2)2 


a) In terms of three real fermions, construct explicitly the operators E+, E~ , and H satisfying 
the level-2 version of Eq. (15.232). (Hint: Introduce ws. = Ww, + iy). 


b) Write down all possible states that can be obtained from three sets of Neveu-Schwarz 
fermionic modes, up to grade Lp = 2, and decompose them into irreducible representations 
of su(2). Display their relationship through the action of the modes of the current. Verify 
that the states at integer grades build up the module Lj.) whereas those at half-integer 
grades build up Lo). 


c) Find another representation of the su(2), current algebra, in terms of a free fermion and 
a free boson. 


15.16 St(2)2 characters from the free-fermion representation 

Given that St(2), can be represented by three fermions (cf. Ex. 15.15), obtain the characters 
of the irreducible representations. Hint: Proceed as in the So(N), case, and start from the 
partition function 


Ze). Z; (15.320) 


v=2,3,4 
with Z,, defined in Eq. (15.211). 


15.17 Decomposition of the irreducible su(2), representations into an infinite number of 
Virasoro irreducible modules 
In terms of the Virasoro irreducible characters at c = 1, which are (cf. Ex. 8.3): 
q' 2 
n{q) = — for h#n*/4 
eG) 


n2/4 (n+2)2/4 
q —-4 2 
Xn (q) n() 


show that the specialized szi(2), characters (15.244) can be expressed as 


Xian) = es (2m + 1)x',2(q) 


m>0 


meZ+a,/2 
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This illustrates neatly the reducibility of affine Lie algebra representations in terms of an 
infinite number of Virasoro irreducible representations, or, equivalently, that there is an 
infinite number of Virasoro primary fields inc > 1| theories. 


15.18 si(3); modules from the vertex representations 
In the framework of the vertex representation, construct all the states 


Ip; (n?}, {n\?}) 


with Ly < 3 in the Sta(3), modules L;; 9,0) and Ljo,:,9); at each grade, organize the states into 
su(3) irreducible representations. 


15.19 Cocycles 
Using Eq. (15.258), evaluate the product 


Calp — B — vocal — y)c,(p) 


in different orders and show that 


e(a, B)e(a + B, y) = €(B, y)e(w, B+ y) 
This is the characterizing property of a two-cocycle. 


15.20 Sugawara form of L_; 
In the szz(2) spin basis, the expression for L_, is 


1 * “ 
= ney) 5 (Io oly Poe) 
a) Using the free-boson representation at level 1, verify that the action of the r.h.s. on 
etie2)/V2 is indeed the same as 3,. 
b) Generalize the computation to an arbitrary level k, by using the Wakimoto representation 
and by considering the action on a primary field ¢;,,. 
15.21 Bosonic version of the Wakimoto representation 
a) Verify the following ghost bosonization: 
B = idv eo utiv y= et-v 

where uw and v are standard free bosons 

u(zju(w) ~ —In(z—w) —-v(z)v(w) ~ — In(z — w) 
b) In terms of the three bosons u, v, and y, show that the currents and the energy-momentum 
tensor become 

e(z) = idv e tiv 
i/2 


ay 


h(z) = dp + 2du 


f(z) — a —(k+2)du + (k+ nam ett-iv 


ay 

—10, 
ao 

(Warning: The normal-ordered product (By) must be understood as follows: 


By = (Gove! )e7a) a (iav (e-4iBB my) tench SAPD jeer 


_ - . 1 1 1 i 
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where the dots stand for terms resulting from the necessary rearrangements.) 
c) Consider the vertex operator 


Va bb) = eiae—butib'v 


What is its conformal dimension? Calculate the most singular term of its product with the 
currents and find the values of the constants a,b, and b’ for which such vertex operators 
generate an irreducible spin-j representation. 


15.22 Dual su(2); fields 

a) Argue that Eq. (15.289) is the only possible choice for the dual of the field ¢,,. 

b) Find the explicit expression of di2,-1A- 

15.23 Su(2), three-point correlation functions 

Show that the three-point function of su(2), fields are appropriately reproduced by the 


Wakimoto free-field representation, when the correlation is evaluated under the form (@¢¢@) 
by projecting out extra factors B°(cf. Sect. 15.7.3). 


15.24 A second Su(2); screening field 
For the st(2); WZW model in the Wakimoto representation, test the following candidate 
screening field 


ee pk ei V2 (k+2) 9 


Prove that V, and V_ exhaust the possibilities for screening fields. 


15.25 Screening operators 

Show that the operator e '¥24. for the representation (15.270) of the su(2) generators, is the 
finite analogue of the screening field V, defined in Eq. (15.296). Find the two analogous 
operators for sz(3) and their affine extension. 


15.26 su(3);, Wakimoto representation 

a) Verify that Eq. (15.304) yields the correct S4(3), current commutation relations. 

b) Check that for this Su(3), representation, the energy-momentum tensor can be brought 
into the form (15.306). 


15.27 Generators of the Cartan subalgebra in the Wakimoto free-field representation For 
a general algebra g, the Wakimoto free-field expression of the Chevalley generators of the 
Cartan subalgebra is 


, i 

hi = )° (ay, a)(y*B%) + —ay - ag 
weA, oa 

with a2 = 1/(k + g). Check that these are genuine primary fields of dimension | with 

respect to the energy-momentum tensor (15.306), and calculate the OPE h'(z)h'(w). 


Notes 


The sigma model (15.1) was solved exactly by Polyakov and Wiegman [299]. Its property of 
asymptotic freedom, akin to QCD, was a partial motivation for its study. The Wess-Zumino 
term was first introduced in a four-dimensional context by Wess and Zumino in 1971 [352]. 
Ten years later, Novikov (284] pointed out its multivaluedness, which forces the coupling 
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constant of such a topological term to be an integer for the quantum consistency of the 
theory. The topological theorem of Bott mentioned in App. 15.A can be found in Ref. [57]. 

The consideration of a Wess-Zumino term in the framework of the two-dimensional 
sigma model is due to Witten [359], who was also the first to notice the necessary asymmetry 
of the conserved currents J, and J; (cf. Eq. (15.17)). Inthe same work, he derived the current 
algebra commutation relations canonically at the level of Poisson brackets, and presented 
the first evidence for the conformal invariance of WZW models by displaying, through a 
one-loop calculation, the vanishing of the 6 function. The model was further studied by 
Polyakov and Wiegman {300] who derived in particular the relation given in Ex. 15.2. 

The Sugawara construction goes back to the late 1960s, discovered independently by 
Sugawara [332] and Sommerfield [328]. However its correct quantum version, that is, the 
correct value of y in Eq. (15.49), was found somewhat later: by Dashen and Frishman [86] 
for Su(N) at level 1, and by Goddard and Olive [182], Knizhnik and Zamolodchikov [240], 
and Todorov [336] for the general case. (The method used in Ref. [240] is presented in 
Ex. 15.4.) This construction also appeared in mathematics (Ref. [326]). 

The study of the conformal aspects of WZW models was initiated by Knizhnik and 
Zamolodchikov [240]. They introduced key concepts such as WZW primary fields, the 
basic equation which bears their name and they calculated the su(N), correlation functions. 
Section 15.4 follows rather closely (but with much more detail) their presentation. (Actually, 
the Knizhnik-Zamolodchikov equation first appeared in Ref. [86].) This important work was 
extended by Gepner and Witten [172]. They elucidated the structure of the WZW primary 
fields and derived the constraints that follow from affine singular vectors. The works of 
Tsuchiya and Kanie [337] and Felder, Gawedzki, and Kupiainen [129] presented significant 
developments. 

The solutions of the Knizhnik-Zamolodchikov equation for the su(2), WZW model 
were obtained by Zamolodchikov and Fateev [365] and Christe and Flume [75]. 

The first free-fermion representation of a current algebra was found by Bardacki and 
Halpern in 1971 (25]. The quantum equivalence between the S6(N),; WZW model and a 
theory of N real free fermions was shown in Ref. [359], while the analogous statement for 
su(N), was proved in Ref. [240]. General conditions for the equivalence of the &, WZW 
model and a theory of free fermions were derived by Goddard, Nahm, and Olive [180]. 
Many aspects of Sects. 15.2—15.5 are covered in the book of Fuchs [148]. 

Vertex operators originated from string theory (see, for instance, the book of Green, 
Schwarz and Witten [187]). Their use in the representation of current algebras goes back 
to the work of Halpern [190] and Banks, Horn, and Neuberger [23]. This construction 
was generalized by Frenkel and Kac [137] and Segal [326]. Vertex representations for 
nonsimply-laced algebras were found in Ref. [181, 43]. The cocycle construction presented 
here is taken from [187] and the construction of the sti(2), representations follows [228]. 
Free-fermion and vertex representations are reviewed in Ref. [183]. 

The su(2) Wakimoto free-field representation spaces appeared in Wakimoto (345], and 
the Feigen-Fuchs-type construction is due to A.B. Zamolodchikov (unpublished). Further 
analysis of the su(2), model can be found in Bernard and Felder [42] (in particular, the 
analysis of the BRST cohomology). The generalization to higher-rank algebras was found by 
various groups (Refs. [125, 126, 46, 174, 53, 55]). Our presentation follows Refs. [174, 55] 
for the most part. (Exercise 15.21 is taken from the first of these references. ) The calculation 
of the st(2), correlation functions was done by Dotsenko [108, 109] (the second screening 


operator presented in Ex. 15.24 is mentioned in the second of these references and in 
Ref. [46]). 


CHAPTER 16 


Fusion Rules in WZW 
Models 


This chapter is mainly concerned with the calculation of fusion rules in WZW 
models. As in any rational conformal field theory, fusion rules can be calculated 
from the Verlinde formula, in terms of the modular transformation matrices S. For 
WZW models, all these matrices are known explicitly. However, working out a few 
examples is convincing enough that the Verlinde formula is not very convenient 
for explicit calculations. Indeed, the dimension of the matrix S grows very quickly 
with the level and the rank of the algebra. Nevertheless, the formula itself allows 
us to derive useful identities (which is done in Sect. 16.1), in addition to being the 
starting point for a more efficient approach: the affine extension of the character 
method used for the calculation of tensor products in finite Lie algebra. This method 
is described in Sect. 16.2. It leads to a very nice relation between tensor-product 
coefficients and fusion coefficients. The concept of quantum dimension, naturally 
related to the character method, is introduced in Sect. 16.3. 

Another method of calculating WZW fusion rules—historically the first tech- 
nique to be found—amounts to implementing the vanishing of three-point func- 
tions containing affine singular vectors. It leads to the so-called depth rule 
(Sect. 16.4). Although not very practical, this method leads to the useful con- 
cept of a threshold level ke below which the coupling indexed by 7 is absent and 
above which it is always present. The knowledge of threshold levels and ordinary 
tensor-product coefficients suffices to fully determine the fusion coefficients. 

The depth rule boils down to a formula for threshold levels, but in terms of 
quantities difficult to evaluate. On the other hand, there is a very explicit approach 
to the calculation of fusion rules based on the idea that any coupling can be decom- 
posed into a finite number of basic or elementary couplings, such that the threshold 
level of a given coupling is simply the sum of the threshold levels of the elementary 
couplings occurring in its decomposition. This method is described in App. 16.A. 
However, it is limited to the lower-rank algebras, namely those algebras for which 
the basis of elementary couplings can be described explicitly. 
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In Sect. 16.5, the interesting concept of fusion potential is introduced. It pro- 
vides a framework in which fusion rule calculations are reduced to polynomial 
multiplications, subject to some constraints. These constraints are captured in the 
simple conditions that the derivatives of some function (the fusion potential) with 
respect to each variable (one for each fundamental weight) should vanish. 

In the final section, a remarkable quantum symmetry (with no classical, i.e., 
infinite-level, analogue) is exhibited. It relates theories whose level and rank 
are interchanged. The most spectacular manifestation of this duality is an exact 
equivalence between the fusion coefficients of the two models. 

At this stage, the importance of fusion rules should be clear. Not only do they 
give the structure of the operator product algebra, but, in theories with bound- 
aries, they are closely related to partition functions. Subsequent developments, in 
particular the construction of modular-invariant partition functions presented in 
Chap. 17, will provide further applications. 

Finally, we stress that only diagonal theories will be considered in this chapter. 
We recall that in diagonal theories each primary field transforms in the same 
representation of g in both holomorphic and antiholomorphic sectors, and each 
integrable representation has multiplicity one. The naturalness of such a spectrum 
was already indicated in Sect. 15.3.5 and its modular invariance will be proved in 
Chap. 17. The necessity of this assumption reflects the intrinsically chiral nature 
of fusion rules. In a chiral sector, the unitarity of the S matrix requires each 
representation to be present. The whole presentation is further restricted to the 
holomorphic sector. 

Readers who are not interested in all the facets of fusion rule calculations 
may restrict themselves to the first two sections. The remaining sections are all 
independent of each other. 


§16.1. Symmetries of Fusion Coefficients 


We first recall that, in a rational conformal field theory, the fusion coefficient 
N,,¢,,, Counts the number of independent couplings between the three primary 
fields $;,9;, and $x. This is equivalent to the multiplicity of the conjugate field 
¢; in the operator product expansion of ¢;(z) with $;(w). Indeed, the substitution 
of this OPE in the three-point function transforms it into a sum of two-point 
functions involving ¢,, which are nonzero only when the other field is g,. The 
fusion coefficients can thus be described as the decomposition coefficients of the 
formal product x defined as 


$1 x 6 = D Nova; OF (16.1) 
of 


Such a decomposition is known as a fusion rule. 
‘For the WZW model with g, spectrum-generating algebra, we know that the 
primary fields correspond to the integrable representations 4 € Pe of g,. The 
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fusion rules thus take the form: 


Aen Byer (16.2) 
te PA 


and the fusion coefficients can be calculated from the Verlinde formula: 


~ S35 Spa Si 
N® i AG CNnaP ia 
i x Sos 


(16.3) 


where, as usual, 0 stands for ka, the weight associated with the identity field. 

In this section, we derive simple properties of fusion coefficients, derived mostly 
from the Verlinde formula. In order to simplify the notation in the following, we 
omit the index k. 

We recall that the unitarity of S implies directly that 


Nog’ = 8; (16.4) 


which means that the identity field is the neutral element of fusions. 
In Eq. (16.3), the lower indices of N; a. are associated with S whereas the upper 


index is associated with S. Since 

55, = Sie, (16.5) 

(cf. Eq. (14.232)), this implies 
N; 6 


nN 
where, as before, }* denotes the affine weight whose finite part v* is the weight 
conjugate to v. Hence, in WZW models as in any general conformal field theory, 
indices are raised and lowered by the (charge) conjugation matrix C = S?. 

We consider now the action of the outer automorphism group on fusion rules. 


For A € O(g), we have shown (cf. Eq. (14.255)) that 


aoe = Nigel (16.6) 


AS3s = Sing = Sige" (16.7) 
Consequently, 
Naar? =Nig? and Nyaa) = Nig” (16.8) 
implying that 
AA'(s) _ ar 9 
Naga = Nig (16.9) 


A similar argument leads to 
Naa = Nina (16.10) 
of which a special case is 


Navy.” = Noatay” = Fai (16.11) 
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Thus, the fusion rule of the field A(0) = KA@p with any field / contains a single 
term, which is simply the field obtained by the action of A on j. In other words, 
the field A(0) acts in fusion rules in exactly the same way as A does on the weights. 

On the other hand, if we replace 6 by AG in the summation (16.3)—which is 
perfectly justified, since whenever a € PX , it automatically follows that Ad € 
P*__we find 


Ni," a i aa (16.12) 


For the fusion coefficient to be nonzero, the phase factor must necessarily be one, 
that is, 


(A@p,A+pu—vyEZ (16.13) 
This translates into the condition 
A+pu—-veQ (16.14) 


where Q is the root lattice of g. We recall (cf. the analysis following Eq. (14.114)) 
that we can write Q instead of QY because the mark associated with the dual of 
A@p is 1, meaning that the corresponding root equals its coroot. It is certainly very 
natural to recover this condition, since it is also necessary for the nonvanishing of 
the corresponding tensor-product coefficient Nj,,’. 

We now work out a simple application of the above results. We first calculate 
the fusion rules in the §0(2N + 1), model, for which the modular S matrix is 


a 1 J/2 
S= 5 1 1 ayo (16.15) 
2 eee 


with the ordering @p, @), @x (which are the only integrable representations at level 
one). A direct calculation using the Verlinde formula gives 


@y X Wp = @ 
Oo X @, = a) 
@ X On = ON 
i x , (16.16) 
@| XW = Wo 
Q| x On = ON 
On X ON = @ +O 
A sample calculation follows: 


ay Ss iomroag 1 1 
Ninoy = > AEE = 47-4051 (16.17) 
ant DAS? 


1=G ,@) Qn 


The first three relations could have been written directly from Eq. (16.4). All others 
are consequences of the first three and of the relations (16.6) and (16.9). Indeed, 
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for the B, algebra, the only nontrivial outer automorphism a exchanges @o and @), 
without affecting @y. Therefore, from @p x @p = @p and a? = 1, we find 


AW X AW = @ X @ = Bp (16.18) 
Similarly, we have 
aw@) X ON = @ X ON = AON = On (16.19) 
Finally, since C = J, 
Neg = Nowe" (16.20) 


We already know that the rightmost fusion coefficient in the above formula is unity 
if G is @p or @), and this gives the last fusion rule in Eq. (16.16). 

We conclude this preliminary section with a general comment. Fields that act 
as permutations in fusion rules are usually called simple currents. A(O) is thus 
an example of simple current. For WZW models based on simple Lie algebras, 
it turns out that all simple currents are related to outer automorphisms, with a 
single exception at level 2 in the Eg model. Simple currents provide a way of 
defining the center of a rational conformal field theory as the set of elements that 
are dual to simple currents. The center of a WZW model is simply the center of 
the corresponding symmetry group. 


§16.2. Fusion Rules Using the Affine Weyl Group 
16.2.1. The Kac-Walton Formula 


We now derive a precise relation between tensor-product and fusion coefficients. It 
essentially follows from a straightforward affine extension of the character method 
for tensor products. But there is a shortcut: the simple connection that exists be- 
tween fusion and tensor-product coefficients is actually rooted in the remarkable 
relation between ratios of elements of the modular S matrix and characters of in- 
tegrable representations of the finite Lie algebra, evaluated at special points. This 
observation has already been recorded in Sect. 14.6.3. Its symbolic transcription 
is: 

(6) _ Sea 

. S30 


where the character is evaluated at the special point 


= xXu(&) (16.21) 


—2n1 
k+g 


There is a direct relation between the fusion and tensor-product coefficients since 
the y\” satisfy the fusion algebra (cf. Sect. 10.8.3): 


(6), 6) _ k) 6,6) 
als ae es Ys cS 
vePy 


(o + p) (16.22) 


§ = 
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_— . k) 
This identity is easily verified by substituting the expression (16.3) for NS and 
using the unitarity of S. The x,,(&,) satisfy the tensor-product algebra 


morn = > Meee) (16.24) 


geP, 


When evaluated at ¢ = &,, the last expression must be equivalent to Eq. (16.23). 
We conclude that 


De Ne =) NE (16.25) 


bePX geP.. 


A relation between A“) ° and N,,," follows once the two summations are made 
comparable. The clue for this lies in the following observation. Any weight g in 
the fundamental chamber (defined by gy € P;) can be mapped into a weight in the 
affine fundamental chamber (defined by v € P, and (v, @) < k,i.e., 0 € PX) by an 
appropriate affine Weyl reflection. (This, of course, is not true for weights that lie 
on the boundary of PX. But in view of Eq. (14.173), these weights can be ignored: 
they have zero character.) Hence, for any y € P, not on the boundary of Ps (or 
a Weyl reflection thereof), there is aw € W andave P, satisfying (v, 8) < k, 
related by 


g=w-bv=wli+p)—p (16.26) 


where as usual 0 and @ are the affine extension of v and ¢ at level k. 
Denoting the finite part of @ = w- ) as gy = w- v, we can rewrite the right-hand 
side of Eq. (16.25) as 


DS Niu? Xo(Es) — a Sy Niu” Xue) (16.27) 
peP.. de PK wew 
w-veP, 


The replacement of 2 by w - u in the Weyl character formula (14.246): 
Drew (wert eeo) 
Yew Ewe ree) 
with w - + p = w(u + p) and a redefinition of the summation variable, yield 
XwulE) = e(w)x,.(Eo) (16.29) 
This allows us to rewrite Eq. (16.25) in the form 


VM w= SN ew) «= ean 


te PA tePR wew 
w-veP, 


ee = (16.28) 


from which we obtain 


No Naa ew) (16.31) 


weW 
w-veP, 
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This is the Kac-Walton formula.' 


16.2.2. Algorithm for Fusion Rules 


The Kac-Walton formula leads to a simple algorithm for the calculation of fusion 
coefficients, which is a direct extension of the character method for tensor products 
(described in Sect. 13.5.1), in which the finite Weyl group is replaced by its affine 
extension. 

The procedure for evaluating the fusion rules 4 x ji for A, i € Pe may be 
formulated as follows. We first add each weight yz’ of the representation yu to A, 
and sets y = 4+ yw’. Next, we construct the affine extension @ of gy at level k. Then 
there are two possibilities: 

(i) g can be reflected into the affine fundamental chamber, in which all Dynkin 
labels (including the zeroth one) are nonnegative integers, by the shifted action 
of the affine Weyl group. Hence, there is aw € W such that w - p=ve Px. 


Then v gives a contribution €(w) to the fusion coefficient NY © 


(ii) g is in the W orbit of some weight fixed under the shifted action of a simple 
reflection. This means that (s;w)- @ = w- @ for some w € W and some 
S;,i = 0,1,---,r. Such weights are ignored: their characters simply vanish. 
In practical calculations, the algorithm is broken into two parts, the contribution 

of the finite Weyl group being first considered. In other words, in the first step 
we simply calculate tensor-product coefficients. Next, for a fusion at some fixed 
level k, we write the affine extension of every weight v occurring in the tensor 
product A ® x. Those with a negative zeroth Dynkin label are reflected into the 
affine fundamental chamber by means of the shifted action of an element w of the 
affine Weyl group, whose rightmost part is now necessarily so. The result gives a 
contribution €(w) to the fusion coefficient. Furthermore, weights with vo = —1 
are ignored since 


So: [—1, v] = so[0, v + p] — [1, oe] = [-1, v] (16.32) 


so that the same weight would contribute with signatures «(1) = 1 and e(so) = —1. 
The same holds for all weights that can be reflected into a weight having —1 as 
one of its Dynkin labels. 

Consider for instance the sz(3) fusion 


[k — 3,2, 1] x (k —3,1,2] (16.33) 


! If tensor-product coefficients are defined for arbitrary weights by requiring that 
Nu" =0 ifanyof A,v,u é Py 


then the formula (16.31) can be simplified somewhat in that the restriction w - v € P, is no longer 
necessary. 


682 16. Fusion Rules in WZW Models 


The corresponding tensor product is easily evaluated by means of the Littlewood- 
Richardson rule 


(2, 1) @(1,2) = (0,0) 6 (0, 3) 6201, IOC, 4) 6 2(2, 2) (3, 0) 63, 3) 4, 1) 
(16.34) 

We let k = 3, the lowest level for which the affine extension of the weights on the 

].h.s. are integrable. The affine extensions of those on the r.h.s. are respectively 


(3 0, 0), [0, 0, 3]; Zit; Le 1]; [—2, t; 4], 


(16.35) 
= 221) 030i sees 


The two weights [—1, 2, 2] are ignored. For the other integrable weights, we use 


So-L=h+p—(Ao+ lao — (16.36) 
with 
@ =[2,-1,-1] and p=[I1,1,1] (16.37) 
to find 
So - {—2, 1, 4] = [—1,2,5] + [2, —1, —1] — [1, 1, 1] = [0, 0, 3] 
So - [—2, 4, 1] = [0,3, 0] (16.38) 


Solan 5, Sly 
The complete fusion rule is then 
(072,42) <:[0; 1, 2] = (3, 0,0) 11] (16.39) 
This result is illustrated in Fig. 16.1. Similarly, atk = 4 we find 
(1,2, 1] x (1, 1,2] = [4,0,0]+[1, 0, 3] + 2[2, 1, 1]+ [0, 2, 2]+[1, 3, 0] (16.40) 


Atk = 5, only the affine extension of (3, 3) is absent, whereas for k = 6, all 
weights appearing in the tensor product are also present in the fusion rule. 

In general, the sole action of so is not sufficient to transform nonintegrable 
weights with vo < —1 into integrable ones. Take, for instance, the su(3) weight 
[=3516, 0): 


So: co, 6, 0] = hace —" (16.41) 
while 
S250 ° 3; 6, 0] = [0, 3; 0} (16.42) 


An example of weight ? that would be ignored in the present context, even though 
Vo < —1, is [—2, 0, 6], since 


So « [—2, 0, 6] = [0, —1, 5] (16.43) 
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ee (1,4) (3,3) 
C15) j = 2, ee me 
on af s ™ : 
( 2,4) (0,3) (2,3)... 44,1) 
", Pes J 
. v se 
1,2)¢ *) 7 
7 | 2 G1) 30) 
0.0)*— — 


Figure 16.1. The st(3)3 fusion rule [0, 2, 1] x [0, 1, 2]. Weights are reflected with respect 
to the lines (—1,-,-], [-, —1,-J,{-,-, —1]; weights sitting on those lines are ignored (circled 
dots correspond to weights with multiplicity 2). 


The Kac-Walton formula makes transparent a certain number of fundamental 
properties of fusion coefficients. First, we see that fusion coefficients reduce to 
tensor-product coefficients in the limit k — oo: 


in ND? = Bi as 


In that limit the affine fundamental chamber and the finite Lie algebra fundamental 
chamber become essentially equivalent. (To be more precise, here we consider the 
limit where k is large with respect to (A, 6) and (v,), such that only a small 
part of the affine fundamental Weyl chamber is probed.) In that case, there is no 
need for affine Wey! reflection. Second, that the fusion coefficients are some sort 
of truncated tensor-product coefficients, where the degree of truncation is a sole 
function of the level, is very neatly illustrated by Eq. (16.31). 

However, this ape gach has an obvious drawback: in order to calculate a specific 
fusion coefficient Ne , we have to first evaluate the full product A ® yz, and reflect 


all the terms in the dewotipeation whose affine extension at a fixed level k are not 
in ee This is a rather long process when reasonably large representations are 
AWOL vet Furthermore, the formula does not make manifest the aiid of 
fusion coefficients. 

This is a good place to stress that a fusion rule differs from a standard tensor 
product. Indeed, in order to calculate the tensor product of two affine weights 
id and j2, both at level k, we can proceed as in the finite case, by adding all the 
weights jz’ of the representation L; to Aand decomposing the result into irreducible 
representations L;. However, the mere addition of two affine weights shows that in 
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this process the levels add up, that is, the decomposed representations are at level 
2k. But this is clearly not suited to the physical problem at hand, for which we 
want to describe the general pattern of operator products in a theory with a fixed 
value of the central charge, hence a fixed value of the level k. 


16.2.3. The Su(2); Fusion Coefficients 


It is very easy to obtain a general formula for the su(2), fusion coefficients by the 
above method. The starting point is the well-known formula for angular momentum 
tensor-product coefficients: 


AitHy 
A@y= ae) v (16.45) 
dactur t=O mod 2 
We fix the level k so that: 
k > max{A1, 11} (16.46) 


ensuring the integrability of both dand jf. If A; + uw < k, the affine extension of 
all the weights on the r.h.s. is integrable and the above expression extends without 
modification to the affine case. If, however, A; +; > k, itis necessary to perform a 
shifted Weyl reflection of some weights on the r.h.s. to recover integrable weights. 
The boundary weight v; = k + 1, if allowed by the parity constraint, is ignored as 
usual. For the other ones, it is clearly sufficient to act with (so-). Indeed 


So: (kK —v, v1] = [-k —24,2k+2—-— 4] (16.47) 


Eventhougha,;+y; > k+1, itis nevertheless true that 2k > A,+.) (which follows 
from Eq. (16.46)), so that 2k +2 > v, forall v, appearing in Eq. (16.45). Hence, all 
weights with v; > k + 1 are reflected back into the dominant sector and contribute 
with a negative sign. They thus cancel all terms in the range 2k + 2 — A, — yw, < 
v, <k. The final result for the fusion coefficient is 


1 if |Ay — yi] < vy < min{A; + 1,2k —A, — 4} 
Ne? = and A, +m; +; =O mod2 


0 otherwise 


(16.48) 
This expression illustrates neatly the relation (16.44). 


16.2.4. su(N); Fusion Rules: Combinatorial Description 


The algorithm described in Sect. 16.2.2 has a simple combinatorial interpretation 
in terms of Young tableaux. For simplicity, we only describe the sti(N); case. 
The tensor product of the fusion rules under consideration is first calculated by 
the Littlewood-Richardson rule. Those tableaux whose first row has length £, < k 
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correspond to integrable su(N), affine weights. Otherwise, the weights either lie 
on the boundary of an affine Wey] chamber (and are ignored) or can be reflected 
back into integrable weights by appropriate shifted Wey] reflections. Such a trans- 
formation is described combinatorially as follows. We remove a boundary strip of 
length 


t=l,—-k-1>0 (16.49) 


starting from the end of the first row and moving downward and to the left; then, 
we add a boundary strip of the same length at the bottom of the first column, 
starting from the N-th row and moving upward and to the right. We repeat these 
modifications until either ¢ < O or an irregular tableau is produced. (¢ = 0 or 
the occurrence of an irregular tableau signals a boundary weight.) The sign of the 
corresponding Weyl reflection is given by (—1)’-+’+*!, where r_ is the number of 
columns crossed by the removed strip and r, is the number of columns crossed 
by the added strip. An example will clarify the rule: we consider the su(4) weight 
(3,6, 4) at level 5, whose tableau has rows of length 2; = 3+6+4 = 13, 
£2 = 3+6 = 9, £3 = 3. This is not integrable since £, > k; the strip to be removed 
has length ¢ = 13 — 5 — 1 = 7 and it is indicated by boxes marked by 0’s: 


0/0/0]0 
HH BROOK = SneeSne (16.50) 


We now add a strip of length 7 at the bottom of the tableau (again indicated with 
boxes (0]): 


(16.51) 


where in the last step, columns of 4 boxes have been deleted. The sign of the Weyl 
reflection is — 1: 6 columns have been crossed in each step. This result is confirmed 
by a direct calculation: 


(s25150) - [—8, 3, 6, 4] — [ied 1) (16.52) 


Boundary weights are easily identified by this procedure: for instance, 6w4 is a 
boundary affine weight for su(N > 5)o,sinceet =6—2—1=3<4= £,, so that 
the strip removal produces an irregular tableau: 


(16.53) 
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Returning to the su(3)3 example (16.34), the three relevant “nonintegrable 
tableaux” and their modifications are 


FIs Coe 
—- |testt — 
10} 
He = FE esse 
|_| [ [0/0] sae 
rae — ! 


and they all contribute with a minus sign. In all the above examples, the (N — 1)-th 
row is always present. A final example deals with a different case: we consider the 
Su(3)3 weight [—3, 6, 0] and its modification: 


[T [1 [ jolol = a = aera (16.55) 


We observe that the added strip must start at the third row (N = 3) of the first 
column. The sign of the corresponding Wey] reflection is positive. This agrees with 
a previous calculation: s259 - [—3, 6, 0] = [0, 3, 0]. 


f | 
] 


§16.3. Quantum Dimensions 
Verifying the equality 
(dim |A|) x (dim ||) = > N,,."dim |p| (16.56) 
veP, 


is a simple consistency check in tensor-product calculations. At first sight, it might 
seem that it has no analogue for fusion rules, given that the highest-weight repre- 
sentations are infinite dimensional. However, we can define a dimension, relative 
to the reference vacuum representation, as 


a Tie.(1) 
Tot) 


This can be reexpressed in terms of specialized characters evaluated in the limit 
q— 1" ort > i0* 


(16.57) 


D: = tim BO, BO 

gl Xo(q) _ =ri0* xo(z) 

By using the asymptotic behavior of the characters (14.238), the relative dimension 
can be written as a ratio of S matrix elements 


S: 
| D,= ie (16.59) 


(16.58) 
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This last expression shows that D; is merely the ye defined in Eq. (16.21). The 
desired dimension formula for fusion coefficients is thus simply Eq. (16.23) for 
oie 0 


D:D; = )~ Ne? De (16.60) 
be Ph 


(which is simply the one-dimensional representation of fusion rules). For reasons 
to become clear later, D; is referred to as a quantum dimension. 

Intuitively, we expect D; to be areal number, greater or equal to one. We showed 
the reality of D; in Sect. 14.6.2; in the same section, we proved the inequality 
S39) = Soo => 0, which ensures that D; > 1. Being the reference representation, 
the vacuum has quantum dimension one. The same is true for all fields obtained 
from the vacuum by the action of the elements of the outer-automorphism group. 
This is a direct outcome of Eq. (14.255): 


AS, =o Sie = Shy (16.61) 
which implies that 
1D pe ama BES (16.62) 


That S;, is real also has the consequence that conjugate fields have the same 
quantum dimension 


D;, =D; (16.63) 


Whenever there is a small number of fields, the sum rule (16.60) may be suffi- 
cient to fix the fusion coefficients. For instance, we can consider G; at level 1, for 
which the S matrix is 


4 sinZ sin = 
S=j2 (16.64) 
sin a — sin = 


The two fields are @p and @, with respective quantum dimensions | and (1 +/5)/2. 
Equation (16.60) implies directly the “Yang-Lee” type fusion rules 


@2 X @2 = @ + a2 (16.65) 


An apparent flaw of the above example is that we need to calculate the S matrix 
to extract the quantum dimensions before applying the sum rule. But when the 
theory is simple, it is just as simple to use the Verlinde formula directly. However, 
we stress that only one column of the S matrix is actually required in order to 
calculate the quantum dimensions. Furthermore, there is a more direct way to 
calculate the quantum dimensions, which ultimately does not rely on the modular 
S matrix. 
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A simple expression for the quantum dimension comes from Egs. (16.59) and 


(14.241): 
(A+p,a) 
sin (23322) 
ay (16.66) 
(p,0) 
a>O Sin (422) 
To proceed further, we introduce the so-called q-numbers defined by 
qt? — q-*? sees 
ell = qi? —q-2’ where qgQ=e sacs (16.67) 
Some obvious properties of these numbers are:? 
[xJ=(k+g—x], [-*]=—f], (k+g]=0 (16.68) 
In terms of q-numbers, the quantum dimension takes the compact form 


~T(p,a)) 


In the limit q > 1 (kK — 00), this reduces to the usual Wey] dimension formula, 
since 


a>0 


lim [x] =x (16.70) 
{0 foes 


For su(N), the Weyl formula has a simple transcription in terms of partitions 
(cf. Eq. (13.192)), which is simply obtained by evaluating the scalar products in 
the orthonormal basis. Its “quantum” or affine counterpart is 
4;—2:+j-1 
Deal Ee naiet (16.71) 
izigieN Yt 

Apart from q # 1, the affine aspect of this formula lies in the integrability 
requirement on A, which translates into the constraint 2; — £y <k. 

The quantum dimensions of nonintegrable weights need not be positive. Actu- 
ally, from the explicit expression of the S matrix or directly from Eq. (16.29), we 
find 


D,,.3 = e(w)D; (16.72) 


for any element w of the affine Weyl group. Hence, all weights in the Weyl orbit 
of a weight fixed under the action of the affine Weyl group necessarily have zero 
quantum dimension. In the approach described in the previous section, where 
fusion coefficients are obtained from tensor products, we see that those weights 


? For integer values of x = n + 1, the q-number [x] reduces to the n-th Chebyshev polynomial of 
the second kind, introduced in Eq. (8.101): 


In+1] = U, (va+ =) 
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that are ignored are exactly those with quantum dimension equal to zero. From 
Eqs. (16.71) and (16.68), it is manifest that representations with 2; — ly =k+1 
have zero quantum dimension since the above product contains a factor [k +N] = 
0 in that case. Furthermore, the cancellation resulting from shifted affine Weyl 
reflections is a cancellation between weights in the same orbit and with opposite 
quantum dimensions. 

An example will illustrate the cancellation of representations with opposite 
quantum dimensions in fusion rules. We consider the affine extension of the tensor 
product 


(2) ® (2) = (0) @ (2) @ (4) (16.73) 
atk = 2. Since the sti(2), representation with finite Dynkin label A, has quantum 
dimension [A + 1], the quantum dimensions of the various terms on the r.h.s. are: 

Deo =U) =1 
Do,2 = (3) = [4-3] = [1] =1 (16.74) 
D-2,4) = [5] = [4-5] = [-)) =—-1 
The representations [0, 2] and [—2, 4] are on the same So orbit 
So - (—2, 4] = So[—1, 5] — [1, 1] = [0, 2] (16.75) 


so that they cancel each other; that is, their quantum dimensions add up to zero. 
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16.4.1. The Depth Rule 


We now complete the analysis, initiated in Sect. 15.3.4, of the constraints imposed 
by the affine Lie singular vectors on the correlation functions. Concentrating on 
the three-point functions, we saw that 


((E2,PA)(2) A’ (z1)0'(z2)) =0 if p=k—(,6)+1 (16.76) 


since it incorporates a singular vector. We recall that the primed field 1s obtained 
from the (unprimed) primary field associated with the highest-weight state by appli- 
cation of some finite Lie algebra lowering operators. We have seen that Eq. (16.76) 
implies that 
. p! 1 1 - Oy 7 O\b a7 _ 
DS TBIGray Gag AONE" HIE MESH) = 0 (16.77) 
ico litle! @ — zi)" @ — 22) 
14+h=p 

The three-point functions are particularly simple in that all the terms in the sum 
are independent. Indeed, a three-point function contains a single term whose de- 
pendence upon the variables z, z;, and Z2 is given by powers of their differences, 
powers that are sole functions of the conformal dimensions of the three fields. 
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Since the action of finite Lie generators does not modify the conformal dimension, 
these powers are thus independent of the l;’s. Therefore, the coefficients of the 
different terms (z — z;)~" in the above equation must vanish separately: 


(A(z) ((E8)" @’V(z1 (ES)? 0'1(z2)) = 0 


if h+bh=psk—@, 0) (16.78) 
Therefore, whenever 


(E6)' |’) = |i”) #0 


(16.79) 
(E8)? |v) = |6") £0 


for integers 1, , 1, satisfying Eq. (16.78), the nontrivial three-point function 
(A(z) fi" (z1)0"(Za)) (16.80) 


Beet 


must vanish. The relevant characterizing property of the state |”) is that 
(Bs ®\h | 41"), for some value of /;, is still in the representation 2 (i.e., itis anonzero 
state, |/1’))—and similarly for |”). 

The condition we just obtained can be formulated in a more intrinsic way by 
introducing the depth d,,” of the state |”), as the maximal value of /; for which 
Eq. (16.79) is true for |/z”) fixed. However, this definition needs to be made more 
precise since the depth is a property of a state, and not that of the associated 
weight; in general, the finite weights in a highest-weight representation of g can 
be degenerate. Therefore, we have to introduce a subindex 7 distinguishing the 
different fields that could be associated with the same finite weight. The proper 
definition of the depth is thus 


dyn, =max(/) such that Gein) #0 (16.81) 


The different states sharing the same finite weight generically have different depths. 
For instance, in the su(3) representation of highest weight (1, 1), the weight (0, 0) 
has multiplicity two, corresponding to the two distinct states E~*'E~™|(1, 1)) 
and E~°?E~|(1, 1)). From a linear combination of these states, we can form a 
su(2)o-singlet and a sz(2)p-triplet, with respective depths of zero and one. 
Therefore, a coupling should really be denoted as (Afi, Vip) and the doublet 
(j, €) can take Nj,,, values. Since 
h+h<dy +dy (16.82) 


(é) 


we are forced to conclude that 
A@)AGyZiy(Z2)) =O if k<dy +dy +(,6) (16.83) 


This is the explicit form of the constraint we were looking for. It is called the depth 
rule. 


The depth constraint can be simplified by using the g-invariance of the three- 
point function to fix one of the two primed states. Indeed, dj) can always be 
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expressed in terms of the action of some raising operators on the lowest state of 
the representation, | — p*); that is, 


Gp) = E%™ B% cou | = p*) (16.84) 


with a, some positive roots. Then, by moving the action of these finite Lie algebra 
generators on the other two states in the three-point function, and recalling that 
their action on A vanishes because 4 is a highest weight, we can rewrite (Ait, Diey) 
in the form (A fii)(—0*)) for some state | Ki) (from now on we drop one prime to 
lighten the notation). Hence, there is now only one state that is neither a highest 
nor a lowest state. The different states | hi) characterize the N,,,, couplings. Since 
the depth of the lowest state in a representation is necessarily zero, the constraint 
(16.83) can be reexpressed as 


A@piylaN—OMe2)) =0 if k< ki? (16.85) 
where 
ki) =dy, + (0,8) | (16.86) 


Clearly, the different couplings associated with a given triple product are 
characterized by (a priori) different constraints, that is, different values of ke 

We now look at what happens when k > ke In that case, there are no more 
affine constraints, no possibility of hitting an affine singular vector. The only con- 
straints are those associated with the finite Lie algebra singular vectors. These, in 
turn, fix completely the tensor-product coefficient Nj,,,. Thus, for k > ks Y 


(A(z) Ai (Zi)(—O*)(22)) FO if Niu» #0 (16.87) 


which means that oa is the threshold level for this coupling. Of course, irrespective 
of the value of k, it is always true that 


(A(z) iy (21)(—v*)(Z2)) = 0 if My =0 (16.88) 


Finally, how do we read off fusion coefficients in this approach? For fixed k, 
the number of allowed couplings is simply determined by the number of values of 
ke ) that lie below k. Suppose that the set {ki } is ordered such that ke Pe ke aa 
Then 


. (i) 
a | max(i) such that k > kj,’ and Nay, #0 (16.89) 


L 0 if kK<k or Nyy =0 


with kK defined by Eq. (16.86), in terms of the depth (16.81). 
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This is a manifestly positive expression for the fusion coefficients. Furthermore, 

it implies the following remarkable inequality: 
NO Ne (16.90) 
Ap AL 

which, from the point of view of the Kac-Walton formula, was totally unexpected. 

For practical calculations, the rule (16.89) is not very useful because in general 
the depth is difficult to calculate. Furthermore, the determination of a proper basis, 
appropriate for the calculation of both the tensor-product coefficients and the depth 
constraint, is still an open problem. This difficulty is obviously absent for su(2), 
where finite weights always have multiplicity 1. In that case, the depth is also easily 
calculated. 3 

We rederive the §1(2); fusion rules from the depth rule. We consider the fusion 
i x ju x 0. For the coupling to be nonvanishing, the following equality must be 
satisfied 


Arty ty, =0 (16.91) 


The fusion coefficient sa will be nonzero (and then the only value it can take is 
one) if 


[Ay — pil <¥) <A, + py and Ay + 1 +; =0 mod 2 (16.92) 
and 
k> (0,0) +dy +dy (16.93) 


The depth of x’ is the number of times we can subtract 9 = a from yz’ without 
leaving the representation, whose limit is — jz: 


[ie - 2d =p (16.94) 
so that 
Ly Ts 
a= 
L 5 ar 5) (16.95) 


Therefore, using Eq. (16.91), we find 


1 
k> 541 +p, +1) =k (16.96) 


The expression for the svi(2) threshold level is thus very simple. Adding the 
constraint 


Vv, < 2k — Ai — My (16.97) 


to Eq. (16.92), we recover the $(2), fusion rules (16.48). 

There is another circumstance in which the depth is easily calculated, namely 
for weights in fundamental representations. Consider for instance the fundamental 
representation of highest weight ; of su(N). The lowest state is obtained by 
subtracting 6 from w,. This means that the depth of « is one. For all other weights 


3 SI 
At present, we can calculate directly all the fusion coefficients from the depth rule only for §1(2),. 
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in the representation the depth vanishes. Other fundamental representations are 
treated similarly. 

In terms of semistandard tableaux, the different weights w, in the representation 
wy of su(N) are obtained by filling, in all possible ways, the £ boxes with numbers 
i},+++,t¢ such that 


l<1)<in<---<ie <N (16.98) 


In terms of this numbering, it is not difficult to check that the depth is simply 


é 


1 
a= 5l |1’s — N’s| + (@;,,0)] (16.99) 


where |1’s — N’s| means the absolute value of the number of 1’s minus the number 
of N’s. 


16.4.2. Threshold Levels and su(3), Fusion Coefficients 


The depth rule, through Eq. (16.89), shows clearly that the fusion coefficients 
are fully determined by the data Nj,,, and {ki ) }. Hence, fusion coefficients can 
be encoded in expressions for tensor products by simply introducing a subindex 
indicating the threshold level of the various possible couplings. For instance, the 
fusion rules for Eq. (16.33) at different levels are easily recovered from 


(2, 1) @ (1,2) =(0,0)3 @ (0, 3)4 ® 2(1, 1)3,4 ® (1, 4)s 
® 2(2,2)45  (3,0)4 ® (3, 3)6 @ (4, 1)s 


The notation 2(2,2)45 means that one copy of (2,2) appears at level 4 and the 
other one appears at level 5 (so that for k > 5, the two copies are always present). 
Fusion coefficients at a fixed value of the level k are obtained by considering all 
terms with subindex < k. 

We note that the very existence of a threshold level for each coupling is in fact 
a consequence of Eq. (16.90). This inequality in turn can be established directly 
as follows. The truncation on tensor-product coefficients is solely governed by 
the extra singular vector (15.109). The strength of this constraint decreases as k 
increases, which implies the inequality (16.90). 

Unfortunately, as already pointed out, we do not know how to calculate the set 
of values aN from the depth rule. Nevertheless, another approach is possible, based 
on the concept of elementary couplings. The idea is to decompose a coupling into 
a set of elementary couplings in such a way that the threshold level for the coupling 
under consideration is simply the sum of the threshold levels of the elementary 
couplings appearing in the decomposition. The latter are always easily calculated. 
Explicit expressions for the set (ks ; } can be obtained in this way for low-rank 
algebras. 

For su(N), this idea is most neatly formulated in terms of the Berenstein- 
Zelevinsky triangles. In App. 16.A, the complete analysis for the sz(3) case is 
presented. It culminates in an explicit formula for both N;,,, and ae which we 
report here. 


(16.100) 
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The number of scalars contained in the su(3) triple product A ® w @ v is 
Nyuv = Sky (km™ — kg +1) (16.101) 


where 
Kein — max( Ay + Az, br + 2, v1 + V2, L1 — min(Ar, M1, M1), 
Lz — min(A2, 12, V2)) Bien 
km — min( L1,L2) 


and 
: max min 
Fae lL if ROSS end hye (16.103) 
O otherwise 
The quantities L; are defined as 
L;=A+utyv,oj) (16.104) 
that is, 
i 
Ly = ~(2(1 + wi +1) +A2 + w2 + 2) 
: (16.105) 


I= 34 + i ty + 2(A2 + w2 + 2)) 


The corresponding fusion ooemcients are given by Eq. (16.89) with the above 
N,,,» and the following values of kf 


(ko }A @ w@ v) = (kg, ko" + 1,koN + 2,-- +k) (ieee) 


where k™ and k™* are given in Eq. (16.102). This yields 


0 if k<ky™ 
NO = 8 YN —(kK™™—k) if kB <k < KE™ (16.107) 
jad ko Apv 0 GF: ee Sa 2 
Nay if k> eee 


Ina sense, the degeneracy of the tensor product is completely lifted in the su(3) 
fusion rules in that all \4,,, values ko" are distinct. In fact, ky ko is always 
equal to one, a special property of su(3). 

Notice that the inequality 


km > max(Ay + Aa, 1 + M2, 1 + 2) (16.108) 


simply means that the three affine weights A, (1, ) must be integrable. 

To illustrate the power of this formula, consider the product of A = uw = v = 
(8,8). In this case, L; = 24, so that k™™" = 16 and k™* — 24, The multiplicity of 
the product is then 9, and the fusion coefficient at level 22, say, is equal to 7. 
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§16.5. Fusion Potentials (sa(N)) 


An established result in group theory is that tensor products can be reduced to 
products of polynomials in r variables, one for each fundamental weight. This 
is based on two formulae: the Pieri formula, which gives the decomposition of 
the tensor product of any representation with a fundamental weight, and the Gi- 
ambelli (or Jacobi-Trudy) formula, which gives the polynomial representation of 
any irreducible representation. Extended to affine Lie algebras, this leads to a 
conceptually very interesting approach to fusion rules. The level-dependent trun- 
cation of tensor-product coefficients induces polynomial constraints among the 
r variables. Quite remarkably, these constraints can be integrated to a potential. 


To simplify the presentation of these results, we restrict the whole discussion to 
SU(N). 


16.5.1. Tensor-Product Coefficients Revisited 


We start by reviewing the classical results mentioned above. These are most natu- 
rally formulated in terms of Young tableaux. We recall that the Young tableau for 


the highest weight A = (A;,---, Ay_1) is specified by the partition* 
Wis (0), £55 eh CN) a AD ee AN-15 0g ANI) (16.109) 
where @; is the length of the i-th row. We recall that A’ = {e; : bo; See mea stands 


for the partition of its transpose, obtained by interchanging rows and columns. A 
special notation is introduced for the fundamental weights 


ea, =. 1) “Gientes) (16.110) 


described by a column of j boxes, and their transpose, 


¥ = 0) (16.111) 

a single row of j boxes. 

The Pieri formula reads 
K@O{O;--5fb= GD tps---spn} (16.112) 
€,<p,<@,+1sp.-1 
De — ye ity 

where the missing entries £,,4),..., €—1 are just zero. This is simply a specializa- 
tion of the Littlewood-Richardson rule. Here j boxes are added to the tableau with 
partition {€);---; €y—1}, with at most one box per row. A simple su(3) example 


4 To such a tableau, we can add an arbitrary number of columns of N boxes, which makes fy # 0. 
A tableau is said to be reduced if these irrelevant columns of N boxes are removed. The vanishing 
entries of a partition are usually omitted. 
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is 


n@Q= ED tprspasps} = (3; 2} © Bs 1s 1) @ (25251) 
2<p) <3 
Ozprel (16.113) 
pitprtp3=5 


= {3; 2} @ {2} @ {1; 1} 


where the last equality is obtained by dropping columns of 3 boxes, whose partition 


is: (1; lean on 
On the other hand, the Giambelli formula gives the polynomial decomposition 
of a partition {2);...; &,} as a matrix determinant whose entries are specified in 


terms of the transposed partition: {e ees £,} 


x 


Xj, XG 41 2 ee] 
M1 %%, °° 
aaa i Be det x54; = det ; (16.114) 
XG 541 joie XG, 
Here the convention is that x) = xy = 1 and x; = 0 fori < 0 andi > NO 


For example, with N = 5, the decomposition of the partition {3; 3; 1}, whose 
transpose is {3; 2; 2}, is 


Ce a al 
{323% ly det aay He Xa (16.115) 
1 AT eee 


A simple inductive argument shows that this formula is a direct consequence 
of Eq. (16.112). We start by expanding the determinants of the s x s matrix in 
terms of (s — 1) x (s — 1) determinants, multiplying elements of the first column. 
For these lower-order determinants, the validity of the formula is assumed and, 
as a consequence, they can be rewritten as partitions. The final step amounts to 
multiplying the resulting partitions with the appropriate x; _;,, using the Pieri 
formula. 

To calculate a given tensor product A ® yu, the formulae are used as follows. 
The weight A is first expressed as a polynomial in the x;’s via Eq. (16.114) and 
then the product of the x;’s with the partition corresponding to jz is calculated by 
means of Eq. (16.112). Consider the simple su(3) example: 


(2,0) ® (0,2) = {2} @ {2; 2} 


Since the transpose of the partition {2} is {1; 1}, 
{2} = det ie eS) = x1? — x2 (16.116) 
Xj 


5 : nee : . 
We stress that in the decomposition of the determinant, a is to be understood as x; ® x;. 
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This result should be obvious to the reader: 
ef=(LleH =(D=OeDet (16.117) 


Hence, from Eq. (16.112) 
X; @ {2;2} = (3; 2} @ {1; 1} 
x17 ® {2; 2} = {4; 2} @ {3; 3} @ 2 {2; 1} @ {0} (16.118) 
Xo @ {2;2} = {3; 3} @ {2; 1} 


(the results being given in terms of reduced partitions, i.e., after subtracting {1; 1; 1} 
from partitions whose third entry is one), so that 


{2} ® {2; 2} = (x;? — x2) ® {2; 2} = {0} @ {2; 1} @ {4; 2} (16.119) 
which, in terms of tableaux, reads 
Het-rePef HL 


This way of calculating tensor products is sometimes referred to as the Weyl 
determinant method. 


16.5.2. Level Truncation in the Determinant Method 


We now show how this extends to fusion rules. Clearly, the only required modifi- 
cation is at the level of the Pieri formula. An integrable representation of su(N) at 
level k is associated with a reduced tableau with at most k boxes in the first row. 
Its product with a fundamental weight gives tableaux with at most k + 1 boxes in 
the first row. The affine weight at level k associated with a reduced tableau with 
k + 1 boxes in the first row has its zeroth Dynkin label equal to 


Ao =kK—-(A, +... tAn-1) = K-22; = —1 (16.120) 


According to the Kac-Walton formula, such weights are ignored (these are rep- 
resentations with vanishing quantum dimension or, equivalently, those represen- 
tations whose characters vanish). Hence, the level-k truncation of the Pieri for- 
mula (16.112) is obtained simply by imposing the extra condition on the resulting 


partition {p13 ..-3 Dn}: 
Pi—pn <k (16.121) 


Fusion rule calculations can thus be done exactly as in the Weyl determinant 
method described above, by taking into account, at each step, this very simple 
constraint. For instance, in the above example, it is easily seen that only the scalar 
representation survives the k = 2 truncation. 

Formulated differently, the truncation amounts to setting equal to zero all 
reduced tableaux with £4; = k + 1. This turns out to be equivalent to the condition 


Yeti = Vka2 = ++» =Vkein-1 =0 (16.122) 


698 16. Fusion Rules in WZW Models 


This is a straightforward consequence of another determinant formula, essentially 
the transposed version of the above Giambelli formula: 


ye Yeti °° Yej+N-2 
Ye-1 Yer capi 
Ve eee oj) = det Ve.4j-i = lai 
Vey_-y—-N+2 he YO 6 193) 
It is then clear that all partitions with a fixed value of £2; vanish whenever ys, = 
06 SS Vo 0. 
With N = 3, k = 2, the fusion constraints are 
251 2.59) 1 
Vo—oct | lex 43 =x, — 2x1x2+1=0 
0 1 
x, x2 1 =O (16.124) 
= X; X2 = 4_ 3 2x x 2 aa Dae) 
Va = det i eee x1 x1 X2 + X2 1 
0 0 1 Xj 
These imply in particular that 
x2 = x? x. — xy (16.125) 
D 1 


There are thus only 6 independent monomials: 
Wie ae Chae oe oe Vee: (16.126) 
corresponding to the 6 integrable representations of sz(3): 
[250 ,0)a, (lig 0) a, [igor se 
: : (16.127) 
(0,1, 1)sexp—1, (0,2,0]=22 wy, [OPO2] as ani 


Returning once more to the su(3)2 product {2} x {2; 2}, taking into account the 
above constraints, we find: 


{2} x (2; 2} = (xy? — x2)(x2* — x1) 
= xixt — x} — x3 4+. x1x2 (16.128) 
=1 + x2(x?x2 — xX) — x3) =| 


As another example, we consider how the s11(2); fusion rules fit into this frame- 
work. The irreducible representation with Dynkin label 4, = 7 is associated with 
a single row of n boxes, that is, with y,,. In this case, the Pieri formula reduces to 
the recursion relation (x = x) 


XYn = Yn+i +Yn-1 (16.129) 


Given that there is only one variable, this is must also be the exact content of the 
Giambelli formula. The recurrence is fixed by the conditions 


youl yi =x (16.130) 
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These relations define the Chebyshev polynomials of the second kind (cf. Eq. (8.101)): 


sin(n + 1)6 
yn(2 cos 0) = ane)? (16.131) 
sin 0 
The fusion constraint is simply 
Ye+i(x) = 0 (16.132) 


The su(2), truncated Pieri formula has a simple representation in terms of an 
A-type Dynkin diagram with k + | nodes, as illustrated in Fig. 16.2. 


Agu ee a o—* 
(0) (1) (2) (k-1) (k) 
Figure 16.2. The A,,, Dynkin diagram coding the su(2), fusion rule by the fundamental 
representation (1). Vertices are associated with integrable representations of su(2),. The 


fusion (1) x (/) is given by the sum of those representation vertices that are directly linked 
to the vertex j. 


The diagram encodes fusion by the fundamental representation (1). Its adjacency 
matrix is Gj; = 2 — Aj = NM) It encodes as well higher fusions by (j), 7 > 1 as 
follows. The corresponding matrix Nj with elements [Nj ]x7 = N,,! (with N,; = G) 
reads 


Nj = yj(N1) (16.133) 


16.5.3. The Constraint-Generating Function 


As a computational tool, the reformulation of the simple constraint (16.121) in 
the form (16.122) may seem to be a step backward. However, the real theoretical 
significance of this second point of view lies in that the various constraints y; = 
0,k+1<j < N-—1,can be integrated to a potential V,,,, the fusion potential, 
defined as 


OVi+ 


16.134 
aK; ( ) 


Ven ey 


Indeed, in our Su(3)2 example, the two constraints (16.124) correspond to the 
extrema of the potential: 


1 
ve 571 = Ak +x1x3 + x7 —X2 (16.135) 


In order to derive Eq. (16.134), we first perform a change of variable. Introduce 
the variables q;,i = 1,...,N satisfying 


N 
iie=1 (16.136) 
1 
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and defined in terms of the x, by 
a ee Coe (16.137) 


1 <i) <i2...<1g<N 


The variables q; are simply the character variables introduced previously in 
Eq. (13.185) to define the Schur functions. We recall that q; is related to the 
orthonormal vector €; by g; = e“'. In terms of semistandard tableaux, where a box 
marked by 1 is associated with a factor €;, and hence a factor q;, the left-hand side 
has the following interpretation. Filling a column of & boxes with the increasing 
sequence of numbers 7,,...,i2¢, such that 1 < 1) < 12... <i, < N, in all possible 
ways, generates all the states in the representation x,. The constraint (16.136) sim- 
ply means that the unique semistandard tableau associated with the Young tableau 
with a single column of N boxes represents the scalar representation. In this way, 
it is clear that the expression of the variables y,¢ in terms of the q; is 


Yo= De Gin Gi (16.138) 
1<i) <...<i,<N 


corresponding to all semistandard tableaux obtained by filling a row of £ boxes 
with a nondecreasing sequence of integers ranging from 1 to N. The generating 
functions for these expansions are easily found to be 


N A N 
yo ait! =] ]G +42) (16.139) 
i=0 i=l 
oe) ; N 
Yoyt' =T]G-aty (16.140) 
i=0 i=] 


We now define the potential V,,, by 


1 N 
n= —) a (16.141) 
i=] 


(corresponding to the sum of all possible semistandard tableaux of m boxes, each 
filled with the same number), whose generating function is 


VO=) Gi ee i)” 'gae (16.142) 


m=1 m=! i=! 


Interchanging the summations and summing over ™ gives 


V(t) = Ym +90) =n] Je + git) = ae fi (16.143) 


i=0 
The derivative of V(t) with respect to qi computed from Eq. (16.142) is 


= 1)" Mg m—1 (16.144) 
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whereas Eq. (16.143) leads to 


ave) a a 78 
or - (IIo nt)” } a; (Ic +4) 


n 


e (16.145) 
(—1)*yz2° iO 
= hoo oes 
The compatibility of these two expressions forces the equality 
m=) 0, OX; 
C17 = >) (1) Le (16.146) 
é+j=m 
Multiplying the result by dq;/dx,, and summing over i yields 
= = Ogi e 0g i Ox; 
(ane ge 1 ce 1)’°y bers): 
dX Ky = 2s ax Xn qi 
= SS (—1)*¥¢ 8n, (16.147) 
é+j=m 
= (-1)"""Yn—-n 


Finally, the definition of the potential leads to Eq. (16.134). 
We note that the equivalence between Eq. (16.142) and Eq. (16.143) provides 
an explicit expression of V,,, as a function of the variables x;: 


Vin = uf (16.148) 


For su(2) and su(3), Eq. (16.148) reads respectively 
(—1)**! dk+2 

Vigo = (k +2)! dtk+2 

(-1¥ dk+3 

Vit3 = k4 3) des 


We detail the two simplest st(2), examples. For k = 1, with [0,1] = x, the 
only nontrivial fusion rule is x? = 1; the constraint is thus 


In] +2t + 27)|,<0 


(16.149) 
mx for Ft es 


x7-1=0 (16.150) 
which is the extremum of the potential 
V3 = 3 —x (16.151) 


For k = 2, with [1, 1] = x and [0, 2] = z, the fusion rules take the form 


x? =1+2z, xXZ=X, Z2=1 (16.152) 
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Hence, z = x? — 1, and the fusion constraint is 
x= 2 (16.153) 


(needed to reproduce zx = x), so that the associated potential is 
V,= i —x* (16.154) 


which is in agreement with Eq. (16.148), up to an irrelevant additive constant. 

In summary, we have found that the precise level of truncation on tensor-product 
coefficients is captured in a set of r constraints, which can be expressed as the 
vanishing of the potential (16.141) with respect to its r independent variables. 

It should be stressed that the fusion potential is not unique. To see this, let us 
return to the St(3)2 example. Eliminating the variable x2 from the two constraints 
(16.124) leaves the single condition 


x? — 4x3 -1=0 (16.155) 


associated with the potential 
1 
V= Xi ~ 3141 (16.156) 


Hence, the sti(3)2 fusion constraints can be described by two different fusion 
potentials. This situation is not exceptional: in fact all s%(3) fusion rules can be 
reformulated in terms of a single-variable potential (cf. Ex. 16.11). A generic suffi- 
cient condition for the existence of a one-variable description is the nondegeneracy 
of all the eigenvalues of the fusion matrix of at least one primary field. To finish 
with our example, notice that with the condition (16.155), x2 = Ge + 1)/2x, can 
be rewritten as 


1 
ca al — 3x?) (16.157) 


The expression for the different integrable representations of su(3)2, in terms of 
the single variable x, is then 


1 
(2,70, 0) — iL (51,0) =x1, MeO: 1] = 5%] — 3x7) 


1 1 1 
[O, 1 1] = 5&1 “a 1), [0, 2, 0] — 5 x1 —x>), [0, 0, 2] = 5 OT a 3x;) 
(16.158) 


§16.6. Level-Rank Duality 


In this section, we introduce a remarkable level-rank duality relation between 
WZW models associated with classical Lie algebras. For simplicity, the discussion 
is restricted to su(N) algebras. 

A first hint for the existence of a relation between the st(N), and sulk) 
models is provided by the following observation. An integrable representation A 
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of su(N), is associated with a Young tableau whose first row contains at most k 
boxes. (We recall that the Dynkin label 4; gives the number of columns of i boxes 
in the tableau. Therefore the sum of all finite Dynkin labels gives the number 
of boxes in the first row. For an integrable representation, ce hi < k. Here 
the tableau is assumed to be reduced, i.e., there are no columns of N boxes.) 
The transposed tableau, obtained by interchanging rows and columns, has at most 
N — 1 boxes in the first row and no columns with more than k boxes. It can thus 
be associated with an integrable weight of su(k),_,, and therefore of Su(k)y. A 
simple counting argument shows that the number of integrable representations in 
Su(N), and Su(k)y are 


(k+N—1)! Pi ee 
iN en 1)! 


Because these numbers are distinct, the relation between integrable weights of the 
two models cannot be one-to-one. However, if the above numbers are divided, 
respectively, by N and k, they become equal. This division amounts to factoriz- 
ing the algebras by the action of their respective centers, which is equivalent to 
considering only equivalence classes of the outer-automorphism groups: A~ pt 
if (2 = a/A for some j, with a standing for the basic outer automorphism. The 
numerical coincidence just found suggests that the objects that can be made in 
one-to-one correspondence are the orbits of the outer-automorphism groups. The 
following direct argument shows that this is indeed so. 

We construct a circle divided into N-+k equal parts by means of dashed lines. We 
consider an integrable weight d © SU(N)k. Starting anywhere on the circle, fill the 
dashed lines separating Ag +1,A;+1,---,Aw—1+1 pieces, ina clockwise ordering. 
That the initial position on the circle is irrelevant shows that this splitting of the 
circle describes a full Zy orbit rather that a single weight. Now, the dual splitting, 
namely the sequence of slices separated by dashed lines and read counterclockwise, 
represents the affine Dynkin labels of a weight / + /, with ~& € su(k)y lying in 
the orbit of the su(k)y affine extension of A'. 

As is an illustrative example, let N = 5,k = 3 and 


SU(N), : (16.159) 


j= (1.0.10) <> => Ap =112)2, 1,2, 1] (16.160) 


The corresponding splitting of the circle is displayed in Fig. 16.3; the dual splitting 
is seen to be [3, 2, 3]: 


pop—(32,3) => pf=[2,1,2] (16.161) 


Na Ho <— (2,1) (16.162) 


whose affine su(3)5 extension [2, 2, 1] belongs to the orbits 


{(2,2, 1], (1,2, 2], [2, 1,2}} (16.163) 


The transpose of A is 
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po 


yt 


0 


Figure 16.3. The shifted affine su(5)3 weights are the number of slices enclosed within the 
full lines. Reading the diagram from its lowest point in a clockwise direction, we obtain 
[2,2, 1,2, 1]. Read in the opposite direction, the diagram gives the shifted affine si(3)s 
weights as the number of slices enclosed within the dashed lines; starting from the leftmost 
one, we have (3, 2, 3]. 


which, indeed, also contains [2, 1, 2]. 

As a side remark, we point out that the action of the outer automorphism has a 
direct transcription in terms of Young tableaux. The action of a—the basic outer 
automorphism of si(N)—on a reduced tableau associated with an affine weight 
at level kK, amounts to adding on the top of the tableau a row of k boxes. Indeed, 
the Dynkin labels 4; are related to the partition’s entries by 


1A hes eng (16.164) 
where £; gives the length of the i-th row: 
Op = dee: - ye} (16.165) 


We denote by ¢¢ the partition entries of the finite part of the affine weight ak, 


N-1 N-1 
ah =alk — bis Mis Al°* AN Naik — DL Ni, Ai,+++,An-2] (16.166) 


i=l i=) 


Starting with a reduced tableau, with 2y = 0, we obtain 
Cis f=; “for 121 (16.167) 


For repeated applications of a, the tableau must be reduced after each step. In this 
way, O(su(N)) orbits of tableaux are easily constructed. 

That outer-automorphism orbits are one-to-one in theories related by level-rank 
duality is interesting. But more interesting is that fusion coefficients can be made 
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equal. This relation is rooted in the S matrix duality 


ae : 
Sig = yy NY Sig (16.168) 


for 


1,2E SUN), Apt € SUlk)w (16.169) 


and |A| stands for the total number of boxes in the tableau representing A. The 
proof of this relation, being somewhat technical, is omitted. 

In the expression for the fusion rules of the su(N), theory, the sum over all in-- 
tegrable representations can be decomposed into orbits of the outer-automorphism 
groups as follows: 


Ne a Susie sie 


e oe PK So 
(16.170) 
= 3 » S5 gts) Ofi at(s)%, a‘(é) 
gePX ya no S0,a"(6) 
Here 1y(G) denotes the multiplicity of @ in the orbit {6,aG,---,a\—1G} 
(necessarily a divisor of N). Observe that 
Sat(3) fi = S5 ze 27 easou) = Ses (16.171) 
Indeed 
N-1 (N = ) 
(ad, 1) = (a1, w) = dH d (16.172) 
and with pj; = mj — mj+1 (1.e., w = {711; +++; myn_1}), this becomes 
ae napa =~ 5, 0d (16.173) 


The expression for fusion coefficients then reduces to 


Nw Dp ae s 1 Sig Sp, 55i,6 % Se (27if/N JA} +] 1—lv)) (16.174) 
gePhiZy (ON (6) Sos 420 


If the corresponding tensor-product coefficient is nonzero, an immediate conse- 
quence of the Littlewood-Richardson rule is that 
Al + |u| — |v] =0 mod N (16.175) 


so the last sum contributes to a factor N. Since there is a one-to-one correspondence 
between orbits of SU(N); and su(k)jy, we can write 


oy = > (16.176) 


GeP/Zy EP IZ, 
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The substitution of Eq. (16.168) into the expression for fusion coefficients leads 
to 


Ne? = > k - sl2niINK)IoM( H+ lul—lw) Sitar Oats! Sa! 
sierra, ON (¢) Soa 
= 1 @(2miINE Dol +lal=|¥l) 
8 EPNIZ, m(a") 
ee 7 (16.177) 


3 She 50g Sal als Ov a6") 
120 So,at(6') 
= Sig Si 1g Sis! e(27iNk)ol(Al+|u1—-|01) 
6'ePY Sos! 


where a denotes the basic outer automorphism of su(k). In the second equality, 
we used the identity my(a) = m,(c‘) (see Ex. 16.14) and a reorganization of 
the result into orbits of the O(su(k)) outer-automorphism group. The extra phase 
factor can be absorbed as follows 


Suge e(27/Nk)lo\(Al+14}—-Iv1) a Sar sr )6t (16.178) 
with 
1 
p= vill + |u| — |v) (16.179) 


Finally, the reality of fusion coefficients allows us to write 


Ne = Nye” (16.180) 


J 


As a simple illustration of this formula, consider the case N = 3, k = 5, and 
the fusion 


1,3, 1) x (2, 1,2) = £4, 1,0]4 13,0, 2141, 4,042 (2, 2, 1] +11, 1,314 [0, 3,2] 


(16.181) 
whose tableau representation reads: 


AAU «A = 0+ + oe 
+A. Ao (16.182) 
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The transposed product, with appropriate action of @ on the right-hand side terms 
(the required powers of @ being respectively 3,2,2,2,1, 1), is 


Lt (16.183) 


or equivalently 


[1, 1,0, 0, 1] x [1,0, 1, 1,0] =[0, 0,0, 2, 1] + [0, 0, 1,0, 2] + [0, 1, 2,0, 0] 


+2 (1,0, 1, 1,0] + [1, 1,0, 0, 1] + [0, 2,0, 1, 0] 
(16.184) 
The relation (16.180) has the following interesting consequences: 
(i) The fusion coefficients for su(N)2, for any value of N, can be only 0 or I, as 
for su(2). 
(ii) The threshold levels for all st(N)3 fusion rules are always nondegenerate. 


Appendix 16.A. Fusion Elementary Couplings in su(N) 


In order to introduce the idea of fusion elementary couplings, we consider first 
su(2) tensor products. In that case, the elementary couplings are 


E, = (1)0)(0), EB, =(1)(0)(1), Es = (0)0)() (16.185) 


where the notation (1)(1)(0) stands for (1)@(1)@(0) D (0). Notice that elementary 
couplings that differ by a permutation of the weights are considered as distinct. 
The sz(2) elementary couplings are just the various permutations of the product 
of the fundamental representation with the scalar one. In products of the F;’s, the 
corresponding Dynkin labels are added. The decomposition of a generic coupling 
into elementary ones is then 


(ui) +v)—A1) 


BF? 


4 (vj +A; py 


E, 


+ (Ay+y1—v1) 


NO (92 WEF (16.186) 


Of course, for the coupling to be allowed, each exponent must be a positive integer. 
With A, and jz; fixed, this sole condition determines the possible values of v,. 
To extend this construction to fusion rules, we need the following assumption: 
the threshold level for the coupling is the sum of the threshold levels in the decom- 
position into elementary couplings.® Translated into equations, this means that the 


6 This must still be regarded as a conjecture; it has been proved only for sz(2) and su(3). The 
conjecture is expected to apply to affine Lie algebra. Although there is no analogue of the Berenstein- 
Zelevinsky triangles (used below) for algebras other than su(N), elementary couplings can be defined 
for any algebra. 
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coupling 


A @1@ vj}? = pee (16.187) 
é 


(where (i) is a degeneracy label) has threshold level 


ko (A @ u@v) =) ecko(Er) (16.188) 
fe 


where ko(E,) is the threshold level for the elementary coupling E¢. 
Applying this to su(2), we must first calculate the value of ko(E,), using for 
instance the Kac-Walton formula. This gives 


Kilby =1 forse— 12,3 (16.189) 


From Eggs. (16.188) and (16.186), it then follows that 


i 
ko ® u@v)= yi + 1 +) (16.190) 


which, of course, reproduces Eq. (16.48). 
The Berenstein-Zelevinsky triangles corresponding to elementary couplings, 
for which the counterclockwise ordering A, , v is assumed, are respectively 


0 1 0 


1 0 0 0 0 1 oe 


A decomposition into a product of elementary couplings is equivalent to a decom- 
position into a sum of the corresponding basic triangles. In terms of the triangle 
data (13.221), the formula (16.190) reads 


kA @u@v)=m24+n2 412 (16.192) 
We consider now the su (3) case, for which there are eight elementary couplings: 


0 0 0 

1220 0 0 0 1 

0a 1 1 0 #8 O 
Det SO 0 0 0 0 QO 1 Q.0 


Ey = (1, O00; ert) BO) (1 09070) Eo = (070) Os) G70) 
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E11 O)G0)C0) Ey (0; 1)(0,1)(0, 1) 


0 0 

1 0 oat 
Ol 1 O 
OF 1030 O50 SG 


The direct extension of the s(2) approach faces an immediate problem in that 
the decomposition of a generic coupling into elementary ones is no longer unique. 
Indeed, the two products EF; E3Es and E7E3 are equivalent since they yield exactly 
the same triangle: 


E, B3Es5 = E,Ex 


i a (16.193) 
1 1 
Oo 1 10 


For su(3) this is the only redundancy. In order to proceed, it must be eliminated by 
forbidding either E,E3E5 or E7Eg. For tensor. products, whichever is eliminated 
is immaterial. However, for fusion rules, the situation is quite different. First, the 
threshold level of all the elementary couplings is easily found to be equal to one, 
exactly as in the st(2) case. Then, according to the above assumption, the two 
products EF, F3Es and E7Es have different threshold levels 


ko(E7Es) oe ko(E E3Es) = 3 (16.194) 


We must then determine which one must be eliminated in order for the decom- 
position into elementary couplings to reproduce the correct threshold level. These 
two products give two equivalent descriptions of a single coupling describing the 
tensor product (1, 1)(1, 1)(1, 1). Using the algorithm described in Sect. 16.2.2, it 
is simple to check that 


(1,1) @ C1, 1) = (0,0)2 © 2(1, 1)2,3 @ (3, 0)3 @ (0, 3)3 @ (2,2)4 (16.195) 


Hence, the triple product (1, 1)(1, 1)(1, 1) has multiplicity 2, with threshold levels 2 
and 3. The representation of these two couplings in terms of Berenstein-Zelevinsky 
triangles is 


0 0 Del 
0 0 1 ] 
DO 0 1 i ne) 02 


(16.196) 


The first triangle is unambiguously associated with the product E7F4E¢, and con- 
sequently its threshold level is ko = 3. The second triangle must then necessarily be 
decomposable into a product of two elementary couplings in order to have kp = 2. 
Hence, it must correspond to E7E, which means that the product £;E£3E5 must 
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be forbidden. This eliminates all possible redundancies, and as such the decompo- 
sition of any coupling into elementary ones is unique. The decomposition is either 
of the form 

ESBS ESEVE;ES ES (16.197) 
where a, - --,g are nonnegative integers, or one of its two rotated versions, obtained 
by the replacements (F3, Es) > (Es, £,) > (Ei, E;3). Whichever form is realized 


is uniquely fixed by the values of the weights under consideration. The threshold 
level of the above decomposition is simply the sum of all the exponents 


ko=at+b+ct+dtetft+g (16.198) 


We let this decomposition describe a particular coupling of the triple product 
(A1,A2) @ (141, 2) ® (v1, v2). From the expressions for the elementary couplings 
in terms of the Dynkin labels, it follows that 


a+f=A; D+ctg=)) et+d+f=p 
e+g=t2 bef at+d+g=wW 


Having six relations for seven parameters, we can express everything in terms of 
one parameter, say c. In particular, kg can be rewritten as 


kg =eo+uy4+ (16.200) 


However, c is not a completely free parameter. It is constrained by a set of inequal- 
ities, consequences of Eq. (16.199) and the positivity requirement imposed on all 
the parameters. Let the result be of the form 


(16.199) 


Cmin SC S Cmax (16.201) 


Clearly, any integer satisfying these bounds leads to an allowed decomposition. 
This immediately implies that the multiplicity of the tensor product is Cmax — 
Cmin + 1. With c fixed, the decomposition and the associated triangle are uniquely 
specified. Denote the corresponding triangle as A.. All triangles associated with 
the triple product under consideration are given by 


Acain +2, 0 <7 = Caz — Cun (16.202) 


where 
1 
= 
—1 = 
Pl 
Since ko is a linear function of c, the threshold level of the different couplings 
reads 


Q= (16.203) 


tko} = (Cmin + Vi + V2, Cmin + V1 + 02 +1,+°+, Cmax + ¥1 +2) (16.204) 


Evaluating explicitly the range of values of c, and considering the two other pos- 
sible decompositions, leads to formula(16.101)—-(16.106). Filling the gaps in the 
argument is left as an exercise. 
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Formulated in general terms, the assumption underlying this construction is the 
existence of a set of forbidden couplings ensuring that the threshold levels in the 
decomposition into elementary couplings can simply be added. This assumption 
has been proved for su(3), which places the above results on a firm basis. 

Finally, it should be pointed out that the threshold level of a particular coupling 
is not an observable. The only observable is the full set of values of KO, or equiv- 
alently, the fusion coefficients. Here we used a particular basis for the couplings, 
namely the Berenstein-Zelevinsky triangles. Any other basis will lead to the same 
set of values of ké y However, two different descriptions of the same coupling, that 
is, two representations in different bases, may yield a different value for a specific 
threshold level lee (i.e., the results in a given basis can be permuted in another 
one). 


Exercises 


16.1 Applications of the Verlinde formula 

Use the Verlinde formula to calculate the fusion rules for: 

a) S0(2N); 

b) (F.):. 

16.2 A simple derivation of the Stu(2), fusion rules using the outer automorphism 


Show that the s7(2),. fusion rules can be obtained from the intersection of the tensor product 
of A,@, @ 4, and (k — A; )a @ (k — pw )a,.” 


16.3 Aspects of su(3);, fusion rules 

Prove that the affine extension of any finite weight v occurring in a tensor product of two 
weights whose extensions at some level k are integrable is itself always integrable at level 
2k. Use this to identify the st%(3) affine chambers, in terms of elements of the affine Weyl 
group, which can contribute to fusion coefficients, when the latter are expressed in terms 
of tensor-product coefficients. 


16.4 Multiple fusions and Fibonacci numbers 
For su(2)3, show that the coefficients of the decomposition of the multiple product 


Ce eeeii- 2) ft, 2] - <> x [1,2] 


in terms of the integrable s%(2)3 representations, are given by the Fibonacci numbers, 
defined by the recursion relation 


Qt41 = Ae_1 + Ay ap =a, = 1 
7 It is not generically true that intersecting the results obtained by all possible actions of the outer- 


automorphism group provides the correct fusion coefficients. But this is so for su(2) and su(3). A 
counterexample, for 51(4)j6, is 


[4, 4, 4, 4] x [4,4,4,4] 5 4514,4,4, 4] 
This is clearly invariant under the action of O(g), whereas 


(4, 4,4) @ (4,4, 4) > 50 (4,4, 4) 
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Find the analogous decomposition of [2, 2] at level 4. 


16.5 Sui(4) fusion rules by combinatorial methods 
Use the Littlewood-Richardson rule and strip alterations (cf. Sect.16.2.4) to calculate the 
fusion rules at levels 3 and 4 associated with the sw(4) tensor product (1, 1, Digi 1a): 
Result: 
k=3: (0,0,0)@ (0, 1,2) © (0,2,0) @2 (1,0, 1) © (2, 1,0) 
k=4: (0,0,0)@ (0,0, 4) @3 (0,1,2) @2 (0,2,0) (0, 4,0) @ 3 (1,0, 1) 
® 3 (1,2, 1) @ 2 (2,0, 2) @ 3 (2, 1,0) @ (4,0, 0) 


16.6 Threshold level calculations 
a) With the algorithm underlying the Kac-Walton formula, calculate the threshold level of 
the various terms occurring in the sz(3) tensor products 
(3,1) ® 3,1) 
(2,2) @ (2,2) 
and check the results by means of the formule(16.101)—(16.106). 
b) Find the fusion coefficients (or equivalently, the threshold levels) associated with the 
sp(4) tensor product 
(1,1) @ (1, 1) = (0,0) @ (0, 1) & (0, 2) @ (0, 3) @ 2(2, 0)  2(2, 1) @ (2, 2) ® 4, 0) 
c) Same as (b) for the G2 tensor product 


16.7 Fusions and quantum dimensions 
a) Show that simple currents have quantum dimension one, directly from their definition as 
fields that act as permutations in fusion rules. 


b) From the dimension sum rule for fusions (cf. Eq. (16.60)), argue that the smallest possible 
quantum dimension, apart from one, is 2. 


c) Calculate the quantum dimension of the primary fields in the Es model at level two, and 
show how they fix the fusion rules. Identify the simple current, which is not of the outer 
automorphism type. Compare the fusion rules with those of the Ising model (cf. Sect. 7.4). 


16.8 Handle operators 
The handle operator is defined in terms of the fusion matrices by 
R= )_N’ Tr(N;) 
pepe 


The component R: has the following graphical representation: 


Aw yh 
Bi 
i \ 
ee 
The inverse of R turns out to have a simple Lie-algebraic expression: 
ee ead 


~ |PIQv*\(kK+gy ~? 


(16.205) 


nonh 
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where as before (cf. Eq. (13.165)) D, is defined by 


-re 


weW 


and the meaning of x, > ne is the following: De is first reorganized in terms of the 
irreducible formal characters and each x, is then replaced by the corresponding fusion 
matrix at level k. (This general result is established in the last part of the exercise.) For 
instance, for sz(2), 


a (e? os DY = (e2 — 2¢(0) + el-2) 
= X(2) — 3X0) 
so that R~! reads 


-1 (k) N® 
Raa, = oe at 2) Wy RGEE Cel = Noy} 


For a fixed value of k, if the affine extension of the weight A is not integrable, nN” 
replaced by e(w)N“? |, for the particular element of the affine Wey! group w that rales w- 
integrable, and it is ignored if this is not possible. For instance, atk = 1, No = sas 
must be dropped, so that 


Re 


Su(2), — 2 IN (0) 


The result is easily verified: the S(2), fusion matrices are 


0 01 
No=(4 we No=({ a 


so that R = 2N 0), hence R7! = No)/2,. 


a) Prove the general form of the st(2), expression (16.205) for R~'. Hint: First, observe 
that Tr N;,,) vanishes if 1 is odd. For n even, show that Tr Ni) = k + 1 —n, so that 


> (k+ 1 —n)Nin) 


O<n<k 
n even 


Then, using the oe fusion rules, show directly that 


(3No) -Na} >> k+1-—n)Nq =1 


O<n<k 
n even 


b) Check that for s71(3),, the expression (16.205) for R~' reduces to 


—— +2) 


] 
| —_ 
Raa, = 3(k + 3 


To facilitate the reorganization of D?i in terms of characters, we display the dominant-weight 
multiplicities for the relevant representations: 


en = 3¢ (0.0) + Qe!) a e) ak e!3) he e'2) 


{15N(o,0) — 6Na1) + 3N(03) + 3N(3,0) — Nea,2)} 


t= = (09) hs ef) a (3) 
in ee (0,0) ae et) ae (3:0) 
d _ (0,0) (Tb) 
Xia = 2" + @ 


dom __ el D 
X(0,0) = 
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c) Verify explicitly the Su(3), result by calculating R for k = 1, 2 and inverting the result. 
d) Using the sp(4) multiplicities: 
dom = 5e(0) re 4e(0.1) 4e'2) - 3e(0.2) oe Je'2.1) ae 23) ae e't9) es e(??) 


X(2,2) 

xe = 3¢%9) 4 29(0.1) + 2¢'2.9) 4 (92) 4. el) (40) 
fom aetbO) (0,1) (2,0) (0,2) (2,1) (0,3) 
Monee ee eee Feo ete 


Xen = 3¢0.0) + 3¢)) 4 el2,0) a (0,2) at e(?1) 
dom = 2¢'00) 4. 2) 4 ef20) 4 (02) 


X02) 

som — 7910.0) 4 (0.1) 4 9(2.0) 
rene = (0.0) fe (21) 

Xion =e 


show that for 5p(4),, R7! takes the form 


- 1 
Rei, = ak aap Noo — 3No,1) — 6No,2) — 3N(o,3) 

+ 6No2,1) — 3N(4.0) — 3No,3) + N(2,2)} 
e) Check this result for k = 1,2. 


f) The aim of the last part of the exercise is to demonstrate the general expression of R7’. 
Use the Verlinde formula to obtain: 


Deduce the following form for (aye 
c 


Finally, observe that D, evaluated at the special point 


20 
k+g 


Ee ae es p) 


is related to S};: 
(1)/4+ 
IPIQY(k + gy 
Soi can thus be expanded in terms of the finite characters. Setting 


So: = P ae XE) 


yeP, 


[D,(E.)I° — Soi 


for some numbers d’, obtain 
-1lyA, _ Y a iv 
(R Vex —_ De d Ni, 
yeP, 
which, in matrix notation, reads 


Raed NY) 


yeP+ 
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16.9 su(N) depths 
Prove that the depth of the weights in the s(N) fundamental representations is given by 


Eq. (16.99). 
16.10 Pieri and Giambelli formulae 
a) Complete the detail of the proof of the Giambelli formula (16.114) from Eq. (16.112). 
b) From the Littlewood-Richardson rule, derive the Pieri formula for the product 
yj @ (1; sive Li} 
c) Using this new Pieri formula, prove Eq. (16.123). 
16.11 One-variable description of the fusion ring 
We recall that the associativity of fusion rules implies that the fusion matrices nO with 


entries i ", form a representation of the fusion algebra 


(k) y7{k) __ k) byz(k) 
NPNP = NO en 


be PA 


and that their eigenvalues are the numbers ye? : 


a) Show that a sufficient condition for the existence of a one-variable polynomial ring is 
the nondegeneracy of all the eigenvalues of at least one fusion matrix. 

Hint: The minimal polynomial of this matrix (see Ex. 8.18) is equal to its characteristic 
polynomial, hence the dimension of the ring it generates is equal to the degree of this 
polynomial, and therefore to that of the full fusion ring. 


b) We wish now to use this criterion to prove that su(3), fusion rules can always be described 
in terms of a single variable. Show that the eigenvalues Ve GE Ps and A = kip + w, of 
the fundamental fusion matrix may be expressed as the sum of three complex numbers of 
modulus 1, whose product is 1. 


c) Show that if 
eit 4 eid 4 p-ilath) _ pic 4 pid 4 p-ilctd) (16.206) 
for some real numbers a,b,c,d, then 
sin(c’ — d’) sin(a’ +b’) = sin(b’ — a’) sin(c’ +d’) 
sina’ sinb’ sin(c’ — d’) = sinc’ sind’ sin(b’ — a’) 
with 
] 1 
2 7atb+c) p= zetd+a) 
C= satb+d) d= 3(c+d+b) 


Hint: Multiply both sides of Eq. (16.206) by e“+?+*+“”? and take the real and imaginary 
parts. 

d) Conclude that necessarily (c,d) = (a,b) mod x (or any of the five other permutations 
of (b,a), (a, —a — b), (—a — b,a), (b, —a — b), (—a — b, b)) and deduce the property (a) 
for su(3); fusions. 

e) Use Eq. (14.255) to argue that the condition of (a) always fails for su(N) when N > 2 
and k are both even, due to the presence of pairs of fixed points associated with the zero 
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eigenvalue (again for a fundamental fusion matrix, with A = @; for some 7). Generalize this 
statement to all values of N for which the center of su(N ) has a nontrivial subgroup. 


16.12 Fusion coefficients by level-rank duality 
Using the su(3) fusion rules given in Eq. (16.195) at level 4, obtain the fusion coefficients 


for 
il 2, HN) se (Ph, 


by an appropriate action of the outer automorphism and derive, by level-rank duality, the 
Su(4)3 coefficients for 


(1, 1,0, 1] x (1,1, 1,0) 


16.13 Level-rank duality of quantum dimensions 
Show that 


Dai 


with A € Su(N); and A! € St(k)y. Use this relation to compute the quantum dimension of 
an arbitrary Su(N)2 integrable weight. 


16.14 Level-rank duality for multiplicities on outer-automorphism orbits 
For A € Su(N) and A! € su(k)y, show that 


my (A) = m,(4') 


where my(A) denotes the multiplicity of A in the orbit (i,ad,---,a*"1) andl is 
the multiplicity of A‘ in the orbit {A', A‘, ---, a2}. 


16.15 §1(3) fusion threshold level 

Complete the derivation of the formulae (16.101 )—(16.106) sketched in App. 16.A. In partic- 
ular, show that when the product of elementary couplings £,;E3;E; is forbidden, whichever 
of E,,£3, or Es does not appear in the decomposition can be determined in terms of the 
Dynkin labels of the weights of the triple product. Obtain the explicit values of Cmin and 
Cmax, derive similar bounds for a and e associated with the other possible decompositions, 
and recover Eq. (16.106) with kj" and kf** defined in Eq. (16.102). Finally, show that the 
threshold level associated with the coupling described by the su(3) Berenstein-Zelevinsky 
triangle (13.211) can be written explicitly in terms of the entries of the triangle as 


ko = max(/13 + Ay +A2,7113 + Hi + M2, 113 +) + ry) 


16.16 Generating function for fusion rules 


The generating function for tensor-product coefficients is given by a sum over all possible 
couplings 


G(L,M,N)= > Niu L'M*N® 


AyweweP, 


in terms of some dummy variables L;, M;, N;, where 


ibe = Il Li % 
=] 


Notes TAT 
and similarly for M“ and N". The su(2) generating function reads 
3) 
G=[0—2,M,)0 —1,N,) —M,N,)! = [ [a —E;)' 
i=] 


in terms of the elementary couplings (16.185). (More precisely, the elementary couplings 
are E; = L\M,, E, = L,N;, E; = M,N,. This shows why when taking products of the 
E;’s, we add the corresponding Dynkin labels.) Fusion rule generating functions can be 
defined in a similar way as 


G(L,M,N;d)=Yod*& S* NS DAMEN" 


k=0 AuvePK 


where the extra dummy variable d keeps track of the level. 
a) Prove that for s1(2), 


3 
G(L,M,N;d) =(1-d)"' [] -dE,) 


ll 
by showing that this reproduces the Su(2); fusion rules. 


b) What is the origin of the prefactor (1 — d)~'? Argue that it must be present for any affine 
Lie algebra, and that it automatically implies the inequality (16.90). 


c) Obtain the fusion rule generating function for st(3). 
Hint: The generating function for tensor products can be written as 


8 
G=() [0 = 2) a =F) 
i=] 


where F denotes the forbidden coupling. 


Notes 


The simple way outer automorphisms act on fusion coefficients was found by Gepner and 
Fuchs [169]. The Kac-Walton formula was discovered in Refs. [348, 214] and proved in 
Ref. (349, 153]. The same result has been obtained independently in Ref. [156, 184} from 
the point of view of quantum groups. The construction was also anticipated in Ref. [330]. 
(Exercise 16.2 is in the spirit of a conjecture of Ref. [156], which turned out to be wrong: a 
counterexample is given in the footnote to Ex. 16.2, which is taken from Ref. [246].) The 
concept of quantum dimension in conformal field theory is due to Verlinde [340] (see also 
Refs. [11, 290] and the review [147]). It was used in fusion rules by Fuchs and van Driel 
[154] (Ex. 16.7 is adapted from this reference). The depth rule is due to Gepner and Witten 
[172] and its formulation was sharpened by Kirillov et al. [237]. The idea of a threshold level 
first appeared in the work of Cummins, Mathieu, and Walton [84], where fusion-generating 
functions are also introduced (cf. Ex. 16.16). 

The explicit formula for the su(2), fusion coefficients was obtained by Gepner and Wit- 
ten [172] and by Zamolodchikov and Fateev [365]. (Exercise 16.4 is taken from Ref. [236].) 
The sz(3), formula was derived by Bégin, Mathieu, and Walton [34]. (The related Ex. 16.15 
is adapted from this reference and Ref. [237]). Berenstein-Zelevinsky triangles were applied 
to fusion-rule calculations in Ref. [237] and this was further developed in Ref. [33]. The 
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combinatorial description of fusion rules presented in Sect. 16.2.4 is taken from Refs. [184, 
83]. Handle operators are studied along the lines of Ex. 16.8 in Refs. [81, 82, 200]. 

The concept of simple currents is due to Intriligator [199] and Schellekens and 
Yankielowicz (319, 320]. Simple currents can be used to define the center of a rational 
conformal field theory by S duality. The complete classification of simple currents in WZW 
models is due to Fuchs [146]. 

Fusion potentials were introduced by Gepner [168]. Some of the underlying ideas can 
also be found in the mathematical literature (Ref. [184]). Our presentation follows closely 
the spirit of Ref. [168], but the notation and the discussion of the classical results are in 
the line of Fulton and Harris {155]. Further developments on fusion potentials (as far as 
WZW models are directly concerned) can be found in Refs. [100, 51, 81, 171, 200, 3, 28) 
(Ex. 16.11 is taken from the first reference). 

The theoretical importance of fusion potentials has not been addressed in the main 
text. It points in two main directions. One is a close connection with the chiral algebra in 
N = 2 supersymmetric conformal field theories and the g, fusion algebra. The other related 
object is more mathematical: the cohomology of Grassmannian manifolds (the set of all 
L-dimensional planes in C“+™; see for instance Ref. [188]). Briefly stated, the determinant 
method for tensor-product calculations is simply the multiplication structure giving a ring 
structure to the cohomology group of these manifolds. The multiplication in this context is 
dual to the intersection of the basic homology cycles (the so-called Schubert cycles). Hence, 
to the Kk truncation, we can associate a new geometric object, the quantum cohomology of 
Grassmannians (Refs. [200, 339, 360}). 

Level-rank duality was first discovered in mathematics, in the context of affine branching 
rules (see the notes for the following chapter). A level-rank duality was later observed for the 
Boltzmann weights of a generic class of two-dimensional statistical models (RSOS) based 
on su(N); by Kuniba and Nakanishi [247], and it was shown that this equivalence implies 
the equality of the fusion coefficients of the dual theories. The duality between s1i(N), and 
Su(k)y WZW models was discovered independently by Naculich and Schnitzer [276] from 
a different point of view, namely, as a duality between holomorphic blocks of four-point 
functions. Generalizations are presented in Mlawer et al. (269]. The proof of Eq. (16.168) 
can be found in Altschuler, Bauer, and Itzykson [9]. A method for calculating stz(N),, and 
Sp(N)x fusion rules by exploiting the level-rank duality is presented in Ref. [83]. 


CHAPTER 17 


Modular Invariants in WZW 
Models 


The characters of the integrable representations of an affine Lie algebra at fixed 
level have been shown to be covariant under modular transformations. These char- 
acters have subsequently been identified with those of the WZW primary fields. 
More precisely, a WZW primary field is associated with both a left and a right 
integrable highest weight, and its descendants are associated with the different 
states in the tensor product of the two modules. To a large extent, the holomor- 
phic and the antiholomorphic sectors can be studied independently. However, they 
must ultimately be combined to form a modular-invariant partition function. The 
construction of modular invariant partition functions is the subject of the present 
chapter. 

There is a natural way of combining the holomorphic and antiholomorphic 
sectors in the WZW model with spectrum-generating algebra g, for which each 
primary field has the same transformation property (1.e., it transforms in the same 
representation of g) in both sectors and each integrable representation occurs once 
and only once. As previously stressed, in order to see whether this can produce 
a physically sensible theory, we must verify the modular invariance of the cor- 
responding partition function. We show in Sect. 17.1.2 that it is indeed so. This 
should not be too surprising: it is a feature that has already been encountered 
with minimal models. But this reference also suggests that other spectra could be 
compatible with modular invariance. Indeed, we recall that for some values of the 
central charge, it has been found that a subset of the fields in the Kac table can be 
closed under fusion and have a modular-invariant partition function. The physical 
spectrum of the three-state Potts model provides the simplest example of this phe- 
nomenon. It also illustrates the physical importance of nondiagonal spectra. The 
essence of this chapter is the elaboration of techniques for generating analogous 
invariants in the class of WZW models.' 


' To avoid any confusion on terminology, we stress that models with diagonal or nondiagonal spectra 
are both referred to as WZW models. 
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In a first stage, two general ways of producing physical nondiagona] modular 
invariants are presented in detail: one is based on outer-automorphism groups 
(Sect. 17.3) and the other relies on algebra embeddings (Sect. 17.5). Almost all 
modular invariants can be produced by one of these two methods. The complete list 
of modular invariants in the &,-WZW model is known only for §u(2) and su(3). 
In the S(2) case, a remarkable relation with ADE algebras emerges. The result of 
these classifications is given in Sect. 17.7 (but their completeness is not proven). 

The classification of modular-invariant WZW partition functions is an important 
problem. Anticipating the basic role of conformal-mode] building blocks played 
by WZW models, we can glimpse that the classification of rational conformal field 
theories with affine Lie spectrum-generating algebra is a key step in the classifi- 
cation of all physical modular invariants. In particular, once the su(2) structure 
underlying the minimal models has been unraveled (cf. Chap. 18), the results pre- 
sented here on the classification of the st(2); modular invariants will be directly 
reinterpreted as a classification of minimal models modular invariants. On the 
other hand, despite limited success on the general classification issue, the results 
for Su(2) and su(3) hint at the existence of a deep and rich mathematical structure 
underlying these problems. 

On this subject of classification, a powerful result states that any modular in- 
variant is either obtained from a diagonal invariant by a permutation of the fields 
in one sector (necessarily an automorphism of the fusion rules), or it is a diagonal 
invariant (more generally a permutation thereof) in a hidden form, namely in a the- 
ory with a larger symmetry algebra. This result is discussed in Sect. 17.8. Although 
remarkably simple and general, it marks out neatly the limit of our understanding 
of the fine structure of the theories underlying nondiagonal modular invariants: 
most of these extended algebras are not affine Lie algebras, and almost nothing is 
known about their structure. 

A straightforward way of generating permutation invariants is to use the Galois 
symmetries of the WZW models. Galois symmetries are introduced in Sect. 17.9. In 
addition to being a constructive tool for obtaining new invariants, these symmetries 
yield efficient constraints in modular-invariant hunting. 

Ina final section, we describe a striking relationship between graphs and modu- 
lar invariants. In particular, we show that the ADE structure underlying the sti(2);. 
modular invariants can be traced back to the basic properties of the adjacency ma- 
trix of the corresponding Dynkin diagrams. This observation allows us to associate 
a generalized Dynkin diagram with each si(3); invariant. For those st(2),, and 
$u(3);, invariants that do not originate from an automorphism of the fusion rules, it 
is also found that the graph algebra coded in the adjacency matrix (which is viewed 
as the fusion matrix of the fundamental representation) has a graph subalgebra that 
is exactly the same as the fusion algebra of the extended theory. 

A method for calculating the branching rules in semisimple conformal embed- 
dings (defined in Sect. 17.5) is revealed in App. 17.A and illustrated for su(N) 
algebras. In App. 17.B, we present the classification of the c = 1 theories, by using 
orbifold techniques; it reveals another remarkable ADE classification scheme. The 
operator content of these different theories is also displayed. 
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§17.1. Modular Invariance in WZW Models 


17.1.1. The Construction of Modular-Invariant Partition 
Functions 


In a theory with affine spectrum-generating algebra ,, the full Hilbert space H 
decomposes as: 


H= OB Mz hel (17.1) 


where, as usual, the tensor product reflects the separation into holomorphic and 
antiholomorphic sectors and M;; gives the multiplicity of the combined modules 
L; @ L; in the Hilbert space. The partition function of a conformal field theory 
takes the form 


Z(q) = Trx gu qio-el24 (17.2) 


In the present case, the trace over H can be broken into a sum of traces over 
irreducible affine modules. The partition function can thus be expressed in terms 
of the affine characters. With g = e?”* and g = e~?""*, it reads: 


Z(t) = D> xgt) Mag x2(7) (17.3) 
ieee 
where M;; can be reinterpreted as the multiplicity of the primary field which, 
under G(z) x G(Z), transforms with respect to the A and & representations of g, 
respectively. Since it specifies the physical spectrum of the model, M is usually 
called the mass matrix. This form of the partition function is not quite satisfying 
for WZW models because the extra Lie algebra symmetry is not fully taken into 
account. In other words, some parameters required for a full characterization of 
the spectrum are missing. These are simply the parameters ¢ and ¢t appearing in 
the expression of the specialized characters (cf. Sect. 14.4). Although f¢ is not 
necessary, the ¢ dependence is needed to distinguish charge conjugate characters. 
However, in order to lighten the notation, we omit these extra parameters in most 
of the following expressions.” 
We recall the modular transformation matrices for the characters of the 
integrable representations of ,: 


ecaa= > Taxa) 
heP, 


x(-1/2) = a Si Xa(0) 
jeP, 


(17.4) 


2 This complete partition function is often written under the form 
Lo—cl24,o ~in—cl24="o 
ZG, x) — shi x; q x; 


where x; = e~2"% with z; defined by = ); Ziay. 
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_ 9. p2milh;—c/24) 
= 8; ,e 


2m1 ) (17.5) 
wew 
The multiplicative constant K is fixed by unitarity and the requirement Soo > 0. 
We recall also, from the general discussion of Chap. 10, that the modular 
invariance of the partition function translates into the following conditions on 


M: 
TIMT =S'MS=M (17.6) 
or equivalently 
[M, S] = [M,T] =90 (17.7) 


Hence, M must lie in the commutant of S and T. 

In addition to being modular invariant the partition functions must satisfy the 
following obvious physical conditions: 
(a) M;; must be a nonnegative integer. 
(b) Moo = 1 for the vacuum state to be unique. 
(As usual, 0 stands for k@p.) An invariant satisfying conditions (a) and (b), is said 
to be a physical invariant.? The next subsection deals with the simplest physical 
invariant. 


17.1.2. Diagonal Modular Invariants 


The natural spectrum alluded to in the introduction corresponds to a mass matrix 
with entries 


M3; = 833 (17.8) 
that is, M = I. The partition function is thus simply 
ZO — > lone (17.9) 
eR 


Given the unitarity of both 7 and S, this partition function is obviously modu- 
lar invariant, i.e., J and S obviously commute with J. Such a theory, in which 
all integrable representations appear exactly once and all the fields have equal 
holomorphic and antiholomorphic conformal dimensions, is said to be diagonal. 
M = I gives thus an example of a mass matrix associated with a physical 
invariant. Modular invariants with M different from J will be called nondiagonal. 


3 It appears that conditions (a) and (b) are not quite sufficient to fully specify well-defined theories. 
For example, a physical invariant could lead to a theory with noninteger fusion coefficients, which is 
clearly not acceptable. At this time, a complete set of conditions that must be satisfied by a physical 
invariant to qualify it as a genuine rational conformal field theory is not known. 
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17.1.3. The Search for New Modular Invariants 


A direct and constructive attack to the problem of finding all modular invariants 
would consist in first obtaining all the mass matrices that lie in the commutant 
of the modular group and then selecting among the solutions those for which the 
above two physical conditions are satisfied. Although tractable for su(2),, this 
approach is not useful in general because the dimension of the commutant grows 
very rapidly with the rank and the level. For instance, for Su(N),, it behaves like 
(k + N)*% for large k and N. In sharp contrast, the number of physical solutions 
at each level is very small (typically 1 or 2). This clearly indicates the inefficiency 
of this approach.* 

We will instead approach this problem from a more modest (and more physical) 
point of view, by developing methods by which new physical invariants can be 
constructed out of the diagonal ones just found. Three such methods are known: one 
involves a sort of twisting (the method of outer automorphisms, which is an Abelian 
orbifold construction), another one amounts to an immersion into a larger theory 
(conformal embeddings), and the third one corresponds to a modular-invariant 
permutation of the fields associated with an automorphism of the fusion rules 
(Galois permutations). These methods always produce sensible physical theories. 
Unfortunately, none of these prove to be complete; that is, all known physical 
invariants cannot be generated by only one of these techniques. There are other 
methods for generating modular invariants (for example, block-diagonal invariants 
can be obtained by Galois symmetries), but these are not guaranteed to be physical. 


§17.2. A Simple Nondiagonal Modular Invariant 


The first method for constructing nondiagonal modular invariants will be 
introduced in a very pedestrian way, by means of a simple su(2) example. 
Consider the s1(2)2 modular S matrix 


if} J/2 1 
c= : oe ee (17.10) 
1) 2.62. 4 


where fields are ordered by increasing values of their finite Dynkin labels: 
(0), (1), (2), of respective conformal dimension 0, a , Looking at the first and 
third rows of the matrix, we see that the combination xo + x2 decouples from 
x1. (The subscript gives the value of the corresponding finite Dynkin label and 
parentheses are omitted.) Thus, at first sight, it seems that 


lxo + x2I7 = Ixol? + |x2I? + xoX2 + xX2X0 ran 


could qualify as a modular-invariant partition function. It would then describe 
a theory containing fields transforming differently in the holomorphic and anti- 
holomorphic sectors, corresponding to the last two terms in the above equation. 


4 Unfortunately, the precise characterization of the physical commutant is still an open problem. 
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However, it is not quite modular invariant: under t > Tt + 1, it transforms into 
lxo — X2|7 because hz — ho = i. = . . 
The su(2)3; model offers no analogous possibilities (and this generalizes to all 


odd values of k), so we turn to the su(2)4 model: 


ies. 2 42 1 

3 wt alm eld mpl 
2 0 2 (17.12) 

NON IS ulS a 3. 9 

jean/30 Dea /3 al 


at . : ie ‘tet 
Again fields are ordered in increasing values of the conformal dimension: 0, ;, 3, 
2, 1. Here we see that yo + x4 together with x2 decouple from x; and x3 and so 
transform among themselves. Furthermore, since h4 — ho € Z, the combination 


c1lxo + xal? +.€21x21" (17.13) 


is J invariant. Under a S transformation, it is changed into 
c c 
“y lx0 + x4 + 2x2l? + F 1x0 + x4 — x2!” (17.14) 


Hence, the ratio c2/c, is fixed by S invariance to be 2. Finally, c; must be unity 
for the vacuum to be unique. As a result, the partition function 


Z = |xol* + |xal? + 21x2l? + xoxX4 + X4X0 (17.15) 


is modular invariant and satisfies all our physical requirements. Compared to diag- 
onal theories, its field content differs in two respects: some fields are not spinless 
(h + h), and one field appears more than once. Although it has a field content 
different from that of the diagonal sv(2)4 model, it has the same central charge.° 
Hence, as for the minimal models, the central charge of the WZW model is not 
sufficient in general to characterize a theory uniquely. 

It should be clear that the fields that have been discarded in this operation, 
associated with the characters x, and x3, cannot be used to form a sensible theory 
by themselves since there would be no vacuum. 

The mechanism behind the decoupling of some of the fields and the occurrence 
of multiplicity-2 fields described here is identical to the one at work in the three- 
state Potts model. More than that: from the coset construction to be introduced in 
the following chapter, it turns out that the invariant (17.15) is actually a building 
block of the partition function for the three-state Potts model! From this point of 
view, the fact that the partition function (17.15) is the simplest st(2) nondiagonal 
invariant shows that the Potts model is the simplest unitary minimal model that 
has a nondiagonal partition function. 


> We recall that the central charge is read off the small g behavior of the partition function: Z ~ 
(qq)~<?4; here c = 2. More generally, in any unitary theory the leading contribution comes from the 
vacuum character xo, always present in a physical modular invariant. Therefore, the different modular- 
invariant partition functions that can be built from a given set of fields with positive dimensions (and 
allowing repetitions) all have the same central charge. 
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We now analyze the structure of this new modular invariant. First we notice that 
“odd” fields, those with odd finite Dynkin labels, do not appear in the spectrum of 
the new theory. Comparing Eq. (17.15) with the st(2)4 diagonal invariant, we see 
not only that “odd” fields are absent, but extra fields have been introduced: x9 x4, 
X4Xo and x2xX2. Since k = 4, we observe that the two fields that are combined in the 
square modulus, namely [4, 0] and [0, 4], are related to each other by a permutation 
of their Dynkin labels, that is, by an action of the outer automorphism a, where: 


ak =alk —n,n] =[n,k —n] (17.16) 


On the other hand, the field (2, 2] is neutral under the action of a. The extra fields 
are thus all of the form x, X,_»- 

These are the key features of a general method for constructing nondiagonal 
modular invariants out of diagonal ones: 

(i) aprojection onto states invariant under some discrete group H (here a projection 
onto even states, the discrete group being thus Z2); 

(ii) the incorporation of additional fields transforming differently with respect to 
left and right transformations of G, called twisted fields. 

To preserve the finite Lie group symmetry of the theory, the discrete group, 
under which part of the states are invariant, must be chosen among the subgroups 
of the center B(G) of G, where G is the symmetry group of the initial diagonal 
theory.° Indeed, B(G) is the largest possible discrete invariance group of the model. 
In our example, G = SU(2) and H = B(SU(2)) = Zp. 

Removing some states in a modular-invariant theory is bound to break modular 
invariance. To restore it, we have to introduce extra states, the twisted sector. The 
operators responsible for this twisting, the operators that generalize a, must be 
some sort of dual of the elements of the center, in order to maintain a compatibility 
between the projection operation and the twisting. From the above example, these 
are expected to be the outer automorphisms of g. That these are the right objects 
can be guessed also from the isomorphism between B(G) and the group of outer 
automorphisms ©(g) described in Sect. 14.2.3, which actually makes elements of 
B(G) and O(g) “S duals” of each other, as shown in Sect. 14.6.4. 

Before turning to the general procedure, we point out that exactly the same 
construction found above for k = 4 is possible for all values of k = 42, that is, 


Ads 


Z= > ln + Xae—nl? + 21x20? (17.17) 
n=O 


ne2Z 
is modular invariant. In the terminology of Chap. 10 (cf. Sect. 10.7.3), this invariant 
is block-diagonal. For k = 4 — 2 there is also a nondiagonal modular invariant 
(which, in contrast, cannot be put in a block-diagonal form). However, in this case 


6 A generalization of this construction, for which the discrete group is no longer required to be a 
subgroup of the center, is presented in App. 17.B. In such case, the resulting partition function cannot 
be expressed in terms of the characters of the affine Lie algebra. 
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the situation is slightly more complicated, as odd fields reappear in the twisted 
sector. The detailed structure of these theories will be derived later. 


§17.3. Modular Invariants Using Outer 
Automorphisms 


17.3.1. The General Construction 


We now present the general method underlying the su(2)4 nondiagonal invariant, 
considered from the point of view of outer automorphisms. This method gives 
a systematic way of obtaining physical nondiagonal modular invariants from the 
diagonal ones. 

The first step of the construction consists in projecting the Hilbert space of the 
diagonal theory onto the B(G) invariant states. (Clearly, any discrete H C B(G) 
could be considered. For definiteness, we will choose H = B(G), but the possible 
generalizations should be kept in mind.) If we let b be a generator of B(G) of order 
N, that is, b = 1,’ the desired projection is 


1 N-1 
= — q 
B=5 el (17.18) 


The action of b on characters is defined naturally by: 
bx; = x;b(A) (17.19) 


where b(A) is the b eigenvalue on A. Indeed, the action of b ona highest-weight 
state can be lifted to the character because it commutes with the algebra generators; 
hence, all the states in a representation share the same b eigenvalue. As a result, 
the projection operation does not break up any representations; it simply excludes 
some. For instance, B(SU(2)) = {1, b} with 

ba = heW™ (17.20) 


so that 
1 
Bx; = a + (—1)")x; (17.21) 


Thus, from the diagonal theory, only those primary fields that are B(G) invariants 
are preserved: 


DD BOBRO= YS OX (17.22) 
iepk iepk 
Bh=i 


2 + ease . . . . 
For simplicity, we restrict the analysis to the case in which the center is Zy. Thus, the only case 
untreated by the present analysis is D2¢. 
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As already mentioned, the natural operator description of the twisted sectors is 
provided by 


N-1 
Ae) AY (17.23) 
p=0 


acting on the diagonal invariant projected onto B(G) invariant states, with 
AX: = Xai (17.24) 


Here A is any nontrivial element of the outer-automorphism group O(g) (cf. 
Sect. 14.2). This leads to the candidate mass matrix M = AB. We already know 
that the role of A and b get interchanged by an S transformation. Thus, under 
t — —1/t, M will transform into B.A. But the point is that BA 4 AB simply be- 
cause in general Ab # DA. (This noncommutativity does not show up in the simple 
example we have considered above.) Indeed, the b eigenvalue depends upon the 
finite Dynkin labels, and these are modified by the action of A. Therefore, we need 
to introduce some sort of symmetrized product o, such that 


Aob=boA (17-25) 


We will show below how this product can be defined. Granting its existence, we 
now expect the following mass matrix 


. pene! 
Ma AoB=5 ) | AP ob? (17.26) 
p.q=0 
to produce a modular-invariant theory. This is indeed the correct result. 

The rest of this subsection is divided into two parts. We first introduce the 
product o and then we establish the modular invariance of Eq. (17.26). In the 
following subsection, we will verify the additional constraints M eS N, Moo = 1 
and derive a consistency condition for this whole procedure. Finally, these results 
will be used to derive nondiagonal siu(2) invariants. 


A SYMMETRIZED PRODUCT 


We recall that to every element b € B(G), there corresponds an element A € O() 
via 


bi =i DO) =i. 2M (17.28) 


We consider now the commutation of b, associated with A, with another element 
of the group of outer automorphism, A’. For this, we evaluate the product bA’ on 


8 The matrix notation is quite convenient but could be the source of some confusion. So we stress 
that the matrix element of a term of the form Ab is 


(Ab);z = 8; 42 bE) (17.27) 


where b(E) is the b eigenvalue of €. 
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some A € |e using the explicit form of Abie given in Eq. (14.98): 
bA') = A'h D(A‘) 
BO (17.29) 
= Al}, ea 2tiK Ado Adin) p21 Ado wy’) 
According to Eq. (14.114), in the second exponential factor of the last equality, 


we can simply let w4 = 1, since A is an integrable weight: 
@727i(Adp. ward) = e7271(Aao,A) (17.30) 


Since this is just the eigenvalue of b on a we can write 
bA' = A'b eA Alen) (17.31) 


Therefore the actions of O(g) and B(G) do not commute. But this shows precisely 
how the symmetrized product o can be defined: 


A ob = Alb en ikH (Ado A’ao)) 


Sacer (17.32) 
boA! = dA’ etk™(A% A’) 
leading to the desired result: 
A ob=boA (17.33) 
We note in particular that by using 
(A? 6p, A7a9) = pq|A@o|*_ mod 1 (17.34) 
which follows directly from Eq. (14.118), we have 
AP o bt = AP bY eMaPKIAao|? (17.35) 


The particular element A appearing in the expression (17.26) is precisely the one 
related to b via Eq. (17.28). This does not induce any restriction because any other 
element A’ can be written as an appropriate power of A, and the two summations 
in Eq. (17.26) are independent. Thus, in terms of an arbitrary nontrivial element A 
of the outer-automorphism group, the partition function Z is 


Z= Dx Mi x 


Ager 
; N-1 (17.36) 
a ee 
héePe p.q=0 


The first phase factor corresponds to the b% eigenvalue, and the second one comes 
from the newly defined product o. 


MODULAR INVARIANCE OF THE PARTITION FUNCTION 
We first recall how A acts on the modular matrix S (cf. Eq. (14.255) of Sect. 14.6.4): 


AS; = Se) (17.37) 
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More compactly, this is just S'AS = b, whose transposition reads 
SA Sip => S'S AG! (17.38) 


since both S and b are symmetric matrices (thus unaffected by a transposition) and 
A! = A™!, which is always so for a permutation matrix. 
We can now check the S invariance of Eq. (17.26) in a few straightforward 
steps: 
; ) Nel 
Che oe t AP fi 
SIMS = = > STAPS 0 Stb9S 


p.q=0 


[ee 
Ni \ BoA 


p.q=0 


= M 


(17.39) 


Indeed, the o product is symmetric, and A~? = AN~4 = A° for £ = N —g. 
For the T transformation, we start from 


(AT) ner (17.40) 


With another application of Eq. (14.250), we see that 
h,, — Ala+ A)? — lo? 
ae 2(k +g) 
(k +g) 
2 


Substituting Eq. (17.41) into Eq. (17.40) and again ignoring the factor w4, we see 
that the identity (cf. Eq. (14.285)) 


e~2ti(Ado,p) _ g2mi(Ado,p) _ e~TiBIAGy |? (17.42) 


(17.41) 


=hai+ |Ado|? + (A@o, wa(u + p)) 


(the first equality holds because the phase is +1) leads to 
Gen = 3.,ge el re) (17.43) 
This result can be written compactly as 
T'AT =Aob (17.44) 
On the other hand, b, being a diagonal matrix with entries? 
Opoaet*» (17.45) 
is clearly unaffected by the action of 7, so that 
dpi ab (17.46) 
These two equations make the 7 invariance of M obvious. 


9 For the matrix elements of b, we write unnecessary parentheses to avoid any confusion with 
branching functions. 


730 17. Modular Invariants in WZW Models 


17.3.2. Constraints on the Partition Function 


UNIQUENESS OF THE VACUUM 


The vacuum state belongs to the diagonal part of the partition function, namely 
the untwisted sector: 


N-1 
ys x(0'B x3) = 5 oa, Hak) (Ses) xu(7) (17.47) 
iePt iePh q=0 


Since (b7)o9 = 1 for allg (cf. Eq. (17.45)), the constraint Moo = 1 is automatically 
implemented by the construction. 


INTEGRALITY OF THE MASS MATRIX 
An explicit mass-matrix element reads 


_ 1 N~-1 N-1 ne . ; hae 
ee ‘ —2mig(A@p,2)—mipgk|Aa@p| 
Mj, a; > Bian a (17.48) 
p= q= 


Each term in the summation over qg is an N-th root of unity. Thus, the sum over q 
vanishes unless 


e727i(Aao,m)—ripk{Ady|? _ 4 (17.49) 


in which case the sum is equal to N. Hence M;,, can be rewritten as 


N=1 


x , k.. 
Mi; = ae 8; ara 51((A@o, w+ Ado) (17.50) 
p=0 
where 
51(x) 1) if xe nen 
xj= : 
; 0 otherwise ( ) 


The form (17.50) makes manifest that M iq 1S a nonnegative integer. So the 
integrality of the mass matrix is also guaranteed by the construction. 


A CONSISTENCY CONDITION 


Since bN = 1, M;, must not be affected by the replacement b7 —> b4+N. This 
clearly forces 


z Kos 
N(Adp, 2 + + Aéo) = 0 mod 1 (17.52) 


We have already checked that N(A@p, 42) must be an integer (Eq. (14.119)). We 
are thus left with the constraint: 


Nk. 
> lAdol’ € Z (17.53) 


This condition will place some restrictions on the level. 


§17.3. Modular Invariants Using Outer Automorphisms 731 


17.3.3. Su(2) Modular Invariants by Outer Automorphisms 


We now apply the general technique developed in the previous subsection to obtain 

nondiagonal su(2) modular invariants. The center of SU(2) is Zz. To the two 

elements of the center, there correspond two outer automorphisms, the identity and 

a, defined in Eq. (17.16), which interchanges the two Dynkin labels of the su(2), 

affine weights. Obviously, the identity (A = /) is associated with the diagonal 

modular invariant: the conditions (17.50) and (17.53) give no constraints. We 

consider then the modular invariant generated by the nontrivial outer automorphism 
A =a. Since 

1 

la@ol? = lai? = 5 (17.54) 

Eq. (17.53) requires k to be even. With & = [k — n,n], the argument of 4, in 
Eq. (17.50) is 

e kK. n k 
(aio, w+ Fain) = 5 += (17.55) 


We will treat separately the cases k = 4@ andk = 4¢ —2, with ¢ a positive integer. 
a)k=40>4 
Mass matrix: 


~ n tl 
Min= bnndi(5) + 8, andi) (17.56) 


Partition function: 


4é 
J = pe Gane ate ponae=n) 


n=0 
i (17.57) 
2-2 
= Do [xn + xae—nl? + 21x201? 
n=0 
ne2Z 
b) k= 4€-22>6 
Mass matrix: 
~ n n+1 
Myin = byndi(5) + 3 ~—-n51( ; ) (17.58) 
Partition function: 
2 4e—2 4e-3 
Z= > Xnkn + XnX4e-2-n 
ro neoL+l (17.59) 


4@—2 2£-—3 
= bee ale ts lxo0—117 LE » (Xn X4e-2-n + Xat-a-n Xa) 
=) 


n ni) 
ne2Z ne2Z+i 
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Thus, we get two infinite sequences of nondiagonal modular-invariant partition 
functions. We note that these two sequences have a rather different structure: in 
the first case one field has multiplicity two and the vacuum couples to another 
field, whereas in the second case a spinless odd field reappears in the spectrum as 
a result of the twisting process. Moreover, the modular invariants of Eq. (17.57) 
are block-diagonal and those of Eq. (17.59) are not. 

Other algebras can be treated in a similar way. 


§17.4. The Su(2)4 Nondiagonal Invariant Revisited 


In order to motivate the next general method for constructing nondiagonal modular 
invariants, we reconsider the Su(2)4 example from a new point of view. In this ex- 
ample, the vacuum sector is mixed with the representation of highest weight [0,4], 
associated with a primary field of conformal dimension 1. By 7 invariance, only 
fields with integer dimension can be mixed with the identity, and the lowest value 
of the level at which the su(2), model has primary fields with integer conformal 
dimensions is 4. 

We have already encountered a theory in which there occur extra dimension-! 
fields at a particular value of the defining parameter. This is the free-boson theory 
compactified on a circle of radius R. At generic values of R there is only one 
dimension-! field (namely id@), but for R = /2 two new dimension-1 fields 
appear: et!¥20. These two extra fields, together with 10, generate the su(2), 
algebra. Thus, in that case, the presence of extra dimension-1 fields translates into 
an enhancement of the spectrum-generating algebra, from “(1) to su(2),. Note 
that both affine algebras have the same Sugawara central charge, namely c = 1. 

We now try a similar interpretation for the st1(2)4 case. The five states of the 
module Ljo,4) at grade 0, which have conformal dimension 1, are then reinterpreted 
as five states occurring at grade 1 in the new vacuum module considered from 
the point of view of the enlarged algebra. The number of states at grade 1 in 
the vacuum module gives the dimension of the adjoint representation (i.e., the 
number of generators) of the corresponding finite algebra. Hence, these extra five 
states should correspond to five new generators which, together with the three 
su(2) generators already present, form the generators of the extended algebra. 
That yields eight independent current-algebra generating fields. It hints that this 
new algebra is su(3). But at which level? This is easily answered by comparing 
the central charge for su(3), with that of su(2)4: 


a =>k=1 
a = (17.60) 
To test the consistency of this interpretation, we look at the second part of the 
su(2), invariant: 2|x2|?. It naturally suggests an interpretation in terms of two 
conjugate su(3) fields, which singles out [0, 1, 0} and [0, 0, 1]. This identification 
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is supported by the equality of the involved conformal dimensions 


1 
hoa = hoo) = hyoo,1) = 3 (17.61) 


As a decisive confirmation, the (restricted) character identities 


X14,0) + X{0,4) = X1,0,0) (17.62) 
X(2,2] = X{0,1,0] = X{0,0,1) 
can be checked in perturbative expansion of q. Actually, these character relations 
are nothing but the branching rules found in Eqs. (14.272) and (14.273), rewritten 
in terms of the normalized characters. 

We have thus found a new interpretation of the nondiagonal su(2)4 in terms of 
the su(3), diagonal invariant. Finding the general mechanism to go in the reverse 
direction will provide us with a method for generating nondiagonal invariants from 
diagonal ones (and this will always produce block-diagonal invariants). Obviously, 
the above interpretation is possible because su(2) can be embedded into su(3). 
Moreover, the affine extension of this embedding must preserve the Sugawara 
central charge. This turns out to be a very restrictive condition. Embeddings having 
this special property are the key to the general method we are looking for: their 
branching rules yield directly new nondiagonal invariants out of diagonal ones. 
But before getting to the heart of this new construction, various aspects of such 
embeddings must first be described. 


§17.5. Conformal Embeddings 


Affine embeddings have been introduced in Sect. 14.7. Here we are interested in 
the subclass of affine embeddings that preserves the conformal invariance, a rather 
limited set, as the previous considerations suggest. In the first step, we derive a 
simple characterizing property for such embeddings, expressed in terms of the 
Sugawara central charge of the corresponding WZW models. Next, we display 
techniques for calculating branching rules well suited to these embeddings. 


17.5.1. Conformally Invariant Embeddings 


The representation space of the g,-WZW model is spanned by states of the form 


UE eX) (17.63) 
with n,; > nz >... > 0, and the vacuum being g invariant 

9|0) =0 (17.64) 
A subalgebra truncation refers to a truncation of the space of states spanned by 
Eq. (17.63) to that generated by 


Je NPR (17.65) 


mt dit td i] 
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where J“ are the p generators (the indices a’,b’... run from 1 to dim p) and P 
is the projection matrix (i.e., PA is the projection of 4 € g onto p) . Clearly the 
g-invariance of the vacuum entails its p-invariance. However, nothing ensures that 
such a truncation will preserve the conformal invariance, as the consideration of 
the energy-momentum tensor shows. Indeed, in the Sugawara energy-momentum 
tensor for the g,-WZW model, we can isolate a part formed by those combinations 
of generators of g that are in p. But there is a remainder. Due to the latter, the 
application of the Virasoro modes on states of the form (17.65) creates states that 
generically lie outside of this set. Whenever this is the case, the truncation breaks 
the conformal invariance. This is in fact the generic situation. 

However there are exceptions. We have already seen that for simply-laced alge- 
bras at level 1, the Sugawara energy-momentum tensor is equivalent to that obtained 
solely from the generators of the Cartan subalgebra. Therefore, in this particular 
case Ts can be reexpressed only in terms of the generators of the subalgebra, and 
the conformal invariance is manifestly preserved. 

A truncation preserving conformal invariance must thus necessarily satisfy 


Ts. ae P:; (17.66) 
This equality can hold only when the corresponding central charges are the same: 
c(8,) = e(6;) (17.67) 


that is, 
kdimg x-k dim p 
k+g x.k+p 


(17.68) 


where we used the relation kK = x.k derived in Sect. 14.7 (x. is the embedding 
index defined in Eq. (13.250)) and we denoted by p the dual Coxeter number of p. 

The following argument shows that Eq. (17.67) is indeed a sufficient condition 
for Eq. (17.66). If two theories have the same central charge, their difference (in 
the sense of the coset construction, to be introduced in Chap. 18) has zero central 
charge. Both theories under consideration are unitary by construction. Thus, their 
difference is also unitary and, having zero central charge, it is trivial. 

Embeddings that satisfy the condition (17.68) are called conformal embeddings. 

Quite remarkably, conformal embeddings exist only when k = 1. Indeed, 
consider the ratio: 


c(g,)  xek+p dimg 
k > = 
Re) chy) k+g x.dimp ee 


On the one hand, f(k) is a monotonically increasing function of k: 


df x«g—p dimg 


dk ~ (e+e)? x,dimp” ee 


since for p C g, p is smaller than g and x, > 1. On the other hand 


7 


c(&,.)>c(p;) => fk)>1 Vk 1770) 
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Now suppose that there is an integer k’ > 1 such that f(k’) = 1. Then, for all 
k < k’, we would have f(k) < f(k’); hence f(k) < 1, in contradiction with the 
above inequality. Therefore, the only possible solutions of Eq. (17.68) are atk = 1. 
Thus, there is a finite number of possible conformal embeddings, and they have 
been fully classified. 

According to the above criterion, the embedding su(2) C su(3) with x, = 4 
considered above is conformal. Other interesting examples with future applications 
are: 


Su(2)i9 C Sp(4). , Su(2)2 C (G2), , SU2)6 ® Su(3)6 C (Es) 
772) 


17.5.2. Conformal Branching Rules 


The problem of computing affine branching rules 
in Db; bh (17.73) 
ji 


has been addressed in general terms in Sect. 14.7.2. For conformal embeddings, 
there are more efficient ways to proceed, which we now indicate. 

First, we observe that the nonvanishing of b; , Means that the finite weight p, 
the tip of the module L;, can be found at some grade 7 in the infinite-dimensional 
highest-weight representation L; at level 1. The assumed preservation of the con- 
formal structure by the embedding implies that the conformal dimensions of the 
corresponding fields can be compared. This translates into the equality 


h:+n=h, (17.74) 
equivalent to 
a 2 
(A,4 + 2p) _ (Hu + 2p) (17.75) 
2(1 + g) 2(xe + p) 


A simple way of obtaining the branching rules is to compute the dimension spec- 
trum of all integrable representations of the two algebras under consideration and 
find the triplets (A, , 2) satisfying Eq. (17.75). Then, we look at the decomposi- 
tion of the module L; at grade n in terms of irreducible representations of g, and 
write down all the finite branching rules of these irreducible g representations into 
irreducible representations of p. (This is a finite process, since the difference in 
the conformal dimensions is always bounded.) The number of times the particular 
representation ; appears in all these finite branching rules at grade n is precisely 
the coefficient b; ,. 

Some examples will clarify the procedure. Consider again the embedding 
Su(2)4 C Su(3),. The corresponding lists of conformal dimensions are: 


ge 1 5 
§u(2)4:  hyso, = 9, hay = 3” he) = =, hp 3) = 3’ ho) = 1 


3 (17.76) 


1 
Su3)1: hoo = 9, 2o,1,9) = 10,0,1) = 3 
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which leads directly to 
[1, 0,0] +> €)[4, O]o © €2[0, 4]: 
[0, 1,0] +> c3[2, 2]o (17d) 
(0,0, 1] +> c,[2, 2]o 


where the c;’s are integers to be determined; the subscript indicates the value of 1. 
The coefficients c;,c3, and c4 can thus be obtained from the finite branching rules 
at grade zero. The g irreducible content of L; at grade zero is just L;. Thus, from 
the finite branching rules 


(0,0) +> (0), (1,0) + (2), (0,1) > (2) (17.78) 


we conclude that c} = c3 = c4 = 1. To find C2, it is necessary to consider the 
vacuum representation at grade 1, whose su(3) irreducible content is simply (1, 1) 
(obtained by adding to (0,0), the only weight at grade 0, all the weights of the 
representation L,). The branching rule 


(1,1) + (4) 6 (2) (17.79) 


shows that c2 is also equal to unity. 

A slightly more complicated example is S%(2)\9 C Sp(4), for which the fi- 
nite projection matrix is P = (3, 4). The conformal dimension of the integrable 
representations of Sp(4) are 


2 h a (17.80 
Gu [0,0,1] =, D * ) 


Comparing these with the set of dimensions of the integrable representations of 
$u(2)10: 


Sp(4)1:  hyo0) = 9, hyo1,0) = 


ae 15 25 1 35 
Su2ho no 10) je oe 2 (17.81) 


(with the ordering 0 < A; < 10), we find 
[1,0, 0] +> c;[10, O]o @ c2[4, 6]; 
(0, 1,0] +> €3[7,3]o @®ca[3,7]; (17.82) 
[0,0, 1] +> cs[6, 4]o @ c6[0, 10} 
where again the c; are positive integers. The finite branching rules 
(0,0) +> (0), (1,0) + (3), (0,1) + (4) (17.83) 


imply thatc; = c3; = cs = 1. The representation [1,0,0] at grade 1 contains only 
the finite representation (2,0) (the adjoint), and the branching rule 


(2,0) + (6) @ (2) (17.84) 
yields cz = 1. On the other hand, the weights in the finite representation (1,0) are 


21,0) = {(1, 0), (-1, 1), (1, —1), (-1,0)} (17.85) 
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and they all have multiplicity one. Since the zeroth Dynkin label of the affine 
extension of the last three weights is positive, we can subtract ao from these 
weights. From the resulting weights, we subtract @;,2 in all possible ways. The 
finite projection of all weights at grade 1 can then be reorganized in two irreducible 
representations, of highest weights (1,1) and (1,0). It may then be checked that (7) 
occurs with multiplicity 1 in the decomposition of (1,1): Hence c, = 1 . To 
obtain c¢, we should consider the irreducible content of [0,0,1] at grade 2, which 
is somewhat involved. But there is a shortcut which uses the relation between the 
outer-automorphism groups O(su(2)) and O(sp(4)). Both outer-automorphism 
groups are isomorphic to Z2. For sp(4), the action of its generator @ amounts to 
exchanging the zeroth and second Dynkin labels, leaving the first one unaffected. 
For sui(2), it interchanges the two affine Dynkin labels. It is simple to check that 
(cf. Eq. (14.278)): 


1 1 
sp(4): (Gao, 4) = (@2, A) = aM +A, = 5h mod 1 (17.86) 
while 
2 3 1 
su(2): (a@p, PA) = (@;, (3A, + 4)2)@) = nee +212 = yh mod 1 
(17.87) 


This shows that the two generators of the outer-automorphism groups are in 
correspondence, that is, @ +> a. At this point, we have found 
[1,0, 0} +> [10, 0] @ (4, 6] 


(17.88) 
(0, 1,0] +> [7,3] 6 [3, 7] 


The second branching rule above is seen to be invariant under the action of a, but 
on the first one it yields 


[0,0, 1] + [0, 10] & [6, 4] (17.89) 


which shows that cs = 1.!° 

The branching coefficients satisfy a simple sum rule, which can also be used 
for their determination. We recall that to the branching rule (17.73) corresponds 
the (normalized) character identity: 


YC = as: *) (17.90) 
peP 
where 
Xe =e bz .(0) (17.91) 
with 
(3 
m; =hy- > (17.92) 


10 Another example of the use of outer-automorphism groups to evaluate branching rules is given in 
App. 17.A. 
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(cf. Eq. (15.122)). (It should be clear that ¢ in Eq. (17.90) must be a p weight.) 
For a conformal embedding, the central charges appearing in 7; and mz, are the 
same and since the conformal dimensions are related by Eq. (17.74), we find 


Manono by® (17.93) 


The sum rule we are looking for is obtained by evaluating Eq. (17.90) in the 
limit t > 0, with ¢ = t = O (and when ¢ = 0, the projection operator on the 
l.h.s. of Eq. (17.90) is no longer required). For this, we use the asymptotic relation 
appropriate to characters of integrable representations: 


x(t BEX i0*) Ea Sio eite/l2r (17.94) 
The desired formula is 


Sig = > bz ,Sp0 (17.95) 
B 


This can be used to fix the final form of the branching rules once a few coefficients 
have been found (e.g., those that can be fixed at grade zero). For instance, for 
Stu(2)4 C Su(3);, we found the branching rules (17.77) and the analysis at level 0 
fixes Cc} = C3 = C4 = 1. Then, by comparing the first rows of the two S matrices 


1 1 1 
ot 1 i i 
HBr: S=—[1 -14+88 -1- (17.96) 
J3 1 -i_W _1, 3 
2 2 ae 
(with the ordering [1,0,0], [0,1,0] and [0,0,1]) and 
Lines Se? naa 
. Foe oe See ee 2 RE 
Su(2)4: = a3 Z 0 —2 0 2 (17.97) 
cA WE) NC i ee 
1 242 2 =<]. 1 
(with the ordering 0 < A; < 4), we see that in 
[1,0,0] — [4,0] @ c2[0, 4] (17.98) 
C2 must satisfy 
: =e 1 1 
= es Cp : 
3° 28 OY ; Ci 


The presence of only a finite number of terms in Eq. (17.90) is directly linked 
to the conformal nature of the embedding, i.e., that the Sugawara central charge is 
the same in the two theories. Indeed, if 


Ac = c(g,) — c(p;) #0 (17.100) 
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in which case Ac > 0,!' then, for the following equality to hold in the limit 
t — i0t, 


Sy 0D agimaas Gat (17.101) 
fi 


there must necessarily be an infinite number of terms in the sum. These are all the 
terms in the infinite series expansion of x,;.,,(q) evaluated in the limit g > 1~. 
This result is sometimes called the finite reducibility theorem. 

Finally, it should be stressed that the naive methods presented above are not 
always sufficient to fully determine the conformal branching rules. A typical case 
occurs when p is not simple, for instance in the embedding su(p)g ® SU(q)p C 
Su(pq),. However, this case (and similar infinite series) can be treated by means 
of Young tableau techniques and the use of outer automorphisms, as illustrated in 
App. 17.A. 


817.6. Modular Invariants From Conformal 
Embeddings 


We are now in a position to see how nondiagonal modular invariants can be con- 
structed out of diagonal ones (or, more generally, any known modular invariant) 
through conformal embeddings. The construction is very simple: we just substitute, 
in the g,-WZW diagonal modular invariant, the branching rules in character form. 
Modular invariance is manifestly preserved in this process: the modular invariance 
of the nondiagonal theory is inherited from that of the diagonal theory. 

For instance, the branching rules (17.82) for the embedding St(2)19 C Sp(4)1 
lead to 


= |xp10,.0) + x46? + Ix07.3) + XBNI? + lxX16,4 + Xt0,10)|7 (17-102) 


In contradistinction to the su(2)4 C su(3), example, this invariant cannot be 
obtained by the method of outer automorphisms. 

Another example of interest is Su(2)2g C (eam for which the conformal 
branching rules are 


[1, 0,0] +> [28, 0] & [18, 10] & [10, 18] © [0, 28] 


(17.103) 
[0, 0, 1] +> [22, 6] & [16, 12] @ [12, 16] @ [6, 22] 


(the above (G>), weights are the only integrable weights at level one). The 
replacement of the rules (17.103) in the (G2), diagonal modular invariant yields 
= |X28,0) + X[18,10) + Xf10,18} + X10,28)!7 


(17.104) 
+ |X[22,6 + X16,12) + X(12,16) + X16,224|7- 


11 Quotienting a unitary theory from another unitary theory cannot give a nonunitary theory with 
Ac < 0. 
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This is another example of a partition function that cannot be interpreted in terms 
of outer automorphisms. 

Up to now, we have considered only the case for which the embedded algebra 
is simple. Whenever it is semisimple (e.g., p = p" © p), another construction is 
possible. It consists in contracting the result obtained by substiaiaing the branching 
rules for Bi, @ B C 8, into the g, invariant, with a known p modular invariant, 


A . ° ° a(l a(2 & 
producing then a p invariant. We denote the nondiagonal B @ 5 mass matrix 
! 
by: 
, ~ (ee a(l) Sad ate a) 
M yrgar gong with AO, p E Pi , &§ ) 1) ¢ Pz (17.105) 


and the known p” mass matrix by Me ee 


found by the following contraction: 
p (2 
M = Mjnga, gong; ) 


30), A) : E02), 402) 
£ = 2 
£2) ep 


A new pt” invariant mass matrix is 
(17.106) 


In practice, we usually choose the po invariant to be diagonal. In that case, the 
new mass matrix takes the form 


Meats a » Mga s02, 5005 (17.107) 
seep 


This implies that whatever multiplies the o singlet part—that is, the set of 
(2) 


all terms of the form x; X;, for any integrable weights 0'?) of PB; —is by 
construction modular invariant. : 

However, this construction does not guarantee the uniqueness of the vacuum, 
and to obtain a physically admissible modular invariant, we generally have to 
subtract from the result a known invariant, or divide it by a positive integer, or 
both. 


To illustrate this method, we consider the conformal embedding 
SU(2)16 ® SU(3)5_C (Es); (17.108) 


The unique Fg integrable representation at level 1 is the vacuum. We take for 
granted that its branching rule is 


[1,0,0,0,0,0,0, 0,0] +> ({16, 0] @ [0, 16]) @ ([6, 0, 0] @ [0, 6, 0] & [0, 0, 6]) 
® ({12, 4] ® [4, 12]) @ ({3, 3, 0] & [0, 3, 3] @ [3, 0, 3]) 
® ((14, 2] @ [2, 14] © 2[8, 8]) @ (2, 2, 2]) 


® ((10, 6} @ [6, 10]) @ ([4, 1, 1) @ [1, 4, 1] @ [1, 1, 4)) 
(17.109) 
Extracting the s(3) singlet part from the absolute square value of the character 
form of this expression yields 


Z = 3|x116,0) + X(o,16)|" + 31X100,6) + X{6,10)|7 


(17.110) 
+ 3] x (12,4) + x(412!7 + 1X42) + X12,14) + 2x18,8|7 
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At this point, the vacuum (represented by X{16,0}X[16,0}) has multiplicity three. 
However, Eq. (17.110) contains the combination (17.57) for @ = 4: 


2 
1x{16,01 + Xto,16)|° + 1x114,2) + X12,1411" 


: ’ » 7.111) 
+ |X112,4) + X14,1291° + |Xt10,6) + Xf6,10)|" + 21 X78,31| 


By subtracting Eq. (17.111) from Eq. (17.110), we find that a common factor of 2 
can now be divided out, producing the new su(2) modular invariant: 


2 
Z =|Xt16,0) + Xt0,16117 + |xp12,4) + 14,1291? + |xp10,6) + X16,10)!7 


4 f x - C7112) 
+ |x[8,8)|" + X18,8)(Xp14,2) ae X12,14) oF (x4,2) + X(2,14)) X18,8]- 


With this second method, it is possible to rederive the infinite sequences of 
modular invariants obtained by the method of outer automorphisms, although the 
present approach is more tedious. The difficulty with the method of conformal em- 
beddings is rooted in the computation of branching rules. However, it is important 
to understand that it produces modular invariants that cannot be obtained by the 
method of outer automorphisms. 

It might seem that all nondiagonal modular invariants can be obtained from 
conformal embeddings of affine Lie algebras. This is almost true, but a few 
counterexamples are known. One of them is the (F4)3 invariant: 


2 2 2 2 2 
|xX13,0,0,0,0)!" + |Xt1,0,0,0,21|° + 1X11,0,0,1,01!" + |Xf0,0,0,1,11|" + 1X{0,1,0,0,1]1 


+ {X{0,0,0,0,1)Xt0,0,1,0,0) + X10,0,0,0,31X{1,1,0,0,0) + ¢.c.} 
- (17.113) 
Since it is trivial, the outer-automorphism group of F4 cannot be obtained by the 
method of outer automorphisms and, being a permutation invariant, it cannot be 
obtained by a conformal embedding. Hence none of these methods is complete, nor 
is their union. A third general method will be presented in Sect. 17.9. Unfortunately, 
these three methods together do not explain all known invariants. 
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17.7.1. The ADE Classification of the su(2) Modular 
Invariants 


The complete list of all distinct su(2) modular invariants found in the previous 
sections is 
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k 
k, (Ars): lanl? 

nee 

2£-2 5 
k = 40, (Dre42): Xn + Xae—nl + 21x20 


n=0 
ne2Z 


4e—2 
k = 4€ —2, (Doe41): SS lx? + lx2e-11" 


ne2Z 
2-3 ; 
oe »s (Xn Xae-2-n + X46—-2-nXn) 
eerie 
10, (Ge: lxo + x6l? + 1x3 + x71? + 1x4 + x10" 
k = 16, (E;): Ixo + x16l? + Ix4 + x12l? + 1x6 + x10l? + Ixs!? | 
+x8(X2 + X14) + (x2 + x14) Xs 
= 28, (es): Ixo + x10 + xis + X28!" 


+1x6 + X12 + X16 + X22I" 


(17.114) 
(Here we return to the notation where the subindex gives the finite Dynkin label.) 

This list has been proven to be exhaustive. Quite remarkably, each of these 
partition functions can be associated with a simply-laced simple Lie algebra (as 
indicated above), and all simply-laced simple Lie algebras are represented in the 
list. The relation consists of the following: (1) k + 2 is the dual Coxeter number of 
the associated Lie algebra and (2) the Dynkin labels of the diagonal fields appearing 
in a given modular invariant, taking their multiplicities into account, are exactly 
the exponents (minus one) of the associated Lie algebra (the exponents listed in 
App. 13.A). 

Needless to say, this interrelation is purely structural. The simply-laced Lie 
algebra is not a symmetry of its corresponding modular invariant. 

How can we understand the ADE classification underlying s1(2) modular in- 
variants? Unfortunately, this must still be regarded as a mystery. A posteriori, some 
arguments justifying a connection between simply-laced algebras and st(2) mod- 
ular invariants have been found. But these arguments certainly do not capture the 
essence of this classification: this is evident by their inability to generalize it to 
other ¢ invariants. !? 

By analogy with the st(2) case, the diagonal invariant of a generic WZW model 
is said to be of A-type; nondiagonal invariants that can be obtained by the method 


'2 A generalizable phenomenological interpretation of the ADE correspondence is presented in 
Sect. 17.10. 
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of outer automorphism are called D-type invariants; and the other invariants are 
called exceptional. 


17.7.2. The Classification of the s7(3) Modular Invariants 


The su(3) modular invariants have also been the object of a classification, which 
we present here without proof. In addition to the A and D series, five exceptional 
invariants have been found. Two of them appear at level 5: 


Ze, =1X(0,0) + X22)” + 1X2) + XG2)I" + 1x02,0) + X23)! (17.115) 
+ |xX02,1) + X05)? + 1XG,0) + X0,3)7 + 1Xa,2) + X65,0)1” 


and 


Ze,° =|x@,0) + X2,2)/7 + 1XG,.0) + xo)!" 

+ {(xo2) + XG,2))(Xe2,0) + Xe,3)) +¢-c.} (17.116) 

+ {(xa,2) + X¢5,0))(Xe2,1) + X0o,5)) + ¢.c.} 
These two invariants are related by charge conjugation, that is, M — CM (cf. the 
analysis of the next section), and Z¢, can be obtained from the conformal em- 
bedding su(3)5 C su(6);. (The meaning of the subindex €5 will be clarified in 
Sect. 17.10). There are two additional exceptional invariants at level 9. One is 
given by 

Ze, =|x(0,0) + X09) + X09,0) + X(4,4) + X41) + Xa,4)!" 


(17.117) 
+ 21x02,2) + Xa,5) + X6,2)!" 


which follows directly from the conformal embedding su(3)9 C (Eye The other 
is 
Zp, =1x(0,0) + X09) + X90)" + 1Xc2,2) + X2,5) + Xe5,2!7 
+ 1x(0,3) + X60) + XG,6|7 + 1x0,0) + X06) + X63)!" 
+ 1x(4,4) + X41) + Xa,4)? + +21x@,3)1 
+ {(xa,) + xan + X7,)XG,3) + ¢-¢-} 


(17.118) 


and its origin will be discussed in the following section. The final exceptional 
invariant shows up at level 21: 


Ze, =|X(0,0) + X(4,4) + X(6,6) + X10,10) + X(21,0) + X,21) 
+ x (13,4) + X(4,13) + X(10,1) + Xa,10) + X9,6) + x69)" 
+ |x(15,6) + X(6,15) + X(15,0) + X(0,15) + X(10,7) + Xc7,10) 
+ x(10,4) + X(4,10) + X74) + X47) + X60) + X06!" 


(17.119) 


This invariant corresponds to the conformal embedding su(3)21 C (Es) 
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§17.8. Permutation Invariants and Extended Chiral 
Algebras 


In view of classifying modular invariants, a useful concept is that of permutation 
invariants (already encountered in Sect. 10.7.4). These are of the form: 


Z0 =) x5@ inw® (17.120) 
AePe 


where I1(A) stands for a permutation of the weights Me pe satisfying 


Sia=Snan@ Tia = Inownw (17.121) 
A diagonal invariant is thus a trivial permutation invariant. Another example of a 
permutation invariant is obtained by replacing the unit mass matrix in the diagonal 


invariant by the charge conjugation matrix. Since Cx; = x;., this yields 


Ze) EG yew) (17.122) 
heP 


Its modular invariance is easily checked: since h; = h;., the invariance under 
t — t+ 1 is obvious; for t > —1/T, it follows from 


SCS =S3S =S'S§ =S?=C (17.123) 


using the unitarity of the S matrix and S* = 1. If no “angle” is introduced to 
distinguish the eigenvalues of the Cartan subalgebra (i.e., no ¢ dependence in the 
specialized characters), this partition function is numerically equal to the diagonal 
one, even though it has a different field content. 

The sz(2) permutation invariants are {A;;, D2,4,}. We now consider how the 
D¢41 series is obtained from the diagonal series by means of a permutation of 
the odd fields. For st(2), a way of permuting the weights in pik is to act with 
some power of the basic outer automorphism a (defined by a[Ao, Ay] = [A1, Aol). 
A permutation whose action is restricted to the odd sector is: 


TMA) = a* (A) (17.124) 
T invariance forces the condition 


hii —hy €Z with h; = 


This requires k + 2 € 4Z,. The S invariance is also verified: a direct application 
of Eq. (14.255) yields 


(17975) 


—Imrillarl A we eS 
SiGe Le (17.126) 


and a simple analysis of the different possibilities shows that the extra phase factor 
is always unity. Thus, the permutation (17.124) preserves the modular transforma- 
tion matrices when k = 4¢ — 2. Replacing the identity mass matrix in the diagonal 
invariant by this permutation matrix directly yields the D2, series. 
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Most permutation invariants are of this form, namely 
M(A) = a?”*(A) (17.127) 


where a is the generating element of the outer-automorphism group, v is the con- 
gruence vector defined in Eq. (13.78) (see also App. 13.A), and p is some integer 
constrained by the conditions (17.121). All these cases are covered by our general 
construction based on the outer automorphism group. However, Eq. (17.127) is 
not exhaustive, as the following (Ga example shows: 


[xt4,0,0)!7 + 1x10,0,3117 + Ixetayl? + 1xX¢2,0.2)!7 + Ix10,1,2917 (17.128) 
+ X(2,1,0]X[0,0,4) + X,0,0,4)X{2,1,0) + X(0,2,0)X12,0,1) + X12,0,1)X10,2,0) 
It is obtained from the diagonal invariant by the interchange 
(2, 1,0] <= [0,0, 4] and [0, 2,0] <> [2,0, 1] (17.129) 


in one sector. Such a permutation cannot be related to an outer automorphism since 
CGs) i is trivial. Another example of the same type is the F 4 invariant (17.113). 
For a permutation invariant to be physical, the simple condition 


1(0) = 0 (17.130) 


must obviously be satisfied; this ensures the existence of a vacuum (Mop = 1). But 
this is not a further requirement to be imposed on IT: So, = Snyo),n(a) requires 
T1(0) = 0 since the 0-th row of the S matrix is the only positive one. The condition 


M39 = Moi = 80 (17.131) 


provides a simple characterization of permutation invariants (as opposed to block- 
diagonal invariants, for which the vacuum couples to at least one other field). 

Those invariants that are not of the type (17.120) necessarily contain more than 
one chiral field in the “vacuum block”: they are of the form 


Z = |xXo+ Xm tee + Xn +e (17.132) 


Most of such invariants are in fact sums of squares (they are the invariants 
Dye42,E6, Es for Su(2)), but there are exceptions (E7). The structure (17.132) 
signals a symmetry enhancement, an extended chiral algebra. Candidates for the 
extra conserved currents are exactly those fields associated with the characters 
Xn,. Which appear in the vacuum block (and the built-in 7 invariance immediately 
implies that their dimensions are integers). 

When the fields are reorganized with respect to this larger algebra, the invari- 
ants (17.132) also become permutation invariants. This means that every chiral 
primary field of the extended chiral theory (denoted by a Latin index) appears 
once and only once, and every holomorphic primary field is paired with exactly 
one antiholomorphic primary field. Setting £ = 0 in the condition 


Si; Mie = Mij5j,2 (17.133) 
using Eq. (17.131), and dividing the result by Soo yields 
Di) = Mi; DQ) (17.134) 
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where D(i) denotes the quantum dimension of the field 7, defined by Eq. (16.59). 
Since D(i) > 1 (cf. Eq. (14.244) if the extended theory is a WZW model), the 
i-th row of the mass matrix must have at least one nonzero entry. Thus, every 
extended primary field @; contributes to the partition function. Moreover, requiring 
the inversion of Eq. (17.134) and the interchange of i andj to yield identical results 
forces 


M7!= MM! (17.435) 


Hence, M must provide a one-to-one correspondence between the primary fields 
of the left and right sectors, that is, 4 must be a permutation matrix. 

In summary, every invariant can be viewed as a permutation invariant! In 
particular, sums of squares become diagonal in the extended formalism. 

What is the structure of this extended algebra? There is one circumstance for 
which it can be determined without any effort, namely when the invariant is ob- 
tained by aconformal embedding. Then, the extended algebra is simply the higher- 
rank affine Lie algebra in which the original theory has been embedded. These cases 
are easily detected by the presence of a dimension-1 field in the vacuum block. 
(We note that there could be additional integral spin fields in the vacuum block, as 
the Es example shows.) 

However, the extended algebras are generally not affine Lie algebras. That they 
fall outside the field of affine Lie algebras substantially complicates their study. 

We illustrate these considerations with the s1(2) D2; +> series, withlevelk = 4¢. 
The vacuum is coupled to the field of weight (0, k]. We thus add this field to the set 
of current generators (J*,J°) and reorganize the fields with respect to this larger 
algebra. This simply amounts to combining into a single field all those fields that 


lie in the same block. We define 

gn = (2n @®k — 2n; 2n Pk — 2n) 
(17.136) 
= (2n; 2n) @ (k — 2n; 2n) @ (2n; k — 2n) @ (k — 2n; k — 2n) 


forn < € and 
by =(2E- 22) d; = (Q£: 22) Gis 


In the notation (1; 772), n and m are, respectively, the left and right finite Dynkin 
labels. The two copies of (22; 2£) are related by a Z2 automorphism rooted in the 
sign ambiguity for the choice of the extra current. The ¢,,’s are invariant under this 
Zy automorphism. With respect to the extended algebra, the D2¢+2 invariant takes 
the diagonal form 


é-1 
YS xo? + lel? + lg, 7 (17.138) 
i—) 


We now consider how the invariant E7 could fit into this scheme. According to 
the above general statement, it is bound to be related to a permutation of the fields 
in the extended algebra. It is actually related to Dyo in this precise way. To see it, 
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we rewrite Do in the form: 


ZDo =|Xo + X16|” + 1x2 + ial? + lx4 + 12/7 + 1x6 + X10l2 + 2lx8/2 


=|Xdol” + 1Xo1? + IxX¢0I? + Lxoal? + lxgal? + La 1? 
. (17.139) 
The interchange of x, with x, in the holomorphic sector yields 


IXdol? + IxXG2I? + 1xo51? + Lxdal? + (xe, Xo.) + (x6, Xo.) (17.140) 


which, when rewritten in terms of the st(2) fields, becomes exactly the E, 
invariant: 


Ze, = |xot+xi6l? +1x4+ x12l? +1X6+ X1017 + 1x81? + x8(X2 + X14) + (x2 + x14) Xe 

(17.141) 
That this permutation preserves the modular invariance is a direct consequence of 
the Macdonald identity (see Ex. 14.9 for a proof), 


x+x4-xXs=3 8 (k= 16) (17.142) 


which ensures that x2 + x14 transforms in the same way as x. The relation between 
the two partition functions is 


Zdy. — |\X2 + X14 — x8l” = Ze, (17.143) 


Their difference is a constant—trivially modular invariant—which, at this partic- 
ular level, has a rather nontrivial representation in terms of linear combination of 
characters.!% 

In the same vein, the St(3)9 invariant (17.118) is related to the D invariant at 
level 9 through the interchange: 


Maa XCar X71) XGA) (17.144) 
validated by the Macdonald identity: 


Xa,.7y + Xa) + Xa) — X@,3) = 8 (17.145) 


To find the permutations of the extended fields that preserve modular invariance 
is in general a difficult problem, essentially because the general structure of the 
extended algebras is not known. A constructive characterization of these invariants 
is still lacking. However, very few solutions are to be expected since we are looking 
for linear combinations of (nonextended) fields having identical modular transfor- 
mation properties, a rather tight constraint. Consequently, no infinite series can be 
produced in this way: permutation invariants of extended algebras are always ex- 
ceptional invariants. For s1(2), we can show that there are no solutions, other than 
the one already found by going through the Macdonald identities and searching for 


13. The simplest illustration of this trick occurs at level 6, where x; — X5 = 2, but it does not produce 
a new invariant: 


Zay — (x1 — x5” = Zp, 
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those relating the precise field combinations of interest, namely Xn + Xk-2n OF Xe- 
This procedure is clearly limited to low-rank algebras, where these identities can 
be made explicit. For st(3), there is only one exceptional permutation invariant, 
and it can also be obtained in that way. 

Given a permutation IT, the difficult step is to prove its commutativity with S. 
A simple necessary condition for this has already been reported in Sect. 10.8.4; 
such a permutation must be an automorphism of the fusion rules: 

k)b k)M(6) 
Na ~ ran (Helge) 
(This is a direct consequence of the Verlinde formula.) This condition, however, 
is not sufficient to ensure commutativity with S. But we recall that since I] com- 
mutes with S, it preserves the quantum dimensions (cf. Eq. 17.134)). Finding 
permutations of fields of second-lowest quantum dimensions that yield fusion 
automorphisms has proven to be a powerful and reliable criterion. 

We present a simple illustration of this approach for the case where the extended 
algebra is still a current algebra. The following result will be used: A [T-invariant 
permutation that leaves all the fundamental weights w,; fixed (here a; is the finite 
part of the affine weight ka» + w;) must fix all the integrable weights A € PK. 
This is not trivial since Tl(pw;) # pI(w;). For our illustrative example, it is 
sufficient to prove this for k > max{a} (i.e., at a level sufficiently large that 
the affine extension of all the fundamental weights are integrable). For any Lie 
algebra, there is a Giambelli-type formula (cf. Eq. (16.114) for su(N)) that gives 
the character of an arbitrary representation A in terms of a polynomial P., in the 
characters of the fundamental representations: 


1 = POG) (17.147) 
Evaluated at &, = —2mi(u + p)/k + g, the finite characters become ratios of S 
matrix elements (cf. Eq. (14.247)): 
Sip So: 
—"_ =p =) 17.148 
So; h ( So; ( ) 


Since, by assumption, [Il is a permutation invariant (which thus satisfies 
Eq. (17.121)) that leaves all fundamental weights and the vacuum fixed (and in 
Particular So, n(z) = Sn-1(0),a = Sof), the above relation implies the equality 
Si, =Sing, VeheP => Ap=~A (17.149) 
since otherwise the S matrix would be singular. 
Consider, for instance, G2 at level 4. The vacuum is the unique state with quan- 
tum dimension 1, and the set of weights with second-lowest quantum dimension 


is {w2, 2w,}. The possible permutations are then I(w) = w and TI’'(@2) = 2a. 
Since IT is an automorphism of the fusion rules, it must leave the fusion 


@2 X @2 =0+ 0; + @2 + 2a (17.150) 


invariant, which means that either TI(@;) = @, or Il(w;) = 2. The second 
possibility is ruled out by 7 invariance. F thus leaves both fundamental weights 
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unchanged, i.e., I] = id. The other permutation, when used in fusion rules, yields 
II'(w;) = 4a. This is exactly the permutation underlying the invariant (17.128). 
The present analysis shows that there can be no further permutation invariants at 
level 4. Another example is presented in Ex. 17.9. 


§17.9. Galois Symmetry 


All (but one) permutation invariants of WZW models can be obtained either from 
an outer automorphism—as already discussed—or from a permutation akin to the 
permutations of the roots of a polynomial equation (the so-called Galois trans- 
formations). The study of these permutations is the subject of the present section. 
Galois transformations are defined in the first subsection. In the context of modular 
invariant partition functions, they are used to: (i) constrain the mass matrix; (ii) 
build new block-diagonal invariants (not necessarily physical, however); and (iii) 
build new permutation invariants. 


17.9.1. Galois Transformations on S Matrices 


We consider a polynomial equation f(x) = 0 with coefficients defined in a certain 
field KC but whose roots lie in an extension £ of this field. For instance, if the 
polynomial coefficients are in Q, the roots can be complex numbers or involve roots 
of rational numbers. The transformations o that permute the roots of the polynomial 
equation but leave its coefficients fixed are called Galois transformations. For the 
equation x” — 1 = 0, these are 
: £ . = 
Cae C= explain) (nn) —1 (17.151) 
o:xrx xEQ 
(i.e., 2 and m coprime). These transformations form a group, with composition as 
group multiplication, and preserve addition and multiplication: 


o{x + y) =o(x) + ofy) 
o(xy) = o{x)o(y) 


Galois transformations are relevant in conformal field theory because the ratios 
of S matrix elements 


(17.152) 


7? = 2 (17.153) 
So,j 
are the roots of the characteristic equation 
det(AI — N;) = 0 (17.154) 


where N; is the fusion matrix for the fieldz. The matrix entries of N; being integers, 
the number field K. can be chosen to be Q. Since ratios of S matrix elements are 
usually not rational numbers, nontrivial Galois transformations can be associated 
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with this equation. To a permutation of the roots y b> oy”), there corresponds 
the field permutation j +> of) = 77: 


Sj.  ASij) _ Sije (17.155) 
as 5; 7 o(So,j) So,j 


Actually, the following stronger result holds: 2 
AS; j) = €o DSij° (17.156) 


with €,(i) = +1. This is most easily proven for WZW models, in which the S 
matrix takes the form 


2m 
= = Or p), 17A57 
Ye is ee, ciw)exp | re Sil + p) w+) ( ) 


where K is a constant. Let M be the smallest integer for which 
M (wa, w) EZ VAmePs, wew (17.158) 
For instance, M = N for su(N); in general!> 
M = |P/QY | (17.161) 
Then, up to the prefactor K, S is a linear combination of the 1-th roots of unity, 
with 
n= M(k +g) (7.162) 


The extended field £ in which the S matrix elements live is thus a cyclotomic field 
Q(¢), that is, the field Q extended by the addition of a fundamental root of unity.!° 
A permutation of the fields is simply related to the transformation 


(A+ p) &(A+ p), (ly (17.163) 


We denote the corresponding Galois transformation by o;. Since the prefactor K is 
not a rational number (it involves square roots and a power of 1), oy acts nontrivially 
on it. But K? is rational, hence not affected by a: 


K* = 0o{K*)=0(K)o(K) = o(K)=mK (17.164) 


14 By shifting our attention from ratios of S matrix elements to the elements themselves, we would 
have to consider a further field extension £’ D L. But this technicality is of no consequence here and 
is ignored throughout. 


15 We note that for nonsimply-laced algebras, M is not just the smallest integer M’ for which 


M'(@;, w)EZ Vi,j (17.159) 


due to the Weyl reflections with respect to the short roots, e.g., : 


1 
(sid, v) = (A, v) > Ai(a;, v) — (A, v) = 5 hive (17.160) 


From App. 13.A, values of M’ are found to be: » for A,,_;; 2 for Bz,, C,, D2, E7, and F4; 3 for G2 
and E¢ and 4 for Bo,,4; and D2,,4;. Actually, M’ is merely |P/Q]. 

'6 Formally, ¢ must be a 4M-th root of unity due to the prefactor K, but all field permutations can be 
described in the cyclotomic field based on a M-th root of unity. 
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with ne = +1. Hence, the action of o on S takes the form 
2n1 
oe(S5,,) =m KD) e(w)exp {ov ec +p),u+p)} (17.165) 


wew k 


For £ # 1, (A + p) — pis not necessarily the finite part of an integrable weight 
at level k + g. If not, the affine weight 


E= («- Y [ear + 1) — ne’) Oo + £(A+p)—p (17.166) 
=I 


must be reflected back into the fundamental affine Wey! chamber by means of an 
appropriate shifted affine Wey] reflection. Let he be the element of W such that 


were = ie, with A% « P® (17.167) 


(Since £ andk +g are coprime, such a Wey] reflection always exists, i.e., the weight 
cannot be reflected onto the boundary of the fundamental chamber—cf. Ex. 17.11.) 
By a standard redefinition of the summation variable in the expression for S, we 
find 


o1(S3, 4) = ne (WE) Shee, (17.168) 

This is indeed of the form (17.156), with 
Ex, (A) = ne (wt) (17.169) 
When £ = —1, oy acts as the usual charge conjugation. Galois transformations 


can thus be viewed as generalized charge conjugations. The group generated by 
the o,’s is denoted Z*; it is the multiplicative group comprised of the elements € 
of Z,, that are coprime to 7. For instance, 


Zon, 7, 11, 13,173} (17.170) 


17.9.2. The Parity Rule 


Galois transformations induce a simple and rather powerful constraint on physical 
mass matrices. Such a matrix must commute with S and be integer valued. Acting 
on both sides of the equality MS = SM with o (which does not affect M) yields 


> €o(u) Mj a Sirs =) €o() Spon Mas 
fa ji 
=> SS €,(A) Me 5 S75 
mn 
= ent) M jo ju One 
pe? 


In the second line we used SM = MS, and in the third one we have simply 
redefined the summation variable. With o = o¢, this implies that 


Mier por = €a(A) €o,(H) Mj 717) 
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All elements M;., ;,., in the Galois Z* orbit are thus related to each other. For a 
physical invariant, all these elements must be positive. Therefore, the product of 
signs must be positive for all values of @: 


Eq, (A) €o, (4) = (ws) (w) = 1 VeeZ (a2) 


If ew Jew?) = —1 for some ¢ € Z, then all Mj., jo, ’s, and in particular 


My, ;, must vanish. The condition (17.172) will be referred to as the parity rule. 

This constraint is particularly useful for probing nondiagonal invariants related 
to extensions of the chiral algebra. In that case, we look for chiral fields 4 that 
could couple to the identity, that is, 4’s such that Mo; = 1. This is illustrated in 
Exel, 


17.9.3. Modular Invariants From Galois Symmetry 


Galois transformations not only put constraints on the mass matrices but also can 
be used to construct modular invariants. A candidate mass matrix is 


M, =G,+G (17.173) 
where G! is the transpose of G, and 
(Go)iig = Eo) 5; a (17.174) 
This can also be written as 
(Ga)s 1 =€,(A" ') Syo-1 5 = Eg1(A) 84041 5 (17.175) 


For the second equality we used 
Syg = FOS; 5.) = O(€o-1(A) Syont .) = €o-(A) €o(A7") Sp, (17.176) 
which shows the equality of €, 1(A) and €,(A° |). It is then clear that 
G,' =G,. =G! (17.177) 
The commutativity of M, with S is readily checked: 


dM). Si, = Yleo(u) 05 ae + €(A) dj 4] One 
be 7 


=o"! (S) 85 a0 Sia + €5(A) Sj. ; (17.178) 


jie 


= 07 '(S; 5) + o(S; 5) 
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(in the second line we used €,()Sa,5 = 0 '(Sjos)), and 


DS Sia (Mo). a ye Si 5 [eo (v) 54,0 + €,(W) pany 
B j 


= €,(0) Si 50 a (x Si go ss] (17,179) 
pe 


= o(S; 5) +07 "(S; 5) 


establishing thereby the desired result. 

In the above derivation, the order of the transformation o is arbitrary. But in 
order for Eq. (17.173) to commute with 7, o must necessarily be of order 2, that 
is, o* = | (or, witho = o¢, £7 = 1 mod M(k +g)). We now prove this statement. 
The starting point is the relation (ST)? = S?, which we write in the form 


1." S:,1,' =) Sis Th Sop (17.180) 
The 7;’s stand for the diagonal elements of the 7 matrix. Using the equality 
Spy =o 0 (Szq) = €oAeo(W) Sze got (17.181) 


(in the last step, the symmetry of S is used to permute the two labels), this relation 
becomes 


Eg(A)Eg (yu) ip Sho jo-! ie” 7 Eg- (i )eo-1(A) SY See T; Sio p07! 
ere y-1( ft )€,-1(A) 7 Sho! gor! Lee 
(17.182) 


In the second equality, we used the assumed 7 invariance under the action of o to 
write J; = J; and used again the relation T~'ST—! = STS. We conclude that 


Sho gon! = Ea! (A)Eo(A) Syo-t ot (17.183) 
Since S is unitary, its rows must be linearly independent, this forces 
joc) Sthaes = aio (17.184) 
or, with o = oy, 
£? =1 mod M(k +g) (17.185) 


This is a necessary condition for T invariance, but usually not sufficient. The 
sufficient condition for TJ invariance is simply 


(fee —h; EZ (17.186) 
that is, 


|A + pl? 


oe ok +g) 


eZ (17.187) 
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This requires 
0? = 1mod2M’(k+g) if M’|A+pl|? is odd 
= 1modM(k+g) if M’|A+ |? iseven 


with M’ defined by Eq. (17.159). 

The mass matrix M,, is modular invariant if the condition (17.188) is satisfied, 
but it is not positive definite. However, it can be combined with another invariant, 
such as the identity mass matrix (associated with the diagonal invariant), to produce 
a new, and possibly physical, invariant: 


M=I14+M,=14+G,4+G, (17.189) 


(17.188) 


Such an invariant will be referred to as a block-diagonal Galois invariant. We note 
that whenever G, is symmetric, it is clearly sufficient to take M, = G,. The 
potential generalization, in which M, could be combined with invariants other 
than the diagonal, should also be kept in mind. 

We illustrate this construction by an example, the Su(2)4 nondiagonal invariant: 
we verify that it can be viewed as a block-diagonal Galois invariant, with M = 
I+G,. For su(2), M = 2 and therefore n = M(k + g) = 12. The group Z}, is 
{1,5,7, 11}. All its elements satisfy 22 = 1 mod 12 as well as 2? = 1 mod 24 (the 
second condition ensures the J invariance). The choices £ = 7, 11 do not produce 
physical invariants: € = 7 yields Mo,4 = —1 and @ = 11 yields Moo = 0. We 
consider then = 5. The different entries of G, are easily calculated. Denoting 
by A,,,) the affine extension of 5(A + p) at level 6, we find 


(0)? : Aw =[1,5],  Aw—p=(0,4) 

=> (0)" = (4), «,(0) =1 
(1): Aq) = [—4,10], soAq) —2 = 13,1] 

= (1) =) en = —1 
(2)° : Ag =[-9,15], sisoAg) — A = [2,2] 

ai)? — (2) 4a @ ye 
(3)° : Avs) = [-14, 20], sosisoAcay — 6 = [1,3] 

=(3) = (3) ees) 
(4)? : Ava = [-19, 25], siS0siSoA a — p = [4,0] 

=> (4)° = (0), €,(4) = 1 


and we indeed recover the invariant (17.15). Further examples are presented in the 
exercises. 


(17.190) 


17.9.4. Galois Permutation Invariants 


In the previous construction, neither the positivity of the mass matrix nor the 
uniqueness of the vacuum is guaranteed. In this subsection, we show that, to any 
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order-2 Galois transformation that leaves the vacuum fixed—that is,O° = 0—there 
corresponds a physical permutation invariant with mass matrix 


Mj i = 8} je (17.191) 


provided that 7; = 7;,. It will be referred to as a Galois permutation invariant. 
First, we observe that when the vacuum is a fixed point of o, all fields have 

the same value of €,(A). This follows directly from the invariance of the quantum 
dimensions: 

So; Sys Eg (A) S> 

Soo So Eo(0) Soo 
Hence, €,(A) = €,(0) for any 4. The application of o on the Verlinde formula 
shows that o is a fusion automorphism: 


Na CuO) (17.193) 


This holds for transformations of arbitrary order. However, if the order is greater 
than 2, we have shown previously that o cannot commute with 7. Hence, not every 
fusion automorphism yields a permutation invariant. 

If o is of order 2, it necessarily commutes with S: 


Si, = Eg (A)eg-1 (u) Sho go-! 

= €g(0)eg(0) Sz. 5 (17.194) 

= She pe 
(cf. Eq. (17.121)). It only remains to verify that o also commutes with 7. An 
example of a permutation invariant related to a Galois transformation is presented 
in Ex. 17.14. 

A generalization of the above construction amounts to replacing the condition 

0° = 0 by the weaker one: 


0° = A(0) (17.195) 
for some outer automorphism A. If 0 commutes with 7, then the permutation 


7 AQ’) if €,(A) = €,(0) 
= 17.196 
ne) | A” if Jes —en(0) 


is modular invariant. Of course, if A is trivial, we recover the previous case. The 
analysis of this generalized construction is left as an exercise (see Ex. 17.16). 

To summarize, Galois transformations provide a third general approach to the 
construction of modular invariants. Together, these three methods—outer auto- 
morphisms, conformal embeddings, and Galois transformations— explain almost 
all the known invariants. But there remain “very exceptional” invariants, which 
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have not been explained yet. A famous example is the following (F4)¢ invariant: 


2 
|X16,0,0,0,0] + X{2,0,0,0,4] ot ool: X10,0,0,3,0)| 
+ |X12,0,1,0,1] + X(0.1,0,1,2)!" + 1X13,0,0,0,31 + X10,0,0,0,6) CHA, 
2 2 
+ xX1,0,0,2,1] + Xt0,2,0,1,0)!" + 1X11,0,1,0,2) + X2,2,0,0,03| 


We stress again that all physical modular invariants do not necessarily correspond to 
genuine conformal field theories since the underlying requirements by themselves 
do not guarantee positive integer-valued fusion numbers (for example). 


§17.10. Modular Invariants, Generalized ADE 
Diagrams and Fusion Rules 


In this section, we investigate in some detail the observed one-to-one relation 
between St1(2); modular invariants and ADE algebras (i.e., that the spinless = h 
operators in the modular-invariant theory are indexed by the exponents of the 
corresponding algebra—cf. Sect. 17.7). We are motivated by the observation that 
a large class of fusion algebras can be coded into a single graph (this construction 
is reviewed below). The first natural question is: Do the graphs at hand, namely 
the ADE Dynkin diagrams, actually code some fusion algebra relevant to the 
conformal theories associated with the corresponding modular invariants? Indeed, 
for the block-diagonal invariants, namely the (A,,, D2,,,E¢, Eg) cases, this will 
turn out to be so: the resulting fusion algebra reproduces the fusion algebra of 
the extended theory. (As argued below, this construction is not suitable for the 
nondiagonal invariants obtained by a permutation of the fusion rules.) 

This connection can be described roughly as follows. To each of these 
(A, Don, Eo, Eg) diagrams, we associate a commutative algebra (the graph al- 
gebra), whose generators are indexed by the vertices of the diagram. In all cases, 
this algebra has a nontrivial subalgebra, generated by a subset of the graph ver- 
tices, called the marked vertices. This subalgebra happens to be the fusion algebra 
of the extended theory. But this is not all: a striking duality relation allows us to 
translate the information contained in the fusion algebra of the extended theory 
into a well-defined prescription for the reconstruction of the modular invariants. 

Quite remarkably, this correspondence can be generalized to §71(3). The graphs 
associated with the block-diagonal s7(3) modular invariants are found to be some 
generalizations of the Dynkin diagrams. 


17.10.1. Graph Algebra 


We have already seen in Sect. 10.7.6 (see also Ex. 8.19), how the fusion rules 
of minimal or rational conformal theories can be encoded in some graphs. In the 
simplest cases, the fusion rules are generated entirely by the fusions of a single 
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(fundamental) representation (f), namely 


Ox) = BA; & (17.198) 
k 


To the matrix Ny, with entries [Ny Jj, = Ni, *, we associate a graph whose vertices 
are indexed by the representations, such that a given vertex j is linked to the vertex 
k by Ny* links. Ny is called the adjacency matrix of the corresponding graph. In 
particular, the identity representation (0) must correspond to an endpoint of the 
graph and be linked only to the vertex f. This follows from the identity 


which implies that there is exactly one link between the vertices 0 and f. 
Conversely, we can attach a kind of fusion algebra to any connected graph G. 
Let G denote the corresponding adjacency matrix, with nonnegative integer entries 


G,; = number of links from vertex r to vertex s (17.200) 


For nonoriented graphs, G is therefore an indecomposable symmetric matrix with 
nonnegative integer entries. We would like to view the matrix G as the fundamental 
generator of some sort of fusion rules in the adjoint (matrix) representation, build- 
ing up, by multiple fusions, matrices N, with entries [N,]s; = Ns‘. The “initial 
conditions” in this construction are 


No =I Ny = G (17.201) 


The algebra admits thus a unit (or identity) element, indexed by a vertex 0 of G, 
and a fundamental generator, indexed by a vertex f of G, such that G,, = Nj°. In 
particular 


Gor = Nyo" = Nop” = Sr (17.202) 


Hence, the unit vertex 0 is linked to the fundamental vertex f only, with one link. 
This means that the unit vertex must be an endpoint of G. We conclude that, for a 
graph algebra to exist, G must have at least one endpoint. Given such a graph, we 
fix the unit and fundamental vertices 0 and f. 

In order to derive the full graph algebra out of the adjacency matrix G, we follow 
a strategy akin to the one used to obtain the Verlinde formula (10.171). Namely, 
we define the graph-algebra fusion coefficients N,,;‘ in terms of the matrix S, 
which diagonalizes the adjacency matrix G.'’ The symmetric matrix G can be 
diagonalized in an orthonormal basis as 


A=S'GS (17.203) 


17 Here we denote this matrix by S, to distinguish it from the S matrix which diagonalizes the fusion 
rules of a conformal field theory. The two notions coincide when the graph G encodes the fusion rules 
of aconformal field theory. In general, S is not a symmetric matrix: the symmetry of Sa, would involve 
constructing a bijection between the vertices (labeled by a) and the eigenvalues (labeled by 77). 
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where A is a diagonal matrix, and S some orthogonal matrix. This can also be 
written as 


> GrsSst = Sr At (17.204) 
Ss 
Setting 7 = 0 in Eq. (17.204) yields 
Sp = Ar Sor (17.205) 
Supposing that all So, # 0,'® we may write 
se Sf (17.206) 
Sor 
Inspired by the Verlinde formula (10.171), we now define 
Syn Ssm(S~' ent 
fos mOsm 
= > a s (17.207) 
1 


where the sum runs over all eigenvalues of G. It is a simple exercise to check 
that the matrices N,, with entries [N,];; = N,;', generate a commutative algebra, 
called the graph algebra. 

This definition is not unique, since it relies (i) on the choice of a unit vertex 
0 on G, and (ii) on the particular form chosen for the matrix S. Indeed, if some 
eigenvalue A,,, of G is p times degenerate, there is a free O(p) ambiguity in the 
definition of the corresponding S matrix elements Sain, ,--- »Sam,- This 1s just a 
rotation in the dimension-p eigenspace for A,,,. Different choices for this rotation 
lead to different numbers N,,’ through Eq. (17.207). 

For the analogy with fusion rules to be complete, we would like the numbers 
N,;! to be nonnegative integers. This turns out to be a nontrivial constraint on the 
possible graphs G. 


17.10.2. Positivity Constraints on Fusion Coefficients 


We start from the list of ADE diagrams of Fig. 10.3.'? A natural choice for the unit 
vertex is the end of the longest leg of the diagram.”° With this choice, the graph 
algebras of D2,,4; and E7 have some negative fusion numbers N,,' (for E7, a proof 
is sketched in Ex. 17.21). We note that the corresponding modular invariants are 
not block-diagonal. They are obtained by an automorphism of the fusion rules 
of some block-diagonal theories, here Ay,—; and Djo. Since our discussion will 


18 This will be the case for all the ADE graphs under consideration. 

19 From now on in this section, we do not stick to our general convention of denoting the graphs by 
calligraphic letters. We instead reserve calligraphic symbols for the natural generalization of the ADE 
diagrams appearing in the classification of st(2) modular invariants to their stz(3) relatives. 

20 Actually, this choice is not always unique: there are, for instance, two symmetric choices for the 
unit vertex on the A,, and Eg graphs, but each leads to the same graph algebra. However, if the end 
of a short leg is chosen as the unit vertex, the corresponding graph algebra usually does not make any 
sense (see Ex. 17.20 for an illustration in the E¢ case). 
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concentrate on the fusion rules, it is natural to exclude these somewhat redundant 
cases. 

On the other hand, the question of eigenvalue degeneracy occurs only for the 
D>,, diagrams, for which the eigenvalue 0 is twice degenerate. However, in all 
cases, there exists a particular rotation in the two-dimensional eigenspace for the 
eigenvalue 0 leading to nonnegative integer numbers N,.,' (see Ex. 8.19 for the D4 
example). 


17.10.3. Graph Subalgebra and Extended ADE Fusion Rules 


In this subsection, we describe the precise relation between the su(2), block- 
diagonal modular invariants and the A,,, D2,,, Eg, and Eg Dynkin diagrams through 
their attached graph algebras. 

To specify a block-diagonal modular invariant, all we need is the sets of rep- 
resentations that form the extended blocks. The representations occurring in the 
modular invariants are indexed by the exponents 772; (minus 1) of the corresponding 
Dynkin diagram. (As already noted, the exponents of the simply-laced Lie algebras 
also index the eigenvalues of the adjacency matrices of the Dynkin diagrams as 
Am, = 2. cos mm;j/g.) For instance, the Eg WZW modular invariant reads 


Ze, = |xo+x6l? +1x3 + x7I? + x4 + x10!" (17.208) 


whereas the eigenvalues of the adjacency matrix of the E, Dynkin diagram of 
Fig. 17.1 read 


wee 9 cos mie 194578, We 12 (17.209) 


Thus, the three blocks of the modular invariant (17.208) are specified by the pairs 
of eigenvalues {1, 7}, {4, 8}, and {5, 11}. As we now show, there exists a very simple 
and elegant way of encoding these data in the diagram itself. 


Figure 17.1. A labeling of the vertices of the FE, diagram. 


We first construct the graph algebra of E,. We take the vertex 0 of Fig. 17.1 as 
the unit (hence No = I) and 1 as the fundamental vertex, so that the matrix N; 
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reads 
oO 1 0 00S 
10" £50. 0028 
Ct Oe Oat 
=G= 17.210 
ea amon Uenee ( ) 
oo 0 1,650 
OO 1 OF bR0 
The algebra encoded in G is 
G? = 14+N, 
GN, = G+N34+Ns 
GN3 = N2+N4 C7211) 
GN4 = N3 
GNs = N2 


that is, the product GN; is the sum of all Nj such that j is linked to i. From these 
relations, it is possible to express all the matrices N; solely in terms of G: 


No = GI 

N; = G(G* — 4G? +21) 
Ng = (G* —4G? + 21) 
Ns = G(—G* + 5G? — 41) 


(17.212) 


It is then straightforward to show that all these matrices are integral matrices 
with nonnegative integer entries. Notice that the matrix G is a solution of the 
characteristic equation 


P(G) = (G? —1)(G* — 4G? + D=0 (17.213) 


which simply reexpresses the relation G Ns = Ny. Here P denotes the 
characteristic polynomial of G, 


P(x) = det(xI — G) (17.214) 


The E¢ graph algebra is in fact isomorphic to the algebra C[x]/P(x) of polynomials 
modulo P. 


It is easy to see that the matrices No, N4, and Ns form a subalgebra of the Eg 
graph algebra. For instance, 
NZ -1 = (Na+ D(N4—-D) 
= (G* — 4G’ + 31)(G* — 4G? + (17.215) 
= (G’ —31)P(G) =0 
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We find the relations 


N2 = No+Ng 
Ns N4 = Ns (17.216) 
N2 = No 


These are exactly the fusion rules of the extended diagonal theory associated with 
the invariant Zp,, namely sp(4); (we recall that this invariant is obtained by the 
conformal embedding of si1(2) jo in Sp(4),). Moreover, the fusion rules of sp(4), 
are isomorphic to those of the Ising model. The identifications read 


0 <+ [10,0)6 [4,6] ~ I 
4 + [6,4)@[0,10] ~ e (i727) 
5 © [7,3]}8B,7] < o 
In the following, we denote by U/ = {0, 4, 5} the set of vertices corresponding to 
this subalgebra. 
The generalizations of this subset 7/ for the other ADE algebras associated 
with block-diagonal invariants are indicated in Fig. 17.2, where the corresponding 
subsets of vertices of G are circled. In each case, the fusion rules associated with 


the graph subalgebras reproduce the extended fusion algebra of the corresponding 
WZW modular invariant theory. 


A, ©—@©@-------© © © 
® 
Do, ©—e—®— ------- o« 
@ 


Figure 17.2. The sets U/ of circled vertices for each of the graphs A,,, D2,, Es, and Es, 
giving rise to a subalgebra of the graph algebra, identical to the extended fusion algebra of 
the corresponding WZW model. 


Therefore, by supplementing the graphs with a particular subset of their vertices, 
we have been able to encode more than just the set of exponents (i.e., the set of 
spinless operators in the theory). We will show now that, quite remarkably, this 
additional information actually encodes the whole structure of the corresponding 
modular invariant. 
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We need to introduce a duality relation between a graph subalgebra, with ele- 
ments indexed by a subset U/ of the vertices of the graph G, and its dual algebra, 
indexed by eigenvalue labels of the corresponding adjacency matrix G.?! In con- 
crete terms, we use the subset 2/ to define an equivalence relation, denoted by ~, 
between the eigenvalue labels of G. This equivalence relation is defined in terms 
of the quantities 


fan = a San Sm (17.218) 
reu 
to be 
men iff finn #0 (17.219) 


It can be shown that ~ is indeed reflexive, symmetric, and transitive.”* This pro- 
vides an equivalence relation between the eigenvalue labels of G. The connection 
with the block-diagonal modular invariants is the following: all eigenvalues in a 
given equivalence class are the elements of a block and to each equivalence class 
there corresponds one block. 

We now examine this equivalence relation in the E, case. The eigenvalues A,,, 
and eigenvectors S,,,, of the Eg adjacency matrix are displayed in Table 17.1. With 
U = {0, 4, 5}, the computation of the quantities fj... = firm through Eq. (17.218) 


is straightforward. For instance, 
y 3+ ¥3)3 - V3) 1 


fig = 620. + 42a} 240) pas 


24 Je 
For finn (m <n), we find 
Jeane 
fi =i => Nie 
6 
3+./3 
iss =f = —— 
i (17.220) 
fiz = iaat = Te 
fa, = fe = fas = : 


2 


21 The mathematical foundation of this argument is the C-algebra duality. A C-algebra (also called 
a character algebra) is simply a commutative algebra defined by some quadratic relations satisfying 
‘a number of axioms, satisfied in particular by the graph algebras for A,,, D2,,, Ee, and Eg. Roughly 
speaking, C-algebra duality generalizes the duality between classes and Trepresentations of a subgroup 
of a finite Abelian group. 


22 In fact, the quantities f,,,,, can be computed exactly, using the theory of C-algebra duality, and we 
have 


Dee Sam San = Son 5 
= co Y8mzn 
per, Siwy Som 


where 5y,<, is 1 if m2 & n and 0 otherwise. 
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and all the other f’s vanish. Therefore 1 ~ 7,5 ~ 11, and 4 ~ 8, and the 
equivalence relation ~ has three equivalence classes: 


{1,7} {5,11} {4,8} (17.221) 
They match exactly (up to the usual shift of each exponent by —1) the three blocks 
of the modular invariant (17.208). 


Table 17.1. Eigenvalues and eigenvectors of E,. We display line by line the 
eigenvalue 2 cos mm/12, the exponent m, and the six eigenvector components 


i Mipeae aril to the six vertices of Eg. Notation: 
Eigenvalue Exponent 0 1 2 S} 4 5 
a 1 a= s+ J2a, a, a V2a_ 
oe i 
vt 5 a; as J/2a_ a. a, —V2a4 
sit 7 a, —-a. —Vla_ -a_ a4 /2a4 
7 8 3} 0 3 
~8o 11 a_ -a, Ja, -a, a. —WV2a_ 


By repeating this calculation with A,,, D2,, and Ex, we find that the equivalence 
classes dual to the sets U/ indicated by the circled vertices of Fig. 17.2 all reproduce 
the extended blocks of the corresponding WZW modular invariants. The detailed 
analysis of the Eg case is presented in Ex. 17.22. 

For later use in the su(3) generalization, we stress the importance of the S 
matrix, which diagonalizes G. For the A,, diagrams, this matrix coincides with the 
S matrix of the modular transformation t > —1/t of the WZW characters at level 
k =n — 1. In particular, the eigenvalues of the A, adjacency matrix are 


(i) _ Sfa 
dy = of? = 3 (17.222) 


aoe f denotes the affine extension of the fundamental weight «, at level k, and 
va ) has been defined in Eg. (14.245). It is left as an exercise to check that 


_ sin2a(ui + DK +2) _ Ease (17.223) 


e “sink + IK +2) (k +2) 
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17.10.4. Generalized ADE Diagrams for su(3) 


We now to generalize the above construction to the su(3) case. In contradistinction 
with su(2), here we have no diagram at hand from which we can construct the 
modular invariants by means of the above duality argument. The first step is to try to 
construct these diagrams, guided by the sz(2) results. A natural starting point is to 
generalize the A,, diagrams, which correspond to the diagonal invariants. We recall 
that for S1(2);, all the vertices of the A;.,, diagram are circled. This means that the 
diagram itself encodes the fusions of the theory by the fundamental representation 
(1). This suggests defining the corresponding diagram in the s1(3), theory, denoted 
by A;, as the one encoding the fusions by the fundamental representation (1, 0). 
The A; diagram is depicted in Fig. 17.3. Because the representation (1,0) is not 
self-conjugate, the diagram is now oriented. Moreover, its vertices have a natural 
Z3-grading, namely the triality of the corresponding representation.> Although 
not symmetric, the adjacency matrix of A, can be shown to be diagonalizable in 
an orthonormal basis. As in the st(2), case, the eigenvalues and eigenvectors of 
this diagram are simply expressed in terms of the s%(3), modular matrices. The 
eigenvectors are the S matrix elements (Eq. (14.217)): 


Sa, A2)(“1,22) = Sika, —A2,A1,A2],[kK—1)—v2,41,42) (17.224) 


and the eigenvalues are given by the ratios 


3 
S(1,0) (411,12) = eae) (17.225) 


Auin2) = 
es S(0,0),(141,42) j=) 


where the €; are related to the fundamental weights by 
€| = @ €2 = @2 — @ Cp" SO2 


In Eqs. (17.224)-(17.225), both the vertex and eigenvalue labels run over the set 
PX of integral weights of level k 


Py Sei dg lia = 0 tn ae EI (17.226) 


and the indices (A, + 1,42 +1) =A+pnow play the role of the exponents of the 
Ax+ diagram. We will still call them the exponents of A;. Equation (17.225) is ac- 
tually the stz(3) generalization, for A;., of the formula (17.209) for the eigenvalues 
of A. Its proof is left as an exercise (Ex. 17.26). 

Our program is now clear: reversing the logic of the su(2) association between 
modular invariants and graphs, we wish to construct an oriented graph for each 
$u(3) block-diagonal** modular invariant, whose eigenvalues are indexed by the 
spinless fields of the theory. These fields are indexed by a certain list of integral 


a Triality is the special name given to the congruence class (defined in Sect. 13.1.9) for su(3); the 
triality of the weight A = (A;,A2) is Ay + 2A2 mod 3. 

24 We stress that the distinction between block-diagonal and nonblock-diagonal invariants is necessary 
only for the discussion of the extended fusion rules. In fact, generalized Dynkin diagrams can also be 


constructed for the other st(3), invariants, but we choose not to present them here and to concentrate 
on the block-diagonal cases. 
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Figure 17.3. The A, diagram for su(3), with (k + 1)(k + 2)/2 vertices. 


weights (actually a subset of Eq. (17.226) with possible repetitions), which must 
be the exponents of the desired graph. This can actually be done (with a little 
intuition and much work) and leads to the graphs of Fig. 17.4. For completeness, 
the list of exponents is displayed on Table 17.2. 


Table 17.2. Graphs and exponents for the block-diagonal WZW su(3), 
modular invariants. 


Graph Exponents 
Ax {A + p}, A € PX 
D3 {A+ p}, AC QNP*,2x(k+1,k +1) 
Es {(1, 1), G3, 3), (3, 2), (1, 6), (2, 3), (6, 1), 
(4, 1), (1, 4), (1, 3), (4, 3), G, 1), G, 4)} 
E5 feu), (1021) Cle 10); (5, 5),(5;,2), (255), 


(3, 3), (3, 6), (6, 3), (3, 3), G, 6), (6, 3)} 


Sam (il. 1), (22, 1),.1722);G, 5); (5,14) ie 5); 7, 11) 2), 
(Da RCT, 1). (ope) anu, 7), (7, 1), (16,7), (1, Te), 1,77, 
(7, eG) 1), (S98), GES), (S, 11), (85), (5,11), 11, 8)} 


The construction presented here is not unique: several different graphs may 
share the same eigenvalues, hence the same set of exponents. (Some examples are 
worked out in Ex. 17.24.) The choice leading to Fig. 17.4 is actually justified by 
the relation to the extended fusion rules, which is the subject of the next section. 
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= = 


Figure 17.4. The generalized Dynkin diagrams for the si(3), WZW block-diagonal 
invariants. The names of the diagrams are indexed by the value of the level k. 


17.10.5. Graph Subalgebras and Modular Invariants for 
su 


When constructing the generalized Dynkin diagrams of Fig. 17.4, an important 
guideline is the parallel construction of a coherent graph algebra, whose coeffi- 
cients N,,' are all nonnegative integer numbers: this property of positivity will 
again restrict the result to block-diagonal modular invariants only. Coherence also 
forces the existence of a unit vertex, namely a vertex with only one link pointing 
out to the fundamental one on G. Notice, moreover, that the graphs of Fig. 17.4 all 
have some particular symmetry properties. They all have the Z; grading mentioned 


above in the A case. Moreover, the adjacency matrices G satisfy the normality 
condition” 


[G,G'] = 0 (17227) 
*5 For the A, diagram, the matrix G codes the fusion by the fundamental representation (1, 0), whereas 


its transpose G' codes those of the conjugate representation (0, 1). That [G, G'] = 0 is a consequence 
of the commutativity of the fusion algebra. 
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which ensures their diagonalizability in an orthonormal basis. This statement is 
proven in Ex. 17.23. 

The main property of all these diagrams is that there exists a subalgebra of 
the graph algebra, isomorphic to the fusion algebra of the extended version of the 
corresponding WZW theory. 

Consider, for example, the case of the diagram €; of Fig. 17.4, with 12 vertices. 
We choose one of the external vertices as the unit and denote it by 0 = lo. We label 
by 1), 12, 13, 14, 15 the other external vertices counted clockwise from 1p. We also 
label by f = 2 and 2), 22, 23, 24, and 2s the internal vertices, starting from the 
fundamental one and also counted clockwise. The graph algebra relations read 


Ny Ni, = Na 
(17.228) 
Nr N3, = N34 sao Ar Ni,_, 
where the indices j are considered as elements of Ze. After some algebra, it can be 
shown that the subset of matrices corresponding to the external vertices 


{Ni,}, 7 € Zo (17.229) 
forms a closed subalgebra, namely (cf. Ex. 17.25) 
Ny, Ni, = Ni, 


j+k 


(17.230) 


which is isomorphic to the s7(6); fusion algebra. Since the Ze, modular invariant 
is obtained by the conformal embedding si(3)5 C su(6),, this fusion algebra is 
precisely the extended fusion algebra of the €; WZW model. 

We have displayed, in Fig. 17.5, the generalized ADE graphs, with their circled 
vertices denoting the subalgebras reproducing the extended fusion rules of the 
block-diagonal su(3) WZW modular-invariant theories. By means of the duality 
described in Sect. 17.10.3, each subalgebra can be mapped to a partition of the set 
of exponents (eigenvalue labels) that correspond precisely to the extended blocks 
of the modular invariant. 

To illustrate the whole construction, we pursue the analysis of the €; example 
and derive the corresponding partition of the set of exponents. To diagonalize the 
adjacency matrix G of €;, we use the Z3 grading property. With the unit 19 = 0 
and the fundamental 2) = f having triality 0 and 1, respectively, we find that all 
the vertices in the set {1;, 1j+3, 2j41,2;44} have triality j, with; = 0, 1, 2. (Triality 
is additive in tensor products, hence in fusions.) The matrix G maps the set of 
triality 7 onto that of triality 7 + 1. Therefore, in the basis 


{]j, 1j+3,2j41,2j44} 7 =0,1,2 (17.231) 


the matrix G takes the block form 


G=|[H 0 0 (172232) 


768 17. Modular Invariants in WZW Models 


oe ee i Vee 
io a + a i eee 
a * 
3k 
-v 
y Pa | ~ 
’ £2 
a ty 4 ET 
EE) ne 
ee 
Eg 
“ aS 
ioe SS y 
~ 
4 
o Y ~. urn 
< 4 3 > a y, vy 
x ; 
iG a * , 
: i | . oo’ oS 
=~ x a! 3 . 
~ ry ok vy 
| Se ane 
als > 
c et ‘ 
21 a <a y 
Re 


Figure 17.5. Generalized ADE graphs, with the circled vertices defining the relevant graph 
subalgebras, which encode the extended fusion rules of the block-diagonal su(3); WZW 
theories. 


where 


i= (17.233) 


—_ = © 


0 
0 
1 
0 


-—- OOO 
—— CO 


1 


All the eigenvectors and eigenvalues of G may be found by diagonalizing H. We 
suppose that v is an eigenvector of H with eigenvalue x: 


fy ay (17.234) 


Then, the vector (v,v,v), with 12 components, is clearly an eigenvector of G for 
the same eigenvalue x. Let @ = e””’3 be the fundamental third root of unity. 
Then the vectors (v,@v, wv) and (v,@’v, wv) are also eigenvectors of G with 
respective eigenvalues w*x and wx. This completes the diagonalization of G. The 
eigenvalues A,,,,) and eigenvectors P,(,,,:) Of H are listed in Table 17.3, with 
the corresponding €; exponents, that is, the eigenvalue labels in Eq. (17.225). We 
note that if the eigenvalue x corresponds to the exponent (7, 7) (i.e., is given by 
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Eq. (17.225) with (uw; +1, 42 +1) = (m,n)), then the exponents corresponding to 
the “rotated” eigenvalues wx (resp. w*x) are also “rotated” through o(m, n) (resp. 
a*(m,n)), where a is the rotation by 27/3 of the corresponding weight?® 


o(m,n) = (8-—m—n,m) (17.235) 


For (m,n) as in Table 17.3, the eigenvalues and eigenvectors of G read, 
respectively, 


w Amn, j=0,1,2 (17.236) 
and 
1 ; 
Sue tpin) = —=(Primn), ai Pas, Pee) 72237) 
V3 
for j = 0,1,2;r = 1,2, 3,4; and (7, 1) as in Table 17.3. We have denoted by 
(Vr, Dhisrca = {1j, lits, 2541, 2j44} (17.238) 
the corresponding vertices of Es. 
Table 17.3. Eigenvalues and eigenvectors of H. 
We display line by line the eigenvalue A, ,), the 


corresponding exponent (7, ) of €;, and the four 
eigenvector components, P,(nn),7 = 1,2,3,4. 


Notation: by. = V2 + /2/2V2. 

Eigenvalue Exponent 1 2 a) 4 
iy? (pie Woes. bbs 
1-2 (3,3) by, by —b_ —b_ 


fo 1 1 
I rl) eg 3 
Sn ee ee ee 
It is now easy to compute the quantities 
fmn)(p.4) =a PS aneren) (17.239) 


vel 


26 This is merely the action of the outer automorphism a on the shifted weight A + p = (m,n) at 
level k +3 = 8. 
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where U denotes the set of vertices 1;,7 € Zs. Applying the rule (17.219), which 
defines the equivalence relation ~, we find that 


(e632) G94) 1G, 2) = ee) 


(17.240) 
(2,3) 6,1) 0,3)=43) CDSG 
so that the equivalence classes are 
{(1,1),(3,3)} {((4.1),0.4} {G,2), 0, 6)}, (17.241) 


{(2, 3), (6, 1)} {(1,3),(4,3)} (3, D,G, 4) 


They match exactly (up to the usual shift of all the indices by —1) the blocks of 
the €; modular invariant (17.115) 


Ze, = |xX00 + X22I? + 1x30 + X03? + 1x2,1 + X01” 


(17.242) 
+ Ix12 + xs0l? + 1x02 + x32I7 + 1x2,0 + x2317 


The results presented in this section generalize to any Lie algebra. For higher- 
rank algebras, we have already indicated that the fusions by the fundamental repre- 
sentation do not generate all the fusion rules (cf. Ex. 16.11). Typically, for SU(N), 
we need to know the fusions by the N/2 first fundamental representations (the 
fusions by their conjugates follow by transposition of the fusion matrices N;). 
Therefore, the A graph must be replaced by a collection of graphs, each corre- 
sponding to one of these fundamental representations. However, we believe that the 
above results can be adapted to these cases too. The general classification problem 
of modular invariants for WZW theories can therefore be rephrased in terms of a 
classification problem of graphs, with some particular properties relating them to 
the original problem. It would seem that the graph classification problem is simpler, 
and this is certainly the case for st(2). However, the precise link between the two 
problems is still missing, and the emergence of the generalized Dynkin diagrams 
must still be regarded as a phenomenological observation. Nevertheless, deep re- 
lations between modular invariance, number theory, and graph theory should be 
expected. 

We make a final remark on the generalized Dynkin diagrams for s1(3). Al- 
though they have no direct Lie-algebraic interpretation, these diagrams are the 
outcome of some well-defined classification problem. Just like the ADE diagrams, 
which have many different interpretations in mathematics and physics (e.g., Pla- 
tonic solids, simply-laced Lie algebras, su(2) modular invariants, finite subgroups 
of su(2), catastrophes, integrable lattice models), the st(3) diagrams may still be 
hiding some of their mysteries. 


Appendix 17.A. su(p)q ® SU(q)» C Stu(pq), Branching 
Rules 


In this appendix, a simple and powerful method is presented for the calculation of 
the conformal branching rules of su(p), © stu(q), C St(pq)). First, we explain 
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how the corresponding finite branching rules are evaluated. Let 1 be the highest 
weight of an irreducible representation of su(pq), represented by a Young tableau 
of |A| boxes. Its decomposition into su(p)@su(q) is given by all pairs of su(p) and 
su(q) Young tableaux of |A| boxes each, which are related by transposition, that is, 
by interchanging rows and columns. The rule is to be understood in the sense that 
if the transpose of a su(p) Young tableau has more than q rows, it is not a su(q) 
Young tableau, and this pair of tableaux does not appear in the decomposition. For 
instance, the decomposition of ws of su(6) into su(2) ® su(3) is 


{PH om 


that is, 
(0,0,0,0, 1) + (1) @ (0, 1) (17.244) 


Indeed, for the other two su(2) tableaux of five boxes 


Lome a (17.245) 


the interchange of rows and columns leads to tableaux of more than three rows, 
that is, nonregular Young tableaux for su(3). 

Part of the affine branching rules can be obtained by a similar procedure, except 
that the level must be taken into account. This forces the transposition transforma- 
tion to be slightly modified. We first describe this modification and indicate later 
how the complete branching rules can be found. Since we are interested only in con- 
formal embeddings, which restricts the level of the su(pq) algebra to one, only 
the branching rules for the fundamental representations are needed. The Young 
tableau representing @,; for 2 # 0 is a single column of @ boxes, and a column of 
pq boxes for @p. To obtain the decomposition of a tableau of £ boxes, we first look 
for su(p) tableaux with exactly g columns (the level constraint), containing €—np 
boxes, where 1 is a nonnegative integer. This subtraction takes into account the 
fact that extra columns are allowed if they have exactly p boxes each (these do not 
contribute to the level). Of course, the transposed tableau has the same number of 
boxes, namely € — np. However, we are looking for a tableau with £ — mq boxes 
(with m a nonnegative integer). This means that when n, m + 0, the transposition 
transformation must be adjusted. The required adjustment relies on the follow- 
ing fact: there always exists a single element of the outer-automorphism group of 
Su(q)p that transforms the integrable weight associated with the Young tableau of 
é — np boxes, into another integrable weight whose finite part is represented by a 
Young tableau of £ — mq boxes. The resulting affine weight is the second of two 
weights occurring in the decomposition of @,. 

The above statement, concerning the existence of an element of O(su(q),) 
that can transform a Young tableau of £ — np boxes into another one of £ — mq 
boxes, is very simple to establish.We let @ be the basic outer automorphism of 
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Su(q). We recall that the action of a ona reduced tableau (one for which columns 
of q boxes have been stripped off) associated with an affine weight at level p, 
amounts to adding on the top of the tableau a row of p boxes (cf. Eq. (16.167)). 
For repeated applications of a, the tableau has to be reduced at each step. Therefore, 
n applications of @ on a tableau of £ — np boxes transform it into a tableau of & 
boxes, and m reductions leave a resulting tableau of £2 — mq boxes, as desired. 

We illustrate this procedure by the example of the branching of Gy of Su(12); 
into su(3)4 @ Su(4)3, which gives: 


. HE oe 63 | 


fF or 


The above sw(3) tableaux (the first members of each pair) are all the possible 
tableaux with at most 3 rows, 4 columns, and 12 — 3n boxes. (Here we choose 
to write tableaux such that they all have exactly 4 columns, by filling with the 
appropriate number of columns of three boxes.) The transpose of the si(3) tableau 
in the second pair is 


(17.246) 


Ie Seeee 


al 


<> [2,1,0,0] (17.247) 


Since the number of boxes is 9, which cannot be written as 12 — 477, this is not an 
eligible s71(4)3 tableau in the present context. Application of the various powers of 
the basic element a of the su(4) outer automorphism group to the reduced tableau 
yields (performing the necessary reductions after each step): 


20> —S +H -fe (17.248) 
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Among these, only the second one has the right number of boxes, hence 


+ <— [0,2,1,0] (17.249) 


must be chosen. Similar manipulations on the transpose of the first tableau in 
the third, fourth, and fifth pairs above show that eligible tableaux are obtained 
respectively from the action of 4, a? and a’. 

The weight transcription of (17.246) is: 


[1,0, 0,0, 0,0, 0, 0,0, 0,0, 0] 
+> {[4, 0,0] ® [3, 0, 0, 0]} ® {[1, 0, 3] @ [0, 2, 1, O}} 
® {[2, 1, 1] © [1, 1,0, 1]} @ {[0, 2, 2] @ [1,0, 2, 0])} 


® {[1, 3, 0] @ [0, 0, 1, 2]} 
(7250) 
As previously mentioned, there is no guarantee at this point that this is the complete 
answer. Nevertheless, we can check, by verifying the sum rule (17.95), that for 
this case this is indeed the full branching rule. 
To proceed, we need the branchings of the outer-automorphism groups. We 
denote by A, a, and 4, respectively, the basic elements of the outer-automorphism 
group of Su(pq), su(p), and Su(q). The relation 


PRE Gay" (1 ea) P = 1 (17231) 
(where P is the projection matrix) allows the correspondence 
Alt>a@l, APH 14a (17252) 


Now, the affine branching rules are obtained from the union of the action by 
Eq. (17.252) in all possible ways on the partial branching rules obtained in the 
previous step. (We give this result without proof.) In this way, we could check 
that Eq. (17.250) is complete. This is left as an exercise, and a simpler example 
will now be considered, namely su(2)3 @ su(3)2 C Ssu(6),. The partial branching 
rules obtained after the first step are: 

@o +> {[1,2] @ [0, 1, 1]} @ {[3, 0] ® [2,0,0)} @--- 

@ +> {[2,1] @[1,1,0]}} @--- 

@2 +> {[1, 2] @ [1,0, 1]} @ {[3, 0] @ [0, 2,0} @--- 

@3 +> {[2, 1] @ [0, 1, 1]} @ {[0, 3] @ [2,0,0]} 6 --- 

@s +> {[2, 1] @ [1, 0, 1]}  {[0, 3] @ [0, 2,0]} @--- 


(17.253) 


It follows from Eg. (17.252) that A? +> a @ 1 and A* +> | @4. In particular, by 
applying A? on the @, branching rule, we find an additional term in the @, branching 
rule, namely {[3, 0] ® [0, 0, 2]}. Further actions of A produce no additional terms. 
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In general, A itself has no image into Su(p) ® Su(q). In fact, it is only for p and 
q relatively prime that A has such an image, and it is given by 


Arad @a (17.254) 
where the integers r and s are fixed by” 
ps =1modq, qr = 1modp (17.255) 


This follows from the substitution of relation (17.254) into relation (17.252). These 
conditions are met in the above example, for which 


Araea (17.256) 


Anefficient use of this relation reduces substantially the number of branching rules 
that have to be explicitly evaluated. 

The present method provides another way of deriving Su(N) modular invariants 
of the outer-automorphism type. Furthermore, it can be used to find new exceptional 
modular invariants: the contraction on a known exceptional invariant for su(p), 
yields an exceptional invariant for Su(q)p. 

With appropriate modifications, this approach can be applied to the analysis of 
other infinite sequences of conformal embeddings. 


Appendix 17.B. General Orbifolds: Fine Structure of 
theo = | Models 


In this appendix, we generalize the notion of the Z2 orbifold encountered in 
Chap. 10. Whenever a conformal theory possesses some additional invariance 
under a finite group G, it is possible to quotient this symmetry and to produce an 
orbifold theory. 

As an illustration, we apply the orbifold technique to the c = | bosonic theory 
on a circle at the self-dual point: 


R=—=vV2 (17.257) 


at which there is an additional spectrum-generating su(2), symmetry algebra. This 
is simply the vertex representation of the su(2),; model described in Sect. 15.6 (see 
in particular the discussion following Eq. (15.244). The SU(2) symmetry of the 
model enables us to consider orbifolds under finite subgroups of SU(2) whose 
conjugate action leaves the current algebra invariant (although the action on the 


algebra generators is nontrivial). In fact, they leave the bosonic action on the circle 
invariant. 


27 The existence of (r,s) is granted by Bezout’s lemma (see Ex. 10.1), which says that for q,p 
relatively prime, there exist two integers (ro, So) satisfying pso — gro = 1; we simply have to choose 
S = So mod g andr = —rp mod p. 
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17.B.1. Orbifold Based on a Group G 


The Zy orbifold procedure described in Sect. 10.4.3 (also applied to minimal 
models in Sect. 10.7.5), can be generalized to any subgroup G of the symmetry 
group of the initial theory. It consists of the following steps: 

(i) We first consider a “twisted” partition function on the torus. This corresponds, in 
the Lagrangian language, to imposing boundary conditions that are not periodic, 
but twisted by elements a, b of G along the “space” direction | and the “time” 
direction t of the torus, respectively.”? The bosonic field gy then must satisfy 
boundary conditions of the form 


g(z+1) = a¢(z) 
g(z+t) = b¢(z) 
This produces a partition function Za p(t). 


(ii) We next sum over all compatible boundary conditions. More precisely, if the 
group G is Abelian, the full orbifold partition function reads 


(17.258) 


1 
Zoo = —~ >) Zab (17.259) 
IG| a,beG 


However, if the group G is non-Abelian, the above sum must extend only to 

commuting couples (a, b) € G?. 

In Eq. (17.259), the sum over a corresponds to the various twisted sectors of 
the Hilbert space of the theory, that is, in a fixed “time” slice, whereas the sum 
over b produces a group-invariant projection in each sector 


B=— b (17.260) 


The fact that the sum (17.259) produces a modular-invariant partition function is a 
consequence of the TJ and S actions on Zap, which, from Eq. (17.258), are directly 
found to be 


T Zap = Za,ab 


(17.261) 
S Zap — Zp,a 


We see that the commutativity requirement on (a,b) for non-Abelian groups 
ensures that the above action of 7 is well-defined. 

Reformulated concisely, the construction of an orbifold starts with a projection 
of the Hilbert space states onto a G-invariant subspace 


Zp) = a), Zib (17.262) 
a beG 


28 Throughout this appendix, a or b is used to denote a group element, not to be mistaken with an 
outer automorphism of the affine Lie algebra or an element of the group center. Actually the choice of 
a and b here is rather natural in that it recalls a relation with the basic homology cycles a and b on the 
torus. 
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where the partition function remains periodic in the space direction (a twist by the 
identity of the group, 1, has no effect). Modular invariance is then reinforced by 
summing over all possible space twists a that commute with b. 

We illustrate this procedure in the case G = Z, = {1,-—1}, considered as a 
multiplicative group. We start with the projection 


Zoroi = - (Z1,1 +Z1,-1) (17.263) 


1 
It is transformed under the action of S and T into 
S Zoro) = ~ (Zia +Z-1,1) 


(17.264) 
T S LNoroj ae (Zi + Z_1,-1) 
2 
Hence we find that the combination?” 
Zob = A4+S4+ TS) Zomy —Z (17.265) 


is modular invariant. We have subtracted the untwisted partition function Z = Z) 
to avoid overcounting the untwisted sector. 

The st(2), structure of the self-dual c = 1 model on a circle of radius R=vV2 
allows for a variety of orbifolds, based on symmetry under the action of finite 
subgroups of SU(2). 


17.B.2. Orbifolds and the Method of Outer Automorphisms 


We digress briefly from our main line of argument, in order to comment on the 
relation between the orbifold and the outer-automorphism methods. Manifestly, 
the construction of nondiagonal theories using outer automorphisms, described 
in Sect. 17.3, is a special case of the orbifold construction. Moreover, the way 
modular invariance is recovered after the projection B is simpler to describe in the 
orbifold construction than in the one based on outer automorphisms. However, it 
should be stressed that in the latter method, the group that is quotiented is rather 
special, being the center of the symmetry group.°° Therefore, its action commutes 
with the algebra generators. This has the following important implication: upon 
projection, the affine characters are not broken; a complete representation either 
survives the projection or is eliminated. As a result, the orbifold partition function 
can still be expressed as a bilinear combination of the affine Lie algebra characters. 
Thus, formulating the construction in terms of outer automorphisms keeps us closer 
to the affine Lie algebra structure. Moreover, generic formulas are as simple for 
arbitrary G as for G = Zp, which is not the case with the orbifold method (cf. 
Ex. 17:30). 

Quotienting a WZW model by a group that is not in the center is thus bound to 
break all the affine integrable representations—and these cannot be reconstructed 
in the twisting process; therefore, the partition function cannot be described in 


2° The generalization of this formula to Zw orbifolds (N prime) is given in Ex. 17.30. 
3° This is thus always an Abelian-type orbifold. 
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terms of affine characters. In the present case, the free-boson representation of the 
$§u(2); model: 


H=idp Et =et!v% (17.266) 


allows us to express the orbifold partition function in terms of bosonic ones. 


17.B.3. Z, Orbifold of the c = 1 su(2), Theory 


The c = | theory has an obvious Z2 symmetry generated by the transformation 
a:g-> -¢@ (17.267) 
Its action on the affine generators is 
a: H—--H_ E* > EF (17.268) 
Equivalently, with H = /2J° = J/2/° and E* =J' + iJ’, it reads 
a: JIosJ) PoP PoP (17.269) 


This transformation obviously preserves the structure of the current algebra. 
We note that the currents are invariant under the transformation 


go > gptxvV2= 94+nR (17.270) 


Since this Z2 transformation does not affect the generators, it must lie in the 
center of SU(2).?! Being interested in transformations that act nontrivially on the 
generators, we need to quotient the symmetry group by its center. This amounts to 
identifying the field configurations g and y + 1/2. We now define 


2 
a:g-—> o4+nz a (172271) 
whose action on the generators is 
ota, Poe? , Posy (17.272) 


This action can be obtained from that of a by acyclic permutation of the generators. 
Such a cyclic permutation can be described by a SU(2) rotation. Because SU(2) 
is a symmetry of the model, the action of a must be equivalent to that of a’. 
Quotienting the action of a amounts to constructing the orbifold of Sect. 10.4.3, 
leading to the partition function Z,,(/2) of Eq. (10.84). Quotienting the action of 
a’ simply reduces the radius of the circle by a factor of 2, leading to the partition 
function Z(./2/2). This proves the equivalence 


Zow(V2) = Z(V2/2) (ig273) 


31 On the other hand, the Zz transformation a does not lie in the center of the SU: (2) symmetry group 
of the theory, and this is clear from its action on the generators J’. 
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In the expression Eq. (10.84), Zor appears as the half sum of Z(R) and of the 
R-independent twisted sector contribution, namely 


| 
Zo(R) = 5 (ZR) i (aie) (17.274) 
AtR = V2, this yields, using the equivalence (17.273), 
ZS 2Z 2/2) 2/2) (17.275) 
and hence 
ee (zie) me 2/2) — 23) (17.276) 


This relation can also be checked directly using the expressions of Z(R) and Zywist, 
given in Eq. (10.84). 


17.B.4. Quotienting by Subgroups of SU(2) 


The above construction has a natural generalization in which Z2 (¥ the cen- 
ter) is replaced by some finite subgroup G Cc SU(2). G acts on SU(2) through 
the inner automorphisms c > aca', a € G. As already indicated, the center 
Zz C SU(2) always acts trivially by inner automorphisms, and only G/Z, has a 
nontrivial effective action. We can thus restrict our study to the finite subgroups I" 
of SO(3) = SU(2)/Z». These are in one-to-one correspondence with the symme- 
try groups of regular solids in three dimensions: the cyclic group with n elements 
C,,; the dihedral group with 21 elements D,,; and the tetrahedron T, octahedron 
O, and icosahedron I groups, with respective numbers of elements 12, 24, and 
60. Their double coverings in SU(2) are known as the finite binary subgroups of 
SU(2), namely the cyclic group C2,, with 2n elements; binary dihedral D,, with 4n 
elements; and tetrahedral, octahedral, and icosahedral groups 7, O, and Z, with 
respective numbers of elements 24, 48, and 120. 


Cyc ic Group C,, 


The cyclic group C,, of SO(3) is generated by an n—fold symmetry around a given 
axis. In the Cartan-Weyl basis {H, E*}, it is generated by the element 


ae 
a1: 97> gt+n2 s (17.277) 
with action 
a,: H—>H E* — eo (17.278) 


The translation by 1/n times the original period reduces the radius of the initial 
theory by a factor 1/n, leading to the partition function 


D 
Z, = seer (17.279) 
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DIHEDRAL GROUP D,, 


The dihedral group D,, of SO(3) is realized by 7 axes of two-fold rotation symme- 
try, perpendicular to one axis of n-fold rotation symmetry. It is generated by the 
adjunction of the Z2 generator a defined in Eq. (17.267) to the Z,, generator a,, of 
Eq. (17.277). According to the discussion of Z, orbifolds, the resulting theory is 
the Z, orbifold of the theory at radius /2/n, with partition function Zo4(/2/n). 

This result can also be obtained by following the procedure described in 
Sect. 17.B.1. The problem essentially boils down to the determination of the mu- 
tually commuting elements of the group D,,. For odd n, they fall into one cyclic 
subgroup C,, of order n, and n cyclic subgroups C2 of order 2. The sum (17.259) 
becomes here 


Zp, = = (n2, +n(2Z2 —Z))) = ei +2Z, —Z;) (17.280) 


The subtraction of Z; = Z;,; from the second term avoids overcounting the con- 
tribution from the identity element, which is common to all the Abelian subgroups 
we summed over. For even n, the mutually commuting elements of D,, fall into 
one cyclic subgroup Z,, and n/2 dihedral subgroups D2, which in turn contain the 
same C2 as C;), ~ Cy/2 x C2. This leads to 


1 n 
=— n+ (4 _ 17.281 
Zn an (nZ oF ~L ZD, 2Z2)) ( ) 


But since D2 ~ Z, x Zy is Abelian, the two Z2 quotients can be performed 
successively: one of them reduces the radius to ./2/2, and the other transforms the 
partition function into 


1 1 
Fig (Aes (=) = 3 322 —Z)) (17.282) 


Substituting into Eq. (17.281), we again find the expression (17.280). Hence, 
irrespectively of the parity of n, we have 


/2 


. (Zn + 2Z2 —Z1) = Zow (2) (17.283) 


Zp, = 5 


The relation to Zo,(./2/n) follows from Eq. (17.276).) 


EXCEPTIONAL GRouPS 7, O, I 


A thorough study of the mutually commuting elements of the three subgroups T, 
O, and J leads to the following results: 


i 
Zr = 5(4Zp, + 432s — Zi )) 
! 
= 5 (221 +2. -Z1) 


Lo = 54 (3042s — 2Z) + 4(3Z3 — Z,)+ 3(4Zp, ns 2Z2)) (17.284) 
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5(Zs4Zs + Z,—-Z)) 


Z; = =(6(5Zs — Z;) + 10(3Z3 — Z1) + 5(4Zp, — Z1) + 21) 


j 

60 
1 

= 5 (2s +Z3+Z,—Z) 


where the first sum exhibits the structure of the mutually commuting elements 
of the various groups. These last three theories are exceptional in many respects. 
None of them lies on the line Z(R), nor on its orbifold line Zorb(R). They form 
three isolated points in the space of c = | theories. The complete classification of 
modular-invariant partition functions atc = 1 consists simply of:?? 


Z(R) Re}0,V2) 
Zon(R) R€]0,V2[ (172285) 
A iy 


Any c = | conformal theory we can think of must thus be in this set. As a simple 
example, the square of the Ising model (the superposition of two noninteracting 
copies of the Ising model, with total central charge c = } + } = 1) is identified as 


he = GS (17.286) 


(See Ex. 10.23 for a detailed proof.) 


17.B.5. The Finite Subgroups of SU(2) and A,D,E 


There is a remarkable relation between the extended Dynkin diagrams of the 
simply-laced affine Lie algebras (of type A, D, E) and the finite binary subgroups 
of SU(2). Let £ = 1,2,---,d¢ denote the irreducible representations of a finite 
binary subgroup of SU(2). Fix £ = 1 to be the identity representation, and £ = 2 
some two-dimensional faithful self-conjugate representation of G in SU(2). The 
tensor products between representations 


(2) ® (0) =@ Ge (s) (17.287) 


define uniquely some nonnegative integer valued matrix G of size dg x dg. G 
can then be viewed as the adjacency matrix of a graph, with nodes labeled by the 
representations € = 1,2,---,dg, and with G,, links between any pair of nodes 
(€,5). With these definitions, we have the following result, known as the McKay 
correspondence: The finite binary subgroups of SU(2), namely the cyclic C,, 
dihedral D4,,, and exceptional 7, O, and Z, are in one-to-one correspondence with 


32 The ranges of the radius of the circle take into account the symmetry R < 2/R. The radius R = /2 
has been excluded from the range of the orbifold partition function, to avoid overcounting it (it is already 
given by Z(./2/2), thanks to the equivalence (17.273)). 
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Ds A ee < 
eo (2), 28 (2) 1e 
GO), (a) 
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U (1), (2), (3), | (3), 2. uy 
(2), 
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E eo «¢ o__e—_e e —e 
8 (1) (2), (3), (4), ©) t (4), (2), 
e 
(3), 


Figure 17.6. The A, D, E affine Dynkin diagrams corresponding to the finite binary sub- 
groups of SU(2). The index, borrowed from the ordinary A, D, E Dynkin diagrams, de- 
notes the number of nodes minus one. The nodes are indexed by the corresponding group 
representations, denoted by their dimension d as (d);. 


the affine diagrams? A>,,_1, D,,, Eg E>, and Eg, with respectively 2n, n + 1,7, 8, 
and 9 nodes. These diagrams are depicted on Fig. 17.6. 

There is thus a close connection between the G-orbifold models constructed 
in this appendix and the A, D, E algebras. This provides a surprising remnant of 
the ADE classification of the modular invariants for the su(2), models and the 
Virasoro minimal models. 

We could wonder whether the affine diagrams of Fig. 17.6 have anything to 
do with the extended fusion rules of the rational theories obtained by the orbifold 


33 Note that only bicolorable affine diagrams occur here, that is, diagrams whose vertices can be 
consistently assigned one of two colors in such a way that any two adjacent vertices have different 
colors. This eliminates the Az, diagrams. 
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method. Actually, the extended fusion numbers of the C2,, orbifolds, with partition 
function Z(./2/n) on the torus, are easily seen to be IN, |. = "Ome naa ee 
Ex. 10.21). They are encoded in the diagram a 1, whose adjacency matrix iS 
An = N,5. There is thus a mismatch between the group fusion diagram Aisee 1 
and the corresponding nee fusion diagram Aba 1. There is no such relation for 
the other orbifold theories.** 

The McKay correspondence is illustrated in the case of the icosahedral group 
Dimex, 17S. 


17.B.6. Operator Content of the c = 1 Theories 


BOSON COMPACTIFIED OPERATOR CONTENT 


The torus partition function of the ordinary bosonic theories compactified on a 
circle of radius R is (see Sect. oe 


Z(R a 17.288 
(R) = ay rE gang: (17.288) 


emeZ 


It exhibits the full electromagnetic operator content: each operator ©, ,,, is amixture 
of the purely electric vertex operator 


On =e (17.289) 


with electric charge e, and the purely magnetic operator Oo,,,, which creates a line 
of defect along which g has a jump discontinuity of 2777. 

When R? is a rational number, the theory is rational, that is, the partition func- 
tion can be reorganized in terms of a finite number of extended characters. More 
precisely, for 


2p’ 
ee | 


(17.290) 
Pp 


with p,p’ two positive, coprime integers, the partition function (17.288) can be 
rewritten as (see Ex. 10.21 for a proof) 


N-1 
ZG/2r'p) = >. KGa) (17.291) 
A=0 
with 
a4 


34 Indeed, using Ex. 10.18, it can be shown that if some RCFT fusion rules are also the rules for the 
tensor product of the irreducible representations of a finite group, then they must also be identified 
with the rules for the multiplication of classes of the same group. This can be the case only for an 
Abelian group, so the diagrams of Fig. 17.6 other than A2,,-; do not encode the fusion rules of RCFTs, 
a fortiori not those of the corresponding orbifold theories atc = 1. 
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and wp defined as 
@o = prot+p’so mod N (17.293) 


where (ro, So) is any Bezout couple for p and p’ (see Ex. 10.1), that is, any couple 
of integers such that 


pro—p'so = 1 (17.294) 


The functions K sel are the extended characters of this rational conformal theory. 
Note that the partition function (17.292) is nondiagonal (see Sect.10.8.7) unless 
wo = 1, which is realized only if p = 1 (or p’ = 1 by the duality R — 2/R of 
Eq. (10.65)). In that case, Eq. (17.292) becomes diagonal 


2p'-1 
Z/2p) = > WK? (17.295) 
A=0 


This exhibits clearly the rational structure of the theory, with a finite collection of 
extended fields ¢,, A = 0,1,...,2p’ — 1, with conformal dimensions 

ie 

4p’ 
Their fusion rules are easily obtained from the modular transformations of the 


extended characters (10.126) by applying the extended version (10.219) of the 
Verlinde formula. They read (see Ex. 10.21): 


a 


(17.296) 


Nove = Oy Ate mod 2p’ (17.297) 


and therefore coincide with those of su(2p’),. 


Z2 ORBIFOLD OF THE BOSON COMPACTIFIED ON A CIRCLE OF RADIUS R 


The Z, orbifold of the bosonic theory compactified on a circle of radius R has the 
torus partition function (see Eq. (17.276)) 


1 
Lenk) = 5 (ZR) + 2Z(V2 - 4) —Z(W2 - 1)) (17.298) 
According to Eq. (17.295), we can rewrite 
7 7 \4 : z 
Z( [7 ; 4) = oS mee = DL aad as /16 (17.299) 
A=0 AO ut neZ 
and 
1 wi , cd 
2/21 i suas M4 (17.300) 
a= )\—=0) neZ 


784 17. Modular Invariants in WZW Models 


The particular combination 22(./8) — Z(./2) actually subtracts some of the terms 
in Eq. (17.299). Indeed, we have 


9 > ime? me ys yo (8n+4)7/16 


: ae) » Ly aa 


1=2,6 4=2,6'") nez 1=1,3! nez 
2 
1 2 
2 4n+h)7/4 
= af amoral = | 3 a 
" neZ 1=1,3 7 nez 
1 2 ~ (2) 
2 
— Pye 14 = |K; | 
ul) neZ 


(17.301) 
Analogously, the terms A = 0, 4 in Eq. (17.299) combine with the term A = 0 in 
Eq. (17.300) to yield 


iz 


Din Nw KP? = - oom -_ ” ial ) (17.302) 
4=0,4 neZ 
Finally, the partition function (17.298) reads 
2 
1 (8) )2 nn? 
=- ss 1 17.303 
Zon(R) = 52(R)+ DY IKE P +5 | . YD -1"¢ ( ) 


= shove! neZ 


It exhibits the following operator content. The spectrum of the original bosonic 
theory ee with a coefficient 7 but we note that h, ,, = h_¢,_)»,. Except for the 
case e = m = 0, the terms in Eq. (17.288) can be Sone two by two, factoring 
out a muliptciy 2 (which is canceled by the prefactor 5). The corresponding 
operator Os = 5 (Ox, m + O_¢.-m) is Z2-even (invariant under y — —g). Note 
in particular that tite electric part of the operator is cos(ey/R) instead of e'”’* i 
the nonorbifold model. The term e = m = O actually combines with the _ 
term of Eq. (17.303) to give the contribution of the identity I and of a field © of 
dimension | (the appearance of this field will become clear below). In addition, 
the second term of Eq. (17.303) corresponds i two joann degenerate fields a 
and t, i = 1,2, with respective dimensions + : 3 and 2 z: These are the so-called 
Zy-twist operators of the orbifold theory. They create Hate discontinuities across 
which ¢ changes to —¢. 
When the theory is rational and diagonal, that is, when 


= /2p’ (17.304) 
we may write 


eee! 


Za) pe 5 ae + Ky? +- |. y(-1)"q" 


N= SII 


1 el 
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By using the symmetry Si = Kas we finally obtain 


p’-1 


Zow(/ 2p’) = 


— | 
1 ty2 Pa 2 ] Geel 2 z 
~ ioe a ae mace Gal 
uf] neZ 1 neZ 
(17.306) 


This exhibits the full operator content of the diagonal rational orbifold theories. 
More specifically, by order of appearance in Eq. (17.306), it reads: 


(i) ®,,4 =1,2,...,p’ — 1 with dimension h, = 7/4p’. 
(ii) A ite desonaualt operator Oy, i = 1,2, with dimension h, = p'/4, and 
character 
1 cap’) 2 
aK P ( t) = = p'(2n+1)? /4 me! p'(2n+1)?/4 
5K ; es e204 ee ya 


neZ 


where the prefactor 5 has been canceled by grouping the n and —n — 1 terms 
in the first sum. 


(iii) The twist operators o and rt‘, i = 1,2, with respective dimensions 4 and 
9 


16 . 
(iv) The identity operator I with dimension 0. 
(v) The operator © of dimension 1. 

For p’ = 2, the orbifold model is merely the square of the Ising model 

We 2)°= ian (17.307) 

(see Ex. 10.23 for a detailed proof). The above operator content indeed reproduces 
that of the square of the Ising model; the nine operators (Ij, 0), €) ® (Iz, 02, €2) 
are 


] 
D, = 0; © 07 (a=) 
(i) 1 
o, = (eh; = aa 
’ ] 
oO = Shi (h= qa 
mC) = 0; Q €2_-; (h = sb 
: =~ 16 
I=]@h (h = 0) 
© = €¢,@e (ga) 


By using the modular transformations of the extended characters appearing 
in (17.306), we can compute the extended fusion rules of the rational diagonal 
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orbifold theories. For p’ even, the result is (see Ex. 17.32 for a proof): 


Dr x Pu = dirty + Pr—p fore A; 2p’ —r 
xh =14+0+dn 


Pry» X ox = Gat gy a oy 
Oxgd = hr 
OxO=!I 
g ae (17.308) 
¢) xo, = @ 
o) xo = 1+ o? + SS pr 


A even 


o xo = Soy 
i odd 
O20 


where the index of ¢ is defined modulo p’ and takes the values 1, 2, ...,p’ — 1, and 
the index i takes the values 1, 2. 

When p’ is odd, the fusions involving ¢; (the first four lines of Eq. (17.308)) 
are unchanged, but those of the other fields become 


©xo=I 
oxo? = © 


1 (2 
oy x oy = ll 


(17.309) 


oe) xo = 1+” +; D> pr 
d odd 
a) xg = 1+ = aN 


A even 


whereas © x o) = r is unchanged. 
The operator content of the exceptional theories T, O, J may also be deduced 
from a similar analysis of their partition functions on a torus. 


Exercises 


17.1 Su(3), invariants by outer automorphisms and permutations 


a) Write down explicitly all s7(3) nondiagonal modular invariants that can be obtained by 
the method of outer automorphisms. 


b) Use the D-invariant at level 9 and the identity (17.144) to obtain the invariant (17.119). 


c) In the D-series, identify the permutation invariants and obtain the explicit form of the 
permutation operator. 
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17.2 St(4); invariants by outer automorphisms 

Obtain all nondiagonal st(4) mass matrices that can be found by the method of outer 
automorphism. Note that in this case, the projection procedure can also be done with a 
subgroup of the center, namely Z,. 

17.3 Properties of Su(N), invariants by outer automorphisms 


a) Show that all outer-automorphism su(N); invariants are permutation invariants when N 
and k are coprime. Give the explicit form of I(A). 


b) Show that the outer-automorphism su(N),. invariants are block-diagonal when N and k 
are not coprime. Characterize the weights that survive the projection. 


17.4 §0(7) invariants by outer automorphisms 
Write the 50(7) nondiagonal modular-invariant partition functions obtained by the method 
of outer automorphisms for: 


a) k =2; 
b)k =3. 


17.5 Properties of conformal embeddings 


a) Argue that for the embedding p, C , to be conformal, g must necessarily be simple. 


b) For a chain of embeddings pf’ c p”--- Cc %, show that all embedding indices but one, 


and all values of k but one, must be equal to 1. 


17.6 Application of the sum rule for conformal branching rules 
Calculate the first row of the sp(4), and St(2)\9 modular S matrix, and use Eq. (17.95) to 
complete the determination of the branching rules 


[1, 0,0] +> [10,0] @ c2 [4, 6] 
[0, 1,0] +> [7,3] @ cs [3,7] 
[0, 0, 1} ne (6, 4] @ Ce {0, 10] 


which follow from an analysis of the conformal dimensions and finite branching rules at 
grade zero. 


17.7 Some conformal branching rules 


a) Using the following projection matrix of so(8) onto su(3) 
Pal; Be i) (17.310) 


derive an §(3) nondiagonal invariant. 
b) From the s%(6) diagonal modular invariant and the embedding su(3) C su(6) with finite 
branching rules 

(0,0,0,0, 1) + (2,0) 

(0,0, 0, 1,0) +» (2,1) 

(0,0, 1,0,0) +> (3,0) & (0, 3) 


(together with their conjugates), obtain Eq. (17.115). 
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17.8 Fine structure of the conformal embedding Su(2)4 Cc su(3); 


a) For the embedding su(2) C su(3) with x, = 4, express the su(2) generators, in the J? 
basis, in terms of those of su(3). From the current extension of this equality, show directly the 
equivalence of the Sugawara energy-momentum tensors of the Su(2)4 and Su(3), theories. 


b) Find the representation of those su(2), fields at grade zero that transform in the adjoint 
representation in both sectors in terms of the three free complex fermions that provide a 
representation of su(3),. 


17.9 A Sp(4)3 permutation invariant 
In this exercise, we look for a possible $p(4)3 permutation invariant following the strategy 
proposed at the end of Sect. 17.8. The set of finite weights whose affine extension have 
second-lowest quantum dimension is 
{@,, 3a, @ + 2@2, @2, 20} 
a) Show that the only permutations of this set that are compatible with 7 invariance are 
TI(@) =; and I1’(a;) =@; + 2a 
b) Derive the fusion rule: 
@| X @ = 0+ a + 20, 


Conclude that I must leave a, fixed, hence I = id. 

c) The other permutation IT’ is certainly an automorphism of the fusion rules, acting as a 
genuine sp(4)3 outer automorphism on «): I1'({2, 1, 0]) = [0, 1,2). Describe the action of 
TT’ on all the weights and relate it to the basic outer automorphism a. 

17.10 Galois symmetry and fusion rules 

a) Acting on both sides of the equation 


Sin Sin 4 Skn 
Son Son < 2a Son Caml) 


with a Galois transformation o (whose action on S is given by Eq. (17.156)), show that 


Niojo™” = J €o(O) €ali) €o(f) €o(k) NG Norns” 
k 


(To emphasize that this result generalizes to any RCFT, we use the general field labels 
i,j,... instead of integrable weights.) 


b) In terms of the matrix G, with components 
(Go)ij = €o (J) 8;,;0 
show that the result can be written compactly as 


Nie = €o(0) €o(i) G5! MN; G, Noo 


c) Illustrate this formula with the different Galois transformations of the sii(2),; WZW 
model. ; 


17.11 Weyl reflection associated with Galois transformations 
Prove that when (¢, k + g) = 1 (which is necessarily true whenever (€, M(k + g)) = 1), 


the affine extension of the weight €(A + p) can always be reflected inside the fundamental 
chamber. 
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17.12 Parity rule 
a) Use the parity rule to probe a possible extension of the s%(3), chiral algebra. 


b) For su(3), with k = 0 mod 3, verify the compatibility of the parity rule and the outer- 
automorphism construction, that is, check that 


(wi) = e(w?"*) 
where a”) stands for the finite part of aA. 


17.13 Exceptional su(3)s invariant from Galois symmetry 
Show that the si(3)5 exceptional invariant (17.115) can be described as a block-diagonal 
Galois invariant. 


17.14 G& Galois invariants _ 
Obtain the following three G, invariants from Galois transformations: 


k=3:> Z= |xo0) + xan! + 2Ixo2)I 

k=4: Z'= |xo0) + xo)’ + 1x04) + X0.01? + 21x09! 

k=4: 2" =x? + 1x3)!” + xan? + 1x@2? + xa)! 
+X(0,1) X(2,0) + X(2,0)X(0,1) + X(0,4)Xc1.0) + Xc1,0)X00,4) 


(17.312) 


The first two invariants can also be obtained from conformal embeddings (in (Es); and 
§0(14), respectively), but the third one cannot be obtained from a conformal embedding 
nor by the outer-automorphism construction. 

17.15 Galois symmetry and the §u(2) nondiagonal invariants 


a) Show that all the sv(2),,,. invariants (called D>,,,2 in Eq. (17.114)) can be obtained by 
an appropriate Galois transformation. 


b) Show that the s%(2)s permutation invariant cannot be described by a Galois 
transformation. 
17.16 Generalized Galois permutation invariants 


a) For the generalized permutation invariant (17.196), for which it is assumed only that o 
commutes with J and A(0) = 0°, prove that A must be of order 2. 


b) Verify the following consequence of the assumed commutativity of o with T: 


To = Tye = Tao) = : |A@o|? = 0 mod 1 
c) Derive the equality 
Soe es (O)eg Save 
and conclude from this that 
en 2riAdy.) — ¢ (O)e,(A) 
d) With similar manipulations, show that €,(A) = €,(A(A)), where A(A) is the finite part of 
An. 
e) Use Sy; = 07(Sp;), to obtain 
(A@p,A) = (Aap, A”) mod 1 
f) Prove the 7 invariance of the generalized Galois permutation I of Eq. (17.196), that is, 
Thy = Th 
g) Prove its S invariance: Sq) qn) = Si,a- 
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17.17 An infinite sequence of permutation invariants for So(2r + 1)2 
The integrable weights for the So(2r + 1) affine algebra at level 2 are 


@o, 20, ay + @,, @ + @,, @o + @}, @;, 20, 


with 2 <j <r — 1. Denote the last r weights by 0” in this order, with 1 <i <r, that is 


pM) = 0+ 0, 
bY = &, Pajpsr—it 
1 = 20, 


All the permutation invariants of S0(2r + 1)2 can be proven to be of the form: 
T1,() = pilien 
M.A) =A if A € {2&o, 26), Bp + G,, +} 
where £@ is an integer such that £2 = | mod (2r + 1) and [x] is the unique integer in the 


range 0 < [x] < r satisfying x = +[x] for either sign. These are all generalized Galois 
permutation invariants. 


a) Verify that the lowest rank at which a nontrivial invariant occurs is for r = 7 and find the 
explicit form of this new permutation invariant. 


b) Show that any solution @ of the equation 
? = 1 mod (2r + 1) 

may be written in the form 

€+1 = pe 

(2 ll = gfe; 
where @ and B are two coprime integers such that a8 = 2r + 1, and p and o are some 
nonnegative integers. 
c) Using the Bezout lemma (Ex. 10.1), show that p and o are necessarily even integers 
modulo (2r + 1), and compute their values in terms of the Bezout couple for a and 8, 
namely the integers r and s such that 

ra—sB=1 
NOSE == Dr, oF = DS, 
d) Let p denote the number of distinct prime divisors of 


p-1 
2r+ l= ee 
i=] 


(the divisor 1 is omitted from the product). Show that the number of solutions of the equation 
* = 1 mod (27 + 1) is exactly 2?-. 
Hint: There is one solution € = 2ra — 1 for each divisor a of 2r + 1 which is coprime with 
(2r + 1)/a. There are exactly 
=| 
EGi)en 
iao \P— 1 


such divisors. The number of permutation invariants is therefore 2?-! , including the diagonal 
one. The next values of r where new invariants arise are then 10, 16, 17, 19, 22, 25, etc. 
There is a similar sequence of permutation invariants for the algebras S0(2r),. 
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17.18 Extended fusion rules 


a) Using the szz(2), fusion rules, derive the fusion rules for the extended fields (17.136) and 
(17.137). (Ambiguities related to the @,, ¢;, factors are lifted by imposing invariance under 
the Zz automorphism ¢, > ¢,, which leaves the ¢,,-¢’s unaffected.) 


b) Prove that these fusion rules have a nontrivial automorphism only atk = 16, 
corresponding to the interchange 


POLS DEI Sree I 


17.19 Eigenvalues of adjacency matrices 
Diagonalize the adjacency matrices of some graphs of Fig. 17.4 and check that the 
eigenvalues are given by Eq. (17.225) with the sets of exponents listed in Table 17.2. 


17.20 A wrong choice for the unit vertex on Es 

We consider the EF. diagram of Fig. 17.1, but we choose the vertex 5 as the unit vertex. 
a) What is the new fundamental vertex f? 

b) Wnite the graph-algebra relations in terms of the matrix G = Ny. 

c) Show that G satisfies the polynomial relation of degree 4: 


Gi} 5G22ol=0 


d) Conclude that this choice of unit vertex cannot lead to a good graph algebra. 
Hint: The dimension of the polynomial algebra generated by G is at most 4, whereas a good 
graph algebra should have dimension 6. 


17.21 Negative fusion numbers for the E; graph 

We consider the E; graph algebra, with unit vertex at the end of the longest leg and funda- 
mental vertex directly linked to it. Let G = Ny denote the fundamental matrix generator, 
also equal to the adjacency matrix of E7. 


a) Write all the generators N, of the E; graph algebra as polynomials of the matrix G. 

b) Compute the entries of the matrix generators N,, and show that some of them are negative. 
17.22 Ex, graph algebra and its modular invariant 

We consider the F graph algebra, with unit vertex at the end of the longest leg and funda- 


mental vertex directly linked to it. Let G = Ny denote the fundamental matrix generator, 
also equal to the adjacency matrix of E. 


a) Write all the generators N, of the Eg graph algebra as polynomials of the matrix G. 


b) Check that the consistency between the graph-algebra relations yields the vanishing of 
P(G), where P is the characteristic polynomial of G. 


c) Compute the equivalence classes for the relation ~ for the choice of subalgebra indicated 
by the circled vertices in Fig. 17.2. 


d) Compare the two classes with the blocks of the st(2)23 E-type modular invariant given 
in Eq. (17.114). 
17.23 Normal matrices 


a) Let G be a normal matrix, that is, [G, G'] = 0. Show that if two eigenvalues of G are 
distinct, then the corresponding eigenspaces are orthogonal. 


b) Deduce that a normal matrix can be diagonalized in an orthonormal basis. 
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17.24 Isospectral graphs 
a) Compute the eigenvalues of the adjacency matrix of the D3 diagram of Fig. 17.4. 
b) Diagonalize the following matrix 


Ome: <0. 1A 
Oma 0-0 aml 
el OO) “Oe 
i is 1.0 0. Oe 
Oro 1 1 OnG 
OW a 1 @ @ 


Deduce that the associated graph has the same exponents as D3. 


c) Why is this graph a bad candidate for the graph-subalgebra treatment? 
Hint: Look for a unit vertex. 


17.25 E; graph subalgebra and extended fusion algebra 

Write explicitly all the 12 x 12 matrices N, and N2,j € Ze for the graph algebra of the &; 
diagram and show that the N,’s are just permutation matrices, generating the multiplicative 
group of the 6-th roots of unity. Show also that this fusion algebra is isomorphic to the 
§u(6), fusion algebra. 

17.26 Eigenvalues of the fundamental §u(2) and Stu(3) fusion matrices 

Calculate the ratio ye of S matrix elements (14.245) for the affine extension f of the 
fundamental representation of S(2) and su1(3): 


a) In the Su(2), case, show that 
A,+1 
k+2 


ye = 2 cosa 


b) In the $7(3);. case, show that 


7 3 
oe = DB 8) 


j=) 
where €; = @, €2 = @2 — w, and €; = —a@», where w), and a are the su(3) fundamental 
weights. 
17.27 & and E,, graph algebras and their modular invariants 


a) Using a computer, diagonalize the adjacency matrices for the € and &, diagrams of 
Fig. 17.4. Using the Verlinde formula, compute the matrices N,. (A good check for the 


validity of the computer program is that we should get matrices with nonnegative integer 
entries only.) 


b) Determine the classes of the equivalence relation ~ by Eqs. (17.218)-(17.219). Compare 
the result to the blocks of the €) and €, modular invariants of Eqs. (17.117) and (17.119). 
17.28 Some Stu(p), ® SU(q)p C St(pq), branching rules 


a) Calculate the embedding indices for su(p) ® su(q) C su(pq) by considering the 
branching rule of some fundamental weight @, with P,q = €, using Young tableaux. 


b) Check that the branching rules obtained in App. 17.A when (p,q) = (2, 3) are complete 
by verifying the sum rule (17.95). 

c) Calculate the full set of branching rules for the case (p,q) = (2, 4). 

d) Same as (c) for the case (p,q) = (3, 4). 
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17.29 The A-D Su(2) modular invariants from conformal embeddings 


a) Derive the complete A-D sequences of sa(2) modular invariants by an appropriate 
projection of the su(2), ® su(q)2 invariant, obtained from the si(pq), diagonal one. 
Hint: The required branching rules should be calculated by the method detailed in App. 17.A. 
The results are: 


q 
@ry21 SOD @a'{[n@ + (¢ — n)a:] ® [@g—n+1y2+@ganziv2)} (gq even) 
neil 
b) Find an exceptional s%(10), invariant by projecting the s(20), diagonal invariant onto 
the E,-type $21(2),9 invariant. 


17.30 Zy orbifold for N prime 


a) We denote by Za the twisted partition functions, a, b € Zw, and use the additive group 
structure of Z,. Write the projected partition function Z,,.; of Eq. (17.262) in terms of Zap. 


b) Show that the J and S transformations on Zp act on the twists (a, b) as 


T : (a,b) > (a,a+b mod N) S : (a,b) > (b,a) 
c) Compute the action of TS on the twists (0, b), for any b € Zy,m =0,1,---,N—1. 


d) Show that if N is prime, and b # 0, then 7’” S(0, b) generates the twists (a,b), a € Zy 
exactly once, form = 0,1,---,N—1. Why is it crucial that N be prime? What happens to 
the twist (0,0)? 


e) Show that the form of the Z,, orbifold modular invariant (17.259) in terms of Z,,o,, which 
generalizes Eq. (17.265) is 


N-1 
eae aa ( a > rs) Z proj =) Zo0 
m=0 


17.31 McKay correspondence for the icosahedral subgroup of SU(2) 

Exercise 10.18 might be a good prerequisite for generalities on group theory. The character 
table of the binary icosahedral subgroup of SU(2), of order 120, is listed on Table 17.4. For 
any finite group, the group tensor-product-algebra coefficients N,,' are expressed as 


Nik = DS lCalxle)x;(@) XC) 


1 
IG)" 
(The proof of this group Verlinde formula is detailed in Ex. 10.18.) The sum extends over 
the classes C, of the group, |G| denotes the order of the group, |C,| the order of the class 


C,, and x;(a) the value of the character of the irreducible representation i over the class Cy. 


794 17. Modular Invariants in WZW Models 


a) With the data of Table 17.4, check the orthogonality of the characters 


G 
Y> x(a) H(B) = a on 


i 


Ye [Cal xiCoe) xx(oe) = 1G] 84 


a 


b) Compute the tensor-product algebra of the icosahedral group ZT. 
c) Find a two-dimensional representation leading to the affine diagram Es of Fig. 17.6. 


Table 17.4. The character table of the binary icosahedral subgroup 
T of SU(2). The columns correspond to classes (denoted by their 
number of elements), and the rows to representations (denoted by 
their dimension). We check that & (card. of classes) = ¥ (dim. 
of reps.)? = 120. Here a = (1 + /5)/2 is the golden ratio, and 

& = (1 — V/5)/2 its conjugate in Q[/5], the quadratic extension of 
Q in which the characters take their values. 


Classes : [1]; (12 [12], 12h [12]; [12], [20]; [20}. [30] 


Reps 

(1) hl 1 1 1 1 1 ioe 
(2), 2 —2 -a@ -a a a 1 -1 O 
(2). 2-2 -a —-@ a a 1> 2=1570 
(3); 3 3 e@ a a «ee Oro e| 
(3)2 3 3 a @ &@ e 0: Ie 0n-1 
(4); 4-4 -1 -1 1 at 1 0 
(4)2 oe | eee] el ey 1 Lee 
(5) 5995" 0 0: 500) 0: =i) a ee 
(6) 6-6 1 | et 0 O 


17.32 Extended fusion rules of the rational block-diagonal c = 1 orbifold theory The 
aim of this exercise is the derivation of Eqs. (17.308)—(17.309), by means of the extended 
Verlinde formula (10.219) for RCFTs. 


a) For p’ even, write the extended S matrix of the modular transformations of the extended 
characters appearing in Eq. (17.306). | 
Result: In the extended basis (I, ©, gy, ¢,,0", e), the S matrix reads 


—s 


S= 
8p’ 
1 22 —vp’ —./p! 
x ! 2G Cp ee ae 
0 0 


1 1 
1 1 
1 1 
2 2 2-1)" 4cosn 38 
va —/p’ (- 1 yp 0 5; ij’ 2p’ — Sp jn af op! 
Vp’ =a! (-1)°7 Vp’ 0 —S;n jv 2p’ Sin jn xf ap! 
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where the matrix elements are taken between operators (I, 0,6) ,G,,0%), C8) and 
G) a Ht 
(I, , %, , Pu» of ), vad ), 


b) Repeat the calculation in the case p’ odd. Show that the matrix elements of S differ from 
the even case only by some phases, which are 8-th roots of unity. 


c) Deduce the extended fusion rules (17.308)-(17.309) by applying the extended Verlinde 
formula (10.219) for RCFTs. 


Notes 


The two infinite sequences of sz(2) nondiagonal modular invariants were first obtained 
by Gepner and Witten {172] and independently by Bernard and Thierry-Mieg [44], by 
projecting out odd states and reinforcing modular invariance with the introduction of extra 
states. The generalization of this construction, using outer automorphisms, is due to Bernard 
[41]. His results were further generalized by Altschuler, Lacki, and Zaugg [8]. The full list 
of invariants that can be obtained by the method of outer automorphisms was given in the 
work of Felder, Gawedzki and Kupiainen [129], using the canonical quantization of WZW 
models defined on nonsimply-connected manifolds. These results were confirmed by Ahn 
and Walton [4], who obtained them by the orbifold method; our presentation follows mainly 
this last reference. For WZW models, the method of outer automorphisms is essentially 
equivalent to that based on simple currents, advocated by Schellekens and Yankielowicz 
(319, 320, 321]. The latter method extends straightforwardly to any rational conformal field 
theory with simple currents. 

Conformal embeddings first appeared in the work of Bais et al. [21]. They were com- 
pletely classified by Bais and Bouwknegt [19] and Schellekens and Warner [318]. The use 
of conformal embeddings for the construction of nondiagonal modular invariants is origi- 
nally due to Bais and Taormina [22]. It was systematized and generalized by Bouwknegt 
and Nahm [52]. The derivation of the $%(2) exceptional invariants from conformal embed- 
dings was first presented in this last reference and found independently by Bernard and 
Thierry-Mieg (unpublished). Our presentation follows rather closely these pioneer works. 

The conformal embedding su(p), ® su(q), C Su(pq), was first analyzed by mathe- 
maticians (Refs. [136, 210]; see also Refs. [192, 279]). The underlying level-rank duality 
was noted from the beginning. The same embedding was considered independently in the 
physics literature—without mention of level-rank duality, however—by Walton [346] (from 
which App. 17.A is adapted). Further developments and a more rigorous presentation can be 
found in the work of Altschuler, Bauer, and Itzykson [9]. Other infinite sequences of branch- 
ing rules were obtained in Refs. [347, 343]. Additional results on conformal embeddings 
are presented in Kac and Wakimoto [218]. 

Conformal branching rules can easily be extracted from the existing tables: the finite 
branching rules can be read off (Ref. [268]), while the decomposition of a g-irreducible 
highest-weight module into irreducible representations of the corresponding finite algebra 
at each grade can be found in Ref. [228]. 

The classification of Su(2), modular invariants was obtained by Cappelli, Itzykson, and 
Zuber [64] and independently by Kato [231]. An interesting relation between the su(2), 
modular invariants and quaternionic coset spaces was noticed by Nahm [277]. Further 
mathematical curiosities related to these invariants are described in Ref. [202]. The list of 
su(3) invariants was first written by Christe and Ravanini [77], except for Eq. (17.118), 
which was discovered by Moore and Seiberg [273]. The completeness of this list was proven 
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by Gannon [158,159]. Partial results in this direction (Ref. [311 }) displayed a curious relation 
between a parity symmetry in the s%(3) invariants and Fermat curves. Invariants in affine 
Lie algebras at level 1 were also fully classified (Refs. [201, 89, 157]). 

The main result of Sect. 17.8 on the classification of modular invanants is due to Moore 
and Seiberg [273]. That nondiagonal invariants reveal nontrivial automorphisms of the 
fusion algebra was also shown by Dijkgraaf and Verlinde [102]. Fusion automorphisms 
were classified only for su(2) in the above references and for su(3) by Ruelle [309]. 
Permutation invariants were first introduced in Ref. [8]. Their full classification for models 
whose extended chiral algebra is an affine algebra was completed by Gannon, Ruelle, and 
Walton [161] (following the method presented at the end of Sect. 17.8; see also Ex. 17.9). 
Further results are presented in Ref. [160]. 

A powerful method for obtaining modular invariants is described in Warner [350] and 
Roberts and Terao [307]. It is essentially a lattice construction, in which we first translate 
the diagonal invariant partition function in terms of a lattice partition function and then 
deforms it in all possible ways that preserve the modular invariance. The completeness of 
this method is proven in Ref. [157], but it does not lead directly to physical models (i.e., the 
mass matrix entries are integers but not necessarily positive). The problem is then reduced 
to finding linear combinations of deformed lattice partition functions satisfying the usual 
physical conditions. The proof of completeness is based on the description of the commutant 
given in Ref. [157], generalizing the construction of the su(N) commutant worked out by 
Bauer and Itzykson [30] (whose dimension was calculated in Ref. [310]). 

The relevance of Galois symmetry in conformal field theory was first noticed by de Boer 
and Goeree [88] for ratios of S matrix elements. These considerations were extended to 
S matrix elements by Coste and Gannon [80] (from which Ex. 17.10 is taken). The parity 
rule has been found by Gannon [157] and independently by Ruelle, Thiran, and Weyers 
[311]. Galois transformations were used for constructing modular invariants by Fuchs et al. 
{149, 150]. Exercises 17.11, 17.13, and 17.14 are lifted from the second of these references. 
Quasi-Galois transformations, for which the scaling factor £ is not forced to be coprime 
with M(k + g), were considered by the same group in Ref. [151]. Further results on the 
relation between Galois symmetry and modular invariants are presented in Ref. [161] (cf. 
Exs. 17.16 and 17.17). Finally, we mention the book of Stewart [331], which provides a 
simple and lively introduction to the Galois theory. 

The ideas presented in Sect 17.10 on the interrelation between graphs, fusion of the 
extended algebras, and modular invariants are due to Kostov [245] and Di Francesco and 
Zuber [99, 98] (see also the review Ref. [91]). Recent developments can be found in the 
work of Petkova and Zuber [294]. The mathematics of C -algebra is presented in Ref. [24]. 

Further results on modular invariants can be found in Ref. [317, 6, 133]. Many invariants 
were obtained first by numerical methods. For instance, the F’, invariant (17.113) and the G 
invariant (17.128) were first found in Ref. [342]. The counterexample (17.197) was found 
in Ref. [319]. 

The classification of c = | theories was obtained by Pasquier [288] from the statistical 
mechanics point of view, and by Ginsparg [176] from the orbifold method. Appendix 17.B 
is based essentially on this latter reference. The completeness of this classification was 
proven by Kiritsis [238]. The orbifold construction of the suu(2), model was also considered 
by Harris [191]. The operator content of these orbifolds was studied by Dijkgraaf et al. 
[101]. General references on orbifolds can be found at the end of Chap 10. The McKay 
correspondence is described in Ref. {263, 244]. A readable exposition of the different 
manifestations of the ADE algebras in mathematics can be found in Ref. [327]. 


CHAPTER 18 


Cosets 


Up to this point, we have discussed two general classes of RCFTs: the minimal 
models, with central charge: 


(p' — p)” 
— << 
pp 


and the much larger class of models with Lie group symmetry, the §,-WZW 
models, with central charge: 


c=1- 1 (18.1) 


k dim g 
(Bi ial | 18.2 
k+g ~ a 


Actually, the second class is substantially enlarged by considering models invariant 
under Lie group tensor products G; ® G2 ®.- - -, for which the spectrum-generating 
algebra is the direct sum of the corresponding affine algebras (8, )x, ® (&)x, ®---- 
To each affine algebra, we can assign a Sugawara energy-momentum tensor, and 
the total energy-momentum tensor is the sum of all these components. As a result, 
the central charges of all components add up to give the total central charge. 

In this chapter, we introduce the coset construction, which increases tremen- 
dously the number of solvable models at hand. A coset is a quotient of two WZW 
models (or more generally, of direct sums of WZW models). This construction is 
expected to provide the framework for the complete classification of all RCFT, the 
WZW models being themselves represented by trivial cosets. 

The description of coset conformal theories will be heavily based on the the- 
ory of WZW models developed so far. In fact, once the basic mechanism of the 
construction is explained, it will become evident that most results derived in pre- 
vious chapters—in particular the calculation of fusion rules and the construction 
of modular invariants—still pertain to coset models. 

The central charge of a coset is the difference of the central charges of the 
WZW components. This implies that models with central charge lower than one 
may be represented by the coset construction. On the other hand, all RCFTs with 
c < 1 are known to fall within the classification of minimal models (cf. Sect. 10.5). 
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Any coset with c < 1 must therefore provide a new representation of a minimal 
model. Some properties of minimal models could be established more directly 
from this new point of view. This is so in particular for the proof of unitarity of the 
minimal models with |p’ — p| = 1. In fact, the coset construction was introduced 
in conformal field theory as a tool tailor-made to demonstrate this very result. In 
that respect, we should recall that WZW models are well-defined quantum field 
theories when their parameter k, which plays the role of the level in the spectrum- 
generating affine algebra, is a positive integer. This automatically implies unitarity, 
and this property is preserved by the coset construction. 

Regarding unitarity, it should be stressed that minimal and WZW models differ 
in a fundamental way in that the former can be nonunitary. Nonunitary models 
cannot be represented as a quotient of unitary models. This seems to clash with 
the previous statement concerning the presumed completeness of coset models. 
As will be detailed below, a simple argument, based on the central charge, shows 
that a coset description of nonunitary minimal models requires WZW models with 
fractional values of k. Quite remarkably, for an affine Lie algebra at fractional 
level, there exists a finite number of so-called admissible representations whose 
characters transform among each other under modular transformations. The con- 
cept of admissible representation is the cornerstone of the coset description of 
nonunitary minimal models. 

This chapter is organized as follows. In Sect. 18.1, the genuine conforma] na- 
ture of the coset theory is established by writing the coset Virasoro algebra. Sec- 
tion 18.2 is concerned with the precise relation between branching functions and 
coset characters. This requires introducing the concept of field identification (al- 
ready encountered in the minimal models) and its dual manifestation in the form 
of coset selection rules. 

We mentioned previously that, in generic situations, the properties of the con- 
stituent WZW models can be transposed almost directly to the coset model. How- 
ever, this is not always so. Problems arise when, in the WZW models, there are 
fixed points under the action of the outer-automorphism group. The presence of 
fixed points raises rather subtle issues related to the precise determination of the 
actual character of the coset model. This problem is an active subject of current 
research and is only briefly addressed in Sect. 18.2.2. 

These generalities are followed, in Sect. 18.3, by a detailed presentation of the 
coset formulation of unitary minimal models based on a diagonal sui(2), coset: 
derivation of the primary field characters, their modular matrices and their fusion 
rules. 

The coset description of minimal models is not unique. The complete unitary 
sequence can also be reproduced in two other quotienting schemes beside the 
diagonal st1(2), coset. Moreover, there are additional exceptional descriptions of 
the first few models. Some of these realizations are presented in Sects. 18.4 and 
LBS. 

The rest of the chapter is concerned with nonunitary models. In the main text, 
we focus on si(2) and relegate to App. 18.B the presentation of the general case. 
Relevant results on the representation theory of covariant (or admissible) repre- 
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sentations of §14(2) at fractional levels are introduced in Sect. 18.6. These results 
are then used in Sect. 18.7 to describe nonunitary minimal models in the coset 
language. More general nonunitary diagonal cosets are considered in App. 18.B. 

We should stress that there are properties of the coset model that are not easily 
described in terms of the WZW constituents. Since the coset characters are related 
to the branching functions, which themselves cannot be expressed as ratios of 
WZW characters, the coset construction does not lead to an expression for the coset 
primary fields. As a result, the coset correlation functions cannot be expressed in 
terms of the WZW correlators in a simple product form. However, the computation 
of, say, the minimal model correlation functions from the coset point of view 
is rather academic, given that su(2), correlation functions are more difficult to 
calculate than those of minimal models—the free-field representation requires both 
free bosons and ghosts in the former case, whereas only bosons are needed in the 
Virasoro case. The best way of calculating correlation functions of coset primary 
fields is to use a free-field representation of the coset model. Some representations 
are presented in the exercises. 

In the same way, it appears difficult to derive the singular vectors of the coset 
model from those of the WZW theories. A general discussion of this problem is 
not included here. In App. 18.A, we present a Lie-algebraic transcription of the 
Verma submodule inclusions for the Virasoro minimal model representations. 
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Consider an affine Lie algebra g and let p be a subalgebra of g. We recall that 
if the level of & is k, that of p is given by xk, where x, is the embedding index 
(cf. Eq. (14.265)). In the following, we indicate by a tilde the generators of p and 
denote by Lj, and L?, the Virasoro modes obtained respectively from the g and p 
Sugawara construction. 

Our primary objective is to show that the modes ee — Li, satisfy the Virasoro 
algebra. For this, we first recall that the p generators J@ are linear combinations 
of the generators of g (cf. Eq. (14.261)): 


i, =) Meade (18.3) 


It follows directly from Eq. (15.65) that 
[Le Meda) = —n mal, (18.4) 


m? 
which, when summed over a, yields 


[LE,,J7] = —nJ? (18.5) 


m? 
Moreover, 


[LP Jt} = —nJ? (18.6) 


jag 


800 18. Cosets 


and these two relations imply that the p generators commute with the difference 


FL ies ole (18.7) 
An immediate consequence is 
(alo (18.8) 
that is, 
407) = (2a) (18.9) 
Defining 
Le?) = 18 — LP, (18.10) 


leads to the commutation relation: 
DESI) | ey 3) = |b a Ea) 


(m3 — m) (18.11) 


12 bm-+n,0 


= (m — nln + (CB) — CCB.) 
Therefore L&? ) satisfies the Virasoro algebra, and its central charge is the 
difference of the central charges of the constituent models: 


] 
kdimg x,kdimp 
g,/p = - 18.12 
c(By Px,x) k+g xk +p ( ) 


where p stands for the dual Coxeter of p. This construction is often called the 
Goddard-Kent-Olive (GKO) construction. From now on, the quotient theory, char- 
acterized by the energy-momentum tensor 7® — T”, will be referred to as the coset 
g/p. 

In the following, we frequently encounter cosets of the form (¢ @ g)/g. They are 
called diagonal coset models. The name “diagonal” refers to the way the single 
copy of g is embedded into the direct sum: its generators are simply the sum of 
the generators of each copy of g (indexed by 1 and 2): 


| Reo (18.13) 


Since 
J) J%] = 0 (18.14) 


it follows that the level of the diagonal algebra is simply the sum of the other two. 
In other words, the embedding index is 1. Such cosets will be denoted as 


3 Oe 
Bk W Blea (18.15) 
Skitk, 
and their central charge is 
: ky ky ki +k, 
c= dim — + ——_ — ——___ 18.16 
e(g5 ki, +¢ Ete) ( ) 
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§18.2. Branching Functions and Characters 


To extract the §/p coset conformal theory from the 8-WZW model, we must strip 
off its p content. In practice, this means that we should decompose the various 
representations d of & g into a direct sum of representations ji of p: 


es Doig A pi (18.17) 
Lu 


The various characters of the coset model should emerge from this decomposition. 
In other words, the branching functions are the natural candidates for the coset 
characters. However, this is not quite exact and we must first consider the precise 
relationship between characters and branching functions. 


18.2.1. Field Identifications and Selection Rules 


To the decomposition (18.17) corresponds the character identity 
chp; = > by, chp (18.18) 
jePe 
where P is the projection matrix of the embedding p C g (cf. Sect. 13.7.1). In terms 


of the normalized characters evaluated at = —2zi(¢; t; t), with ¢ an arbitrary p 
weight, it can be written as 


Ga — » Xe 2 xalS ad (18.19) 
jer 
where 
hie jo =e) bs (a) (18.20) 


with m; defined in Eq. (14.158). The independence of the normalized branching 
function x ;;. yD) upon the parameters ¢ and ¢ should be clear. Indeed, since at 
fixed grade the g weights are reorganized into p weights, all the ¢ dependence of 
Xpi(, t,t) is captured by the different x;’s. X(i-a) 18 Simply a multiplicity factor. 
Considering all grades induces a t dependence in x,;.,;. On the other hand, ¢ in 
x3(¢; tT; t) appears only in the overall phase factor e2nkt (ef, Eq. (14.161)). But 
since PA is projected onto a p weight at level kx,, the t-dependent phase factors 
in Xp3(¢; ; t) and x, (¢; T; t) are exactly the same. In character identities such as 
Eq. (18.19) the projection operator P is often omitted but always understood. 

In the absence of nontrivial branching between elements of the outer auto- 
morphism groups of g and p, XiayO is the character for the coset field {A; j2}. 
Subtleties arise when there are branchings of outer-automorphism groups as (cf. 
Sect. 14.7.3): 


Ais A for Ac O(8), Ae O(p) (18.21) 
which can be expressed equivalently under the form (14.278): 


(Ado,A)=(Ado, PA) modl VWAeg (18.22) 
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For normalized branching functions, this implies 


Xi; (7) = Xai; Any) (18.23) 


This equality is actually most directly proven at the level of modular matrices: 
Xi: aD and X;43. aay) transform identically under modular transformations, 
which is demonstrated below, and this implies the above equality (at least up 
to modular invariants—e.g., constants). To these two normalized branching func- 
tions, there must correspond a single coset field {A; jz}. Indeed, suppose that there 
are no fixed points, i.e., no coset field {A; 2} such that 


a Ve and f=Ap (18.24) 


Then the number N of states in the string AA generated by all allowed A is the same 
for all 2. N is the number of elements of O() that branch to elements of O(). 
Regarding branching functions as coset characters, we find that each field, and in 
particular the vacuum, has multiplicity N. To make the theory physical, the cure 
is clear: we simply divide the partition function (which codes the field content) by 
a factor N. In other words, we identify the fields {A; 4} and {AA; Aji}. From now 
on, this will be denoted as: 


(A; a} ~ (Ad; Af) (18.25) 
An immediate consequence of the identification of characters with branching 
functions is that not all pairs of fields can be combined into a coset field. Indeed, 


for the branching function x,;.;, to be nonzero, the following condition must be 
satisfied: 


| Pr—pe PQ | (18.26) 


where Q is the g root lattice. This is the branching condition (13.261) already 
encountered. 

Field identifications and selection rules are intimately related, as the comparison 
of Eqs. (18.26) and (18.22) shows. The branching condition requires PA and yz 
to be in the same congruence class. These classes are isomorphic to the elements 
of the center, which are themselves S duals (in the sense of Eq. (14.256)) to the 
elements of the outer-automorphism group. Hence, the selection rules appear as 
the S duals of the field identifications. 

For the diagonal cosets (18.15), the field identifications and the selection rules 
take a particularly simple form. Coset fields are specified in terms of three g£ 
weights, e.g., {A, /1; D}, and the branching functions X(i,a.0) Which we identify with 
the coset characters, are obtained from the decomposition of x; x, in terms of x;, 


where A, j2, ? are £ integrable highest weights at respective levels k,, ky, ky +k. 
Since 


P(QGQ)=Q (18.27) 
with Q the root lattice of g, the selection rule is now simply 


ae ie (0, (18.28) 
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Also, since for any A 


A@AKA (18.29) 


the fields are always identified according to 


{A, ju; 0} ~ {AX, Af; Ad} = VA € O(8) (18.30) 


18.2.2. Fixed Points and Their Resolutions 


In the presence of fixed points, not all orbits of A have the same length (i.e., the 
same number of distinct elements). For instance, if AY = 1, some orbits will have 
length No < N, where No is a divisor of N. As a result, a mere division of the 
partition function by a constant is no longer possible: dividing by No yields a 
vacuum with multiplicity N/No > 1, whereas dividing by N leads to characters 
with fractional coefficients in their q expansion. To cure the theory, we need to 
introduce extra characters—not expressible in terms of the branching functions 
but nevertheless compatible with modular covariance—to make the division by N 
meaningful. This process is called the resolution of fixed points. 

The search for adequate and general techniques for resolving fixed points is still 
an active field of research and this question will not be studied further in this work. 
But we stress that it is a very important issue in coset conformal field theories since 
fixed points arise quite frequently (see, e.g., Exs. 18.10 and 18.11). 


18.2.3. Maverick Cosets 


Generically, Eq. (18.26) represents the only selection rules. But there are excep- 
tional situations for which additional selection rules appear. In that case, additional 
field identifications also appear. The simplest of these exceptional cases are the 
conformal embeddings. Take, for instance, the embedding su(2)4 C su(3), for 
which we found (cf. Eqs. (14.272) and (14.273)) 


[1, 0,0] +> [4,0] @ g[0, 4] OO te, 2); [0,0, 1] > [2,2] 

(18.31) 
Hence the branching functions x411,0,0):12,2}) 2nd X((0,1,0};[4,0}} (among others) are 
not ruled out by the selection rule (18.26) (we recall that here PQ...(3) = Qsw2)), 
but they nevertheless vanish. Moreover, since the resulting coset is a unitary c = 0 
theory, whose whole field content is the identity, all coset characters are identical 
and equal to 1. These are the additional field identifications announced in the 
introduction. Since in these examples, the numerator of the coset has level 1, we 
could suspect that the occurrence of extra selection rules is a low-level feature. 
Indeed, the only other models for which it has been found to occur are: 


SU(N)2/SO(N)4 
56(2N)2/50(N)2 © SO(N)2 
(Es)2/Sp(8)2 
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(E;)2/SU(8) 

(Ex)2/50(16)2 

(Es)2/Si(2)2 © (En) (18.32) 
These are called maverick cosets. In all cases, the numerator has level 2, and, quite 
remarkably, it is always a simply-laced algebra. The simplest maverick is studied 


in Ex. 18.8. The Lie-algebraic mechanism underlying the extra selection rules and 
field identifications is not fully understood yet.! 


18.2.4. Modular Transformation Properties of Coset 
Characters 


Consider now the modular transformation properties of the branching functions. 
The simple modular transformation properties of the normalized affine characters 
lead to” 


~1 

iis a= DY Se Se? ei an) (18.33) 
NEPA 
jeri 


where ’ and ji’ are & and p integrable weights respectively, and 
Kies Dee) (18.34) 
These relations are proven as follows. We first write 


iE Matra > Sele a) 


VePX 
: 18. 
a Dy Ss Xv: ay Xv 3; 0) (18.35) 
i ePE 
p'ePhe 


The projection operator has been omitted from the S matrix indices because Xp; 
and x; have identical modular transformation properties (i.e., S does not depend 
upon ¢). We also have 


Xp (Ot; —1/t; t+|¢|7/27) = 
DS Xi; ay“ VD) xa; - 1/5 t + (¢/2/22) 


jeri (18.36) 
= YS xan) S yetent) 
A p'ePe 


' Notice that there are extra field identifications in nonunitary models, but their Lie-algebraic 
interpretation is clear (cf. Sect. 18.7.2). 

aie avoid overloading the notations, we depart from our previous convention of indicating by a 
prime (e.g., 4’) a weight in the representation of highest weight A. In this chapter, both 4 and 4’ stand 
for integrable highest weights at level k. Our general convention is that a weight and its prime (or 
double prime) version are highest weights at the same level. 
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Since the characters x;(¢, t,t) are linearly independent,* the comparison of the 
above two equations yields 


(k) kxe 
» Se Xi, ay) = Pe See XG: ay(- 1/0) (18.37) 
NePh fieP 


. . . =| 
By multiplying both sides by S Ha , summing over jv’, and using 


ye si) = 85 (18.38) 
pep 
we get Eq. (18.33). 
The relation (18.34) is proven in the same way. We recall that the modu- 
lar anomaly is related to the conformal dimension and the central charge by 
Eq. (15.122); it follows that the J transformation matrix for x,;. ,) is given by 


Xi: ayt +1)= oa ak Salad Grn 3, (18.39) 


where c is the coset central charge. From Eq. (18.19), there actually follows a simple 
expression for the fractional part of the conformal dimension for the coset field 
{A; (}. If the tip of the / representation of p lies at grade n in the A representation 
of g, then 

hy. ay =e —hzj+n (18.40) 


(This also follows directly from Eq. (18.10).) To find 7 requires much work: the 
actual computation of the branching functions. However, the fractional part of 
hy, py is just h; — hg. Hence, as expected, 


Xi (t+ D = ePriigy CIM) y y(t) (18.41) 


We have thus shown that the transformation matrices for the x,;.,,’s are simply 


R e (k) ste ) 
Sei. apes ay = She Sag fei) 
Fs re — 7) file a) e 

CE PENS TA) Sine Syne 


where in these relations, thanks to unitarity, we have replaced inverse matrices by 
their complex conjugates. 

Unitarity of the branching-function modular matrices is inherited from the uni- 
tarity of the WZW modular matrices. Taking field identifications into account (in 
the absence of fixed points) simply amounts to rescaling the coset S matrix (an 
example is worked out in the following section). 

The study of field identifications is most conveniently formulated at the level 
of modular matrices: if 


Si = Sj, Ti = Ti; VW (18.43) 


3 This justifies our insistence on maintaining the full ¢ dependence, since otherwise this statement 
would not be true, e.g., xa (7) = x(t). 
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then the fields ¢; and ¢; must be identified since their characters are identical. From 
this point of view, the result (18.23) is easily established. The action (14.255) of 
the outer-automorphism group on S, 


eed me — (18.44) 
(kxe) _ @lkxe) 2mi(Ado,p’ 
Sia a = Sai! e 
implies that 
a iy . —2ni[(A@o,d')—(A@o,11’)} 
Suai: dais ay = Se; ares ane Whee 


Moreover, it follows from Eq. (18.22) that 
(Adio, 2’) — (Ado, 1’) = (Ado, PX’ — 1’) mod 1 (18.46) 


By assumption, A’ and y’ are combined into a coset field, which means they must 
satisfy the condition (18.26). Since the comark of A@p is necessarily 1, the above 
scalar product is an integer, that is,* 


(Aap, PX’ — p’) = 0 mod 1 (18.47) 


Therefore, the phase in Eq. (18.45) is 1. It is not difficult to verify the same result 
at the level of the J matrices. This allows us to conclude directly that the fields 
{AA; Aji} and {A; ji} are identical. 

By construction, coset models are thus rational conformal field theories. Indeed, 
since there is a finite number of primary fields in both the g and pWZW models, 
there is a finite number of branching rules, and thus a finite number of coset 
primary fields. As demonstrated in the next subsection, modular invariance is also 
built in, because the modular transformation properties of the branching functions 
are directly related to the modular transformation properties of the WZW model 
constituents, and also because of the dual relation between selection rules and field 
identifications. It is certainly quite pleasant to find that the coset and WZW modular 
matrices can be linked in such a simple way in spite of the rather complicated 
relation between their characters. 


18.2.5. Modular Invariants 


Given the modular transformation properties of the coset characters, the next step is 
to construct modular-invariant partition functions. At first sight, a straightforward 
way of constructing modular invariants in the coset theory is simply to take, for 
the coset mass matrix M, the product 


M= MO Me (18.48) 


* In more detail: with Ady = «; and Pd’ — yx’ = Ynja;, nj € Z, we have 


(Ado, Pa’ — w') = nj(w;,a;) = ni(;,aY) = nj 
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where M“) and M“*) denote invariant mass matrices for the £,.- and py. -WZW 
models, respectively, that is, 


ks = 
2 = x) Ms. xi) 
i ireP® 


Zhe) — De xj) Mra je Xqr(T) 


fpter®™ 


(18.49) 


The separate modular invariance of M“) and M“) ensures automatically the in- 
variance of their product. However, this simple product mass matrix does not give 
the coset partition function, since the branching conditions—which impose con- 


tifications must be considered. If all orbits of field identifications have length N, 
this last point simply requires dividing the partition function by N. The candidate 
partition function is then 


] 
Z=— iy Xi Mee A yaa) (18:50) 
ier pater 
Pr—-—p=Pd'—p'=0 mod Q 
Due to the constraints, this no longer has a product form, and modular invariance 
is not guaranteed from the onset. But this is indeed modular invariant: roughly, the 
S transformation changes the branching constraints into field identifications! This 
should be compared with the construction of nondiagonal modular invariants by 
outer automorphisms. We first introduced a selection rule (a projection operation) 
and restored modular invariance by an appropriate twisting, that is, by the insertion 
of outer automorphisms. What happens here is that the twisting is trivial due to 
the field identifications. 
A large class of coset modular-invariant partition functions for the coset model 
can thus be obtained in this way. A posteriori, this is a further justification for the 
efforts devoted to the construction of modular invariants for WZW models. 


§18.3. Coset Description of Unitary Minimal 
Models 


We consider the su(2) diagonal coset: 
Su(2), © Su(2)) 


a 18.51 
SU(2)K41 
Its central charge is 
3k 3(k + 1) 6 
- oe ee 18.52 
ee as (k + 2k + 3) Ca 


with 
k+2=p2>3 (18.53) 
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This is precisely the central charge of the unitary minimal series. This suggests 
that the unitary minimal models can be described by the coset (18.51). To establish 
this equivalence, we need to prove that, for a fixed value of k, the characters of all 
primary fields of the minimal model (p + 1, p) appear in the decomposition of the 
products x; XA (A, ju at level k and 1 respectively) in terms of x;, with D at level 
k + 1. This will be our first concern. 


18.3.1. Character Decomposition 


We then evaluate the characters x,; ;; defined by the decomposition 
Xi Xa = D> Xe a: yX (18.54) 
pePpKt! 
where A. € PX, fi € P' In the character formula 
va ea e(W) O54) Di, 
a pS E(w) Ow, D; 


the denominator is common to all representations, irrespective of their level. This 
means that Eq. (18.54) reduces to 


(18.55) 


Di, Xi = > Xi. a: yDi+a (18.56) 

bepkt! 
We now concentrate on the specialized form of this decomposition, where as usual 
characters are evaluated at € = —2mi(¢; t; t). Clearly, X(i, a; +) depends only upon 


t. Without loss of generality, we can set t = 0. With ¢ = za, andp =k+2,we 
have (cf. Eq. (14.176)): 


@;, -(¢; 23 0) = @©,,(z; 2) 


= 5 oA NE eee eset aaa 


TEL (18.57) 
= git 1?/4p De ae 
neZ 
where 
a Phibs —2n7iz 
g=e™, ete (18.58) 
so that 
(?) _ pl) (p) 
Dy +1 a Or 41 = Or) -1 
= git i4p Sg Gare = xPn— Oi +1)/2) (18.59) 
neZ 


On the other hand, for the character of the representations at level 1, we will use 
the expression derived from the vertex construction in Sect. 15.6.2, Eq. (15.244): 


xii) = ny! > gx" (18.60) 


neZ+p,/2 
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We can thus write 


Ap tee) 
gan" 2 gt rt Dten? Hats l2y 


Hd) ee, (18.61) 
Ne (enh errr iny/2 as ne eat (2) 


xa(z; t)D;,5(z; 1) = 


This expression must now be reorganized into a sum of characters for integrable 
representations at level kK + 1. In this view, we trade the summation index n by a 
new index v;,, defined in such a way that the power of the x terms in Eq. (18.61) 
becomes 


HG +++ Dn (18.62) 
This fixes v; to be 
vp =Ar tui t+2(n—-7’) (18.63) 
showing that 
Ayt+uitv, =O mod 2 (18.64) 
By replacing n + j2;/2 by (v, — A1)/2 +n’ in the r-h.s. of Eq. (18.61), we get 
WE OD,,G0=ne@y? SY, @ DET) (18.65) 
Te, mod 2 
with 
We now set 
ve =v +2(4+1t (18.67) 
with 
he ee 02 20-F | (18.68) 
The condition (18.64) becomes 
Aitpuity=0 mod2 (18.69) 
Since 
De = a PE siosi) (18.70) 
we have 
2p+l 
xXa(z; DD;,,(2; D = nq)" Se eee 


v;=0 teZ 
vy +A;+2;=0 mod 2 
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where the power of q is now 


[1 + Ip +1) — 1 + Dp + 2 + DP 
4p(p + 1) 
We are almost done: we only need to reduce by half the range of v;. For this, we 
use the relations 
p?t? 


—v)—1 


Aa,» (t) = (18.72) 


1 +1) (p+1) 
=-D°t), (sai = Dyp41)-,-1 (18.73) 


With v; restricted to0 < v; < k +1, the desired range, 2(p + 1) — v; — 2 covers 
the other values needed to fill the complete interval 0 < v,; < 2p + 1, except for 
v; =k +2. But this value does not contribute because 


De =D 0 (18.74) 
The effect of replacing v, by 2(p + 1) — 1 in Aj,,», is simply 
Ay, 2041) ¢) = Aa,-n-2t — D (18.75) 
We thus finally reach 
xalz; DD;, 3; D = Disa ps ai (18.76) 
sep" FCL n(q) 


vi +A;+u1=0 mod 2 
Setting 
r=\i+1 s=v+1 (18.77) 
we have thus derived Eq. (18.54), with the following expression for the normalized 
branching functions X,j_ ;,. 5}: 
Xi, a; = Xirs)@) (18.78) 
with 


Xirs)(q) = KE+)(g) — KP*"(q) (18.79) 
and 
K&+12)(q) = nq)! eg eee 


neZ 


—c/24 (18.80) 
= - Pa ge ae) 


gq) 


These are exactly the characters for the primary fields (r,s) for the unitary Virasoro 
minimal model (p + 1, p) withc = 1 — 6/p(p + 1) (cf. Eqs. (8.17) and (8.16)°). 

At first sight, it is somewhat surprising to find that the coset fields actually 
depend upon only two su(2) weights. But this is so because the third weight is 
at level 1. Given A and 0, there is a unique fi € P', fixed by Eq. (18.69) (which, 


ein comparing with these expressions, we should let p’ > p, p > p+1 
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of course, is simply Eq. (18.28)). So we can eliminate fi: and forget about the 
constraint (18.69): every pair {A;; v;} leads to a unique coset field {A, jz; D}. 
With A; and v; ranging over 


O=2; <k, 0<v,<k+1 (18.81) 
so that 
l<r<k+1=p-1 las=k +2 =p (18.82) 


and with all combinations {A,; v;} allowed, we indeed find that all values h,., of 
the (p + 1,p) Kac table are covered. For the minimal models, we know that the 
fields ¢,,; and ,-,»+1-; must be identified. This is simply the field identification 
(18.30), whose outer-automorphism transcription is 


{A, fi; 9} ~ {ai, afi; ad} (18.83) 


where a exchanges the two Dynkin labels. We note that this equivalence is 
compatible with Eq. (18.64) since 


Ateuity,=Omod2 >k—-A,+1—y1+k+1—v, =Omod 2 (18.84) 


18.3.2. Modular S Matrix 


The modular S matrix for the coset character is simply 
— ok) co) ofk+1) 
Sis, as ocd, as 1 = O3q Sage Soy (18.85) 
with 
eRe era CP.’ (18.86) 


Here we used the reality of the s%(2) S matrices to omit the complex conjugation 
from the last S factor. We recall that 


s® a p. a mA; + 1)(A, + ~) 
WV k+2 k+2 
which at k = 1 reduces to 
1 , 
Oe faye 
Sia = wa a (18.87) 
Using Eq. (18.69), this last expression can be written as 
1 ee 
(1) _ _* _¢__4 (a+), +) ; 
oo (18.88) 


The coset matrix is thus given by 


Si a: OU, as 7) — mae 
Bla (k +2)(k +3) es 


mA, + 1IQA,4+1)\. (= + 1)(v, + ) 
= (a) sin k+3 
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With 
= Se ee ee 


(18.90) 
Sa yl es 


and p = k + 2, Eq. (18.89) reduces to 


2, , arr’ ss’ 
y= = —1)° 904") gi (=) sin ( ) 18.91 
S(rs),(r’s!) pie: 7h ) sin - aaa ( ) 


with the ranges of r and s given by Eq. (18.82). This is to be compared with the 
expression derived previously, namely Eq. (10.134), equivalently expressed as 


2 . } rrr’ rss’ 
ey —— a (r+s)(r' +s’) * ati 7 18.92 
ee Cy i in( p )sin cant a 


which has been obtained for a fundamental range, defined by Eq. (18.82), with 
the additional constraint ps < (p + 1)r. The difference between Eq. (18.91) and 
Eq. (18.92), a factor of 2, is to be accounted by this different range for values of r 
and s. Implementing the constraint ps < (p + 1)r, we see that Eq. (18.91) requires 
a renormalization of the S matrix by precisely a factor of 2. 


18.3.3. Fusion Rules 


The substitution of Eq. (18.85) into the Verlinde formula leads directly to the 
following formula for the coset fusion coefficients: 


oN. Me (18.93) 


(A, as OK, as 
We now argue that the factor Nae is irrelevant. To fixed values of A, A’, 0, 0’, 


there correspond unique fi and jz’. On the other hand, NO *" and Nee *" are 
nonzero only if 


Ay +A, +A) =0 mod 2 en 
vy, + v} + vy = 0 mod 2 Sa 


(cf. Eq. (16.48)), which, in connection with the double prime version of Eq. (18.69), 
forces 


Bp +Ar ty tA, tyl =n +u14+u, =0mod2 (18.95) 


Moreover, since there is only one term in the decomposition of the s1(2), fusion 
it x pi’, it follows that 


ND = (18.96) 


pp 
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Translating the formula (16.48) for the st(2), fusion coefficients in terms of the 
variables r,s, and p = k + 2, gives 


uae. a "eo 
Noses) =1 if rea and s” ess (18.97) 
=0 otherwise 
with 
80") = tr"ir tr +1” =1 mod 2, 


ey (18.98) 
Ir—r'|+1<r" <min(r +7 —1,2p—-1-r-r)} 


These are exactly the fusion rules for the unitary minimal models given by 
Eq. (8.131) with p’ > p, p > p +1, or Eq. (7.114) with m = p. 


18.3.4. Modular Invariants 


Modular invariant partition functions for the minimal models can be constructed 
from Su(2) invariant mass matrices as 


M = MY MH Met) (18.99) 


taking into account the branching conditions and the field identifications. All st(2) 
invariant mass matrices have been classified; the complete list is presented in 
Sect. 17.7. Since at level 1, as for all odd values of the level, there is only one 
invariant, M!) — J. Ignoring the level 1 factor also allows us to ignore the selection 
rule (18.69). Field identifications are then simply accounted for by dividing the 
result by 2. The coset mass matrix reduces to 


M= s Meme (18.100) 


Since one of k ork +1 is necessarily odd, an A-type (i.e., diagonal) invariant always 
appears in the product (18.100). For the other mass matrix, one can take either an 
A- or a D-type invariant (obtained by the action of the outer automorphism), or 
even an exceptional one if the level is 10, 16, or 28. Listing all possible pairs, we 
recover the invariant partition functions listed in Eqs. (10.3) and (10.4), pertaining 
to the case |p — p’| = 1 (and this justifies a posteriori their labeling in terms of 
two Lie algebras). 


§18.4. Other Coset Representations of Minimal 
Models 


To further illustrate the coset construction, we present other realizations of two 
simple minimal models (a few more examples are given in the exercises). For the 
character decomposition of these examples, we content ourself with a check of the 
first few terms in the expansion in powers of q. 
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18.4.1. The Ey Formulation of the Ising Model 


We consider the diagonal coset 


(Es); ® (Es): 


(18.101) 

(Eg)2 
Since dim Pes = 248 and g = 30, its central charge is found from Eq. (18.16) 
to be c = 5. It is thus bound to be another description of the Ising model. The 


only cme representation at level 1 is @o; at level 2, these are 2p, @), and @7. 
Their conformal dimensions are easily evaluated by means of the quadratic form 
matrix given in App. 13.A. For instance, 


(@1,@, + 2p) = 60 (w7,@7 + 2p) = 96 (18.102) 
so that 
15 3 
h;, = — h;, == 18.103 


(the dimension of the vacuum representation vanishes). Because the Eg weight 
and root lattices are the same, no restriction comes from Eq. (18.26). Hence, there 
are three coset triplets, whose fractional dimensions are 


h(én, 6p; Xin) = 9 mod 1 
1 
Miawan a} = 16 mod 1 (18.104) 


1 
Niip, i; a4} = 5 mod | 


The correspondence with the Ising fields is thus: 
X{a0, Bp; 2} = P(1,1) 
Xoo, do; &y} = (1,2) (18.105) 
X{éo, 0; &n} = P(2,1) 
In other words, we get the following character decomposition 
Xin Xaq = X(N) Xray + XU) Xo, + XUN Xe, (18.106) 


Because the fusion rules of (E3); are trivial (there is only @p x Oo = = @p), the coset 
fusion rules are simply those of (Es). This explains why the (Es) WZW model 
has the same fusion rules as the Ising model (cf. Ex. 16.7). 


18.4.2. The su(3) Formulation of the Three-State Potts 
Model 


We consider now the diagonal coset 


su(3),; @ su(3); 


a). (18.107) 
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whose central charge isc = 4. Here the central charge does not completely specify 
the model: atc = 4, there are two minimal models, the diagonal theory and the 
Potts model. 

We first identify the different coset fields. For su(3), the condition 4 € Q 
translates into the requirement 


2A; + Az = 0 mod 3 (18.108) 


For instance, the two triplets 
{[1,. 0,0], 1071, 0)) (0,022) and {{0, 1,0], (0,0, 1]; [2,0,0]} (18.109) 


are allowed. However, they are not distinct coset fields because they are related by 
the outer automorphism a (cf. Eq. (18.30)); they must be identified: 


1050), 1051 0} 10,0521) {{0, 1, 01,0, 0,1]; (2,0, O}} (18.110) 


The set of inequivalent fields is presented in Table 18.1.° The comparison of the 
coset-field fractional dimensions with those of the M(6, 5) Kac table leads to the 
field correspondence of the last column. This correspondence is not unique, since 
the Kac table contains dimensions differing by an integer (h(4,) — (1,1) = 3 and 
hy3,1) — 2,1) = 1). Notice also the double occurrence of the fields (3,3) and $43). 
In the coset model, the two copies of each field are not identical; they are related 
by charge conjugation: 


{{1, 0, 0], (0, 1, 0]; (1, 1,0]} = {[1, 0, 0], [0, 0, 1]; [1,0, 1]}* (18.111) 
The field content appearing in Table 18.1 is exactly the one pertaining to the 


three-state Potts model. In addition, the multiplicities are in agreement with those 
required to build the nondiagonal modular invariant (A4, D4) of Table 10.3: 


Za,Ds = |Xa,) + Xan! + xa + XB,y/? + 21x31? + 2lx(43)/? (18.112) 


The appropriate character decompositions are 


Vi Vi 
X1,0,0) XU,0,0) = [xan ae Kel X12,0,0) + [X(3'3) + X(4'3)] Xt0,1.1 48.113) 


Vi Vi 
X11,0,0) X{0,1,0) = X (4:3) Xt0,2,0) + X33) Xi1,1.0) 


and the conjugate version of the last one. The first decomposition can be checked as 
follows. The su(3) content at the first few grades of the modules Lj;,0,0), L{z,0,0), and 


© Observe that for diagonal cosets of the form 2, ® £;/£,, the interchange of the two 8, factors does 
not lead to field identifications. For instance, in the present case, we do not identify the two fields: 
{[0, 1, 0}, [0, 0, 1]; [2, 0, O}} and {[0, 0, 1}, [0, 1, 0); [2, 0, O}} 


which are obtained from each other by the interchange of the two su(3), factors. Actually, these fields 
are charge conjugates of each other. On the other hand, for the su(2) coset description of the Ising 
model, the two fields 


{(0,1],[1,0); (1,13) and {1,0}, (0, 1); (1, 1} 


are equivalent because they are related by the action of a. 
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Table 18.1. Coset fields for the st(3) diagonal coset at levels (1,1 =D), 
their fractional conformal dimensions, and their corresponding fields 


in the minimal model with c = . 


{[1, 0, 0], [1,0, 0}; [2,0,0}} 0 (1,1) (4,1) 
{[1, 0,0], (0, 1,0]; [1,1,0}} 5 (3,3) 
(1, 0,0], (0,0, 1]; (1,0,1)} 75 Gis,3) 
{{1, 0, 0),11,0,0); (0,1, 11} = (2,1) P3,1) 
{[1,0, 0}, [0, 1,0}; (0,0, 21} 3 $143) 
{[1,0, 0], (0,0, 1]; [0,2,0}} 5 $143) 


Lio,1,1) in Tables 14.3, 18.2, and 18.3, gives the leading terms in the development 
of the various S%(3) characters. From Eq. (8.17) (see also Table 8.1), we have 


Gas aged et) 
anQ=e rq Pag rag aeeg tt ---) 
Key@=a” Gergieq 24g eae’) 


iq) = YL +g + 29? + 2g? +.4q* +--+) 


(18.114) 


from which the first few terms of the decomposition can be verified. The other 
ones can be worked out in the same way. 


Table 18.2. The S%(3)2 module Ly 0), for which h — c/24 = —4 


Grade 


0 


1 
2 
3 


15° 


Li2,0,0) : Su(3) content Number of states 
(0,0) 1 

(i,t) 8 

(2,2) @ 2(1, 1) @ (0,0) a4 


2(2,2) @ 2(3, 0) @ 2(0, 3) @ 4(1, 1) @ 2(0, 0) 128 
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Table 18.3. The su(3)2 module Ljo,;,:; for which h — c/24 = 2 -- Zz. 


Grade Lii,1,0) : s4(3) content Number of states 
0 (1,1) 8 
1 (3,0) ® (0,3) ® 2(1, 1) @ (0, 0) 37 
2 2(2, 2) @ 2(3, 0) © 2(0, 3) @ 5(1, 1) @ 2(0, 0) 136 
3 (4,1) @ (1,4) @ 5(2, 2) @ 5(3, 0) 
©5(0, 3) @ 12(1, 1) @ 3(0, 0) 440 
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18.5.1. Character Decomposition and String Functions 


A simple, yet interesting coset model is 


Su(2), 
AD) (18.115) 
with central charge 
3k 2(k —1 
i ( ) (18.116) 


(Ee> Loo ae) 
For k = 1, 2,3, and 4, it describes respectively the trivial c = 0 theory, the Ising 
model, the three-state Potts model, and a rational c = 1 theory. 

The first step in the analysis of this coset is to understand how the su(2) irre- 
ducible representations decompose into u(1) factors. This is rather simple: each 
weight in a representation of sz(2) is by itself a (1) representation, usually called 
a charge, that is, 


(Ay) > (Ay): @ (1 — 2)1 B--- (Ad) (18.117) 


where representations on the I.h.s. refer to u(1) and the index | reminds us that 
they have dimension 1. In this section, we denote the finite Dynkin label A, by @ 
(which is, in fact, the same as the partition entry £;). The above decomposition 
then reads 


e 

(+ Bim) (€ +m = 0 mod 2) (18.118) 

hie 

The affine extension of this u(1) algebra is u(1);,. More precisely, it is an extended 
f“i(1) theory corresponding to a free boson living on a circle of radius VJ 2k (or J 2k 
by duality); the (1) charge is interpreted as the boson momentum. The concept of 
level is inherited from the covering su(2), algebra. The distinct (extended) fields 
of (1), have charge (or finite Dynkin label) ranging over: 


—-k+1<m<k (18.119) 
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and dimension 


jn (18.120) 


ii? 
4k 
(This can be calculated from the usual dimension formula (15.104), witha = mw), 
wy = i, p = g = 0, and level k.) These representations can be viewed as the 
integrable representations of “(1 );, into which the su(2), representations must be 
decomposed. That these are the only distinct representations is most directly seen 
from the characters, which have already been calculated in Sect. 14.4.4. To avoid 
notational confusion with the su(2), characters Fe (q), we will indicate the u(1), 


characters by K{“)(q):7 


(k) 
Om (q) 
(k)( aes (18.121) 
Kn @) n(q) 
where eq) is the standard generalized theta function: 
eg) = d gkrnr® (18.122) 
neZ 


(cf. Eq. (14.176)). The invariance of the theta function under a shift of 72 by 2k 
implies that 

K®(q) = K” .@) (18.123) 
so that the range of m can be restricted as in Eq. (18.119). Since representations 


differing by a sign are charge conjugates of each other, the restricted characters 
also satisfy 


I IES (18.124) 


(but when the z dependence is reinserted, this last equality no longer holds). 
The character decomposition appropriate to this coset is thus 


k 
@= YL xem@)K@) (18.125) 


m=—k+1 


where x(¢,)(q) stands for a coset character. The branching condition is 7 + £ = 
0 mod 2. As we will show, the characters for this coset turn out to be expressible 
directly in terms of the su(2), string functions. 

We first recall the relation (14.147) between (nonnormalized) characters and 
string functions, which we reproduce for convenience: 


che=- Nec. (e*)e! - (18.126) 


“s max 
hEQE 


uc : : Z ae a 
a is the string function of the weight jz in the representation A, and gue iS 


the set of the weights j in the representation A, such that j + 6 is not in the 


7 This notation was also used in App. 17.B, but there the upper index was chosen to be N = 2k. 
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representation. This set is infinite. But all weights in gym can be Wey] reflected— 
or more precisely translated—inio a weight b such that —k + 1 < v; <k. Inother 
words, any 2 € 82™* can be written as f,. ) for an appropriate )—corresponding 
to an integrable at 1), charge—and an appropriate affine coroot. Since the string 
function satisfies (cf. Eq. (14.145)) 


Ce) aa) 
CO, =F, = 95 (18.127) 
we can write 
oe, exe = yy oe) > et! (18.128) 
penn —k+1<v,<k a’ €QY 


Up to a factor, this sum is a theta function (cf. Eq. (14.154)). Its specialized version 
is 


ys e~27i(tav 8,0; 7; 0)) q lak eq) (18.129) 
a’ eQV 


To avoid keeping track of the subscript 1, we redefine 


A, =2 v=m (18.130) 
and set 
ae (18.131) 
We have thus obtained: 
k 
chy(q) =chM(q)= So of (@)qr"’* OV) (18.132) 
m=—k+1 


The normalized character then reads 


k 
eG ed i c/(a a) (18.133) 


m=—k+] 


(with hy = h, and h,, = m?/4k). Expressed in terms of the normalized string 
function, defined by Eqs. (14.223) and (14.224), that is, 


eq) =q' 7 a) (18.134) 
Eq. (18.133) takes the form 
k 
W@= d hq) eP@ 
le (18.135) 
k 
= > nlq)ei,(g) Ky @) 
m=—k+1 


This gives exactly the character decomposition of Su(2), representations in terms 
of 7(1), ones. The coset characters are thus 


Xteem)(q) = n(q) c4,(q) (18.136) 
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The determination of the coset characters has been reduced to reorganizing the 
known su(2), characters in sums of theta functions. The calculation of string 
functions is somewhat tedious and we will not evaluate them directly. Instead, we 
will take a field-theoretical point of view and use the correspondence between the 
coset Su(2),/u(1) and known minimal models to extract the string functions for 
aes, Oo 

Before turning to examples, we will settle the question of field identification. 
This amounts to finding the branching of the basic §u(2) automorphism a into an 
operation on the “integrable” charges. We recall that the action of a is to replace 
£ by k — @. From the finite algebra branching rules, it follows that a must branch 
to an operator @ that maps m to k — m. Under this transformation, the parity 
requirement £ — m = 0 mod 2 is preserved. This yields the field identification 


Xe; mG) = Xk-t; k-myQ) (18.137) 
Given that 
Xie: mG) = Xe; —my(Q) = Xe; m+2Ky(Q) (18.138) 
the character identity (18.137) takes the form 
Ke: m\@) = Nk-e km @) = Hee my @ (18.139) 


Whichever relation is used is dictated by the particular value of 7 at hand: either 
m +k orm —k will be in the fundamental range (18.119). The net result is that 
half of all allowed coset pairs make distinct coset fields. 


18.5.2. A Few Special Cases 


EXAMPLE 1: k = 1 


For k = 1, the resulting coset is a trivial unitary c = 0 theory, whose whole field 
content is the identity with no descendants. The two coset fields are 


{[1, 0]; (0)} = {0;0} and {[0,1);()} = {1; (18.140) 
where the second expression uses the {£; 72} notation. Both have zero fractional 
conformal dimension. According to Eq. (18.139), these must be identified. There 
is therefore a single coset character, which must be equal to unity: 

X10; (gq) = 1 (18.141) 
Equation (18.136) implies that 


n(q)eyq)=1 => ch(q)=n(q)" (18.142) 
This agrees with the result found in Sect. 15.6.2, namely that 
Gin — ea (18.143) 


since in the present case the relative modular anomaly is — x. 


This coset description based on su(2), allows us to recover in a very simple 
way the expressions for the characters of the two integrable representations already 
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derived from the vertex construction. Since there is only one term in each character 
decomposition, we have 


x0 (@) = Ki) 


(18.144) 
1 Qk) 
mY takes a simple form in terms of Jacobi theta functions since 
@§(q) =)” = 63(q?) 
neZ 
(18.145) 
@7'(¢) = > g"*” = 8,9”) 
neZ 
This leads to 
(q) = BD _ | 8@ + (9) 
: n(q) 27?(q) 
(18.146) 
@) = n(q*) _ |g) - %@) 
nq) 2n7(q) 
(cfsq..(10:233)). 
EXAMPLE 2: k = 2 
For k = 2, the distinct coset fields and their fractional dimension are 
{{2,0]; (0)} = {0;0} h=Omod 1 
1 
{[2, 0]; (2)} = {0;2} h= 5 mod 1 (18.147) 


(fori r= = eel 


and they can be identified unambiguously with the Ising primary fields I = ¢(, 1), 
€ = $2.1), and o = $i) 2), respectively. These identifications lead to the character 


identities: 
= 1 63(q) 64(q) = 0 
xa,(q) = 5 (\ oO ml se) = n(q)co(q) 
_ L 63(q) 7 64(q) <a (18.148) 
X21) = 5 (\ 7(q) ‘| a) n(q)e3(q4) 


ne a = n(q)el(q) 


(Equivalent expressions for the su(2), string functions are presented in Ex. 14.11.) 
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Again, this construction provides nice expressions for the §u(2)2 characters. 
The character decompositions read 


Xr.0 = a0 = (co K® +8 K”) 
xo2 ne = = (cee KO +3 aK) (18.149) 
Ai) = oe =n (c! ee Gls K) 
where these functions are understood to be evaluated at q. Using the identities 
AE Me el Ee (18.150) 


and the relation between K and the generalized theta functions, we write 


(2 0 (2 0 (2 
lp =o On Tepe 


= = c° e? +09 e? (18.151) 
2a. 


Again, the generalized theta functions are expressible in terms of the Jacobi theta 
functions as follows: 


b) 2 
ey + @y =) (ger? + get") — aq) 


neZ 
(2) (2 : n 
@? — @? — > (a 2_ 9 ae) = 6,(q) eee 
neZ 
(2) aa | 
@? — PD gee ae - (ge $72 4 qirtleiy? ia i XC) 
neZ 2 neZ 


With the string functions given by Eq. (18.148), we find 


/Tesl2 ela 
= 3((2] + [2] ) 
@ 1 ar Sh fees 
X2 5((2 7 (18. ) 


The corresponding partition function takes the form 


l 

= 3 (l&P + 1A? + 1a 
TIE (121° + 1621? + 121°) i 
=4 2 oe 

v=2,3,4 
where 
1 |6, 

Z,= 5 | (18.155) 
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(cf. Chap. 12). Z, gives the partition function of a free fermion: v = 2,3, and 4 
corresponds respectively to the (NS,R), (R,NS), and (NS,NS) boundary conditions 
(cf. Eq. (10.51)). The st(2)2 theory is known to be realized in terms of three 
fermions (cf. Ex. 15.15). The above partition function provides another way of 
seeing this equivalence. It further implies that the three fermions must have the 
same periodicity or antiperiodicity conditions on the torus. 


EXAMPLE 3: k = 3 


For k = 3, the central charge is 4, but again this does not uniquely fix the field 
content of the theory. The appropriate minimal model can be identified from the 
values of the fractional dimensions of the distinct coset fields: 


{0; 0} h=0mod 1 
{0; 2} h = — mod 1 


{0;-2} h= ; mod 1 
18.156 
tees} h = = mod 1 ( ) 
1 
ee h = >; mod | 
1 
i=] h =~, mod | 


This reproduces exactly the (fractional) spectrum of the three-state Potts model, 
with the required multiplicities. In the coset description, fields with multiplicity 
larger than 1 are seen to be genuine charge conjugates of each other—here the 
conjugation is inherited from the u(1) sector. The identification of the Virasoro and 
coset characters leads to the following expressions for the level-3 string functions: 


0 
Xa,1) + X(4,1) = 1Co 
X(2,1) + XB.) = ie, 

X(4,3) = ney 


1 
X(3,3) = NC, 


(18.157) 


18.5.3. Parafermions 


The coset (18.116) is usually called a parafermionic model. Without embarking on 
the analysis of conformal theories whose symmetry is enhanced by the conservation 
of parafermionic currents, we simply give the rationale for the epithet parafermion. 
The su(2), WZW model can be viewed as composed of two building blocks: an 
Su(2),/(1) piece, associated with parafermions, and a (1) factor, associated with 
a free boson. This must reflect itself in the composition of the su(2), generators, 
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which should then be expressible as 
I*(2) = Vk Woar(z)e'v™* yz) 
I~) = Vie vg (oe 9) (18.158) 
J(z) = iV 2k 8,9(z) 


where Wpar and ae stand for conserved parafermionic fields, and ¢ is a standard 
free boson: 


g(z)o(w) ~ — In(z — w) (18.159) 


Since e#!V2* 2) has dimension 1/k, the parafermions must have dimension (k — 
1)/k. For k = 1, parafermions are absent: the $(2),; WZW model is realized in 
terms of a single free boson (cf. Sect. 15.6); fork = 2 they are genuine fermions. 
Withk > 2, parafermions do not have integer or half-integer fractional dimensions; 
they satisfy a Z; parastatistics, hence their name. 

To complete the study of these cosets, we mention the relation between the 


coset—or parafermionic—fields ‘anes (z, Z) and the su(2); WZW fields ie (272): 


git (2, Z) aa fs (z, Zeta +impe)/ VA (18.160) 


Correlations of parafermionic fields can therefore be computed from those of the 
Su(2), theory. 

For reference, we write the holomorphic conformal dimension of the parafermionic 
fields ff: 


pe — Le +2) _ me? 
im "Ae 2) ak 


The fields that are primary with respect to the parafermionic algebra are the if is. 


(18.161) 


18.5.4. Parafermionic Formulation of the General s7(2) 
Diagonal Cosets 


As an application of our study of the coset st1(2),/u(1), we now show that it can 
be viewed as the building block for the general stu(2) diagonal coset 


Su(2), ® Su(2); 
SU(2)x41 
More precisely, the characters of the diagonal coset will be shown to have a nat- 


ural decomposition in terms of the si(2) string functions. We write the character 
decomposition of Eq. (18.162) in the form 


(18.162) 


wo _ Ss! Lk 
Xt Xe Xe, r; we (18.163) 
—l 


s 
For two characters, we choose to write the Dynkin label in a form that will facilitate 
the comparison with the Virasoro characters for! = 1 and the expressions obtained 


§18.5. The Coset §14(2);/i(1) and Parafermions 825 


in the Coulomb-gas representation for all / (Ex. 18.15). Note, in particular, that 
1 <r <1+1. The starting point in our quest for an explicit formula for Xer:s} 
consists in rewriting Re as a Sum over string functions, as in Eq. (18.135): 


k 
i @ral= >) c(q)O0G,q) (18.164) 


m=—k+1 


with x =e", This key step makes the following character derivation as simple 
as in the / = 1 case presented in Sect. 18.3.1. With 


1 142 
OD _ el) ae 7 Dt) 


i Seo Lo aaa (18.165) 
oP ey DP 
Eq. (18.163) becomes 
k 1+k+1 
re DIP) xen DE a) (18.166) 
m=—k+1 s=l 


We concentrate first on the product: 


©) (x,q) @")(x,q) i a ack (n+ml2k)+(14-2)(n' +1/(U+4)) 


nn'eZ (18.167) 
x Ge mn IOI 


To reexpress the exponent of x in the form (J + k + 2)n + s’/2 for some s’ € Z, 
we must set 


ss =m+r4+2(1+2)(n' —n) (18.168) 


The integer s’ is then decomposed in two parts as 


s'=s+2t(k +142) (18.169) 

with 
1<s <2(k+1+2)+1 and teZ (18.170) 

This yields 
2(k+14+1)+1 
eG gqermr@aag= > Yerreaaqa? (sil) 
S—l teZ 
with 


— (Kk +14 2)r— (1 +2)s + 2k +1 + 20+ 27 


(18.172) 
o 4k(1 + 2)(1 + k + 2) 
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; : ny freee: 
The same result holds with the signs of m, r and s reversed; using C,,, = C_,» WE 
obtain 

kk o2(l+-k+1)+1 


k 
s(t) Pyi+k+2) 
52 cf) O@,g) DY = DY YT Qoemadah Ds 


=— =—k 1 = teZ 
etn a (18.173) 


This is close to the desired result, we need only to restrict the range of s 


appropriately, using De = pe a 
k 
XernsQ= >) en) Fm) (18.174) 
m=—k+1 

this yields 

F,(q) = y (enmae” = bm meq) (18.175) 

teZ 

with 


m’ = |s —r — 2t(1 + 2)| mod 2k 


(18.176) 
m’ = \|s +r —2t(1 + 2)| mod 2k 


The present derivation provides a rationale for the Coulomb-gas construc- 
tion presented in Ex. 18.15: the coset characters are naturally decomposed into 
parafermionic characters, ne*,, and a piece that looks like a deformed mini- 
mal Virasoro character or, more properly formulated, a deformed Coulomb-gas 
contribution. 


§18.6. Conformal Theories With Fractional su(2) 
Spectrum-generating Algebra 


To complete the coset description of the minimal models, we now have to consider 
nonunitary models. In order to reproduce 


6(p — p’)? 
a cal (18.177) 
pp 
with a coset of the form (18.51), we clearly need 
3p’ — 2, 
Se (18.178) 
Pp—Pp 


With p — p’ # 1, the level is fractional! 

At first sight, WZW models at fractional levels are not well-defined: the Wess- 
Zumino action is not single valued. In spite of this, we can set up an algebraic 
formulation of these WZW models starting from the current algebra. There are no 
immediate problems with such a formulation: the Sugawara energy-momentum 
tensor can be constructed exactly as before, primary fields are again associated with 
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highest-weight states and their conformal dimension is still evaluated by means 
of the formula (15.104). As for the integrable case, not every highest-weight state 
qualifies as a state associated with a primary field. These are only those states that 
are the highest-weight states of the admissible representations introduced below. 
For a fixed value of k, there is a finite number of admissible representations. Their 
characterizing property is modular covariance: they all transform linearly into each 
other under modular transformations. 

A priori, the algebraic formulation of a fractional-level WZW model is not to 
be viewed as a cure for the intrinsic “sickness” of the model defined in terms of 
an action. Although there are no problems in the mere algebraic formulation of 
the theory, inconsistencies could very well arise at some point. Indeed, the fusion 
rules of the theory calculated from the Verlinde formula are not positive!® 

Our position here with regard to these models is the following: our immediate 
purpose is not to make physical sense of fractional-level WZW models for them- 
selves; they will be used as coset building blocks and it is only the final coset 
theory that really has to be well-defined. 

Since our primary objective is to complete the coset description of the min- 
imal models, we restrict ourself to the presentation of the su(2) admissible 
representations, deferring consideration of the general case to App. 18.B. 


18.6.1. Admissible Representations of su(2), 


In this section we return to the theory of representations for affine Lie algebras, 
in order to characterize those su(2) representations at fractional levels that are 
modular covariant. 

Let the fractional level be of the form 


k= a (18.179) 
u 
where 
ueN, t € Z/{0}, (Pay! (18.180) 


That is, is a positive integer, ¢ is a positive or negative (but nonzero) integer, and f 
and uw are relatively prime. Notice that k can be negative. We define the admissible 
representations of Su(2), as highest-weight representations whose highest weight 
i can be broken into two integrable weights 4! and A as? 


eek! Soe (18.181) 


8 Nevertheless, a deeper understanding could very well show the value of algebraic formulation 
of fractional-level WZW models. For instance, a naive application of the Verlinde formula might be 
inappropriate in this context, but the naive adaptation of the integer-level WZW action does not work. 

9 We warn the reader that such a simple characterization of the admissible representations is not 
typical, and is valid only for su(2),. 
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at respective levels k! and k* given by 
ki =u(k+2)-220 


(18.182) 
kF=u-1>0 


(Since the level is additive upon weight addition, we verify that the level of d is 
indeed k.) The superscript J or F refers to integer or fractional, but we stress that 
even though / i is responsible for the fractional part of A, it is itself an integrable 
weight, 1.e., AP € Z,. The integrability of M and AF forces the above inequalities 
on the levels. The condition u — 1 > 0 is always satisfied but the other condition 
provides a lower bound on the value of ft: 


[=a 2 (18.183) 


Because ¢t and u must be relatively prime, f can take the lower bound value only 
when u is odd. When u = 1, admissible representations reduce to integrable ones: 
kP=0, 17 =0, =k. 

Because 4 is built from two integrable weights at finite positive levels, there 
is a finite number of admissible representations at each fractional level. Actually, 
this number is simply (k’ + 1)(k* + 1). The list of admissible representations for 
k = —4,—} and —4 is given in Tables 18.4, 18.5, and 18.6, respectively, together 
with their conformal dimensions: 

Ar(Ay + 2) 
4(k + 2) 
We note the occurrence of negative conformal dimensions, the clearest signal of 

nonunitarity. 


i (18.184) 


Table 18.4. Admissible 
representations of Su(2)_s 

i Nu AF h 
(—7,0] [0,0] [2,0) 0 
[-§,-§] 0.0) 10 — 


Lai Lol 


18.6.2. Character of Admissible Representations 


The character of the sti(2), admissible representations, evaluated at the special 
point & = —2mi(¢; 1,0), with ¢ = zw, is 


O? elu; t) — OP Ju; 2) 


xz 1) = —_——__——_ (18.185) 
ez; 1) -— OP (2; 2) 
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where 


Table 18.5. Admissible 
representations of sti(2)_ | 


2 
Table 18.6. Admissible 
representations of St(2)_ ! 
a i AF h 
[3,-2] (3,0) (1,1) -% 
[3,-2] (3,0) (0,2) 2 
[-3,1] 2,0 (2,0) 3 
[.-3] 2.1) (1) -% 
2-7] 2,1) 0,2) ¥% 
[-3,2] [1,2] (2,0) §& 
(1,-2] [1,2] [0,2] -% 
[-¥,3] [0,3] (2,0) j 
[-3,4] (0,3) (1,1) 3 
(0,-5] [0,3] [0,2] -—¥% 


Oz; 1) = > Bo 


eZ+b/2d 


829 


(18.186) 
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and g = e2"*, x =e? !° The parameters d and bx are given by 
= 
inte! P (18.187) 
bs =u[t(al +1)-(k+2)A)] 
We note that 
=1-('+ )- 2)aF 
beou— 1A pie (kem) (18.188) 


b_w, =s,-(a' +p)—(k +2)" 


which means that the character can be expressed as a sum over the Wey] group as in 
the integrable case, but with the action of the Wey] group restricted to the integral 
part of the weight. Actually, when u = 1, Eq. (18.185) reduces to Eq. (14.174). 

We consider the limit z > 0 of the above character. It is simple to see that the 
denominator vanishes linearly in z: 


@(z; 2) — ©) (z; 1) = —2mizg® Y g?*"*9(45 +1) +O?) (18.189) 


sez 


But this is not so for the numerator: 
@? (eu; 1) - 0? (lu; p= q?* [4d ,b/2u Yue 


séeZ 
i. (xcasi - q’' [2es(k+2)+a4 +1] = 4 —1—dsiu) 
(18.190) 
When a # 0, this expression remains finite as z — 0. As aresult, the specialized 
character of admissible representations with fractional finite weight is infinite. 
To understand this feature, we recall that the specialized character codes the 
number of states at each grade. In the integrable case, the number of states at each 
grade is finite and these states are organized in su(2) finite dimensional represen- 
tations. The specialized character is thus finite. In the fractional case, states at each 
grade are also organized in su(2) representations; but su(2) representations with 
fractional highest weights are infinite dimensional. Consequently, the specialized 
character is infinite. 


18.6.3. Modular Covariance of Admissible Representations 


The modular S matrix for admissible representations can be obtained as before, 
by means of the Poisson resummation formula. The details of the derivation are 
left to the reader (see Ex. 18.16); the result is 


2 ae Fy, 1 
Some 


x en ite y 1(k+2) ¢ sin [= ae (uh ste 1) 
k+2 


(18.191) 


10 : : —_— : 
As in the integral case, the character formula is given without proof (and convergence issues are 


ignored throughout). However, the above expression for the generalized theta function is equivalent to 
Eq. (14.176). 
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The T matrix is (as usual) given by 


ee 8,6 i) (18.192) 
Both matrices are unitary. 

Take, for instance, the model at level — :. Because the finite integer part of all 
the fields is zero, only the phase prefactor contributes to the S matrix. With the 


fields ordered as in Table 18.4, we find 


fi -1 1 
Se | Slee =e |, e=e™3 (18.193) 
V3 li —canes 


whose unitarity is easily verified. 


18.6.4. Charge Conjugation 


From the list of primary fields given in Tables 18.4-18.6, we notice that there are 
distinct fields with the same conformal dimension. For WZW models at integer 
level, this is a frequent feature: primary fields associated with conjugate represen- 
tations always have the same dimension, and fields with the same dimension are 
necessarily conjugates of each other. The conjugation of these fields is inherited 
from the conjugation of the Lie algebra representations. This, in turn, reflects the 
automorphism of the Dynkin diagram. 

But here there appears to be a sort of conjugation for the fractional-level 
representations with no integer-level analogue (sz(2) representations are always 
self-conjugate), hence with no relation to the Dynkin diagram automorphisms. 

These examples reveal that states in conjugate pairs all have nonzero fractional 
parts. The other states, with integral finite parts, are self-conjugate, as expected. 
Since the dimension formula is invariant under the transformation A — A — 2p, it 
is natural to guess that 


A* = 1 br + (—A — 2A)(1 — 3,7 0) (18.194) 


This will be confirmed below from the calculation of S? = C. We first prove 
that when a 0, —} — 2 is admissible if A is so. This shows that conjugate 
states in the fractional sector always occur in pairs. When i # 0, the conjugate 
transformation is 


i ae 
. (18.195) 
or equivalently 
tl hu 
alii (18.196) 


MP a Hay) Bh 
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where a is the si(2) outer automorphism. If 4! is integrable, aA! is also integrable. 
Similarly, if 7 is integrable and A* > 1, this means that 


1<aP<u-1 = 1su-A<u-1 (18.197) 
that is, u — ae is the nonzero finite part of an integrable weight at level u — 1. 


Finally, we show that there can be no self-conjugate state with me # O, resulting 
from fixed points in the J and F sector. That would correspond to states such that 


Ma=ki'-M and Pak -7F (18.198) 


This requires k’ and k* both to be even. But, since k’ = t — 2u —2, this contradicts 
the condition (t,u) = 1. 
The transformation (18.194) implies that 
bi = —b.. (18.199) 


when A‘ + 0. From the expression (18.186) for the theta function, it is readily 
seen that 
09 (z; 2) = 0 (-z; 2) (18.200) 


The denominator of the character is not affected by this conjugate transformation 
because it involves only integer weights. But if we want to express the character 
at the point —z, it picks up a minus sign: 


@(z; 1) — 0% (z; 2) = -[0 (—z; D — 0? (—z; 2] (18.201) 
This leads to 
xi(—2z; t) = (-1)"F°y3.(z; 2) (18.202) 
Writing this relation under the form (cf. Eqs. (14.226) and (14.229)) 
xi(—z; t) = Cypmale; o (18.203) 


allows us to read off the charge conjugation matrix: 


Chg = St. g(—1) (18.204) 


Since z — —z can be obtained from two applications of t — —1/r (cf. 
Sect. 14.6), we have thus essentially checked that S? = C, with C given above. 


With our simple example at level —+, we obtain 
L 0 
SC 01 0) 1 (18.205) 
0 -1 O 


18.6.5. Fusion Rules 


We have already indicated that for WZW models at fractional levels the fusion 
coefficients calculated from the Verlinde formula are negative. For a simple il- 
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lustration, take the model at level—¢ whose S matrix is given in Eg. (18.193). 


Applying the Verlinde formula directly, we find 


i) 4 4 
ee) (0 =e 0 (18.206) 


It is not too difficult to derive, from the Verlinde formula, a closed expression 
for the fusion coefficients. However, in the following, we will need fusion rules 
only for fields with vanishing finite fractional parts. This case is easily treated 
because 


fe.) (18.207) 
i Sas ANSo . 
where x,(&,) is the su(2) finite character evaluated at the special point & = 
—2ni(o + p)/(k + 2). The method of Sect. 16.2 applies and we end up with the 
very simple relation 
k) d d 
apr =0: NO = i 


Ao 


i a 
a7 ae e (18.208) 


The fact that the fusion rules at level k, for weights with zero finite fractional part, 
are given by the fusion of their integral parts at level u(k + 2) — 2 will be used in 
the coset construction of nonunitary minimal models, once it will be proven, from 
field-identification considerations, that fields with zero finite fractional parts are 
suitable coset representatives. 


§18.7. Coset Description of Nonunitary Minimal 
Models 


Armed with these results on fractional-level representations of st(2), we now turn 
to the coset description of nonunitary minimal models. As already pointed out, 
with a coset of the form (18.51), we need 


eS old (18.209) 
P=P 
so that p and p’ are related to k by 
p=ulk+2)+u, p =u(k +2) (18.210) 
Characters of coset fields are still given by normalized branching functions x,;_ ;,. ;, 


where A, ji and (are admissible weights at levels k, 1 andk +1 respectively. Again, 
this implies a selection condition of the form Eq. (18.26) which, in the present case, 
takes the form 


M-(k+2)Af +h — 4 +(k+3)yj =O mod 2 (18.211) 
Because k is fractional, this can be satisfied only if 
a (18.212) 
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Actually, this needs to be verified only modulo u. But since changing k byk + 1 
does not change the value of u, the level of both A’ and DY is u — 1; since both 
weights are integrable, a and vf cannot differ by a nonzero multiple of u. The 
]-part of the weights must then satisfy 


+ pi —v{ =0 mod 2 (18.213) 


We note that the levels of i/ and 6’ differ by u > 1. The derivation of the coset 
characters from the character decomposition (18.54) goes through exactly as in 
the unitary case. However, the derivation can be simplified once the problem of 
field identification is under control. To appreciate the novelties brought by nonuni- 
tarity in this respect, we consider the simplest nonunitary model, the Yang-Lee 
singularity, with (p, p’) = (5, 2). 


18.7.1. The Coset Description of the Yang-Lee Model 


We first list all the admissible weights at levels — ¢ and —}. This has been done in 


Tables 18.4 and 18.6. Next, we look at all triplets 4, 2, at levels —$, 1 and —4 
respectively that satisfy Eqs. (18.212) and (18.213), and evaluate their fractional 
dimension from h; +h, —h,. Collecting fields with the same fractional dimension 
leads to the results presented in Table 18.7, where triplets are labeled by their finite 
parts. 

This model has central charge -= and, since there is a unique minimal model 
for this value of c, it is bound to be the Yang-Lee model. It must have two primary 
fields of dimension 0 and — t . Therefore, fields in Table 18.7 within each set have to 
be identified. Clearly, the way fields are identified goes beyond the mere action of 
the outer automorphism a since that can account for only two field identifications 
(since a? = 1), whereas six are required here. 


Table 18.7. Coset fields for k = —§ 


h=0 {0; 0; 0} {—4,1; -4} {-3,1; -3) 
fe aa: —} {0; 1; 3} 

h=-% {0;1;1} {—4,0;—4} {-3,0; -3} 
{—3, 1; 3} {-—$,1; -2} (0; 0; 2} 
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18.7.2. Field Identification in the Nonunitary Case 


Using the S matrix (18.191), it is easily verified that 


(ky) _ tka FX'F lk) 
sey = OO ha (18.214) 
(kK) ¢_ NF pamikaF+4)a® elk) . 
Sg eae Sh 
In turn, this implies 
Qmik(a nF —yF iF 
Sie, ve *}, (07, a’; v} = Si, ne 0,0", pi: v} (2 mike ety ila ) (18.215) 


Because At = v{ and A = v, the phase factor is unity. Since the conformal 
dimension is not affected by conjugation, we find the field identification 


{A*, fi; O*} ~ (A, fa; 0} (18.216) 


This is compatible with the branching conditions (18.212)—-(18.213). Similarly, 
since 


Stak, aft; ad} Ai’, ai: 0) = OU, as AM, a (18.217) 
we conclude that the outer automorphism still yields a field identification: 
{ad, aj; ad} ~ {A, fu; 9} (18.218) 


We now return to the Yang-Lee model. We recall that the coset fields are given 
in the form {A,, 41; v;}, which are the finite parts of affine weights at respective 
levels —4, 1 and —4. Therefore, 


4 il 
ahr, was vi} ={-_ — Aa b— mai — Mi} (18.219) 


On the other hand, if A, is an integer, AJ = A,. However, if it is fractional, 47 = 
—A, — 2 (cf. Eq. (18.194)). In that case, with 
CA = A* (18.220) 
we have 
C{Ay, Mis Vi} = (Aq, as Vp} = {—A1 — 2,415 —V1 — 2} (18.221) 


Consider the action of a and C on the fields with fractional conformal dimension 
0 in Table 18.7: 


2100-0). weeet=-, ee) 


3 


a 4-0: -} (18.222) 
3 3 3 3 

c{—*,0;*} ={-*,0;--} 
3 3 3 3 


a{—-,0; —-} = {0,0; 3} 
3 3 
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All these fields are then identified through the chain acaca. Exactly the same chain 
relates the six fields withh = —t mod 1 in Table 18.7. Note that in this chain, we 
start and end with a coset field of zero fractional part. 

It is not difficult to show that, for the diagonal coset 


SU(2)tu ® SU(2); 
SU(2) peti 


and starting from a coset field with at = 0, fields can be identified according to 
the sequence or canonical chain: 


(ac)*'a (18.223) 


which reduces to the previous chain when u = 3. The proof of this result is left 
as an exercise (Ex. 18.22). Since there are 21 — 1 elements in the chain, 2u fields 
are identified. We now count the number of distinct coset fields. For A‘, se and wi , 
there are respectively k? + 1, u, and k! +u +1 possible choices; 1; is uniquely 
fixed by A! and v/, whereas v} must be equal to A} . Dividing the total number by 
2u yields 


ski tut Dero 50 - De =1) (18.224) 


which is precisely the number of distinct primary fields in the minimal model 
(p,p’). 

A coset field can be represented by any triplet of weights in the orbit of the 
canonical chain. Since every chain contains two sets of weights with zero fractional 
parts, any one of these provides a convenient choice of coset representatives. In 
the subclass of coset fields with zero fractional part—i.e., of the form a 
there is now only one field identification, relating the two fields at the ends of the 
canonical chain: 


(Al, fF} ~ (ac! a{i!, a: ¥} (18.225) 


As far as the integer parts are concerned, we then act u times on jz with a, but 
2u + | times on both 4! and 6 (since the action of c on the J part is simply a). 
Because a” = 1, this produces 


{A', A; 0} ~ fai! a" a; ai} (18.226) 
and this is compatible with the branching condition since 
Mitty, =0 mod2=> k Sak! wey! = 0 aad 


. (18.227) 
Without the factor of uw in Eq. (18.226), the branching conditions are not satis- 


fied, and to obtain this factor, we have to go through the full analysis of field 
identification using all admissible representations. 
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18.7.3. Character Decomposition, Modular Matrices, and 
Modular Invariants 


The results of the preceding subsection indicate that the character of primary fields 
in nonunitary minimal models can be obtained directly from the decomposition of 
the character product rete te. into a sum of characters ae! Since this derivation 
is in all points similar to the one pertaining to the unitary case, it is left to the reader 
(see-Ex: 18.23). 

Coset fields can thus be specified by two integrable weights, 4’ and 6”, at levels 


k! and k! + u, respectively or, equivalently, by two labels (r,s) defined by 
r=N+1 l<=r<p'-1 p'=k'+2 
s=vi4+1 1<s<p-1l1 p=K424+u 

The S matrix for Virasoro primary fields is easily recovered from that of its WZW 

components. This can then be used to show, following the analysis of the unitary 

case, that the Virasoro fusion coefficients are simply the products of two su(2) 
coefficients, one at level k! and the other at level kK’ + u, in perfect agreement with 

the result (8.131). 


Modular invariants for the nonunitary minimal models can be obtained, again 
exactly as in the unitary case, by the product-form mass matrix: 


(18.228) 


1 
Me ot es (18.229) 


Since ¢ and w are relatively prime, so are k’ andk! +u. Hence, one of k! ork! +u 
must be odd, and one factor in Eq. (18.229) must be of the A-type. Listing all pairs 
of invariants containing at least one A-type factor leads to the full list of invariant 
partition functions presented in Eqs. (10.3) and (10.4). 


Appendix 18.A. Lie-Algebraic Structure of the Virasoro 
Singular Vectors 


The coset construction described in Sect. 18.3.1 yields the characters of the ir- 
reducible Virasoro modules directly. As seen in Chap. 8, these characters code 
the subtractions of the different singular-vector submodules from the original re- 
ducible Verma module. This plain fact naturally raises the following question: 
How are these singular vectors described from the Lie-algebraic point of view? 
This appendix addresses this question." 

In a finite simple Lie algebra, the integrable representation of highest weight A 
is obtained from a reducible Verma module V, by quotienting the singular vectors 


(Eg 7A) = bse A) (18.230) 


'1 The more interesting question: “How is the structure of the coset singular vectors inferred from 
those of the WZW constituents?” is rather difficult. The coset construction of a given model is not well 
suited for the study of its singular vectors. 
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adding the intersection of their submodules, and so on. The Verma module VV; 
is generated by the free action of the lowering generators E~*, a > 0. The 
corresponding character is thus 


e* 


V,) = ———"—_—~ (18.231) 
m ‘ Tlasof! 7 ge) 
The character of the irreducible module L,, encodes the submodule embeddings: 
x(n) = xm = Do ew) x(Vwa) (18.232) 
wew 


Similarly, for an affine integrable representation described in terms of a 
reducible Verma module V;, 


ys, Ae 9) (18.233) 
and 
(Ey = sod) (18.234) 
are singular vectors! (cf. Sects. 14.3.1 and 15.3.4). The irreducible character is 
ch(L;) = ch; = )> e(w)ch(V,,,;) (18.235) 
wewW 
with 
e 
ch(V;) = (18.236) 


Tleso(l — e7#) ah @ 


Since the modular anomaly of the various terms w - i is independent of w (i.e., 
h; =h,, ;), Eq. (18.235) holds for the normalized characters also. For su(2), the 
structure of module embeddings is easily described: the module V,.. ; is embedded 
in the module V,,, ; if the (minimal) length of w is longer than that of w’. 

As we will now see, the structure of x(L;) (or any of the three weights) is 
directly transposed to the coset field {A, ju; }}. For the present purpose, it is more 
convenient to label the coset field by the pair of shifted weights {A + ~; ) + p}. 
We denote the Virasoro Verma module character by 


hrs) 


nq) 


where, as usual, the labels r and s stand for the finite Dynkin labels of the weights 
i + p and vb + p. More precisely, in order to take into account the nonunitary 


XV 545, 549)) = XVir5)) = (18.237) 


12 The expression for so - 4 follows from Eq. (14.73). That is, 
So-A =so(A+h)—p 
=A+p+(k+g)6-(+p,0)0-p 
=A+{k+14(,0)16 


where @ is the level-zero affine extension of 6, and we used the relation (p, 6) = g — 1. This is indeed 
equal to the weight obtained by subtracting k — (A, 6) + 1 times 6 from i. 
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as well as the unitary cases, we identify r and s with finite Dynkin labels of the 
weights i! + f and # + #, respectively, as in Eq. (18.228) (u = 1 corresponds to 
the unitary case). The conformal dimension h,., is 


h,. = WOL+ e)— pv! +e)? — Ipe—p'el _ (pr —p'sY —(@ —P'? 
Si aa ale! ae 


2pp’ App’ 
(18.238) 
The character of the irreducible representation can be written as 
Xi+a; t+) = ss Ww) xVivcitay: 453) (18.239) 


weW 


This gives a series of embedded submodules that reproduces exactly the tower 
obtained in Sect. 8.1 for the reducible Virasoro modules (cf. Fig. 8.1). This 
correspondence is displayed in more detail in the next paragraph. 

In the following, we set 


(A+ A; 0+ A) = {ly —r7); p —s,sl}=(5)~(p’ —r,p—s) (18.240) 


(2) 


and denote by oe (resp. s;) the action of s; on the first (resp. second) weight 


) and se we 


of the coset pair. By acting successively on the (r,s) state with s4 
obtain the following sequence of singular vectors: 
a 
(p' rrp —s,s}—> {[-p' +r,2p’ - rp —s,s)) 
sf) 
—> {3p’—r,-2p’+r];[p—-s,s] 
(ep " ls (18.241) 


=> {[-3p’ +1, 4p’ — rp —s, 5]} 


This reproduces the left side of the tower of Fig. 18.1. It is conventional to choose, 
between the zeroth and first Dynkin labels, those which are positive for the two 
weights. The right side of the figure is obtained by modifying the ordering of the 
applications of the two basic Wey] reflections: 


Q) 


{p' —rnrliip—s.sJ—> {p’ +r: ip —-s,s}} 


i es ame i (18.242) 


—> {Bp’+r,—-2p'-r];[p—-s,s]} 


The second set of labels appearing in Fig. 18.1 is obtained by means of the identities 
hy, — = -s = hysrp+s» hy'+1 = h, r,—p+s (18.243) 


which are trivial consequences of the formula (18.238). The ea of the 
submodules on the different sides are obtained by acting with we and s, on the 
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: (2) 
second set of labels given in Fig. 18.1: gl acts from left to right and s;° from 
right to left.!? For example: 


ssp’ —r.7h ip —s,sI}=s (le +7-rk p—s.s]} (18.244) 


According to our convention, the state on which of acts is denoted by (p'+r, ps). 
An equivalent labeling, obtained by means of the identities (18.243), is 


(p' +r,p —s) ~ (—p' -1,-p +s) ~ (p' —np +5) (18.245) 
therefore 
{Ip' +7, 1]: (p —s,s]} ~ (fp — 771: (ip +s,—s]} (18.246) 


It is on this last field that we must act with oe , with the result 
s?{(p’ — 1,1); [p +s,—-sl} = {e’ — nr]; (-p —s,2p + s}} (18.247) 


denoted by (7, 2p + s). Using ays,” we have then moved from the top of the 
module to the first submodule on the right, and from then, to the second submodule 
on the left. 


Appendix 18.B. Affine Lie Algebras at Fractional 
Levels and General Nonunitary Coset Models 


18.B.1. Admissible Representations of Affine Lie Algebras 
at Fractional Levels 


In this section we present the general characterization of admissible representations 
of any affine Lie algebra at fractional levels 


k=- (18.248) 
u 


where ¢ is a nonzero integer (positive or negative), u is a positive integer, and t 
and u are relatively prime. To every element y of the subgroup W/W(A) of the 
finite Weyl group W is associated a set of possible admissible highest weights i. 
W(A) is the subgroup of W isomorphic to the outer-automorphism group O(g) 
of g, that is, it is generated by all the elements w, associated with A € O(§) via 


'3 On the primary field, the action of ay is the same as that of oe but this is no longer true for the 


submodules, due to the noncommutativity of the Weyl reflections. For instance, 


\pso(A + p) — p’(v + p)| = |p(A+ p) — p’so(v + p)| 
but 


Ipsiso(A + p) — p'(v + p)| = |p(A + p) — p’sosi(v + p)| # Ip(A + p) —p’siso(v + p)| 
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(r,s)~(p/—r,p-s) 
Sa Sag? 
(2p'-r,8)~(r,2p-s) __ (p'+1r,p-s)~(p'—r,p+s) 


(2) (2) 
Ss 
1 1 0 

s ¢ ) eo) @) 


(3p’7,p+s)~(r,2pt+s) — (2p'+r,s)~(p'—r,3p-s) 
Vc.) 
(4p’-r,s)~(r,4p-s) (3p'+r,p-s)~(p'—r,3p+s) 


(2) (2) 
Q) 7 So (1) 
oa Ys; 


Figure 18.1. Embedding of submodules in the V,.(p,p’) Verma module from the coset 
approach. 


Eq. (14.98). Furthermore, each of these weights may be broken up into an integer 
(J) and a fractional (F’) part: 


i= y (i! Se gr) (18.249) 


where A! and A” are both integral weights. The level of the integer part a! is 
‘= u(k+g)-g >0 (18.250) 
and that of the fractional part AF” is 
kF = u-12>0 (18.251) 
The integer part A! is the highest weight of an integrable representation, 
pia 2c (18.252) 


On the other hand, the Dynkin labels of AFY must satisfy the following two 
conditions: 


We LZ j=0,1,.7 (18.253) 
a 


U p 
i 
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(we recall that a;/a;’ is always an integer) and 


Py aay +y(aY) € OY (18.254) 


where QY is the set of real coroots of &: 


=) nay, nj €Z, andatleastone nj #0 (18.255) 


Thus, giveny € W, we can determine the possible values of a at a given level kf 


and then construct the admissible weights i at level k corresponding to the choice 
of y. This set of admissible highest weights for a fixed y will be denoted C. The 
set of all admissible highest weights at level k is just the union of these: 


a LU pk (18.256) 


y 
yew/W(A) 


When u = 1, we find P* = joa 
We illustrate the construction of admissible weights for st(2), Su(3), and S0(5). 
For si(2), all marks and comarks being 1, Vi ” is an integer. We first pick an element 


y € W/W(A) and derives the corresponding restrictions on the values of 4; from 
Eq. (18.254). Since W = W(A) for su(2), the only choice for y is the identity. 
Then Eq. (18.254) reduces to the following two requirements: 
Gee + ia ¢€ Oy 
oe oy : fom (18.257) 


The coefficients of the coroots must be greater than or equal to zero, with at least 
one being positive. This forces 


AG =O ~ and A) 0 (18.258) 


Therefore, the two Dynkin labels must be positive definite, and any si(2) 
admissible weight is of the form 


A=M—-(k+2)0" with ePK, Fe pe (18.259) 


This is the way stu(2) admissible weights have been presented in Sect. 18.6.1. 
For su(3), the Dynkin labels of AF are still elements of Z. The su(3) finite Weyl 
group Is 


W = {1,5),52,5152,5281, 515251} (18.260) 


The elements of W(A) are 


W(A) = {1,s152, 5251} (18.261) 
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corresponding respectively to the outer automorphisms 1, a and a? (a is a cyclic 
permutation of the affine Dynkin labels). Therefore, we can restrict y to the set 
{1,5,}. The conditions (18.254) take the form: 


wel: AP'S 0 
es z (18.262) 
Sines Oe) 
We take, for instance, the simplest s(3) nonunitary model, at level —3 (u = 2, 
kF = 1 andk! = 0); the allowed i*” are 
1 
= peero) (OelO},  [0,0,1 
te ! | | (18.263) 
Or OME), 
Therefore there are four admissible highest weights: 
3 5) 3 es ee 
—.,0,0], 0,-—~,0], 0,0,-—~ stg bc Meccan <'9| a 18.264 
[ 5 al 5 ee 5] [ aa) 5! ( ) 


where the first three are obtained from y = | and the last one from y = s). 
We now consider 50(5). The simple roots are 


Cue, 0, 21 01. — 10,2, 21,5 a2. —[—1,—1, 2] (18.265) 


the last one being the short root. All pes and comarks are equal to unity except 
a7 = 2. This implies that Aus € Zand Af” € 2Z. The sets W, W(A), and W/W(A) 
are, respectively 
W = {1,51,S2,51S2,$2S1,515251,$251S2,515251S2} 
W(A) = {1,5)5251} (18.266) 
W/W(A) = {1,51, 52,5152} 


The constraints on the 4/*’s with y © W/W(A) are found to be 


es > 0, 
Hee 0 3 AS 1 

(18.267) 
Ge 0e, Ass 


le =| ed. Sie Oe ie 


We note that - *2 > 2 and, since the other two Dynkin labels must be positive, 
the sector y = 5S is allowed only for u > 3. For the simple case Ke ee: 
the list of admissible weights is thus 


3 3 1 1 


ms a Sete 0, —1 18.268 
ee [0, 5°01, [0, > ee 01) ( ) 


Be? 


with y respectively equal to 1, 1, s;, and s;5s2. 
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18.B.2. Modular Properties of Characters for Admissible 
Representations 


Since we will not need the explicit expressions for the characters of admaigalic 
representations, we only present their S modular transformation matrix: 


Sp Se PIO” ake ey) 
x exp {27i[(a! + p, pt Oru’ +p) —k +g)", uy) (18.269) 


: / it 
x 3 e(w) e72mi(w0. +p)! +p)/(k+g) 
wew 


Here A € px and fi € By and the fractional parts 4” and u’ are defined by 
AF = y(A"?) (18.270) 


As usual, €(y) stands for the signature of the Weyl group element y. This matrix is 
unitary. For su(2), it reduces to Eq. (18.191). When k* = 0, we have to consider 
only y = 1, and the modular matrix S of integrable representations is recovered. 

Because the summand depends only on the integer part /, the fusion rules 
(calculated by the Verlinde formula) are essentially determined by the integer part 
of the weights. 


18.B.3. Charge Conjugation and the Associated Weyl Group 


Given the S matrix, we can calculate the charge conjugation matrix C from S*. 
But since the result is most neatly presented in terms of a particular subgroup of 
W, we first introduce the appropriate concept. 

To the finite part A of an admissible weight i, there corresponds a subgroup of 
the finite Weyl group, called the associated Weyl group W~*. It is generated by the 
reflections with respect to all positive roots w such that (A,a@”) ¢€ Z. If all finite 
Dynkin labels are integers, it coincides with the full finite Wey] group. However, 
if some of the finite Dynkin labels are not integers, W* will be a proper subgroup 
of W. A simple sz(3) example is: 


Lye 
Cee W* = {1,51525) = So} (18.271) 
As another example, consider the su(4) weights and their associated Weyl group: 
1 5 
(—3,0, a W* = {1,52,18253515251} 
(18.272) 
( Bo a ee 
3°37 3)° = {1,5)525)) 


'4 We note that for nonsimply-laced algebras, this formula is valid only when x is not a multiple of 
the ratio a;/a,’ corresponding to the short roots. Therefore, this formula should not be used when wu is 
even for B,, C,;, and F4, and when u € 3Z for G2: the corresponding admissible sets are ill-defined 
from the point of view of modular transformations. 
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In the first case the two positive roots such that (A,@’) € Z are a and @, and in 
the second case, the corresponding set of positive roots is {a + a2}. 

We denote by w, the longest element of W%* and, as before, wo stands for the 
longest element of W. Then S? = C yields: 


Cig = €(Woe(Wy)53. (18.273) 
where 
A* = (—w,)-A (18.274) 


For su(2), this is equivalent to Eq. (18.194). We stress that charge conjugation in 
the fractional case is not related to symmetries of the finite Dynkin diagram. We 
illustrate this formula with two su(4) examples: 


1 1 5 2) 1 
0, -5y = (=siesssis7st) (—, —) — 0, —-) 
3! a: sig 295) 
ak. FE ecco ey caine 
ees 7 ae 93733 = a 3’ 3 
18.B.4. Nonunitary Diagonal Coset Models 
We now consider diagonal cosets of the form 
Bk © 8 (18.276) 
Sk+l 
where 
k=tlu, leEN (18.277) 
The corresponding central charge is 
; a iD) 
~/ldimue (1 set De =P) (18.278) 
Cre Ppp' 
where we have introduced the integers p and p’ defined by 
k+g= <a Dp =la (18.279) 


peep) 
Note that for / = 1, requiring (t,) = 1 forces p and p’ to be relatively prime. 
In the following, we denote a diagonal coset primary field by {A, 3 0}, with 
E Py, he Pe. and p € Pe Fixed points are ignored throughout. Coset 
ee are ebethed from the decomposition 


k+l 
ta = a (18.280) 


pe pit 1) 
and a necessary condition for their nonvanishing is 


A+p—beQ, y=y, at (18.281) 
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where Q is the root lattice of g. Two important aspects of this decomposition 
must be emphasized. The first is that ) and ? are associated with the same Weyl 
group element y. The second is the equality of the fractional parts of A and v. This 
identification is made possible because A‘ and DF have the same level (u — 1), 
even though the levels of } and ? are different. The fractional part appears then as 
a conserved charge under tensor-product decomposition. 

The fractional part of the conformal dimension of the coset primary field, given 
by 


h=h,+ hp - h; mod 1 (18.282) 
can be written in the form 


_ pate—pv+eP-@'-pylel? , (Hu +20) _ I= vi? 


dl 
2lpp’ 2(1 +8) 1 


(18.283) 
in terms of the coprime numbers p and p’ introduced in Eq. (1 8.279), or equivalently 


h 


p=kK+eg+lu, pak +e (18.284) 


For 1 = 1 and simply-laced algebras, it can be checked that the last two terms in 
Eq. (18.283) cancel. 

The coset S matrix can be calculated from Eq. (18.269), and used as the starting 
point for the study of field identifications. This analysis proceeds as in the unitary 
case or St1(2) at fractional level. Accordingly, the results will be presented rather 
briefly. Outer automorphisms still yield field identifications: 


(i, fu; 0} ~ {AA, Ata; Ad} (18.285) 


It turns out that the coset S matrix does not depend upon y and AF’ This imme- 
diately shows that the two coset fields {K, (1; 5} and {’, 1’; 0} can be identified 
if 

p=), Say 9) See, 18.986 
AFY = (4/)F9 mod QY aa 
Equality of the fractional parts modulo the coroot lattice QY, instead of the root 
lattice, is required in order to preserve the conformal dimension. This can be seen 
from Eq. (18.283). 

_ A large class of field identifications can be obtained by assuming that APY = 
(A')F” and y 4 y’. Then ’ =w-dand 0’ = w- tb, where w = y’y~!. Given an 
admissible weight A, it is always possible to find elements w of the Weyl group 
such that w - A is also admissible. In fact, these elements belong to the coset 
W/W*. Since A and ? have the same fractional part, they share the same associated 
subgroup W*. Thus, if w-A is admissible, so is w - ). Furthermore, it is clear that if 
jt, A and b satisfy the branching condition (18.281), this condition is also satisfied 
by the weights 2, w - A, and w - b. Finally, the conformal dimension (18.282) of 
the coset field is not affected by a simultaneous shifted action of the Weyl group 
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on any weight of the coset field. Thus, we have the identification 
(A, a; 3} ~ (wh, A; wd} (18.287) 


We stress that such field identifications arise only in the fractional sector (i-e., the 
sector with noninteger finite weights) since it requires w €¢ W/W’. For integrable 
weights W* = W, and this yields no identification. 

This class of field identifications, together with identifications from outer auto- 
morphisms, appears to perform all necessary field identifications. A special case 
of identifications by the shifted action of W is particularly useful for st(N) cosets. 
We associate with eachelement A € O(g) an operator C, whose action on a weight 
A is defined by 


Cries (yway')- a if the result is admissible with the same y 
x otherwise 
(18.288) 
We note that 


(yway')-A=y- (Ai! —(k+2)(AG’” + 6°) — i») (18.289) 


For su(2), y = 1; this is simply the charge conjugation (18.194). This particular 
shifted action of W, together with outer automorphisms, is sufficient to perform 
all field identifications for su(N) diagonal cosets. 

We consider now the possibility that inequivalent coset primary fields can be 
chosen with a vanishing finite fractional part, i.e., can be of the form 


en} with M+u-—v' =0modQ (18.290) 


modulo the action of the outer-automorphism group. For su(N), it turns out that it 
is always possible to choose inequivalent!> y’s such that all A*” € P4" Ify £1, 
some Dynkin labels must satisfy a stronger constraint than ie > 0. As a result, 
for su(N), the set of admissible 4” for y 4 1 is a proper subset of the set of 
admissible 4“:'. From Eq. (18.286), it is therefore manifest in this case that all 
fields from the y # 1 sectors can be identified with fields of the y = 1 sector, 
and it is sufficient to consider this sector only. Moreover, in the y = 1 sector, all 
fields with A‘! 4 0 can be related to fields with 4”! = 0 by using the operators 
A and C,. This is illustrated in Ex. 18.27, with an Su(3) coset realization of the 
Yang-Lee model. 

For other classical Lie algebras, the group of outer automorphisms is not suffi- 
ciently large to relate all fields with A” # 0 to those with A” = 0, even in the 
y = 1 sector. Furthermore, we cannot choose representative y’s in W/W(A) such 
thatA” € ject , So that a priori we have no reason to restrict ourselves to the y = 1 
sector. Nevertheless, we can still use Eq. (18.286) to identify coset fields, and for 
all examples that have been considered, it is possible to pick a set of primary field 
representatives by restricting the search to y = | and Dt te 


15 y and y’ are equivalent if there is no wa such that y = y’wa. 
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Exercises 


18.1 Field identification: T matrix part z 
Check that when A + A, with A € O(8) and A € O(p), 


Thai: AByAi: 2) = Ti; BAA: BY) 
a nA mn ae kxe) on 
for i, 4’ © PK (8), ji, W’ € P*(p). 


18.2 Partition functions for minimal models , 
Derive the partition function for the Ising and the three-state Potts models starting from 
Eq. (18.100), using the appropriate su(2), mass matrices. 
18.3 Two coset descriptions of the unitary series 
Verify that the central charges of the following two infinite sequences span the whole unitary 
minimal series: 
SU(N + 1)2 ae Sp(2N + 2); 
SU(N). ® u(1) Sp(2N), ® sp(2): 


18.4 Some exceptional coset realizations of the minimal models 
Identify the minimal models corresponding to the following cosets: 


(Ey); ® (Ey); (Es); ® (Es); (G); (Fs), 
(E3)2 , (E¢) , §u(3), ‘ §0(9); 


If the central charge does not fix the theory uniquely, whether it is an A — A or A — D 
block-diagonal invariant can be inferred from the presence of Virasoro primary fields of 
multiplicity 2, rooted here in a nontrivial conjugation of at least one WZW constituent. (Ob- 
viously, a safer but more tedious approach consists in calculating the fractional dimensions 
of the different coset fields.) 

18.5 Some character decompositions 


a) Check the character decomposition (18.106) to order g?, using the following E, 
characters: 


chs, (q) = 1+ 248g + 412497 +--- 
choy (q) = 1+ 248g + 31124q? +--- 
cha, (q) = 248 + 34504q +--- 
chz,(q) = 3875 + 181753 q +--- 


b) Verify the expressions given in Eq. (18.114) and complete the calculation of the first 
decomposition in Eq. (18.113), to order q?. 


c) Verify the second decomposition in Eq. (18.113). For that case, the relevant affine modules 
must first be worked out. 


18.6 An E, nondiagonal coset 
The projection matrix and outer-automorphism branching rules appropriate to the coset 


(Es) 
Su(2)2 @ Su(6)» 


have been described in Ex. 14.17. List all allowed coset fields and indicate those fields that 
have to be identified. Determine the corresponding minimal model. 
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18.7 Quantum dimensions of coset fields 


a) Defining the coset field quantum dimension directly from a ratio of S matrices (cf. 
Eq. (16.59)): 


oe. Si: 5}; {0; 0} 
Di, i) aaron 
Soo, 0}; {0; 0} 
show that 
Di; 5 =D, Ds 
b) Prove that for the su(2) diagonal cosets at levels 1,k, and k + 1, the level 1 field does not 
contribute to the quantum dimension. Calculate the quantum dimension of the Ising model 
primary fields. 
c) Consider the st(2) nondiagonal coset realization of the Potts model, where in 


Su(2)3 ® su(2), 
Su(2)q 


the st1(2), factor is described by the corresponding nondiagonal invariant. Write the Virasoro 
primary fields in terms of the coset characters and calculate the quantum dimension of the 
three-states Potts primary fields. 


d) Generalize the result observed in part (c): when the identity block contains more than one 


term, the quantum dimensions, as calculated from the coset characters, must be rescaled by 
the number of terms in the block. 


e) Verify the decompositions (18.113) from the matching of the quantum dimensions. 


18.8 A maverick formulation of the three-state Potts model: Su(3)2/Su(2)3 


a) Consider the coset Su(3)2/St(2)g, whose central charge is - List all coset fields compat- 
ible with Eq. (18.26) and their fractional dimensions. Compare these dimensions with the 
Kac table for the minimal model M(6, 5). Indicate the coset fields that should be absent in 
order that the set of coset dimensions be a subset of the Kac table. 


b) Use the outer-automorphism branching rule 1 +> a (cf. Sect. 14.7.3) to find all the fields 
that can be identified with the outer automorphisms. By comparing the resulting set of a 
priori distinct fields with the spectrum of the three-state Potts models, show that there must 
be further field identifications, and list them. 


c) Show, up to the order q? (included), that 


X{(2,0,0}; [8,0]) = X{{2,0,0}; [0,8}} = X{{0,1,1); (4,43) 

= q7°(1 4-4? + 2q? + 3q* + 4gh ++) 

= Xi + Xan) 
(the additional two terms are given for reference). To proceed, decompose the su (3) content 
of the modules Lj290) and Ljo1,1) given in Tables 18.2-18.3 into su(2) representations. 
Construct the various su(2)g modules with even finite parts and find the decomposition the 
St(3) modules in terms of s%(2) ones. (To speed up the last step, observe that in the first 
few grades, in the absence of singular-vector constraints, the irreducible content at grade 
n is obtained from the tensor product of the irreducible content at grade n — 1 with the 
adjoint representation.) As a side result, x {(2,0,0);16,2)) 204 X{12,0,0);(2,6)) Vanish up to O(q?). As 
the above relation between coset and Virasoro characters indicates, this coset description 
is equivalent to the diagonal su(3) coset at levels (1,1;2). In fact, all but the last g,/p,,, 
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maverick models listed in Eq. (18.32) have an equivalent description in terms of the diagonal 
coset (£, ® B,)/8- 


18.9 Wakimoto free-field representation for the coset g/p 
Find the expression for the coset energy-momentum tensor In the Wakimoto free-field 


representation. 
Hint: Start with the expression 


1 . 
TE = ~~ (8p - dy) — ia. p- dp + >. aba) 


we Ay 


for the energy-momentum tensor of the g, WZW model, and the analogous expression for 
the p,,, WZW model. Distinguishing the quantities related to p by a tilde (), identify 


=r, ae 
for those @ that are roots of p C g. To find the relation between ¢' and ¢', enforce the 
equality 
high' i=1,---7 
using the general form of h' given in Ex. 15.27. 
18.10 A c = 1 coset with fixed points 


a) For the diagonal coset 
Su(2)2 ® Su(2)2 
Su(2)4 
write all the distinct coset fields and calculate their fractional dimension. 


b) Identify the free bosonic c = 1 theory that has the same operator content as this 
parafermionic coset (cf. the last subsection of App. 17.B). 

Result: Zo5(/12) 

Observe that the operator contents of the two theories do not match exactly: the multiplicity 


of the coset field of conformal dimension 54, corresponding to the triplet 


(A, @; 6} = (0,1), (1,1) (2,21) 


is 1 whereas the field of (fractional) dimension 4 has multiplicity 2 in the bosonic theory 
(1.e., one copy has dimension 4 and the other has dimension =). This reflects the fact that 
the coset field is a fixed point of the outer automorphism. To define the theory properly, the 
fixed point must be resolved, which, in the present case, amounts to replacing 


1 1 
x4 > 3 (xa +1) +5 (x4, -1) 
This modifies the partition function by a constant. 


c) For the general su(N) diagonal coset 


SU(N), ® SU(N), 
SU(N )k, +k, 


find the values of k, and k, at which there are fixed points. 
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18.11 Rational c = 1 models from SO0(N) diagonal cosets 
a) Verify that the different cosets 


S0(N); ® SO(N), 
S0(N)2 


are rational theories atc = 1. Prove their equivalence with “(1) models on an appropriate 
rational square radius. Observe first that, for N = 3, this corresponds to the previous example 
(cf. Ex. 18.10) since S6(3), is essentially the same as stu(2)9; it is equivalent to Zop(/12). 
For N = 4, the coset reduces to two copies of the Ising model since so(4) = su(2) @su(2), 
and it is thus equivalent to Z,,(2). 


b) For N = 5, write the 15 distinct coset fields and calculate their fractional dimension. 
Find the corresponding c = 1 theory. Observe that the multiplicities do not match exactly; 
identify the source of this difficulty (cf. Ex. 18.10). Note that so(S) is the same as sp(4) 
with w, and a interchanged. 


c) For N = 2r + 1, the three finite weights corresponding to the coset field of lowest 
dimension are 
{@, ,@,; 2w,} 
Check that this field has dimension 
1 
h = ———~ 
8(2r + 1) 


and argue that this fixes the value of the radius of the corresponding free-boson theory to 
be 


I = AEP ap Il 


Show also that there are two coset fields of dimensions 4+ 


To with finite weights 


{w; ,0; wy} {0 ,a@1; a} 
These data uniquely identify the equivalent “(1) theory as Zo4(2/2r + 1). (For N = 3, 
this agrees with the conclusion of part (a).) 


d) For N = 2r, the three finite weights corresponding to the coset field of lowest dimension 
are 


{a ’ 0; @)} 
Check that this field has dimension 
] 
h= — 
4r 


Calculate the dimension of the two fields 
{0, @,;; o,} {0, @r-1; @,-1} 


Conclude that the coset is equivalent to Zov(/2r). (For N = 4, this agrees with the con- 
clusion of part (a); for N = 6, since su(4) © so(6), the coset is equivalent to su(2)4/u(1) 
(cf. Ex. 18.13), and this is shown to be equivalent to Zo¢@/6) in Ex. 18.12). 

Remark: These results reveal the surprising B — D duality: 


So(2r + 1); @ SO(2r +1), _ SO(Br + 4), © S0(8r + 4); 


~ 


§6(2r + 1), $0(8r + 4), 
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18.12 The parafermionic coset SU(2),4/u(1) 
a) Verify the equivalence 
su(2) 
=a = Zon(V6) 
b) By replacing the diagonal st(2)4, modular invariant by the nondiagonal one, the coset 
invariant becomes: 


Ixo + xal? + 2lxial? + 2lxusl? + Lxar4 + Xyal7 


(the index gives the conformal dimension). The fields corresponding to each term are, 
respectively: 
{0; 0} © {4; O}, 2{2; O}, 2{2; 2}, {0; 2} @ (4, 2}) 

in the {€; 72} notation of Sect. 18.5. Find the equivalent c = 1 theory. 
Result: Z(./6). 
c) Using the identification obtained in part (b), derive explicit expressions for the string 
functions c} +c}, c} +3, c3, and c3. 
18.13 Equivalent parafermionic cosets 
a) Prove the equivalence of the following two coset models: 

Su(2), Su(k), ® su(k); 

pain and — — 

u(1) su(k)2 

by comparing their central charge and the number of distinct fields and charge conjugated 
fields in each case. To simplify the analysis of the second coset, prove first that, given two 
arbitrary weights A € P|. and > € P%, there is a unique jz € P!, such that the three weights 
satisfy Eq. (18.30). Hence, the number of coset triplets is the number of independent pairs 
{A; D}. 
Remark: The exact spectra of these two coset families have already been shown to be 


identical fork = 1,2,3 in Sect. 18.5.2; fork = 4, this follows from Ex. 18.12 and 
Ex. 18.11. 


b) The su(N) generalization of the sz(2)-type parafermionic models analyzed in Sect. 18.5 
iS 


SU(N), 
an 
where [#(1)}*-' = @(1) @A(1) @ --- @ A(1) (N — 1 factors), Argue that an equivalent 
coset realization based on Su(k) algebras is 
{su(k),]* 
su(k)y 


where [Sz(k),]" stands for the direct sum of N stu(k), factors, by comparing the central 
charge of the two cosets. 


c) A simple argument, based on conformal branchings, proves coset equivalences at the level 


of the energy-momentum tensor. Given two distinct semisimple conformal embeddings into 
£,, that is, 


a a(1) (2) 
8 > Py, BP, 
a(1) a(2) 


8, Dhy Shy 
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there follows the equality 
g ppl) p2 apt Ae) 
T; = ee Sipe + Ty 
If h® ¢ p and p® ch, we obtain 


) (2) (1) (2) 
1G AOE a a P 
in Ty = Ty = T,, 


, j a(1) (2 
and this proves the equality of the energy-momentum tensors for the two cosets ee 
2 


a(l),. - r : ; 
and hy. Ie. Reconsider the problem in part (b) using this argument and the conformal 
embeddings 


Su(pq), D Su(p), © SU(q)p 
Su(p +q); D Su(p); ® Su(q); BUI) 
18.14 Bosonization of parafermions 


From the bosonization of the si(2), current generators (cf. Ex. 15.21 withJy = h/2, J+ = 
Cph- suf): 


J*(z) = idv eo ttiv 


i 


PO = Fe dy + du 
I Qe [= —(k+2)du+(k+ ve eae 
+ 


obtain the expression of the parafermions ypar and Whar defined by Eq. (18.158). 

Hint: Wpar and Whar must commute with the “(1) subalgebra of S%(2),, that is, with J°. 
Express the result in terms of v and the linear combination of u and ¢ that is orthogonal to 
fase 

a) Find the energy-momentum tensor 7,,, of the parafermionic theory by quotienting the 
u(1) piece generated by J° from the st(2); energy-momentum tensor. 

b) Using the chiral version of the relation (18.160) and the bosonized version for the WZW 
primary fields (15.287), obtain the expression for the parafermionic fields ff . Calculate the 
OPE Tyar(z)f,{,(w) and find the value of hf, . 


18.15 Generalized Su(2) diagonal cosets and Coulomb-gas representation 
a) Show that the central charge of the general coset 
Su(2), ® Su(2), 
SU(2)K4t 
factorizes as 
Ve 6k 2(k — 1) 
(1+2)k+14+2) k+2 
When k = 1, the third term disappears and we recover the coset realization of the unitary 
minimal models, which can be described by a Coulomb-gas formalism with an appropriate 
background charge. The third term is the central charge of the parafermionic su(2),/u(1) 


theory. Together, these two pieces (boson and parafermionic coset) provide a generalized 
Coulomb-gas representation of the above coset model. 


eo 


854 18. Cosets 


b) The screening charges of the theory are 
Oh. = J dz Wpar(z) game 


On fe wi(2) git- 92) 


where Wpar and i, are the parafermionic fields of dimension (k — 1)/k introduced in the 


par 


representation of the St(2), generators of Eq. (18.1 58). The field y is a standard free boson: 
g(z)g(w) ~ —In(z — w) 


Determine o,.. Fix the indeterminate signs from the requirement that in the limit 1 + co— 
where the coset reduces to a simple stu(2), theory—the screening charges become the zero 
modes of the st(2); ladder operators: 


Q:72Jf as Il—>oo 


c) From the Coulomb-gas representation, the coset primary fields are: 
o,, = fe a 
with 
1 1 

Oe at —r)a,+ 501 —s)a_ 

£ = |s —r mod 2k| 

1<r<Ii+l1, 1<s<k+il4+1, O0<f<k 
where the f/'’s are the primary fields of the parafermionic theory, of dimension 


 ee2), 
~ Ak+2) 4k 


Using this representation, calculate the dimensions of the coset primary fields. 


hy 


d) Compare the result with the dimensions extracted from the character decomposition 
worked out in Sect. 18.5.4, Eqs. (18.174) and (18.175) (treating the factors —c/24 carefully). 
e) The coset can equally well be described in term of an st(2);/“(1) parafermionic theory 
and a modified background charge. Find the primary-field conformal dimensions in the dual 


formulation obtained by interchanging the values of k and/, and compare with the results 
of part (c). 


18.16 su(2);, modular S matrix at fractional level 


From the expression (18.185) for the character of admissible representations, derive the S 
matrix (18.191). 


18.17 Sui(2); charge conjugation matrix at fractional level 
Starting directly from the S matrix (18.191), obtain the charge conjugation matrix (18.204). 


18.18 The su(2)_ ’ model 


a) Calculate explicitly the S and T matrices of the admissible representations at level ~4 
and check the relations 


SS! =1, S? =(ST/=C 


b) Use the Verlinde formula to calculate the fusion rules in the theory. Verify associativity, 
that is, the commutativity of the fusion matrices. 
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18.19 si(2), modular invariants at fractional level 


a) We recall the S duality relation AS = Sb, where A is an element of the outer auto- 


morphism group (1 or a here) and b is the corresponding element of the center (not to be 
confused with a branching function): 


(b) yp. = en 2Adom) 
Show that its generalization at fractional level is 
A'S =Sb! 
where A! acts only on X’, that is, 
Ali = AM! —(k+2)4F 
and b! is 
(ge ee a) = ((b)lewall 


(No relations of that form are obtained by restricting the action of A to the fractional part.) 


b) Show that the appropriate generalization of the symmetrized product (17.35) takes the 
form 


(Ap = (b')7 = (A! (b! 297 7iaPk! ulAdo!? 


c) Following the analysis of Sect. 17.3, establish the modular invariance of the partition 
function whose mass matrix is 


1 I I 
M=5 daly oly 
p.q=0,1 
d) Show that for the vacuum to have multiplicity 1, u« must be odd and for the other 
multiplicities to be positive integers, 
uk! |Ado|” € Z 
must hold. 


e) Derive the following sequences of modular invariants (where 4; = 1, AF = m and 
Xi = Xnm): the Aji 4, Series for all values of k, 


u-} ki 
2. 
Zagta = Dy Dy Kum 
m=0 n=0 
the D2,2 series for k such that k! = 4€, 
u—1 2-1 
2 
Zou = > 2 IXnm + Kanon? + 2|X2¢m| 
m=0 n=0 
ne2Z 


and the D»,,; series for k’ = 4€ — 2 > 6, 


u-l 4€—2 
ZDr41 = 3 ( >a Xnnl?-+1X20—-1.m 17 


m=0 n=0 
ne2Z 


2€-3 
ar ye lemiu-son + Ka-xaminnl 


in 
ne2Z+1 
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f) Modular invariants that mix the fractional parts of the weights are obtained by multiplying 
the above mass matrix by the charge conjugation matrix. Write the charge conjugate versions 
of the above series. 


18.20 A remarkable relation between Su(2) S matrices at fractional level and the minimal 
model S matrices 
Verify the following relation at the level of S matrices 


(k) so Vir pp") 18.291 
De WIS ria = Pals aP adn) ( ) 
wew 


where w" means that the finite Wey] reflection w acts only on the fractional part: 
whi =i — (k+2)wi" 
SV?” is given in Eq. (10.134), with parameters p,p’ related to the level k by 
p=; pe tet 
Observe that when AF = 0, the sum vanishes so that the index At in SY"? »') is actually a 
nonzero positive integer. 


18.21 A remarkable relation between St(2) characters at fractional level and the minimal 
model characters 
Show that the residue of the character of an admissible su(2), representation, multiplied 
by 77(q), that is, 
KO) = 1°(Q) 2xilim z x;(z; 2) 
— lg) grid So. go dtsh+(q — qr (2us(k+2)+A4 +11) (18.292) 
q's vis qs" +5 (4s arts 1) 

is exactly a minimal Virasoro character, for a model with p’ = u and p = 2u +t. 


18.22 Canonical chain of field identifications in st(2) diagonal nonunitary coset 
a) For the coset 
Su(2), ® Su(2); 
SU(2)ka1 
with fractional k, starting from a coset field with zero fractional part, show that 2u fields 
can be identified through the canonical chain 
(ac)“—'a 


Show in particular that all triplets of weights in this string are distinct and that the last triplet 
has a zero fractional part. 


b) Fork = — i list all triplets of weights satisfying the branching conditions and calculate 
the fractional conformal dimension of the corresponding coset fields. Compare with the 
dimensions in the Kac table of the corresponding minimal model. Identify fields with the 
same fractional dimension using the operations a and C. Compare with the canonical chain 
obtained in part (a). 


c) The presence of fixed points does not preclude fields to be identified from their S matrix. 
Verify that for the coset 


Su(2), @ Su(2), 
SU(2)e+41 
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fields met still be identified with a and c. Consider the particular case iene bQiand 
k = —4. Obtain all triplets with fractional conformal dimension 0 and —i. Obtain the 
caenioal chain of identification in each case. How does the presence of fixed points reflected 


itself in this chain? 
18.23 Character decomposition in the nonunitary case (St(2),) 


a) Obtain the character of primary fields in nonunitary minimal models (p, p’) from the 


decomposition 
x () _ (k+1) 
Xu Xp De Xi, a; fy) Xp 
it epi! +H 


withp =k'+2+u, p’ =k! +2. 
Hint: Follow closely the derivation of Sect. 18.3.1. 
b) Find the corresponding S matrices. 


18.24 Examples of admissible representations 
List the admissible weights of: 


a) Gp atk = -§ on are 6 of them); 
b) S6(7) atk = —2 > (there are 8 of them). 


18.25 Admissibility condition P 
Prove that if A = y- (A! — (k +g)A") is admissible, so is v - (A! — (k +.g)A*) with v related 
to y by y = vwa, for any wy. 


18.26 The su(3)_ 3 model 

Calculate the S and C matrices for the su(3)_ 3 model. Verify that the admissible represen- 
tations in the y = 1 sector do not transform covariantly among themselves. This illustrates 
the necessity of the y 4 1 sectors. 


18.27 Another coset realization of the Yang-Lee model 
Consider the coset 


Su(3)_3 ® su(3), 
Su(3)_1 


Use the results of App. 18.B to obtain all the admissible weights for each WZW model, and 
find all triplets that satisfy the branching conditions. Organize fields in classes according to 
the fractional value of their conformal dimension. Show that all coset fields which involve 
weights in the y 4 | sector can be related to fields with y = 1. Compare with Eq. (18.287). 
In the class y = 1, find the canonical chain of field identification in terms of A and Cy defined 
in Eq. (18.288). Show that fields with zero fractional finite weights provide convenient coset 
representatives. In this subclass of coset fields, find the residual field identifications. 


18.28 A duality relation for cosets 
Argue, at the level of the central charge, that for a particular value of k’, the following two 
diagonal cosets are equivalent: 

SU(N) ® SU(N) 4g SUC @ Suu), 

SU(N) SU(U)K 441 

with k = ¢/u. Characterize this u <> N duality in terms of k’. The simplest example of this 
duality is furnished by the two coset representations of the Yang-Lee model, corresponding 
to the pair (N,«) = (2, 3). 
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18.29 Technical aspects of nonunitary diagonal cosets 

a) From the diagonal coset (18.276), prove that the last two terms in Eq. (18.283) cancel 
(mod 1) when / = J and g is simply laced. 

b) For manipulations of the numerous phase factors in nonunitary WZW-model S matrices, 
the following result is useful: If ¢ and v are integrable weights, then for any w € W we 
have 


(Gw Se v) — 0mod1 
provided 
G or v; € (ajay) Z 
a condition satisfied by the fractional parts of admissible weights. Prove this statement. 
©) Write the explicit form of the coset S matrix Sip j. ai a7, j With A € Ph, a € Pi, 
b ¢ PY and iF = OF. Verify that it depends neither upon y nor APY, 


d) Prove that fields related by Eq. (18.286) have the same T matrix, i.e., same value of the 
fractional conformal dimension. 


e) Verify that Eq. (18.287) is compatible with the branching condition (18.281). The results 
of parts (c)-(e) establish the equivalence of fields related by Eq. (18.286). 


Notes 


The coset construction goes back to the work of Bardacki and Halpern [25, 189]. It appeared 
in conformal field theory in the seminal paper of Goddard, Kent, and Olive [178], where the 
general construction of the coset energy-momentum tensor was first exposed and used to 
prove the unitarity of the sequences M(m + 1, 72). The character decomposition presented 
in Sect. 18.3 follows closely the original derivation in Ref. [179]. Further properties of 
minimal models, viewed from the coset angle, were worked out by Gepner [165]. Although 
there the coset framework is not made completely manifest, it is shown that minimal models 
can be viewed as a product of two sz(2) theories at appropriate levels. Additional results 
can be found in Bowcock and Goddard [58]. This reference also contains the complete 
list of coset realizations of the unitary minimal models. Most of the explicit character 
decompositions pertaining to these exceptional representations were derived by Kac and 
Wakimoto [221,218]. More decompositions are presented in Refs. [218, 221, 179, 54, 113, 
198, 306]. Mavericks were discovered by Dundar and Joshi [113, 114] (Ex. 18.8 is adapted 
from these references). The last example in Eq. (18.32) is due to Fuchs, Schellekens, and 
Schweigert [152]. The calculation of correlation functions in the coset framework, mainly 
illustrated with the minimal models, is discussed in the work of Douglas {112]. Not all the 
coset modular invariants have the simple product form described in Sect. 18.2.5; further 
solutions are explored in Ref. [162]. 

The detailed analysis of the coset su(2),/u(1) is due to Gepner and Qiu [170]. The 
related character decompositions, that is, the string functions, are worked out in Refs. [195, 
215]. Zamolodchikov and Fateev [366] studied the underlying parafermionic theory, and 
they first noticed the relation with an sz(2) coset. Generalized parafermions, defined in 
terms of the coset g,/u(1)’, were introduced in Ref. [166]. 

The issue of field identification, and its relation to selection rules, was addressed first by 
Gepner [167] and Moore and Seiberg [274]; it was further analyzed by Lerche, Vafa, and 
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Warner [255] and Ahn and Walton [5]. Resolution of fixed points was studied thoroughly 
in the works of Schellekens and Yankielowicz [321, 322] and recent progress is reported by 
Fuchs, Schellekens, and Schweigert [152] (it is shown, for diagonal cosets, that the WZW 
models do actually code all the information required for the fixed-point resolutions). 

The necessity of having fractional-level affine algebra for a coset description of the 
nonunitary models was first noticed by Kent [234]. Admissible representations and their 
modular properties were discovered by Kac and Wakimoto [219, 220]. A somewhat sim- 
plified description of the admissible weights and some aspects of the nonunitary minimal 
models from the coset approach are given in Ref. [265]. The Fock representation of the 
Su(2) models at fractional level is studied in Ref. [42]. Modular invariants for su(2), at 
fractional levels were considered by Koh and Sorba [243] and fully classified by Lu [258]. 
The construction based on outer automorphisms sketched in Ex. 18.19 is due to Ref. [265] 
(where the result is given for any affine algebra). Fusion rules in nonunitary su(2)-WZW 
models are discussed in Ref. [265, 243] (see also [42]) from the point of view of the Verlinde 
formula and in Refs. [16, 293] from an OPE approach (and with different results). 

A general analysis of nonunitary diagonal coset models, with a focus on the question of 
field identification, can be found in Ref. [266] (from which most aspects of the nonunitary 
coset discussion are borrowed). The duality presented in Ex. 18.28 was found in Ref. [248] 
(see also Refs. [246, 10]). 

There is a large literature on the relation of fractional-level Lie algebras with minimal 
models, based on Hamiltonian reduction (see, for instance, Refs. [46, 124, 135]). Hints of 
such a connection follow from Ex. 18.20 (Refs. [265, 78]) and Ex. 18.21 (Ref. [275]). 

The parafermionic description of the diagonal Su(2) coset models in Ex. 18.15 is based 
on Refs. [230, 17, 304]; the Wakimoto free-field representation for cosets in Ex. 18.9 is 
described in Refs. [232, 173]; the bosonization of parafermions of Ex. 18.14 is taken from 
Refs. [173, 104, 280]. The general method discovered by Altschuler {7] to establishing the 
equivalence of some coset models is illustrated in part (c) of Ex. 18.13 (see also Ref. [18] 
for this exercise). Finally, Ex. 18.7 is partly based on Ref. [242]. 
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branching rules, 599 
group of outer automorphisms, 571 


Haffnian, 449, 483 

heat capacity, 62 

heat kernel, 143, 145, 148 
height of a representation, 539 
height vector, 539, 540 
Heisenberg algebra, 559 
Heisenberg model, 6, 480 
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classical, 64 
Hermitian conjugation, 152 
Hermitian product, 152 
highest root, 496, 540 
highest-weight representation, 201, 508 
affine, 575 
character (Lie algebra), 517 
highest-weight state, 204, 508 
hook, 551 
Hypergeometric equation, 285 
hypergeometric equation, 329 
Hypergeometric function, 308 
properties, 285 


Icosahedral group, 778, 779 
ideal, 289 
images, method of, 416 
imaginary root, 561 
index of a representation, 512 
index of embedding, 535 
integrable representation, 577, 634 
integral weight, 498 
irreducible module, 508 
irreducible representation, 490 
irrelevant parameter, 77 
Ising model, 62, 439-476 
Ex diagonal coset description, 814 
as minimal model, 221 
boundary operators of, 426 
characters in, 242 
disorder operator, 441, 451 
energy correlator, upper half-plane, 
435 
one-dimensional, 9/ 
orbifold formulation, 785 
parafermionic description, 821 
parity transformation of, 435 
phase transition, 68 
singular vectors of, 236 
spin-energy correlator, 436 
transfer matrix, 92 
on a triangular lattice, 77 
tricritical, 222 
with a boundary, 417 
Ising spin chain, 479, 608 


Jacobi triple-product identity, 390, 6/2 
Jordan-Wigner transformation, 480 
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Josephson’s law, 73 


Kac determinant, 207, 240 

Kac table, 217 

Kac-Moody algebra, 559 

Kac-Walton formula, 681 

Killing form, 492 

Knizhnik-Zamolodchikov equation, 632, 
638 

Kostant multiplicity formula, 552 


Ladder operator, 491 
Landau-Ginzburg theory 
for minimal models, 231 
for the Yang-Lee singularity, 220 
Laplacian, 140 
lattice, 352, 502, 602 
coroot, 502 
dual, 503, 603 
Euclidian, 602 
root, 502 
self-dual, 503 
weight, 502 
length 
of state in a Verma module, 210 
of Weyl reflection, 502 
level, 158 
in Verma module, 202 
level (affine Lie algebras), 565 
level-rank duality, 702 
Lie algebra, 490 
affine, 559 
dimension of, 490 
properties, 540 
semisimple, 491 
simple, 491 
simply laced, 496 
stucture constants, 490 
universal enveloping, 511 
Lie algebra embedding, 534 
Lie group, 39, 490 
center, 574 
Liouville field theory, 770 
Littlewood-Richardson rule, 526 
Littlewood-Richardson rule tableau, 526 
locality, 117 
loop algebra, 557 
Lorentz transformation, 37 
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Macdonald identities, 612, 747 
Macdonald-Wey] denominator identity, 
582 
magnetic charges (boson), 351 
magnetization, 63 
marginal parameter, 77 
mark, 496, 540 
affine, 562 
maverick coset, 804, 849 
maximal embedding, 537 
McKay correspondence, 780 
Mermin-Wagner-Coleman theorem, 74 
metric tensor 
convention for, 32 
microcanonical ensemble, 61 
minimal models, 200 
ADE classification of, 265 
characters of, 242 
coset description, 807 
definition of, 217 
Ising model, 221 
modular invariance, 356 
partition function, 364 
Potts model, 225 
RSOS models, 227 
tricritical Ising model, 222 
unitary, 218 
Verlinde formula for, 289, 375 
Yang-Lee, 219 
minimal representation, 624 
minimality 
proof of, from modular invariance, 358 
mode expansion 
of boson in an external potential, 58 
of compactified boson, 167 
of energy-momentum tensor, 155 
of fermion on a cylinder, 169 
of free boson, 161 
of primary field, 152 
modular S matrix, 423 
in affine Lie algebra, 591 
for nonunitary sz(2) diagonal cosets, 
837 
of minimal models, 363 
properties, 383 
relation to the asymptotic form of 
characters, 594 
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relation to the charge conjugation 
matrix, 593 
relation to the finite characters, 595 
relation to the outer automorphism, 595 
modular J matrix 
of minimal models, 360 
in affine Lie algebra, 591 
modular anomaly, 583 
modular covariance 
of spin-spin correlator in Ising model, 
484 
modular group, 338 
double covering of, 383 
generators of, 339, 396 
modular invariance, 722 
fusion rules and, 374 
in minimal models, 356 
modular invariants 
ADE classification of, 372 
automorphisms, 370 
block-diagonal, 368 
block-diagonal Galois, 754 
conjugation, 744 
coset, 807 
diagonal, 365, 722 
for nonunitary $t1(2) diagonal cosets, 
837 
from conformal embeddings, 739 
Galois permutation, 755 
method of outer automorphisms, 726 
nondiagonal, 365, 722 
permutation, 370, 744 
permutation by outer automorphism, 
744 
physical, 722 
modular parameter, 336 
modular transformation 
admissible representations, 844 
of affine characters, 591 
of generalized theta functions, 604 
in WZW model, 638 
monodromy invariance, 644 
monodromy of conformal blocks 
Ising energy two-point function on the 
torus, 459 
Ising spin two-point function on a 
torus, 462 
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monomial representation of finite 
algebras, 660 
multicritical point, 228, 232 
multiple fusions 
Fibonacci numbers, 7// 


Neutrality condition, 296, 437 
Neveu-Schwarz 

algebra, 224 

boundary conditions, 24, 169, 337, 345 
Noether’s theorem, 39, 40 
non-Abelian bosonization, 646 
non-Abelian orbifold, 775 
nondiagonal invariant, 722 
nonlinear sigma model, 617 
nonunitary diagonal coset, 845 
nonunitary models 

Yang-Lee, 220 
normal ordering, 20, 166, 173, 194 

rearrangement lemma, 190, /94 
normality condition, 767 
normalized character, 584 
normalized string function, 592 
notation 

for Lie algebras, 546 

for metric tensor, 32 
null state, see Singular vector 
null vector, see Singular vector 


Octahedral group, 778, 779 
O(n) model, 229, 406 
operator algebra, 180 
truncation of, 214 
operator product expansion, 127 
calculation of coefficients from 
covariance, 266 
contour integrals and, 154 
covariance of, 265 
of energy-momentum tensor, 135 
of free boson, 128 
of free fermion, 131 
of ghosts, 133 
of Ising fields, 452 
of vertex operators, 162 
orbifold, 354, 774 
non-Abelian, 775 
operator content, 783 
partition function of, 356, 775 
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orbifold (cont.) 
Zo, see Zz orbifold 
orbit of an outer automorphism, 703 
order parameter, 73 
profile near a boundary, 416, 419 
orthonormal basis, 514 
outer automorphism, 571 
action on a Young tableau, 704 
action on fusion coefficient, 677 
action on the modular S matrix, 595 
action on weights, 572 
branching rules, 599 
orbit, 703 
relation with the center of the group, 
574, 596 
outer automorphism modular invariants, 
726 
for Su(2),, 731 
outer-automorphism permutation 
invariant, 744 


Parafermionic formulation of s1(2) 
diagonal cosets, 824 
parafermions, 117, 823 
parity rule, 752 
parity transformation, 22, 414 
of boson, 164, 436 
of Ising model, 435 
partial waves, 184 
partition, 513 
reduced, 514 
partition function, 33, 61 
of boson on the torus, 340 
of boson with fixed boundary 
conditions, 437 
coset, 807 
of fermion, 349 
of fermion on the torus, 344 
of minimal models, 364 
modular invariance, 722 
of multicomponent chiral boson, 353 
multiplicities, 357 
on the torus, 337 
orbifold construction, 775 
twisted, 775 
with changing boundary conditions, 
422 
WZW models, 721 
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of Z, orbifold, 356 
partition numbers, 158, 793 
path, 609 
path integrals, 25-30 
of quantum field, 28 
pentagon identity, 332 
percolation, 427—433 
illustration of, 428 
Monte Carlo simulation, 434 
permutation invariant, 744 
outer-automorphism, 744 
Pfaffian, 55, 345, 444, 483 
phase transition, 67 
extraordinary, 414, 416, 436 
ordinary, 414 
g* theory, 65 
renormalization of, 86 
physical invariant, 722 
Pieri formula, 695, 775 
level truncation, 697 
Planck’s constant, 27 
Poincaré group, 95 
Poisson resummation formula, 394, 603 
Polyakov-Wiegman identity, 669 
polymers, 231, 406 
positive and negative frequencies, 20 
Potts model, 64 
Su(3) diagonal coset description, 814 
as minimal model, 225 
characters in, 242 
extended S matrix of, 386 
extended fusion rules, 387 
fusion rules in, 367 
modular-invariant, 365 
one-dimensional, 9/ 
parafermionic description, 823 
Q-state, and percolation, 429 
primary field, see Field, primary 
principal specialization, 584 
projection matrix, 535 
projective transformations, 114 
propagator, 26 


Quadratic-form matrix, 499, 540 
quanta, 20 
quantum chain, 412 
quantum dimension, 687 
coset field, 849 
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quantum equivalence, 646 

quantum gravity and random surfaces, 
453 

quantum KdV equation, 195, 196, 198, 
333 

quasi-primary field, see Field, 
quasi-primary 


Radial ordering, 153 
radial quantization, 151 
Ramond 
algebra, 224 
boundary conditions, 24, 169, 337, 345 
rank, 491 
rational conformal field theory, 375, 423 
boson on a circle of rational square 
radius, 405 
center of, 679 
coset, 806 
definition, 389 
WZW model as, 636 
Z,-orbifold at rational square radius, 
406 
RCFT, see Rational conformal field 
theory 
real root, 561 
reduced partition, 514 
reduced tableau, 514 
reduction formulas, 30 
regular embedding 
branching rules, 538 
regular subalgebra, 538 
regularization, 21, 82, 128 
see also Normal ordering 
relative modular anomaly, 592 
relevant parameter, 77 
renormalization, 20 
renormalization group, 234 
momentum-space, 82-87 
real-space, 71, 74-82 
reparametrization invariance, 124 
representation, 490 
adjoint, 491 
admissible, 827 
affine highest-weight, 575 
of conformal group ind > 3, 99 
conjugate, 510 
dimension of, 519, 522, 55/ 
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finite-dimensional, 494 
height of, 539 
highest-weight, see Highest-weight 
representation 


index of, 512 
integrable, 577, 634 
irreducible, 490 
reducible, 204 
unitary, 510, 577 
resolution of fixed point, 803 
Riemannian manifold, 123 
ring, 289 
Robinson-Schensted correspondence, 610 
Rogers-Ramanujan identities, 6/2 
root, 491 
affine, 560 
imaginary, 561 
real, 561 
root lattice, 502 
rotation, 38 
RSOS models, 227 
Rushbrooke’s law, 73 


Scalar product 

for affine weights, 560 

for roots, 493 
scale invariance, 4-9 

fixed points and, 84 

in momentum space, /09 
scale transformations, see Dilation 
scaling, 70 

tree-level, 84 
scaling dimension, 38, 83 
Schrédinger equation, 28 
Schur function, 521 
Schwarz-Christoffel transformation, 432 
Schwarzian derivative, 136 
Schwinger function, 107, 110, 144 
screened vertex operators, 323 
secondary field, see Field, secondary 
selection rule, 802 
self-dual lattice, 352, 503 
semisimple Lie algebra, 491 
semistandard tableau, 515, 610 
Serre relations, 497 

affine, 564 
shifted affine Weyl reflection, 568 
shifted Wey] reflection, 502 
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signature of a Weyl reflection, 502 
simple current, 679 
simple Lie algebra, 491 
simple root, 495 
affine, 561 
simply laced Lie algebra, 496 
singular vector, 204, 240 
affine, 577, 837 
complete derivation of, 265 
explicit expression of, 246 
formal determinant for, 244 
Lie algebra, 837 
sum rule for, 288 
in WZW model, 634 
SL(2,C), 114, 147 
SL(2, Z) 
modular group, 338 
SOS model, 230 
SOS models, 227 
special conformal group, 114 
special conformal transformation, 97 
special subalgebra, 539 
specialized character, 584 
specific heat, 62 
and central charge, see Free energy, 
finite size 
spectrum-generating algebra, 627 
spherical model, 65 
spin basis, 505 
spin structure, 345 
Steinberg formula for tensor product, 553 
strange formula, 520 
string function, 579, 818, 824 
normalized, 592 
string theory, 161 
strip geometry, 419 
stucture constants, 490 
subgroups 
of SU(2), 778 
Sugawara construction, 624, 799 
Sugawara energy-momentum tensor, 626 
Sum rule 
for singular vectors, 288 
super- Virasoro algebra, 223 
superconformal models, 223 
supersymmetry, 223 
surface critical behavior, 413 
surface exponents, 419 
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of Ising energy field, 435 
susceptibility, 63 
symmetries of fusion coefficient, 677 
symmetry, 3 

broken, 73 

generator of, 39 

infinitesimal transformation, 39 

transformation, 36 


Temperature, 61, 66, 67 
finite, 412 
tensor product, 522 
associativity of, 531 
Berenstein-Zelevinsky triangle, 528 
character method, 523 
elementary couplings, 707 
Littlewood-Richardson rule, 526 
Steinberg formula, 553 
tensor-product coefficients, 522, 695 
tessellations, 453 
tetrad, 51, 56, 123 
tetrahedral group, 778, 779 
thermodynamic limit, 62 
phase transitions and, 67 
theta functions, 347, 390, 477-479 
doubling identities, 395 
generalized, 582 
three-point function 
general form ind = 2, 117 
ind > 2,105 
threshold level, 691 
elementary couplings, 707 
Su(2), 692 
su(3), 693 
time ordering, 30 
trace anomaly, 140 
transfer matrix, 87—90, 92, 151 
translation, 37 
triality, 503 
tricritical Ising model, 222, 363 
characters in, 242 
tricritical point, 223 
tricritical Potts model, 235 
truncation of the operator algebra, 214 
twisted boundary conditions, 164 
twisted partition function, 775 
two-point function 
of disorder operator on a torus, 463 
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of electromagnetic operator on a torus, 
484 

of fermion on a torus, 457 

general form ind = 2, 117 

ind > 2, 104 

in Ising model with a boundary, 417 

on the cylinder, 411 

on the strip, 420 

of spin-spin correlator in Ising model, 
484 

of spin-spin correlator on the torus, 
484 


Unitarity 
c < 1 representations, 210 
c > | representations, 209 
minimal models, 218 
unitary representation, 510, 577 
universal enveloping algebra, 511 
universality, 77 


Vacuum energy, 20, 166, 171 
vacuum state, 163 
of boson, 18 
of fermion, 23 
in operator formalism, 151 
Vandermonde determinant, 521 
vanishing curves, 209 
Verlinde formula, 677 
boundary states and, 422 
for a finite group, 402 
for the Ising model, 483 
Lie algebra version, 533 
for minimal models, 289, 375 
proof of, 378 
Verma module, 158, 202 
irreducible, 240 
reducible, 204 
vertex operators, 161, 447 
chiral, 295 
contraction of, 194 
correlation functions of, 187, 328, 329 
screened, 323 
vertex representation, 653 
su(2);, 653 
simply-laced algebras at level 1, 657 
vicinity of the critical point, 234 
Virasoro algebra, 156 
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classical limit of, 244 
Virasoro character, see Character, 
Virasoro 
virial, 102 


W; algebra, 227 
Wakimoto free-field representation, 660 
Su(2),, 661 
correlation functions (St(2),), 664 
primary fields (stu(2),), 663 
Su(3),, 665 
Ward identities, 43 
conformal form of, 121 
on the cylinder, 433 
holomorphic form of, 119 
ind = 2, 118-126 
ind > 2, 106 
for Ising spin correlator, 482, 485 
on upper half-plane, 414 
special conformal group and, 122 
on the torus, 455 
WZW model, 622, 631 
weight, 494 
affine, 560 
dominant, 502, 566, 576 
highest, 508 
integral, 498 
partition of, 513 
weight lattice, 502 
weight multiplicity, 509 
affine, 578 
affine Kostant formula, 6/3 
Freudenthal formula, 509 
Kostant formula, 552 
weight system, 508 
affine, 578 
Wess-Zumino action, 619 
Wess-Zumino-Witten model, see WZW 
model 
Wey] chamber 
affine, 567 
Weyl character formula, 518 
Weyl determinant method, 697 
Weyl group, 500 
affine, 566 
longest element of, 502 
order of, 540 
Wey] reflection 
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Wey! reflection (cont.) 
length of, 502 
shifted, 502 
signature of, 502 
simple, 500 
Weyl vector, 499 
affine, 566 
Weyl-Kac character formula, 581 
Wick contraction, 35 
Wick rotation, 66 
Wick’s theorem, 35, 52 
generalized, 188 
Widom’s law, 73 
winding number, 167, 349 
word, 610 
WZW model, 621 
free-field representation, 646 
modular transformations, 638 
normalization, 668 


rational conformal field theory, 636 


unitarity, 638 
WZW primary field, 628, 633 
conformal dimension, 630 


XY spin chain, 479 


Yang-Baxter equation, 332 
Yang-Lee edge singularity, 219 
characters in, 242 
equations of motion, 236 
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Su(2) diagonal coset description, 834 


Young tableau, 513, 695, 702, 770 


reduced, 514 


Zz orbifold, 354, 370, 777 
at rational square radius, 406 
operator content, 783 
zero-mode, 160, 164, 169 


¢-function regularization, 172, 341 
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